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ABSTRACT. In this thesis, we prove two new approximation results
of H-perimeter minimizing boundaries by means of intrinsic Lipschitz
functions in the setting of the Heisenberg group H" with n > 2. The
first one is an improvement of a recent result of Monti [50] and is the
natural reformulation in H" of the classical Lipschitz approximation
in R™. The second one is an adaptation of the approximation via
maximal function developed by De Lellis and Spadaro [24,25].






MINIO: How do you select a problem to study?

ATIYAH: I think that presupposes an answer. I don’t think that’s the
way | work at all. Some people may sit back and say, “I want to
solve this problem” and they sit down and say, “How do I solve this
problem.” I don’t. I just move around in the mathematical waters,
thinking about things, being curious, interested, talking to people,
stirring up ideas; things emerge and I follow them up. Or I see some-
thing which connects up with something else I know about, and I try
to put them together and things develop. I have practically never
started off with any idea of what I’'m going to be doing or where it’s
going to go. I'm interested in mathematics; I talk, I learn, I discuss
and then interesting questions simply emerge. I have never started off
with a particular goal, except the goal of understanding mathematics.

(An interview with Michael Atiyah, [48])
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Introduction

The general framework. The study of Geometric Measure Theory in the Heisen-
berg group H" started from the pioneering work [37] and today the literature in this
area has become rather wide. Among the open problems in this field, the regularity
of sets that are minimizers for the horizontal perimeter has gained bigger and bigger
attention, since its solution would play a key role in the development of this research
area, especially in the resolution of the Heisenberg isoperimetric problem.

The n-dimensional Heisenberg group (H", %), n € N, is the manifold H" = C" x R
endowed with the group law (z,t)*(w, s) = (z+w, t+s+ P(z,w)) for (z,t), (w,s) € H",
where z,w € C", t,s € R and P: C" x C" — R is the (antisymmetric) bilinear form

P(z,w) = 21m<2zjw]~), z,w e C".

j=1

The Lie algebra of left invariant vector fields in H" is spanned by the vector fields

0 0 0 0 0
Xi=—+2y—, Vi=——20,—, T=—, j=1,...
I an, g T gy, T e o T
and for any p = (z,t) € H" the horizontal sub-bundle H of TH" is given by
(0.1) H, = span{X;(p), ..., X,(p),Y1i(p), ..., Yu(p)} = R*".

The H-perimeter of a Lebesgue measurable set £ C H" is the total variation of its
characteristic function xp in the horizontal directions (0.1).

At the present stage of the theory, most of the known regularity results assume
some strong a priori regularity and/or some restrictive geometric structure of the
minimizer, see [11,/12,14,58]. On the other hand, examples of minimal surfaces in
the first Heisenberg group H' that are only Lipschitz continuous in the Euclidean
sense have been constructed, see, e.g., [55,56], but no similar examples of non-smooth
minimizers are known in H" with n > 2.

The most natural approach to develop a general regularity theory for H-perimeter
minimizing sets in the Heisenberg group H" is to reformulate the classical De Giorgi’s
regularity theory for perimeter minimizers in R™ in this context.

De Giorgi’s regularity theory for perimeter minimizers in R” was developed in the
revolutionary series of papers [18-20] and was later codified in [21,42]. During the last
fifty years, De Giorgi’s ideas have been improved and generalized by several authors,
see, e.g., [1,2,9,32-35,57] and the recent monograph [46]|. In particular, one of the
most important achievements of this field is the powerful Almgren’s regularity theory
of area minimizing integral currents in R" of general codimension, [2]. We also refer to
the long term program undertaken by De Lellis and Spadaro to make Almgren’s work

xi



xii INTRODUCTION

more readable and exploitable for a larger community of specialists, [23-30,59], and
to the recent extension of the theory to infinite dimensional spaces, [4,5].

De Giorgi’s scheme. Nowadays De Giorgi’s regularity theory has a well-defined
underlining scheme which is divided in four main steps. Below we outline this scheme
in the context of the Heisenberg group H", summarizing the state of the art on the
regularity of H-perimeter minimizing boundaries.

Step 1: Lipschitz approzimation. The first step in the regularity theory of perimeter
minimizing sets in R” is a good approximation of minimizers.

In De Giorgi’s original approach, the approximation is made by convolution and
the estimates are based on a monotonicity formula, see [42]. In the Heisenberg group,
the validity of a monotonicity formula is not completely clear, see [17].

A more flexible approach is the approximation of minimizing boundaries by means
of Lipschitz graphs, see [57]. This scheme works also in the Heisenberg group. The
boundary of sets with finite H-perimeter is not rectifiable in the standard sense and,
in fact, may have fractional Hausdorff dimension, [44]. Nevertheless, the notion of
intrinsic graph in the sense of [38] turns out to be effective in the approximation and
leads to the following result, see [50, Theorem 5.1]. Here e(E, B,,v) is De Giorgi’s
excess in the fixed direction ¥ = —X,, that is, the L?-averaged oscillation from the
direction v in the ball B, of vg, the inner horizontal unit normal to E; the set W =
R x H" ! is the hyperplane passing through the origin orthogonal to the direction v;
the ball B, and the s-dimensional spherical Hausdorff measure &° are both induced by
the box norm in H" (see Chapter 1] for precise definitions).

THEOREM 0.1. Let n > 2. For any L > 0, there are constants k = k(n) > 1 and
¢ = ¢(n, L) > 0 with the following property. For any set E C H" that is H-perimeter
minimizing in the ball By, with 0 € OF, r > 0, vg(0) = v, there exists an L-intrinsic
Lipschitz function p: W — R such that

57 ((9E A gr(9)) N B,) < e e(E, By, v).

Theorem holds also for n = 1 but, in this case, the Lipschitz constant L has to be
suitably large.

Step 2 : Harmonic approximation. The second step in the regularity theory in R”
is the existence of a harmonic function: the minimal set can be blown-up at a point of
its (reduced) boundary by a quantity depending on the excess and the corresponding
approximating functions weakly converge in W2 to a harmonic function.

In the Heisenberg group H", the intrinsic Lipschitz functions {¢;}, approximating
the corresponding rescaled sets {£;}, weakly converge in a suitable intrinsic Sobolev
class W to a limit function v, see [51, Theorem 2.5]. This holds when n > 2 thanks
to the Poincaré inequality valid on the vertical hyperplane W proved in [16]. Moreover,
the limit function v is independent of the variable y; of the factor R in the hyperplane
W = R x H" !, see the first claim of [51, Theorem 3.2]. This fact seems to have
no counterpart in the classical theory and is a consequence of the first order Taylor
expansion of H-perimeter proved in [36]. However, it is a completely open problem
to prove that this limit function 1 is harmonic for the natural linear sub-Laplacian of
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the hyperplane W, because it is not clear how to control the linearization of the non-
linear intrinsic gradients V¥, during the limit procedure under the sole H-perimeter
minimizing property.

Step 3: Decay estimate for excess and Hélder reqularity. The third step in the
regularity theory in R” is the decay estimate for the spherical excess,

Exc(E, B,(z)) = | li_r%e(E,BT(yc), v).

Indeed, the crucial result of De Giorgi’s regularity theory for perimeter minimizers in
R"™ is the following excess decay lemma: there exists a critical threshold ¢y > 0 such
that, if £ is a perimeter minimizer in an open set 2 C R™ and x € JF, then

(0.2) Exc(E, B.(z)) < ey = Exc(E, Byr(2)) < ;EXC(E, B, (x)),

for some a € (0,1) sufficiently small. In fact, by Step 2, the renormalized Lipschitz
approximations tend to a harmonic function, and the well-known decay property of
harmonic functions leads to (0.2)).

By a standard iteration scheme, the excess decay shows that the unit normal
vg is Holder continuous, which in turn implies that the boundary OF is locally the
graph of a C'7 function for some « € (0,1).

At the present stage of the theory, the decay estimate is not available for
H-perimeter minimizers in the Heisenberg group, since the harmonic nature of the
limit function v in Step 2 has not been established yet. However, it is known that the
continuity of the normal vg implies that the boundary of the H-perimeter minimizer
is a C};-regular surface in the sense of [37], see [53, Theorem 1.2].

Step 4: Schauder-type reqularity. The fourth and last step in the regularity theory
for perimeter minimizers in R™ is the smoothness of the minimal boundary. Indeed,
by Step 3, the boundary of a perimeter minimizer in R” is locally the graph of a C7
function g. Since, by the minimality of F, g solves the minimal surface equation in
the weak sense, one eventually gets the smoothness of g by the regularity theory for
quasilinear elliptic equations (Schauder’s estimates).

In the context of the Heisenberg group, it is an open problem to deduce further
regularity properties for an intrinsic Lipschitz function ¢: D — R on an open set
D C W under the sole hypothesis that ¢ minimizes the intrinsic area functional,

Alg) = /D\/1+ V|2 de2n.

In fact, it is not even clear how to prove that ¢ solves the intrinsic minimal surface
equation

©
(0.3) Ve (W) —0 inDCW.

V14| Vepl?

Indeed, the first variation of the area functional can be performed only if ¢ is suffi-
ciently regular, see [52]. In addition, formulas for the first and second variation of the
H-perimeter have been recently established, see [36], but they can be computed only
along special contact flows, which cannot be used to variate the area functional in the
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usual way. On the other hand, Fuclidean Lipschitz continuous vanishing viscosity so-
lutions of the minimal surface equation (0.3) are known to be Holder continuous in H!
and smooth in H" for all n > 2, see [11,12].

Content of the thesis. In this thesis, we prove two new intrinsic Lipschitz ap-
proximation theorems for H-perimeter minimizers in the setting of the Heisenberg
group H" with n > 2.

Improved Lipschitz approrimation. The first result is an improvement of Theo-
rem and is the natural reformulation in H" of the classical Lipschitz approximation
in R", see [46, Theorem 23.7]. Here the disk D, C W is induced by the restriction of
the box norm of H" to W and the cylinder C,(p), p € H", is defined as C,.(p) = p* C,,
where C,. = D, % (—r,r) (see Chapter (1| for precise definitions).

THEOREM 0.2. Let n > 2. There exist positive dimensional constants Cy(n), €1(n)
and 01(n) with the following property. If E C H" is an H-perimeter minimizer in the
cylinder Cgyo with 0 € OF and e(F, Cgae,v) < €1(n) then, setting for brevity

M =CyNOE, My = {q € M: sup e(E,Cs(q),v) < 51(n)},

0<s<64

there exists an intrinsic Lipschitz function ¢: W — R such that

suplep| < Cl(n>e(E70642aV)2(2i+1>7 Lipy () <1,
W

MO cMnN F, I'= gr(90|D1)7

82n+1(M A F) S C’l(n) e(E, 06427 I/),
/D V0|2 AL < Cy(n) e(E, Cou, v).

Theorem [0.2/ holds also for (A, rp)-minimizers of H-perimeter, see the more general
formulation of this result given in Theorem [2.2| of Chapter

The proof of Theorem is based on the ideas outlined in [46, Section 23.3] and
goes as follows.

The first step is to prove that the natural projection 7: H" — W is invertible
on the set My C OF. This is a consequence of a recent result established in [54,
Theorem 1.3, which gives a uniform control on the flatness of the boundary of the
minimizer depending on the smallness of the excess. The inverse of 7w defines an intrinsic
Lipschitz function on 7(Mj) that can be extended to the whole W.

The second step is the approximation in measure of the boundary. This is done
by estimating the terms M \ I and I" \ M separately: the first can be controlled by a
covering argument, while the second is a consequence of the area formula for intrinsic
Lipschitz functions.

Finally, the third step is to prove that the intrinsic L?-energy of the approximating
function is controlled by the excess. This follows from the approximation in measure of
the boundary and again from the area formula estimating the L?-norm of the intrinsic
gradient on the two sets 7(M NT) and w(M AT) separately.
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Approximation via maximal functions. The second result is an adaptation of the
ideas developed in [24,25] by De Lellis and Spadaro for area minimizing integral
currents to the setting of H-perimeter minimizers in H".

THEOREM 0.3. Let n > 2 and a € (0,3). There exist positive constants Ca(n),
go(a,n) and ky = ko(n) with the following property. Let E C H" be an H-perimeter
minimizer in the cylinder Cy, with 0 € OE and e(E,Cy,,v) < es(a,n). Then there

exist a set K C Dy such that
L2(D1\ K) < Co(n) e(E, C,,v) >
and an intrinsic Lipschitz function p: W — R with the following properties:
er(plx) = 9E N (K * (=1,1)),
Lipy(p) < Ca(n) e(E, iy, v)%,
S™(OE A gr()) N Cy) < Ca(n) e(E, C,,v)' 7,

/D V902 L2 < Cy(n) e(E, Cy,, v).

Theorem holds also for (A, ro)-minimizers of H-perimeter, see the more general
formulation of this result given in Corollary [3.2] of Chapter 3|

The proof of Theorem essentially follows the scheme outlined in [24,25], al-
though with a different starting point.

The first step in [24,25] is to establish a so-called BV estimate on the vertical slices
of the area minimizing integral current, see [24, Proposition 2.1] and [25, Lemma A.1].
The proof of this estimate heavily uses several fundamental results of the theory of
integral currents in R™. At the present stage of the theory, the development of a
general theory for integral currents in H" is a completely open problem, see [39], and
a similar estimate for the slices of the boundary of an H-perimeter minimizer cannot
be easily implemented.

However, in the special case the minimizer is the intrinsic epigraph of an intrin-
sic Lipschitz function, the BV estimate becomes an easy consequence of the Cauchy—
Schwarz inequality and of the area formula. Therefore, in the general case E is an
H-perimeter minimizer, we can overcome this initial problem with the following trick:
first, by Theorem we can approximate the boundary of E with the intrinsic graph
of a suitable intrinsic Lipschitz function; second, up to an error which is comparable
to the excess, we can replace the BV estimate on the slices of the boundary of E with
the BV estimate on the slices of the approximating graph.

This idea allows us to recover De Lellis and Spadaro’s approach in the setting of
the Heisenberg group H" with n > 2. The proof of Theorem thus goes as follows.

The first step is to define the coincidence set K and to estimate the Lebesgue
measure of Dy \ K. This is done by a standard argument (see Claim #1 in the proof
of [31, Theorem 6.12]), proving an estimate for the (local) maximal function of a
suitable measure p.

Because of our initial trick for the BV estimate, the measure y depends both on the
excess of F and on the excess of the graph of the approximation given by Theorem [0.2]
Thus our estimate on the Lebesgue measure of D\ K is weaker than the one established
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in [24,25], although it catches the correct power of the excess. However, the initial trick
for the BV estimate is not necessary when E is the epigraph of an intrinsic Lipschitz
function. In fact, in this particular case, our estimate on the Lebesgue measure of
D, \ K is the exact counterpart of the one established in [24,25].

The second step is to estimate the intrinsic Lipschitz constant. At this point, the
relevant part of ¢ is the one defined on the set K. Therefore, up to redefine the
approximation given by Theorem outside K, it is enough to control the Lipschitz
constant only on the set K. But this is a standard fact (see Claim #2 in the proof
of [31, Theorem 6.12]), up to some technicalities due to the intrinsic ¢-balls appearing
in the Poincaré inequality of [16].

The third and last step is to prove the approximation in measure of the boundary
and the estimate on the intrinsic L?-energy. This is done similarly as before, taking
into account the information on the coincidence set K and on the Lipschitz constant.
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CHAPTER 1

Preliminaries

1. The Heisenberg group

1.1. Group structure. Let n € N and let (H",*) be the n-dimensional Heisen-
berg group. The group H" is the set H" = C" x R with group law *x: H" x H" — H"
defined as

(28) * (w,5) = (2 +w,t + 5+ P(z,w)) ¥(2,1), (w,s) € H,
where P: C" x C* — R is the (antisymmetric) bilinear form
(1.1) P(z,w) = 21m<szwj> Vz,w e C",
j=1

see |60, Chapter 12, 13] and [13].
The automorphisms dy: H" — H", A > 0, of the form

oz, t) = (A2, 1), (2,t) e H",

are called dilations. We use the abbreviations Ap = d,(p) and AE = §,(F) for p € H"
and £ C H". We also define the left translations 7,: H" — H"

Tq(p)ZQ*pa p7q€Hn7
and the rotations
(z,t) = (Rz,t), (z,t) € H", with R € U(n).
1.2. Lie algebra. We identify an element z = z + iy € C" with (z,y) € R®*". The

Lie algebra of left invariant vector fields in H" is spanned by the vector fields

0 0 0 0 0 .
(1.2) Xj—a—xj+2yj§, 3/1‘—3*%_2$j§7 T—aa J=1...,n,

and the only non-trivial commutator relations are
(X5, Y| =—4T, j=1,...,n.

We denote by H the horizontal sub-bundle of TH". Namely, for any p = (z,t) € H",
we let

H, = span{X;(p), ..., Xn(p),Yi(p), ..., Yu(p)} = R™™

1



2 1. PRELIMINARIES

1.3. Metric structure. For any p = (z,t) € H", we let ||p||, = max{|z\, ]t\1/2}
be the box norm. The box norm satisfies the triangle inequality

1P * qll o <Pl + llallee VP q € H".

Moreover, the function d.,: H" x H" — [0,00), d(p,q) = |[p~! * ¢|| for all p,q € H",
is a left invariant distance on H" equivalent to the Carnot—Carathéodory distance. In
particular, left translations and rotations are isometries of H" with the distance d...
Using the distance d,, we define the open ball centred at p € H" and with radius r > 0
the set

(1.3) B,(p) ={qg € H" : dw(q,p) <71} =px{g e H" : |ql[, <7}

In the case p =0, we let B, = B,.(0).
For any s > 0, we denote by S® the spherical Hausdorff measure in H" constructed
with the left invariant metric d,,. Namely, for any £ C H" we let

§°(E) = lim 83 (E)

where
Si(F) = inf{Z(diam B;)*: EC |J By, B;balls asin (L.3), diam B; < (5}
neN neN

and diam is the diameter in the distance d. By the Carathéodory’s construction,
E + 8%(F) is a Borel measure in H". When s = 2n + 2, §*"2 turns out to be the
Lebesgue measure £ up to a multiplicative constant. Thus, the correct dimension
to measure hypersurfaces is s = 2n + 1 (see also Theorem below).

1.4. Sub-Riemmanian structure. Let g be the left invariant Riemannian met-
ric on H" that makes orthonormal the vector fields Xi,...,X,,Y1,...,Y,, T defined
in (1.2). The metric g induces a volume form on H" that is left invariant. Also the
Lebesgue measure £2"*! = dzdt on H" is left invariant and thus, by the uniqueness
of the Haar measure, the volume induced by ¢ is the Lebesgue measure £***! (with
proportionality constant 1). For tangent vectors V., W € TH", we let

(V,W), =g(V.W) and |V|,=g(V,V)"2

Let Q C H” be an open set. A horizontal section V € C1(Q; H) is a vector field of
the form
V= YV Vi,
j=1
where V; € C}(Q) for any j = 1,...,2n, that is, each coordinate V; of the vector field
V' is a continuously differentiable function with compact support contained in €. The
sup-norm with respect to g of a horizontal section V' € C}(Q; H) is

IVlly = max [V (p)ly-
The horizontal divergence of V' is

J=1
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2. Locally finite perimeter sets

2.1. H-perimeter, inner normal. A £?""'-measurable set E C H" has locally
finite H-perimeter (or is an H-Caccioppoli set) in an open set  C H" if there exists
a H-valued Radon measure pg on €, called Gauss—Green measure of E, such that

[ divi v =~ [ (Vdug),
E Q

for all V- € C}(Q; H). We denote by |ug| the total variation of pug. If |ug|(Q) < oo,
we say that E has finite H-perimeter in ). We also use the notation

Py (E; B) = |ug|(B),

for any Borel set B C 2, to denote the H-perimeter of E in B. When B = H", we
write Py (F) = Py(E;H"). We have

Pu(E: Q) = sup{/ divy VL2 Ve CHQ; H), V], < 1}.
E

By the Radon-Nykodim Theorem (or, equivalently, by the Riesz representation
Theorem), there exists a |pp|-measurable function vg: Q — H such that |vg|, = 1
|ugl-a.e. and pg = vy |ug|. Moreover, the Gauss—Green formula

/ divy V dL2+ = / (V,vi), dlpis)
E Q
holds for any V € C}(Q; H). We call vg the horizontal inner normal of E in €.

2.2. Reduced boundary. The measure theoretic boundary of a £ *'-measurable
set £ C H" is the set

OF = {p € H": L (EN B,(p)) > 0 and L™ (B,(p) \ E) > 0 for all r > 0}.

Let E be a set with locally finite H-perimeter. Then the H-perimeter measure pp
of E is concentrated on OF and, actually, on a subset 0*F of OF, called the reduced
boundary of E, see |37, Definition 2.17]

DEFINITION 1.1 (Reduced boundary). The reduced boundary of a set E C H" with
locally finite H-perimeter is the set 0*E of all points p € H" such that the following
three conditions hold:

(1) |pe|(B(p)) > 0 for all r > 0;
(2) we have

1

limi/ ve dlpg| = ve(p);
TS T Bop)) S 7 el = vep)

(3) there holds |vg(p)| = 1.

We always have the inclusion 0*FE C 0F; this follows from the Structure Theorem
for sets with locally finite H-perimeter, see Theorem 1.2/ below. Actually, the difference
OF \ 0*F is 8*" . negligible, see [50, Lemma 2.4]. Moreover, up to modifying F on a
Lebesgue negligible set, one can always assume that OF coincides with the topological
boundary of E, see [58, Proposition 2.5].
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2.3. Structure Theorem. The following theorem is a deep result concerning the
structure of the reduced boundary of a set with locally finite H-perimeter in H". It
is the natural counterpart in H" of the classical De Giorgi’s Structure Theorem in
the Euclidean setting (we refer to [46, Theorem 15.9], [31, Theorem 5.15] and |3,
Teorema 3.7]) and was proved in [37]. It asserts that the reduced boundary has the
structure of a ‘generalized’ H-regular hypersurface.

THEOREM 1.2 (Structure Theorem). If E is a set with locally finite H-perimeter
in H", then O*E is H-rectifiable, that is, there exist countably many H -reqular hyper-
surfaces My in H", compact sets K;, C My and a set F with S*"(F) = 0, such
that

O'E=FU | Ky,
heN
and, for every p € Ky, vg(p)*t = T;IMh, the H-tangent space to My at p. Moreover,
the Gauss-Green measure pp of E satisfies

2w n— n *
pE = vel|uEl, up| = =2 SO,
Won+1

and the generalized Gauss—Green formula holds true:

2n+1
/8*E<V7 VE)g dS y

/ divy V el — 2t
FE

Won+1

for any V € CHH"; H).

3. Perimeter minimizers

3.1. Minimizers, scaling, density estimates. Let (2 C H" be an open set and
let E be a set with locally finite H-perimeter in H".

DEFINITION 1.3 ((A,ro)-minimizer). We say that the set E is a (A, ro)-minimizer
of H-perimeter in € if there exist two constants A € [0, 00) and ¢ € (0, 00| such that

P(E; B,(p)) < P(F; B,(p)) + A L (E A F)

for any measurable set F' C H", p € Q and r < r¢ such that E A F CC B,(p) CC Q.
When A = 0 and ry = 0o, we say that the set F is a locally H-perimeter minimizer
in €2, that is, there holds
P(E; B.(p)) < P(F; B,(p))
for any measurable set F' C H", p € Q and r > 0 such that E A F CC B,(p) CC .

REMARK 1.4 (Scaling of (A, rp)-minimizer). If the set E is a (A, ry)-minimizer of
H-perimeter in the open set {2 C H" then, for every p € H" and r > 0, the blow-up
E,, = 01(1p-1(E)) of E is a (A, ry)-minimizer of H-perimeter in ,,, where A’ = Ar
and 7, ~ ro/r. In particular, the product Arq is invariant under blow-up. Thus it is
convenient to assume that Arg < 1, as we shall always do in the following.

The following result is in [54, Appendix A]. Its proof is a straightforward adaptation
of that for (A, r¢)-minimizers in R", see [46, Chapter 21].
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THEOREM 1.5 (Density estimates). There are positive dimensional constants ki(n),
ka(n), ks(n) and ky(n) with the following property. If E C H" is a (A, ro)-minimizer
of H-perimeter in an open set @ C H" with

Arg <1, pE€OENQ, B.(p) C Q, r < ro,

then

LY EN B (p
ki(n) < (7n2n+2 )

In particular, S* T (QN(OE \ 0*E)) = 0.

PUEBD) _ o

,r.2n+1 -

< ka(n), k3(n) <

4. Cylindrical excess

4.1. Height function, disks, cylinders. The height function fz’: H" — R is the
group homomorphism defined by 4(p) = z; for every p = (z,y,t) € H". We let W be
the (normal) subgroup of H" given by the kernel of é,

W :=ker$ = {p e H" : 4(p) = 0}.

The open disk in W of radius » > 0 centred at the origin induced by the box norm
is the set D, = {w e W: ||lw||, <r}. For any p € W, we let D,(p) = p* D, C W.
Note that, for all p € W and r > 0,

(1.4) L(Dr(p)) = L2(Dy) = k™,

where we set &, = L£>"(Dy).
The open cylinder with central section D, and height 2r is the set

C.=D,x(—r,r)={wxse; e H" :w € D,, s € (—r,r)},

where se; = (s,0,...,0) € H". For any p € H", we let C,.(p) = p * C,.
We let m: H" — W be the projection on W defined, for any p € H", by the formula

(1.5) p = m(p) *h(ple:.
By (1.5), for any p € H" and r > 0, we have

p€Cr = n(p) € Dr, h(p) € (-1,7) = 7). <7 D) <
We thus let ||-||,: H" — [0, 00) be the map

(16) Ipll = max{ [l7(p) e, 15(0)]

for any p € H", so that C, = {p € H" : ||p||, < r}. The map ||-|| is a quasi norm and,
by (1.5), we have

(1.7) Iplle < Pl 1Pl < 2llplle VP € H"

We let deo: H" x H" — [0, 00) be the quasi distance induced by ||-||,. By (1.7), the
cylinder C,.(p) is comparable with the ball B,(p) induced by the box norm for any
p € H". Namely, we have

(1.8) B, (p) C Cy(p) C By, (p) for all p € H", r > 0.
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4.2. Cylindrical excess. A concept which plays a key role in the regularity theory
of (A, rp)-minimizers of H-perimeter is the notion of excess.

DEFINITION 1.6 (Cylindrical excess). Let E be a set with locally finite H-perimeter
in H". The cylindrical excess of E at the point p € OF, at the scale r > 0 and with

respect to the direction v = — X, is defined as
1 e — vl
1.9 E.pruv):— / e~ g
— 5(”) / |VE B V|52] d82n+1
r2ntl Jo, (p)no-E 2

d(n) 2n+1
- s /C’r(p)ﬂa*E (1 — <VE,V>9) ds

where g is the Gauss-Green measure of E, vg is the horizontal inner normal and the

multiplicative constant is d(n) = 2;’22%‘11 as in Theorem [1.2.

In other words, e(E, p,r,v) is the L2 -averaged oscillation from the given direction
v of the inner unit normal to £ over the cylinder C,(p). We shall need to quantify the
geometric consequences of the smallness of the cylindrical excess on (A, rg)-perimeter
minimizers. For the sake of brevity, we will often set e(p,r) = e(F,p,r,v) and, in the
case p =0, e(r) = e(0,r).

We recall some basic properties of the cylindrical excess. Their proofs are easy
adaptations of those for the classical excess, see [46, Chapter 22].

LEMMA 1.7 (Elementary properties of excess). Let E is a set with locally finite
H-perimeter in H" and let p € OE. Ifr > s > 0, then

r 2n+1
(1.10) e(E,p,s,v) < () e(E,p,rv).
s
Moreover, the excess is invariant under blow-up, i.e.,
(1.11) e(E,p,r,v)=e(E,,,0,1,v),
where E,, = 61(1,-1(E)).

5. Height bound

5.1. Main result. The following result is a fundamental estimate relating the
height of the boundary of a (A, ro)-minimizer of H-perimeter with the cylindrical excess,
see [54, Theorem 1.3].

THEOREM 1.8 (Height bound). Given n > 2, there exist positive dimensional con-
stants 9(n) and Co(n) with the following property. If E is a (A, rg)-minimizer of
H-perimeter in the cylinder Cig,, with

Arg <1, 0€9JE, e(16rg) <eo(n),
then

(1.12) Sup{ £r) pe N aE} < Cop(n) e(16r0)2<2717+1).
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REMARK 1.9. The estimate (1.12) does not hold when n = 1. In fact, there are
sets E C H' such that e(E,0,r,v) = 0 but OF is not flat in C., for any € > 0, see the
conclusion of [50, Proposition 3.7].

5.2. Lemmata on the excess. The proof of Theorem relies on a slicing for-
mula for intrinsic rectifiable sets and on two lemmata on the excess.

The slicing formula is rather technical and has a non-trivial character, because the
domain of integration and its slices need not to be rectifiable in the standard sense. We
do not state the result here and we refer the interested reader to [54, Theorem 1.5].

The two lemmata on the excess are the natural reformulation of the corresponding
lemmata in the Euclidean setting, see [46, Chapter 22].

The first lemma shows that, if the excess of a (A, ry)-minimizer of H-perimeter E is
sufficiently small, then its reduced boundary 0* E lies in a strip with controlled thickness
and, possibly modifying F on a £2"*l-negligible set if necessary, E is positioned under
that strip.

LEMMA 1.10 (Small-excess position, [54, Lemma 3.3]). Let n > 2. For any s €
(0,1), A € [0,00) andrg € (0, 00] with Arq < 1, there exists a constant w(n, s, A,rg) > 0
with the following property. If E is a (A, rq)-minimizer of H-perimeter in the cylinder
Cs, 0 € OF and

e(2) <w(n,s, A, 1),

then

(1.13) h(p)| <s foranype CiNIE,
(1.14) L ({pecinE hp) > s}) =0,
(1.15) £2”+1({p eCi\ E:h(p) < —5}) =0.

The second lemma combines the divergence theorem with the geometric information
gathered in the previous result. To state it, we need some preliminary notation.
For any set E C H" and for any s € R, we define

E*=En$'(s)
the vertical slice of E at height s € R and
Es =7n(E°)={weW:wxse € E}.
the projection of E on W.

LEMMA 1.11 (Excess measure, [54, Lemma 3.4, Corollary 3.5]). Let n > 2. Let
E be a set of locally finite H-perimeter in H" with 0 € OF and such that, for some

so € (0,1), (1.13), and of Lemma [1.10, hold. Then, for a.e. s € (—1,1)

and for any ¢ € C.(Dy), setting for brevity M = CyNO*E and My = M N{h > s}, we
have

/ @ AL = —/ pom (v, X1), dS*" 1.
EsNDy M
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In particular, for any Borel set G C Dy, we have

1.16 £G) = - Xy), ds¥+!
(116) (@) == [ (v Xy 48,

(1.17) LG <8 (M N i(@)).
Moreover, for a.e. s € (—1,1), there holds
0 < &*(My) — L(Es N Dy) <e(l), S™HM)—L£*(Dy) =e(1).

6. Intrinsic Lipschitz functions

6.1. Intrinsic graphs. We identify the vertical hyperplane
W=H""'xR={(z,t) cH" : 2, = 0}

with R?" via the coordinates w = (xo, ..., Tn, Y1, .-, Yn,t). The line flow of the vector
field X starting from the point (z,¢) € W is the solution of the Cauchy problem

Y(s) = Xi(v(s)), seR
1(0) = (2,0),

that is,

(1.18) v(s) = exp(sXi1)(z,t) = (2 + se1, t + 2y15), s € R,

where e; = (1,0,...,0) € H" and 2 = (z,y) € C" = R*".
Let W C W be a set and let ¢: W — R be a function. The set

(1.19) E, = {exp(sX1)(w) e H" : s > p(w), w € W}
is called intrinsic epigraph of ¢ along Xi, while the set
gr(p) = {exp(p(w)Xy)(w) € H" : w € W}
is called intrinsic graph of ¢ along Xj.
By (1.18), we easily find the identity

exp(p(w)X1)(w) = w * p(w)e; for any w € W,

thus the intrinsic graph of ¢ is the set
gr(p) ={w*p(w)e e H" : w € W}

We will use the following notation. We let ®: W — H", &(w) = w * p(w)e; for all
w € W, be the graph map of the function p: W — R, W C W. For any A C W, we
let ar(g]4) = B(A).

6.2. Intrinsic Lipschitz functions. As above, we let e; = (1,0...,0) € H".
Recall that, for any p € H", we have p = m(p) * h(p)e; as in (1.5). We recall the
definition of intrinsic cone introduced in [38, Definition 3.5]. The notion of cone is
relevant in the theory of H-convex sets, see [8].

DEFINITION 1.12 (Intrinsic cone with axis e;). The open cone with vertex p € H",
axis e; € H" and aperture a € (0, o0], is the set

Clp.a) =p*C(0,0) ==px{qge H": |n(q)], < alhla)]}.
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We can now give the definition of intrinsic Lipschitz function. The notion of intrinsic
Lipschitz function was introduced in |38, Definition 3.1].

DEFINITION 1.13 (Intrinsic Lipschitz function). Let W C W and let ¢: W — R be
a function. The function ¢ is L-intrinsic Lipschitz, with L € [0, 00), if

gr(p) NClp,1/L) = & for any p € gr(y),

or, equivalently, if

(1.20) lo(m(p)) — w(m(q))| < Llm(q" *p)llo.  for any p,q € gr(y).

We let Lipy (W) and Lipy,,.(W) be the sets of globally and locally intrinsic Lips-
chitz functions on the set W C W respectively. If ¢ € Lipy, (W), we let Lipg (@, W) be
the intrinsic Lipschitz constant of ¢ on W (we will omit the set if there is no confusion).

A detailed analysis of the set Lipy (W) can be found in [15,40]. It is important to
note that Lip, (W) is not a vector space, see |58, Remark 4.2]. However, the set of the
intrinsic Lipschitz functions on W is a thick class of functions, for it holds

Liploc(W) g LipH,loc(W) g Cl/z(W)a

loc

where Lip,,, and 0110/62 are the spaces of locally Lipschitz and 1-Hélder functions in the

classical Euclidean sense respectively, see [40, Propositions 4.8 and 4.11].

6.3. Extension property. An extension theorem for intrinsic Lipschitz functions
was proved for the first time in [40, Theorem 4.25]. The following result gives an
explicit estimate of the Lipschitz constant of the extension. The first part is proved
in [50, Proposition 4.8], while the second part follows from an easy modification of the
proof of the first one.

ProPOSITION 1.14. Let W C W and let p: W — R be an L-intrinsic Lipschitz
function. There exists an M -intrinsic Lipschitz function ¢: W — R with

-2
1

1.21 M = 1+ ——7+ -1

( ) ( +L+2L2 )

such that Y (w) = @(w) for allw € W. Moreover, if ¢ is bounded, then we can define
the extension v such that 1) is bounded and ||1)|| oo w) = ||| Lo (w)-

Note that, in (1.21), we have M < 2L for all L <0,07.

6.4. Graph distance. The notion of intrinsic Lipschitz function can be equiva-
lently reformulated on bounded open sets introducing a suitable notion of graph dis-
tance, see [15, Definition 1.1] or [16].

DEFINITION 1.15 (Graph distance). Let W C W be set and let ¢: W — R be a
function. The map d,: W x W — [0, 00) given by

(1.22) dy(w,w') = ;(HW(yw)—l # b))+ (@) B(w)) HOO>
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for any w,w’ € W, where ®(w) = w * p(w)e; for all w € W, is the graph distance
induced by ¢. Explicitly, for any w = (z,t),w’ = (2/,t') € W, we have
1 1
dy(w,w') = 5 max {|z — 2|, 0,(w, w/)} + 5 max {|Z — 2|, o, (0, w)},

where
op(w,w') = [t = ¢ + dp(w)(yr — 4) + Plw, )|
and P is as in (1.1)).
Comparing (1.20) with (1.22), it is easy to see that, if W C W is a bounded open

set and p: W — R is a continuous function, then ¢ is an intrinsic L-intrinsic Lipschitz
function if and only if

lo(w) — p(w")| < Ldy(w,w'") Yw,w € W.

If ¢ is an intrinsic L-Lipschitz function on W, then d, turns out to be a quasi-
distance on W, that is, d,(z,y) = 0 if and only if + = y for all z,y € W, d, is
symmetric and, for all z,y,2z € W,

(123) dgo(xay) S CL(dSO('Ia Z)+d90(zay))7
where ¢;, > 1 depends only on L and
(1.24) %1_% cp =1,

see |15, Section 3.

6.5. Intrinsic gradient. We now introduce a non-linear gradient for functions
e: W — R with W C W an open set. We let #: Lip,, . (W) — L. (W) be the
Burgers’ operator defined by
Op Op
Bp=— —4dp—.
o Yo
When ¢ € C(W) is only continuous, we say that By exists in the sense of distributions
and is represented by a locally bounded function if there exists a function ¥ € L7° (W)

loc
such that
81/) 28@/}
oy = — — — 2" ——
/ v dw / {gp " ) y } dw

for any ¢ € C}(W). In this case, we let Bp = o).
Note that the vector fields Xs, ..., X,,, Y5, ..., Y, can be naturally restricted to W
and that they are self-adjoint.

DEFINITION 1.16 (Intrinsic gradient). Let ¢: W — R be a continuous function on
the open set W C W. We say that the intrinsic gradient V¥¢p € L (W; R?*" 1) exists

in the sense of distributions if the distributional derivatives X;p, B¢ and Y;p, with
t=2,...,n, are represented by locally bounded functions in W. In this case, we let

(125) V‘pS@: (XQ(pv"'7Xn90a%90a}/290a“'7yn90)7

and we call V¥ the intrinsic gradient of ¢. When n = 1, the intrinsic gradient reduces
to VP = Bep.
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We note that the intrinsic gradient has a strong non-linear character. This
partially motivates the fact that Lip, (W) is not a vector space.

The following result shows that the L*°-norm of the intrinsic gradient is controlled
by the intrinsic Lipschitz constant, see [15, Proposition 4.4].

ProproSITION 1.17. Let W C W be a bounded open set and let o: W — R be an
intrinsic Lipschitz function. There exists a positive dimensional constant C(n) such
that

V2@l ooy < C(n) Lipg (0)(1 + Lipy (9)).

6.6. Area formula for intrinsic Lipschitz functions. Let W C W be an open
set and let p: W — R be a locally intrinsic Lipschitz function. Then the intrinsic epi-
graph E, of ¢ defined in is a set with locally finite H-perimeter whose horizontal
inner normal vg, depends on the intrinsic gradient V¥¢. Moreover, the H-perimeter
of F, admits an area formula similar to the classical one in the Euclidean setting.

THEOREM 1.18 (Area formula). Let W C W be an open set and let o: W — R be
a locally intrinsic Lipschitz function. Then the intrinsic epigraph E, C H" has locally
finite H-perimeter in the cylinder

WsxR={w=*se; e H" :w e W, s € R},
and for L*-a.e. w € W the inner horizontal normal to OE,, is given by
1 —V¥p(w) )
VIHIVoe)P 14 Vo))
Moreover, for any W' CC W, the following area formula holds:
(1.27) Pu(E,; W' *R) = /W/ J1+ [Vep(w)? de.

(1.26) v, (®(w)) = (

Formula (1.26) for the inner horizontal normal to OF,, and the area formula (1.27))
are proved in [15], respectively in Corollary 4.2 and in Theorem 1.6. The area for-
mula (1.27) can be improved in the following way

azs) [ g dus | = [ g@w)y1+ [Vep(w)? dc,

where g: OF, — R is a Borel function.
To avoid long equations, in the following we will often omit the variables and the
flow map ® when we will apply the area formula and its general version (1.28).
A result related to Theorem can be found in [53, Theorem 1.1], where it is
proved that if £ C H" is a set with finite H-perimeter having controlled normal vg,
say (vp, X1), > k > 0 pp-a.e. for some k € (0,1], then the reduced boundary 0*E is
an intrinsic Lipschitz graph along X;.







CHAPTER 2

Intrinsic Lipschitz approximation

1. Main results

1.1. Monti’s approximation. The starting point of De Giorgi’s regularity theory
for perimeter minimizers in R" is a good approximation of minimizing boundaries by
means of Lipschitz graphs, see [57].

In the Heisenberg group, the boundary of sets with finite H-perimeter is not rec-
tifiable and, in fact, may have fractional Hausdorff dimension, [44]. Nevertheless, the
notion of intrinsic graph in the sense of [38] (recall Definition turns out to be
effective in the approximation and leads to the following result, see [50, Theorem 5.1].

THEOREM 2.1 (Monti). Let n > 1 and let L > 0 be a constant suitably large when
n = 1. There are constants k = k(n) > 1 and ¢ = ¢(n,L) > 0 with the following
property. For any set £ C H" that is H-perimeter minimizing in Cy, with 0 € OF,
r >0, vg(0) = —ey, there exists an L-intrinsic Lipschitz function p: W — R such that

(2.1) S ((OE A gr(p)) N C,) < ere(kr).

The proof of Theorem|2.1is based on the ideas outlined in [3, Sections 4.3, 4.4] and
goes as follows. The starting point is to analyse the pairs of points of the boundary of
the minimizer £ with small horizontal excess (see |50, Propositions 4.1, 4.2]). The set
G C OF of such points is compact and the projection 7: H" — W defined in is
injective on GG and satisfies

(2.2) |¢27(q_1 xp)| < L ||7r(q_1 xp)|l, forall p,qed.

Thus, recalling , the inverse of 7 restricted to G defines an intrinsic Lipschitz
function on G that can be extended to the whole W (Proposition . The approx-
imation is obtained by estimating the terms JF \ gr(yp) and gr(y) \ OF in the
cylinder C,. separately: the first can be controlled by a covering argument, while the
second is a consequence of the area formula (Theorem [1.18).

We remark that the case n = 1 is quite delicate. Indeed, as we already observed in
Remark , the smallness of the excess for an H-perimeter minimizer in H' in general
does not ensure that its boundary is flat. This partially motivates the fact that the
estimate is proved to hold only when L > 2 for n = 1, see [50, Proposition 4.2].

On the other hand, examples of minimal surfaces in the first Heisenberg group H'
that are only Lipschitz continuous in the standard sense have been constructed, see,
e.g., |55,56], but no similar examples of non-smooth minimizers are known in H"
with n > 2. Thus, in the following, we will restrict our attention to the case n > 2.

1.2. Improved approximation. The first step towards an improvement of Theo-
rem[2.1]is a better control both on the intrinsic Lipschitz approximating function ¢ and

13
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on its intrinsic gradient V¥¢. In order to do so, we need to improve the estimate .
The idea is to take advantage of the height bound (1.12)) given in Theorem which
gives a uniform control on the flatness of the boundary of the minimizer depending on
the smallness of the excess. Our result is the following and we will prove it in Section 2|

THEOREM 2.2 (Intrinsic Lipschitz approximation). Let n > 2. There exist positive
dimensional constants Cy(n), e1(n) and 6;(n) with the following property. If E C H"
is a (A, ro)-minimizer of H-perimeter in Cgyo,(po) with

Arg <1, ro > 642r po € OF,

and if we set

M = C.(py) NOE, M, = {qu: sup e(q, s) Sél(n)},

0<s<64r

then, provided e(py, 642r) < e1(n), there is an intrinsic Lipschitz function ¢: W — R
with

(2.3) sup M < Cq(n) e(p0,6427“)2<25+1>, Lipy(p) <1,

woro
such that a suitable translation I of the graph of @ over D, contains My,
My ML, T'=m7(gr(eln,)),
and covers a large portion of M in terms of e(po, 642r),

S+ (M AT)

r2n+l

< Cy(n) e(po, 642r).

Moreover, the L*-norm on D, of the intrinsic gradient of  is controlled by e(py, 642r),

1
r2n+l

[ 1970 az* < Cy(n) e(p, 642)

REMARK 2.3 (Almost harmonicity). Theorem 2.2)is the natural reformulation in H”
of the classical Lipschitz approximation of (A, rp)-perimeter minimizers in R, see [46,
Theorem 23.7], but with a relevant difference. At the present stage of the theory, it is
not clear how to prove that the intrinsic Lipschitz approximating function ¢ is almost
harmonic (see (23.26) in [46, Theorem 23.7]), that is, it satisfies

1
r2n+l

(2.4)

/D (V2p, V2 ) dL*™| < Cy(n) sll)lp\V‘Pg0|<e(po,642r) + AT)

for every ¢ € C}(D,). Here V¥* is the (formal) L?-adjoint of the intrinsic gradient
V¥, see [52, Section 3|. The almost harmonicity property is closely linked to
the problem of computing the first variation of the area formula and, more
generally, of the H-perimeter; we refer the interested reader to [36,52] and to the
references therein for an account on these problems.
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2. Proof of Theorem

In this section, we prove Theorem The proof follows the ideas outlined in [46,
Section 23.3]. Up to replacing E with its blow-up E,, , and, correspondingly, ¢ with
O = %gp 09,, we can simplify Theorem to the following statement. Note that ¢, is
intrinsic Lipschitz if and only if ¢ is intrinsic Lipschitz by and, moreover, it can
be easily verified that V¥, = V¥p o ,.

THEOREM 2.4. Let n > 2. There exist positive dimensional constants Cy(n), €1(n)
and 01(n) with the following property. If E C H" is a (A, r())-minimizer of H-perimeter
m C%42 with

A = Ar, T = —, Ary <1, o > 642, 0 € 0F,

and if we set
M =CyNIOE, Moz{qEM: sup e(q,s)gél(n)},
0<s<64

then, provided e(642) < e1(n), there exists an intrinsic Lipschitz function ¢: W — R
such that

(2:5) supl| < C1(n) e(642)72F0,  Lipy(p) <1,
W
(2.6) MycCc MNT, ' =gr(e|p,),
(2.7) S*™H(M AT) < Ci(n) e(642),
(2.8) / IV20|* dL2 < Oy (n) e(642).
Dy

PRrROOF. The proof is divided in three steps.
Step 1: construction of ¢. Let g9(n) and Cy(n) be the constants given in Theo-
rem [1.8] Then, by Theorem [1.8] we have

(2.9) sup{|4(p)| : p € CL NOE} < Co(n) e(16)77,

provided that e(16) < g(n); this follows from (1.10)) if £1(n) < g¢(n) is suitably small.

Let ¢ € My and p € M be fixed. Then p,q € Cy, so do(p, q) < 4 by (1.8), where
dc is the quasi distance induced by the quasi norm |||, defined in (1.6). We consider
the blow-up of £ at scale d¢(p, q) centred in g, that is, ' = E 4.(p,¢)- By Remark ,

Fis a (A", r()-perimeter minimizer in (Cea2)q.dc (p,q)» With
7,,/
A”:A'dcp,q, - 0 >1
(».9) O de(p,q)

Since
C16 C (Coa2) q.dc(p.0)» N'rg <1, 0€oF
and, by (1.11) and by definition of My,

e(F,0,16,v) = e(E, q,16dc(p, q),v) < 61(n),
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then, provided we assume d0;(n) < €o(n), by Theorem (1.8 we have
sup{]fz’(w)| cw e CpN 8F} < Co(n) 6, (n)2<271+1>.

In particular, choosing

1 -1
w = qg  xpe CLNOIF,
do(p, q) '
we get
(2.10) 6(g~" )| < Co(n) 61(n) @ de(p, q).
We now set
(2.11) L(n) = Co(n) 51 (n) 0

and we choose d1(n) so small that L(n) < 1. Then, by (2.10), we conclude that
de(p,q) = ||7(q7! *p)|| and we get
(2.12) |§ Lep)l S L)|im(g ™ #p)ll, forall p € M, g € M.
In particular, (2.12)) proves that the projection 7 is invertible on M. Therefore, we can
define a function ¢: m(My) — R setting ¢(m(p)) = 4h(p) for all p € My. From (2.12),
we deduce that

lo(m(p)) = @(7(q))] < L(n)llm(q™" *p)ll, for all p,q € My,
so that ¢ is an intrinsic Lipschitz function on 7(My) with Lipy (¢, 7(My)) < L(n) < 1
by (1.20). Since My C M, by (2.9) we also have

lo(m(p))] < Co(n) e(16)T5F0  for all p € M.

Therefore, by Proposition possibly choosing d;(n) smaller accordingly to (1.21),
we can extend ¢ from w(My) to the whole W with Lipy (¢, W) < L(n) < 1 in such a

way that
My MNT, T=gr(elp,) and |p(w)| < Co(n)e(16)70 for all w € W.
We thus proved (2.5) and (2.6) for a suitable C(n) > Cy(n).

Step 2: covering argument. We now prove 1' via a covering argument. By
definition of My, for every ¢ € M \ My there exists s = s(q) € (0,64) such that

v —v| 51(n)
(213) / —Le Tlg d82n+1 > 1782714-1’
Cs(q)NOE 2 d(n)

with §(n) = 2“)27”1 as in (1.9) and v = —X; as usual. The family of balls

w2
{Bas(q) - g € M\ My, s =s(q)}
is a covering of M \ M,. By the 5r-covering Lemma (see [31, Theorem 1.24] for
example), there exist a sequence of points g, € M \ My and a sequence of radii s, =
s(qn), h € N, with ¢, and s, satisfying (2.13)), such that the balls By, (gs) are pairwise
disjoint and
{3105h(qh) h € N}

is still a covering of M\ My. Note that Bios, (gn) C Cgaz, because if p € Byos, (gn) then,

by (1.7),

12l < 1Pl < doo(py qn) + llanlls, < 10sy, + 2[|gnll o < 642.
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Therefore, by Theorem [1.5] we get

STHL(M N\ M) < Z S2ntl ((M \ Mo) N Bigs, (Qh))

< Z S (M N Bios, (%))
heN

<Cn) Y s

heN
with C(n) a positive dimensional constant. Since Cy, (qn) C Bas,(gn) by (1.8), the
cylinders Cs, (g,) are pairwise disjoint and contained in Cgyz, so we have

ve — v

(214)  S*H(M\ My) < C(n) Y /C 9 48 < CO(n) e(642),

heN sh (Qh)maE 2

with C'(n) a positive dimensional constant. Therefore, since M \T' C M\ My, by (2.14)
it follows that

(2.15) S M\T) < C(n)e(642),

which is the first half of (2.7).
We now bound the second half of (2.7). We choose £1(n) so small that

e(2) <w(n, 3, 55, 642).
This is possible by (1.10). Then, by in Lemma we have
LG <8 (M N i(G))
for any Borel set G C D;. Therefore, by the area formula in Theorem we

can estimate

5(n) S\ M) = /ﬂ . 1+ [Vep(w)? de?

<1+ IV e £ (7(T\ M)

(2.16) <L+ I996 0 py S* (M 07 (0 20))).

Since ¢ is intrinsic Lipschitz on D; with Lipy(¢) < 1 by construction, by Proposi-
tion there exists a positive dimensional constant C'(n) such that

(2.17) ||V¢90|’L°°(D1) < C(n) LipH(‘P)<LiPH<90) + 1) <2C(n).
Thus, by (2.16) and (2.17), there exists a positive dimensional constant C'(n) such that
(2.18) ST\ M) < C(n) S (M7t (n(D\ M))).

Since we have

M (x(T\M)) c M\T,
by (2.15) and (2.18) we conclude that, for some positive dimensional constant C’(n),
(2.19) S*™HT\ M) < C(n) 8™ (M\T) < C'(n)e(642),

which is the second half of (2.7). Combining (2.15) and (2.19), we prove (2.7).



18 2. INTRINSIC LIPSCHITZ APPROXIMATION

Step 3: L*-estimate. Finally, we prove . We first notice that, by Theoremm
Theorem |1.2| and by [6, Corollary 2.6], for 82”+1 ae. pe MNT there exists A(p) €
{-1,1} such that

(1, -V*e(x(p)))
V1+ Vea(n(p)?
Taking into account that, for S***t-a.e. p€ M NT,

ve(p) ; v(p)ly 1= s v(p), 1— <VE(§)> V(p)>g’

by (2.20) and by the general area formula (1.28) we find that
1 — (ve(p), v(p));

(2.20) ve(p) = Ap)

(2.21)

e(l) > L d|pg
MAT 2
_ 1 IVeo(m(p))|”
= B d|l‘E|
2 Jmor 1+ |Vep(rm ( >)|
©

Q/Mnl“ \/1+|Vgo¢

Recalling (2.17) and (1.10), we conclude that there exists a positive dimensional con-
stant C'(n) such that

(2.22) /ﬂ (MQF)W%(U;)F dw < C(n) e(642).

Moreover, again by the general area formula (1.28), there exists a positive dimensional
constant C(n) such that

. Vep(n(p))|”
m(MAT) MAT \/1 4 |V“"90 »)|

C(n)||V? 90||Loo(D1)52n+1(MAF)-
By (2.17) and (2.7), we find a positive dimensional constant C(n) such that

(2.23) / IVp(w)|* dw < C(n)e(642).
T(MAT)
Combining (2.22) and (2.23), we prove (2.8). U

REMARK 2.5 (o-representative). Let 0 < o <1 and I = (—1,1). We let A(c) be
the family of sets A C D, such that

h(g " *p)| < L(n)||r(qg " =p)||l, forallpe MND, 1, ge MNAxI,

where L(n) is the dimensional constant considered in (2.11). Note that the family A(o)
is partially ordered by inclusion and is closed under union. Thus A(c) has a unique
maximal element A%. Then, by (2.12), we have that

(g *p)| < L(n)||w(q"" +p)ll, forall p,qg e MoU(MNALxI).
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Therefore, in Step 1 of the proof of Theorem [2.4] it is not restrictive to assume that
the intrinsic Lipschitz approximation ¢: W — R is defined in such a way that

o(m(p)) =Hh(p) forallpe MyU(MNAL*I).
We define such an intrinsic Lipschitz function a o-representative of Theorem

A (o;7)-representative of Theorem is defined in the same way, where r > 0 is
as in the statement of Theorem and this time 0 <o <7, I = (—r,7).






CHAPTER 3

Approximation via maximal functions

1. Main results

In this chapter, we develop the ideas contained in |24, Section 2] and in [25, Appen-
dix A] to prove the following result. The proof is in Section . Note that Theorem
has to be applied with a suitable scaling factor.

THEOREM 3.1 (a-improvement). Let n > 2 and o € (0,3). There exist positive
constants Cy(n), ea(a,n) and ko = ko(n) with the following property. Let E C H" be a
(A, ro)-minimizer of H-perimeter in Cy,,.(po) with

Arg <1, ro > kor  po € OF, e(po, kar) < ea(a,m).

Let o: W — R be a suitably chosen approzimation given by Theorem[2.2. Then there
exists a set K C D, such that

£2n(D7« \ K) S CQ(TL) e(po, k2r>1—2a'

Moreover, the function ¢ has the following additional properties: up to a translation,
the intrinsic graph of ¢ coincides with OF over K,

Tpo (81(0|K)) = OE N 7o (K % (=7, 7)),
and the intrinsic Lipschitz constant of ¢ over K improves,
Lipy (¢, K) < Cy(n) e(po, kar)®.
Theorem [3.1]leads to the following result. The proof is in Section [4]

COROLLARY 3.2. Letn > 2 and o € (0, 3). There eist positive constants Cs(n),
es(a,n) and ks = ks(n) with the following property. Let E C H" be a (A, ro)-minimizer
of H-perimeter in Ch,,(po) with

Arg <1, To > kar po € O, e(po, ksr) < e3(a,n).

Then there exist a set K C D, and an intrinsic Lipschitz function p: W — R with the
following properties:

L2"(D, \ K) < Cs(n)e(po, ksr)' 27,
Too (€1 (0]K)) = OE N7 (K (=1,7)), Lipg(p) < Cs(n) e(po, kar)®,
5 (0 A gr(p) N Cy)

r2n+1

< Cs(n) e(po, kar)' 2%,

1
j2n+1 /D IV2p|* dL?™ < Cs(n) e(po, kar).

21
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2. Local maximal functions

2.1. Maximal function on disks. Given s > 0 and a non-negative measure u
on Dy, with Dy C W, the local maximal function of u is defined as

(3.1) Mu(z) == sup WD () for all x € Dy,

I+l
0<r<ds—|z| H~nT s
where , = £2"(D;) as in (1.4).

LEMMA 3.3. Let s > 0 and let p: Dy — [0,4+00) be as above. Assume that § > 0
is such that

0
(32) ((Dys) < %ﬁnS%JA
and define
Jog={x € Dys: Mu(zx) > 6}.
Then
2n+1
(3.3) L£*(JyND,) < euwmmﬂm%)WS%

PROOF. Let r < 3s be fixed. Note that if x € Jy N D,, then there exists r, > 0
such that

w(D,, (x)) > Hﬁnrinﬂ.

By the 5r-covering Lemma applied to the family {D, (z) : x € Jy N D, }, we find a
sequence of pairwise disjoint balls {D,,(z;)} with x; € Jy N D, and r; > 0, such
that

1€N)

JonD. C |J Dp(x) C Ds (i), (D, (x7)) > Orr?" L.

z€JgNDy ieN

In particular, by (3.2), we get that

r.o< 2t ﬂ(Dn(xl)) < 2l M(D4S) < s
! \ Ok, - V' Ok, 5

and so, for any 7 € N, we have
DTZ(SL’Z) C Dl\milloc+ri C DT+%.

We claim that
Drz(ZE,) C J9/22n+1 N DH_%

for any ¢ € N. Indeed, on the contrary, let y € D, (z;) be such that Mpu(y) < 5o
Then D,,(x;) C Da,,(y) and

s s 4
4s — >4s -2 >d5— 35— o =—5> 2.
S Hy”oo = a8 r 5 = S 3s 5 58 > 2r
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Hence
f #(Ds(y))
> M _ Ls(Y))
a1 = Mu(y) s S g
D
> sup L;(y)l)
2’I‘i<(5<45—||y||oO Hn5 n+
> sy D) D) 6
2r;<s<ds—|lyll. Hn0Z" T Ko (2r;)2n+1 T 22041

a contradiction.
We can finally estimate

EQ"(JQ ND,) < Z £2"(D5”(mi)) = 52t Z T?"H

€N €N
w1,y ADn () _ 5
< 5, 3 M) DTS (D (1)
ieN n €N
52n+1 52n+1
€N

and follows.

23
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2.2. Maximal function on ¢-balls. We need some preliminaries. In the setting
of the Heisenberg group, the Poincaré inequality is the natural analogous of the Eu-
clidean one and was established in [16, Theorem 1.2] for functions which belongs to an

intrinsic Sobolev class, see [16, Definition 1.1].

To our purpose, it is enough to recall the following Poincaré inequality for Lipschitz
intrinsic functions, which is a consequence of [16, Theorem 1.2] (see also [16, Corol-

lary 1.3] for the case p = 1).

THEOREM 3.4 (Poincaré inequality). Let W C W be a bounded open set, n > 2,
and let 1 < p < oco. Let o: W — R be an L-intrinsic Lipschitz function. Then there

exist two constants CL, CE > 0 with C¥ > 1, depending on L, such that

3.4 / — (Pal aLz < Clrr | Vel dL
(3-4) o) | = (@) L S V¥l

for every U, (z,Cr) C W, where

(3.5) Ug(x,r) ={y € W dy(x,y) <r}

and
1

T,y — d£2n = —/ dﬁgn
(SO) ’ ]é,fw(x,r) Y £2n(U¢($’ 7“)) Ugp(z,r) 14

The constants C¥, C¥ depend continuously on L and n. For future convenience, we

define
(3.6) 1o(n) = lim CF > 1.

The £2"-measure of the ball U,(z, r) defined in (3.5)) is comparable to r*"*1, see [16,

Section 2.3] and the references therein.
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LEMMA 3.5. Let W C W be a bounded open set, n > 2, and let o: W — R be an
L-intrinsic Lipschitz function. There exist two constants ¢k ck > 0, depending on L,
such that, for all Uy(z,7) C W, we have

L2 (Uy(z, 1))
(3.7) o< e <ot

We can now introduce the local o-maximal function. Let n > 2, s > 0 and let
¢: W — R be an L-intrinsic Lipschitz function. By (1.24) and by (3.6), there exists a
dimensional constant ¢(n) > 0 such that
(3.8) Le[0,{(n)] = c; <2and CF < 2v,(n),
where ¢y, is as in (1.23) and CJ is as in Theorem . For all L € [0,4(n)], we define

the local p-maximal function of p, as

po(Up(2,7))

3.9 r):i=  su Vo e U,(0, s),
( ) [:usﬁ]( ) 0<r<rf(:c7s) £2"(U¢($,7")) 90( )
where we set

(3.10) ro(x,s) = pln) s —dy(x,0) forall z € U,(0,s),

cr
the dimensional constant is

(3.11) p(n) = 64, (n) + 2
and the non-negative measure p, on U,(0, p(n)s) is given by
dup = [V¥ 0l AL
The maximal function introduced in is well-defined, since
r € Uy(0,s), r <ry(x,s) = Uy(x,r) C Uy(0, p(n)s)

by the quasi triangular inequality (1.23).
We use the Poincaré inequality (3.4) to prove the following result on [u,], following

the ideas of [24, Proposition 2.2] and [25, Lemma A.2].

LEMMA 3.6. Letn >2, s >0, ¢: W — R, p,, [p,], L € [0,4(n)] be as above. Let
0 > 0 and define

(312 T = (e € Up(0.5) - [n,](2) > 0},
Then there ezists a constant C = C(n, L) such that
(3.13) o(x) —p(y)] < COdy(z,y)  Va,y € Up(0,5) \ J.

PROOF. Let z € U,(0,s) \ J¢ and let C¥r < r,(z,s). Then, by Theorem 3.4 with
p =1, we have

Jo o= @edac <Cbr [Vl AL = Olr pa(Ule, Cfr).

o(x,Cy'r
By and by (3.12), we have

to(Uy(, CQLT)) < 9£2n(Uso(x> CQLT))-
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Therefore, by (3.7), we have
[ o 0 (Pl dL2 < O (O,
o(z,r

and so, again by ‘ . we get
L
Uy (z,r) ol

for all z € U,(0,s) \ J§ and Cir < r,(z,s).
In particular, for all j =0,1,2,..., we have

<[ Je =@y
Up(z, 2]':_1)’ 2

<L o)~ ()
At ez 2

22+l Cé ? L/ ~LN\2n41
() ctictr

1

[

27

< .
=7

Since ¢ is continuous, we get

() - m|<z\ = (s

for all z € U,(0,s) \ J§ and Cir < r,(z,s).
Finally, let z,y € U,(0,s) \ J{, r = dy(z,y) and ¢& = 2c;. Then, by the quasi
triangular inequality (1.23)), we have
U¢($, 7’) U U@(yv T) - U (I C3 ) N U (y7 Cgr)'
Notice that, again by (1.23)), we have
2,y € Uy(0,5), 1 =d,(r,y) = Uy(z,cr)UU,(y,cir) C Uy(0, p(n)s),
because, by (3.8) and (3.11),

cr(2cpck 4+ 1) = cp(4ck +1) < p(n).

L 2
() crerran
€1

Therefore
dL* (u)

<

‘(@)m,es{‘r - (@)y,cgr (p(U) - (@)m,es{‘r + ‘QO(U) - (gp)xc r

Uy (%C%T)mUw (y,c?fr)

L\2n+1 ][
c ¥
( 3) ( U¢(m,c§r)
—l—][ plu) —
U@(yﬂch) ( )

Since z,y € Uy(0,s) \ Jy, by (3.9) and by (3.12) we have

po(Up (2, CgCL )) < 0L"(Up(x,c5Cym))

A
Q‘Q
— N~

and, analogously,

1 (Up(y, c5Cyr)) < 0 L2 (Uy(y, c5Cyr)),
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provided that

CEI;OQLdSD(I7 y) < min{m,(ac, 8)7 T@(yu S)}
By (3.8), since z,y € U,(0, s), we have

cr

minfr, o, 5) (o)) > 2% s (201}

and
cECrd,(z,y) < 4c3C%s < 32v5(n)s,

so it is enough to check that

p(n)
32’72(”)ST_17

but this is true thanks to the definition of p(n) in (3.11).
We can now conclude the proof. Let x,y € U,(0,s) \ Ji and r = dy,(z,y). Then

‘90<x> - gp(y” < ‘QO(;U) - (gp)x,cgr’ + ’((p)x,cgr - (¢)y,c’§r| + |90(y) - (@)y,c§r|
L\ 2
< (2(05)2”“ +22n+SC§> (3) OIL(CZL)MHQT
1
=C(n,L)d,(z,y)

and (3.13) follows. O

3. Proof of Theorem

In this section, we prove Theorem|3.1|following the ideas outlined in [24,25]. As we
already did for the proof of Theorem[2.2} up to replacing E with its blow-up £, , and,
correspondingly, ¢ with ¢, = %90 o ¢,, we can simplify Theorem to the following
statement.

THEOREM 3.7. Let n > 2 and a € (0,3). There exist positive constants Cs(n),

go(a,n) and ko = ko(n) with the following property. Let E C H" be a (A, r()-minimizer
of H-perimeter in Cy, with

AN = Ar, ro = % > ko, Nrj <1, 0 € 0F, e(k2) < ex(a,n).

Let ¢: W — R be a suitably chosen approzimation given by Theorem[2.2. Then there
exists a set K C Dy such that

(3.14) LD\ K) < Cy(n) e(ky)' 2,
(3.15) er(plk) = OB N (K * (—1,1)),
(3.16) Lipy(¢lx) < Ca(n) e(ka)”.

We need some preliminaries. The following result is an easy consequence of Cauchy—
Schwarz inequality, see |25, Lemma A.1] and |24, Proposition 2.1].
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LEMMA 3.8. Let W C W be an open set and let ¢: W — R be an L-intrinsic
Lipschitz function. For any Borel set A CC W, we have

Vel

2
3.17 ( / Ve d£2") < STVl m £27(A / Vel
san) ([ v Vel £ [ o

PROOF. Let A CC W be fixed. Then, by the general area formula (1.28),

V¥

vegldcr = [ L F g
[ v ) T s oo
1

: V¥l :
< (/ d|,UE¢|) (/ —— 7 dlug,]
gr(ela) gr(ela) 1+ Ve

———s “of?
— </ 1+ |v¢¢|2 d,CQn) </ M d|#E¢|>
A gr(

D=

ela) 14 Vel
1
1 V2o 2
< Y1+ Vo 1o 52”A§</ AL
\/ || (IDHL (W) ( ) gr(go|,4) 1+|v§0(p|2 |/J/E<P|
and (3.17) follows squaring both sides. O

The following lemma compares the distance d, with the distance of points of the
graph of an intrinsic Lipschitz function ¢, see [15, Proposition 3.6].

LEMMA 3.9. Let W C W be an open set and let p: W — R be an intrinsic Lipschitz
function. Then, for allz € W, r >0 and 0 < C < 1/(1+ Lipy(¢)), we have

(3.18) Uy(x,Cr) C w(B.(®(x)) Ngr(p)) € Uyla,r),

where Uy(x,7) is as in (3.5) and ®(z) =z * p(x)e;.

Finally, the following result compares the distance d, with the distance d in .
Its proof easily follows from Definition and is left to the reader.

LEMMA 3.10. Let W C W be an open set and let p: W — R be a bounded intrinsic
Lipschitz function. Then, for all x € W and r > 0, we have

Uy(x, 1) C Dp(x) and  D,(x) C Uy(x, R),
where R =1 + 2||g0\|2/i(w)7’1/2.

PROOF OF THEOREM [3.7l. The proof is divided in three steps.

Step 1: construction of ¢, K and proof of (3.15). Let o € (0, %) be fixed. We
assume 5(n, a) < e1(n) and ky > 642. We let ¢: W — R be a (1; 2% )-representative
of Theorem , see Remark Choosing e5(n, «) sufficiently small, by we can
assume that supy|p| < 1.
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Let = (—4%,22) and let A C D, be a Borel set. By (2.20) and (2.21), we have

642

Veopl? Vepl?
/ | ()0| - d|/uLE¢| — 5(71)/ | 90| . d52n+1 —
gr(ela) 1+ | Vgl gr(ela) 1+ | Vel
Vel Vel
:5(n)</ | 90| 5 2n+1 / ’ 90| 5 d82n+1>
gr(pla)noENAsI 1 + |Vey| (er(ela)\OE)NAI 1 + [V¥Py|
vp — v Vel
<2 ———" dlps| + \7@’2 dlpm,|,
OENA<I 2 (er(pla)\OB)NAT 1 + [Vl

where 0(n) = 2:’227”: as in Theorem . We let the non-negative measure p on D &, be
n 642
defined as

(3.19)  p(A)=2 Md’# ,+/ Mdm |
' OENAT 2 o (er(elaN\OBINASI 1 4 |Vep]? el
for any Borel set A C D &, , where v = — X as usual.

Let 0 <n < 1tobe fixed later. We let

K, = {:UED;CQ:MM(:C) gn},

642

where M is the local maximal function of y defined in (3.1) with s = ;2. We assume
ko > 2568 and we define

K =K,ND;.

We now prove (3.15). Since ¢ is a (1; %)—representa’cive of Theorem , by Re-

mark it is enough to prove that K € A(1; 6’%). To this end, let us fix p € MNDyx1

and ¢ € M N K % I. We proceed as in Steps 1 of the proof of Theorem 2.4] Indeed,

by in Lemma we have

(3.20) (&) <1 VEeCu NOE,

642

since E is a (-, k2)-minimizer of H-perimeter in C'x, and, by (1.10), we can estimate

k2 321

e(L2) < 3217 e(ky) < 3217 ey(n,a) < win, L, L, ky),

provided we assume

ea(n, ) < 3217 Lw(n, 5, 1, k).

Thus we have p,q € C; and do(p,q) < 4, where d¢ is the quasi distance given by
the quasi norm ||-|| defined in (1.6). Moreover, ¢ = w(q) *A(q)e; with 7(¢) € K and
16(q)| < 1. Since

(3.21) Cs(§) € m(Cs(8)) * (=5 = £(6),5(£) +5) C Day(m(€)) * I
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ko

for any £ € €y and 0 < s < ¢

— 1, we can estimate

1 ve — v,
S PEZ o g
e(4:5) s2n+l /C’S(q)m’?E‘ 2 el

= Ve =y
T 8§27 JoEND, (n(q))+] 2 He

1

/ Vg —v |2
Knp? 1 JoEND, (x(q))+I 2

< 9l sup 2 d|pp]

k.
0<p<gh =m0

<27k, Mu(n(q)) < 22"k,n

for any 0 < s < 22 where k,, = £L2(D;) as in (1.4).

1284°
We consider the blow-up of £ at scale do(p, ¢) centred at g, that is, F' = Eq q..(p.q)-

By Remark[1.4] F'is a (A", r{)-perimeter minimizer in (Ck,)g.dc(pq)» With
rh
do(p; q)

A" =Ndc(p,q), 0=

Now
Cie C (Ckz)%dc(p,q), A//Tg <1, 0 € oF
and, by (1.11) and by definition of My,

e(F,0,16,v) = e(FE, q,16dc(p, q),v) < 2"k,
since we can choose ko > 82176. Therefore, provided we assume
2% k,m < eo(n),
by Theorem (1.8 we have
sup{ij(g) £elin 8F} < C(n)nm,

where C'(n) is a dimensional constant. In particular, choosing

1 -1
= xp € CLNOF,
g de(p, q) ¢ orpEm
we get
(3.22) (g™ *p)| < C(n)n2@F0de(p, q).

We now set
L'(n,n) = C(n)p=@m

and we choose 7 so small that L'(n,n) < L(n), where L(n) < 1 is as in (2.11). Then,
by (3.22), we conclude that dc(p,q) = ||7(¢~' * p)||,, and we get

(3.23) h(g " xp)| < L(n)||7(qg " * )|l foralpe MNDyxI, ge MNK %1,

so K € A(1; 22). Thus, by (3.20) and (3.23), equality (3.15) follows.
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Step 2: proof of (3.14). We now apply Lemma with s = 2§§8 and measure j as
defined in (3.19). By Theorem we have

R

(8r()\OE)NDry jg45+1 W
lvg —v ’2

Vel
=2 7gd|uE|+/ , |790|2
OENCiyery 2 (er(@\IE)NCryyg0y 1 + |V

e(gy) + C(n)S* ((8E A gr(p)) N Ck2/642) < C'(n)e(ks),

v — v,

N(Dk2/642) =2 . dl,uEl + d|/~LE¢|

OBNDyy 540+ 2
dlpe,|

(3.24) <2(¢

2n+1
642 )

where C'(n) and C'(n) are dimensional constants. We now choose n = e(k3)?*. In order
to apply Lemma [3.3] we need to check that

2n+1
n ks
M(Dk2/642) < 52n+1 Fon <2568> ‘

By (3.24)), this follows if we assume that

K L 2n+1 ﬁ
< n 2 '
e2(n, a) < (C”(n) (12840) )

We remark that this condition on e9(n,«) is the only one that depends also on the
parameter . Thus, by (3.3) in Lemma 3.3/ and by (3.24), we conclude that

52n+1

LD\ K) = £2(J,n D) < °— (Jn/wl ND,, )

12840
52n+1
< (k)2 % (Dk2/642) <5 (n)e(ke)' 2,

which proves (3.14).
Step 3: proof of (3.16). By Lemma 3.8 and by Proposition we have

1o (A)? = (/A|vw| d£2”>2

<\ S+ (Ve 'an(A)/ iy ez
> \/ ' L2°(Dpy s640) gr(pla) 1+ |V¢90‘2 e
Vel

< C(n) L™ A _
< Cn) £7(4) gr(ela) 14 [Vep|?

d|/1E¢|
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for all Borel sets A C D;, where C'(n) is a dimensional constant. Moreover, for any

z € K and 4r < £ — ||z, by in Lemma , by and by (3.21), we have

V2l V2ol
/ s dis,| < [ > dlyis,|
B(Uy(z,r) 1+ [V INBs(2(2)) 1 4 |VPg|
V2l
S/ 2 d|/~LE¢|
INCar((2)) 1 + [V
lve — v, V2l
<2 ——94d —l—/ ——d
- MNDayy(z)*I 2 |ME| (D\M)NDyy(z)*I 1 + |V<P(p|2 "LLEJ
= (D ().
Therefore, for any z € K and 4r < £ — ||z, we get
(3.25) o (Up(,1))? < C(n) £2 (U, 1)) (D ().

We now apply Lemma [3.61 We choose the parameter s > 0 in Lemma such that
D, c Uy(0,s) and U,(0,p(n)s) C Dy,,

where p(n) is the dimensional constant defined in (3.11)). Since Lipy(¢) < L(n) < 1,
where L(n) is the dimensional constant defined in (2.11), possibly choosing e2(n, @)
smaller, we can directly assume that L < ¢(n) as in . In particular, the constant
¢(n, L) appearing in of Lemma , is controlled from above by a dimensional
constant. Since supy|p| < 1, by Lemma we can choose s = 3 provided that we
also choose

ka(n) 2 3p(n) +24/3p(n).

We then have
3p(n)

ro(x,3) =

where r,(z,s) was defined in (3.10). By (3.25) and by Lemma 3.5 for any « € K we

have

— d¢($, O) < 3p(n)7

Ug(z,7))? (D (7))
)= su (U (2, < C(n) su L e
o) = s e = S BT ()

_ Clyi, #(Dar (1)

o ClL 0<r<3p(n) Kn(47ﬂ)2n+1

< C’(n) sup M

2t 1
0<p<12p(n) Knp?"t

where C’(n) is a dimensional constant. Now we can choose
ks > TT04p(n) + 642,

so that 12p(n) < & — ||z||, for any z € D;. Therefore, for any z € K, we get

[1e](x) < /C"(n)n = C"(n) e(ks)",
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where C”(n) is a positive dimensional constant. Thus K C U,(0,3) \ J;, where J; is

as in (3.12) and # = C”(n) e(k2)®. Therefore, by (3.13) in Lemma 3.6, we conclude

that
lo(x) —@(y)] < C(n)e(k:)*dy(z,y) for all z,y € K.
This proves (3.16) and the proof of Theorem is complete. 0J

4. Proof of Corollary

In this section, we prove Corollary [3.2l As we already did for the proof of The-
orem 3.1, up to replacing E with its blow-up E,,, and, correspondingly, ¢ with
¢r = -0 0,, we can simplify Corollary to the following statement.

COROLLARY 3.11. Let n > 2 and a € (0,1). There exist positive constants Cs(n),

es(a,n) and ks = ks(n) with the following property. Let E C H" be a (A, ry)-minimizer
of H-perimeter in Cy, with

A = Ar, re = — > ks, ry <1, 0€dE, e(k3) < es(a,n).

Then there exist a set K C Dy and an intrinsic Lipschitz function p: W — R with the
following properties:

L2"(Dy\ K) < Cs(n) e(ks)' 2,

(3.26) gr(¢|l) =0EN K *(—1,1),

(3.27) S ((OE A gr(p)) N Cy) < Cs(n) e(ks)' >,
Lipy () < Cs(n) e(ks)®,

(3.28) [ 1976l det < Can) e(ka).

PROOF. Let o € (0, 3) be fixed and assume that e3(n,a) < e2(n,a) and ks = k.
Let K and ¢ be as in Theorem Recall that, by construction, Lipy(p) < 1 and

supy|p| < 1. Moreover, by (3.16), we have
Lip(plx) < Ca(n) e(k2)”.

Thus, according to Proposition [1.14] choosing e3(n, ) < e5(n, o) sufficiently small, we
can extend ¢ outside K to the whole W in such a way that supy|p| < 1 and

Lipg () < C(n)e(ks)?,

where C(n) is a dimensional constant. Thus we only need to prove (3.27) and (3.28).
We prove (3.27). Let J = Dy \ K, I = (—1,1) and note that, by (3.26), we have

S ((OE A gr(p)) N Cy) = 8™ ((OE A gr(p)) N T +1)
= 8™ (0B \ gr(p)) N J = I) + 8™ ((gr() \ OE) N J + 1)
<STHOEN T+ 1)+ S (gr(p) N J x I).
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On the one hand, by definition of excess and by equality (1.16) in Lemmall.11] we
have

S OEN T T) = / 1+ (v, X1) dS2H — / (vp, X)) dS?1 =
OENJ+I 1o)

ENJ*I

2
o [ g )

(3.29) < do(n)te(1) + L£*(J),

thus, by and by (3.14), we can estimate

(3.30) S*TPOENJT+1I) < 8(n) k2 e(ks) + Co(n) e(ks) 72 < O(n) e(ks) 2,

where C'(n) is a dimensional constant. On the other hand, by the area formula (1.27),

we have
S2 (gr(p) N T % 1) = /\/1+\vw e

(331) < 3n) 7 1+ V90 (),

thus, by Proposition and again by (3.14), we can estimate
S gr(p) N T+ 1) < C(n)e(ks)'
where C'(n) is a dimensional constant. Combining (3.29) with (3.30) and (3.31), we

prove (3. 27.
We prove . Since D; = K U J with disjoint union, we can split

(3.32) / Ve[ din — / Vel dr + / IVeo[? d?.
Dy K J
On the one hand, by Proposition[1.17]and by (3.15]), we have
Vel
Ve’ AL = / |
/K‘ i gr(elr) /1 + |V‘ng
Vel
< ¢ 1+ [Vep| 2 / VRl
Vel DV Jertolre) 1+ |V“"S0|2 g, |
ve — vl
(3.33) <Cm) [ dius] < Cn)e(1) < C'(n) elks)
MNK*I 2

where C’ (n) and C’ ( ) are dimensional constants. On the other hand, again by Propo-

sition [1.17] and by (3.16]), we have
/ |w\ AL <|V2 ] o, £2())
(3.34) < C(n) Lipy(9)*L*"(J) < C'(n) e(ks).

Combining with and , we prove . O
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