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Preface

In this thesis we deal with the problem of regularity of length-minimizing curves in
Carnot-Carathéodory spaces.

In the first chapter we study the notion of sub-Riemannian manifold, that is a
triple (M , D, g) where M is a smooth manifold, D C T'M is a distribution on M and
g is a metric on D. Since we deal with a problem of local nature, we identify M with
R™ and D with a distribution on R" generated by a global frame of orthonormal
smooth vector fields X1, ..., X,. We introduce the class of D-horizontal curves, that
are Lipschitz curves « tangent to the distribution D at almost every point, i.e. there
exists h € LOO( [0, 1],R’") (whose components are called controls of ) such that

J(t) =D hilt) Xi(y(t))  for ae. t€0,1].
i=1
Thus we can define the length of the D-horizontal curve ~ as follows:

1
L) = [ ho)ae

We define the Carnot-Carathéodory distance between two points x and y in R" as
the infimum of the lengths of all D-horizontal curves joining x to y. By the Chow-
Rashevsky Theorem, if D is bracket-generating then any couple of points in R™ can
be connected by a D-horizontal curve, hence the Carnot-Carathéodory distance is
actually a distance on R". A length-minimizer joining x to y is a D-horizontal curve
that realizes the distance between x and y. In general, length-minimizers do not
exist globally, but we will prove their local existence. Moreover, a length-minimizer
is in particular an extremal, that is a D-horizontal curve which satisfies the first-
order necessary conditions of Pontryagin Maximum Principle. Extremals can be
either normal or abnormal: normal extremals are C'°°-smooth, while strictly ab-
normal extremals (i.e. extremals that are abnormal but not normal) could develop
singularities.

The principal open problem in Geometric Control Theory and Calculus of Vari-
ations in Carnot-Carathéodory spaces is the regularity of length-minimizers (see [5],
Chapter 10, Paragraph 10.1, or [1] and [6]). Originally - by using a wrong argument
- Strichartz proved that all length-minimizers are smooth: by applying Pontryagin
Maximum Principle, he forgot the case of abnormal extremals. In 1994 Montgomery
exhibited the first example of abnormal length-minimizer (see [4]). In 1995 Liu and

3



Sussmann discovered the class of regular abnormal extremals, i.e. abnormal ex-
tremals that are always locally length-minimizing (see [9]). On the other hand, all
known examples of length-minimizers are smooth. Thus, the open questions are the
following;:

e Are all length-minimizers C'°*°-smooth?
e Are all length-minimizers C'-smooth?

e Can length-minimizers present angles?

The second chapter contains new results. We prove the non-minimality of angles in
a certain class of examples which is not included in the known literature.

Let M be an n-dimensional smooth manifold and let D C T M be a bracket-
generating distribution of rank r, for some r = 1,...,n. Suppose that Xy,..., X,
constitute a frame of vector fields such that D = span {Xy,..., X, }. Forevery ¢ € N,
let us call Dy (resp. L;) the distribution spanned by the iterated commutators
of Xi,...,X, of length equal to ¢ (resp. at most f), so that Dy = Ly = {0},
Dlzﬁlzpandﬁgzpo-i-... +Dz.

In [3] it is proved that if (M, D,g) is a sub-Riemannian manifold, where D is
equiregular (i.e. dim (Dy) is constant in M) and satisfies

(Li, L] C Liyj—1  forevery i,j>2 with i+ j>5, (1)

then a D-horizontal curve on M with a corner-type singularity is not length-minimiz-
ing.

Moreover, in [2] it is proved that the same thesis holds if we replace the hypothesis
of equiregularity and (1) with the following condition:

Li(x) # Li—1(x) = Liz1(x) = Li(z) for every i >1and z € M. (2)

In this chapter we study a class of non-equiregular distributions that do not satisfy
neither (1) nor (2) but in which angles are not length-minimizers. The main result
of the thesis is the following;:

Theorem 0.1. Let o € Nt, 3 € N and v € NT. Let D be the distribution in R* of
2-planes spanned pointwise by the vector fields
0 0 3

Xo=—+afoy -—
126%3

X, =—
! 8951 ’ 2 81'2

0
g
—_—. 3
+x3 81’4 ( )
Let v: [~1,1] — R* be the D-horizontal curve defined by

N (0,—t,0,0) if t € [-1,0],
v(t) = (t,0,0,0) if t € [0,1].

Then v is not length-minimizing.



The proof of the previous theorem consists of the following steps:

o STEP 1: Let D be the distribution generated by (3). We have that
step (D) =~v(a+ B +1)+1,

in particular D is bracket-generating in all of R*.

o STEP 2: For the distribution spanned by (3), the following are equivalent:
(i) the distribution is not equiregular and does not satisfy neither (1) nor (2),
(i) () = (1,0) and 7 > 2.

o STEP 3: Hereafter, we shall restrict to the case (a, ) = (1,0) and v > 2. The
angle v defined in (4) is a strictly abnormal extremal.

o STEP 4: In order to prove that v is not length-minimizing, we adapt the shorten-
ing technique introduced in [3]: we exhibit a D-horizontal curve joining the points
v(—1) = (1,0,0,0) and v(1) = (0,1,0,0), whose length is strictly smaller than 2,
which is the length of v.

In the case v > 3 we proceed as follows: first of all, we “cut” the corner v by
considering the D-horizontal curve v* (for some ¢ € (0,1)) whose first two compo-
nents coincide with the polygonal planar curve (0,1) — (0,¢) — (£,0) — (1,0). The
curve v° is strictly shorter than v, but its endpoint has changed into

1 —_1)7+l g2yl
1,0,—752,( e :
2 2 2y+1

In order to correct the endpoint, we have to modify v°: consider the lift u® of the
planar curve (depending on suitable positive parameters a, b, ¢ and r) in Figure 1.

T2

(0,1)

(0,¢)
\ ‘ (b,o) (a’ 0) R Y R “(1:, 0)

o (e,0) - .
(b7 _C) (aa _C)

-~ Y

r

Figure 1: The curve (ug, 45).



The endpoint of p° is (0, 1,0,0) if and only if

c=———— and r=r(e),

2(b—a)
for a uniquely determined function ¢ +— 7(g). For € sufficiently small, one has that

2v+1

g t2 if v is odd,
r(e) ~ (5)
29+1 . .
=y if 7 is even.
Finally, by means of the previous estimates on 7(g) we can prove that, for ¢ suf-
ficiently small, the difference of length AL (between v and uf) is strictly positive,
precisely

AL = (2—\@)6—%—897(6)Cyr(5)>0, (6)

where g, is a function such that lim. ,o+ g(¢) = 1. Therefore, v is not length-
minimizing since p® joins the same points and is strictly shorter.

The case v = 2 is more delicate and interesting. The previous argument does
not work. The curve u® constructed above is not shorter than v. Thus we have to
find a more refined competitor for v. To this aim, consider the lift * of the planar

IBZI

(0,1)

5\ ;+0) 3.0 (1,0)

O ¢

2¢? 452 T

Figure 2: The curve (nf ,775).

curve (depending on suitable positive parameters s and r) in Figure 2. We show
that (for ¢ sufficiently small) there exists a unique positive number

s(e) € (0, §/2}Z>



such that, choosing
s=s(e) and r= \5/15(5)%,

the endpoint of n° is (0, 1,0,0) and the difference of length AL (between v and 7°)
is strictly positive, precisely

AL = (2 —V2)e —4e® — 45(c) — 85(e)> — 87(e) > 0,

proving that also in this case v is not a length-minimizer.
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Chapter 1

Preliminaries

1.1 Sub-Riemannian manifolds

Our first aim is to introduce the setting we will work in, namely the sub-Riemannian
manifolds, which is a family of abstract manifolds endowed with a Riemannian metric
on a suitable sub-bundle (that we will call distribution) of the tangent bundle.

Definition 1.1 (Distribution). Given M an n-dimensional smooth manifold, we
define a distribution D of rank r on M as follows:

(i) D(p) is an r-dimensional vector subspace of T, M for every p € M,

(ii) for every p € M there exist an open neighborhood U of p in M and smooth
vector fields X ,..., X, on U such that

D(q) = spaanM{Xl(q) ey Xr(q)} forevery ¢q € U . (1.1)

We will call X1,...,X, a frame of smooth vector fields of D and we will denote
by rank (D) := r the rank of D. Given a smooth vector field X on M, we write
X € Sec (D) if X(q) € D(q) for every q € M.

Let M be an n-dimensional smooth manifold, let D be a distribution on M of
rank 7 and let X1,..., X, be a frame of smooth vector fields of D. For every ¢ € N™
and i1,...,i¢ € {1,...,7}, we define

Xh...’ig = [Xil, [Xi2, e [Xig,laXi ] . H (12)

We say that X;, ;, is an iterated commutator of X1,..., X, of length (.
For any point p € M, we define

Do(p) := {0},
Di(p) :==D(p),

Dy(p) := spanTpM{Xilml-L,(p) e T,M : iy,... i €{1,. r}}

13
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Finally, let us define

EO = Do = {0},
L1 :=Dyg+D1 =D,

Ly:=D1+... +Dy.

One can easily prove that Dy, and L, are distributions on M.
Let us define the function step(D,-) : M — N:=NU {+oo} as

step(D,p) = inf{s eN: Ls(p) = TpM} for every p € M. (1.3)

Definition 1.2 (Bracket-generating distribution). A distribution D on M is said to
be bracket-generating (or completely non-integrable) if step (D, M ) CN,i.e.

step(D,p) < +o0o forevery p € M. (1.4)

A bracket-generating distribution D is of finite step if step (D, ) is bounded, and in

this case we define step (D) = Hstep(D, ) HLOO’ ie.

step(D) = min{s € N : Ly(p) = T,M for every p € M} < +oc. (1.5)

If X is a topological space and x € X, we indicate by Nx(z) (or briefly N(z))
the set of all open neighborhoods of x in X.

Lemma 1.3. Let X be a topological space. Let A € C(X7 Mm,n(R)), i.e.

Az) = (AZJ(J:))Z for every x € X, for suitable A; ; € C’(X7 R).

7j

Let vk : My, p (]R) — N be the function that associates to every matrix its rank.
Thenrtko A: X — R is Isc (i.e. lower semicontinuous), in other words

VeeX FUeN(@): VyeU rk(A(y)) >rk(A(z)). (1.6)

Proof. Fix z € X. Let k := rk(A(z)), hence we can choose R C {1,...,m} and
C C{1,...,n} both of cardinality equal to k, such that det (M(:U)) # 0, where

M(y) := (Aivf(y))z‘eR,jeC € Mi(R) for every y € X.

By continuity of the function det : My, (R) — R, also detoM : X — R is continuous.
Thus there exists U € N () such that det(M(y)) # 0 for every y € U. This implies
that rk(A(y)) > k for every y € U, hence the thesis. O

Proposition 1.4. Let D be a distribution on an n-dimensional smooth manifold M .
Then step (D, ) : M — N is usc (i.e. upper semicontinuous), in other words

VpeM 3UeN(p): VqelU step(D,q) < step(D,p). (1.7)
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Proof. We can assume without loss of generality that M = R", because of the local
nature of the statement. Fix p € M. If step (D,p) = +oo then (1.7) clearly follows.
So assume s = step(D,p) € N, then there exist Zi,...,Z, € Sec(Ls) such that
Z1(p)y ..., Zn(p) is a basis of R™. For every ¢ € R", let us call M(q) € Mn(]R)
the matrix having Z1(q), ..., Zn(q) as columns. Thus rk(M(p)) = n. We deduce,
from Lemma 1.3, that M (q) has rank equal to n for every ¢ in some U € N (p). In
particular, Z1(q), ..., Zn(q) span all of R™ for every ¢ € U. Therefore

step (D, q) < step (D,p),
for every q € U, proving (1.7). O

Definition 1.5. Let M be a smooth n-dimensional manifold. A sub-Riemannian
metric on M is a family g = g,(+,) of inner products on each vector space D(p),
such that gp(-,-) depends smoothly on p. The norm induced by this metric, i.e.

HU”p = gp(v7 ,U)l/2

for every v € D(p) is called sub-Riemannian norm. The triple (M, D, g) is called

sub-Riemannian manifold.

1.2 Length-minimizers

Hereafter, we will assume that M coincides with R™ and that every frame of smooth
vector fields is global (i.e. defined in all of R™), because of the local nature of the
problems that we are going to study. We will denote by Lip([a, b], R™) the set of all
Lipschitz curves from [a,b] C R to R™.

Definition 1.6 (D-horizontal curve). Let D be a distribution of rank r on R",
generated by a frame of smooth (linearly indipendent) vector fields X, ..., X,.
A curve v € Lip([a, b],R™) is said to be D-horizontal if

A(t) € D(y(t)) for ae. t € [a,b], (1.8)

in other words for some h = (h1,...,h;) € L*([a, b], R") we have that

J(t) =D hilt) Xi(y(t))  for ae. t € [a,b]. (1.9)
=1

We will refer to hy,...,h, as controls of ~.

Let (R™, D, g) be a sub-Riemannian manifold. The length of a D-horizontal curve
v € Lip([a, b],R™) is defined as

b
L) = [ oo (3(0).5(0) dr (1.10)
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Definition 1.7 (Carnot-Carathéodory distance). Let (R™, D, g) be a sub-Riemannian
manifold, where the distribution D is bracket-generating. The Carnot-Carathéodory
distance between two points z,y € R" is given by

d(z,y) := inf{L(7) | 7 : [a,b] — R™is D-horizontal ,v(0) = z,v(1) = y}. (1.11)

By the Chow-Rashevsky theorem (see Theorem 2.2, p. 24 in [5]), if the distri-
bution D is bracket-generating, then any couple of points in R"™ can be connected
by a D-horizontal curve. Hence the function d : R” x R" — [0, 4+00) is actually a
distance on R".

Remark 1.8. One can see that the topology induced by the Carnot-Carathéodory
distance d coincides with the Euclidean topology of R™ (see Theorem 2.3 p. 24 in
[5], or [7]).

Definition 1.9 (Length-minimizer). Let (R", D, g) be a sub-Riemannian manifold,
where the distribution D is bracket-generating. A D-horizontal curve 7 : [a, b] — R"
is a length-minimizer if it realizes the infimum in (1.11), i.e. d(y(a),v(b)) = L(~).

In general global length-minimizers do not exist, but the local existence holds
true and it is a consequence of Ascoli-Arzela theorem and of Dunford-Pettis theorem.

Theorem 1.10 (Local existence of length-minimizers in R"). Let (R™,D,g) be a
sub-Riemannian manifold, where the distribution D is bracket-generating. Let d be
the Carnot-Carathéodory distance defined in (1.11). Let us fix x € R™.

Then there exists p, > 0 such that the following property hold: for every

y € B(z,py) = {z e R" |d(z,2) < pa},
there exists a length-minimizer v joining x to y.

Proof. By Remark 1.8, we can choose p; > 0 such that

B(z, pg) = {y e R" |d(z,y) < ps}

is an open bounded subset of R". Fix y € B(x, p;). By definition of d there exists
a sequence of D-horizontal curves I' = {7*}cn parametrized on [a, b] joining z to
y such that limg_,o L(7*) = d(x,y). Hence there exists k& € N such that [y¥] C
B(z, p;) for every k > k, we argue by contradiction: assume that [y*] ¢ B(z, p,)
for some subsequence {v*} e, thus 7% (t%7) ¢ B(z, p,) for some ty; € [a,b]. Then

L(v*) > L (77[’67%]) >d (af,’y'“(t’“j)) > pg,

which gives d(z,y) = limj_o L(v*) > p,, contradicting y € B(z, p;).

Without loss of generality we can assume that for every k € N the curve ~* is

parametrized by constant speed and Xi,..., X, is a frame of orthonormal (with
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respect to g) vector fields generating D such that rankD = r. Hence for every
keN,

b
L) = / IWE() dt,

where h¥ € L ([a,b],R") are the controls of v*. Then |[h*(t)] = L(¥¥), for almost
every t € [a,b] and for every k € N. Thus {||§*|/z~|k > k} is bounded. Hence
the family I' is equilipschitz, so in particular it is equicontinuous. Moreover, since
[Y*] € B(x,ps) for every k > k, I is bounded. By Ascoli-Arzeld theorem we
have that I' is totally bounded. Note that I is a totally bounded closed subset of
the complete space (C([a,b],R™), || - |lo), thus T is also complete. Then, up to a
subsequence, v¥ — ~ uniformly as k — oo, for some 7 € Lip([a, b, B(x, px))

We can choose M > 0 such that [h*| < [¥¥] < [|4¥]oc < M a.e. in [a,b] and for
every k > k. Fix e >0 and E C [a,b] with LY(E) < 17> then

/Ehk(t) dt' < MLYE) <e,

i.e. the family of controls {h¥},5z € L'([a,b],R") is uniformly integrable. Then,
by Dunford-Pettis theorem, up to a subsequence k¥ — h as k — oo for some
h € L'([a,b],R"). By integrating the equation 4*(t) = >0, h¥(t) X;(7(t)) with

(2
respect to t, we get

r b
ARt — 2 = Z/ h¥(s) X;(v(s)) ds  for every t € [a,b].
=177
By letting k go to co we get
r b
y(t) —x = Z/ hi(s) Xi(y(s)) ds  for every t € [a, b].
=174

By differentiating the above equation with respect to ¢, we obtain that v is D-
horizontal with controls h:

y(t) = Z hi(t) X;(7(t)) for ae. t € [a,b].
i=1

Note that y(a) = x and v(b) = y. Finally, by Fatou Lemma, we have that
L(v) = [IMlp(ap)rry < ﬁkﬂ_lgf 1PN 21 (o) = A, y),

so that L(y) = d(x,y) as required. O

1.3 Extremal curves

1.3.1 The notion of extremal curve.

Definition 1.11 (Optimal Pair). Let (R",D,g) be a sub-Riemannian manifold,
where the distribution D is bracket-generating. If v is a length-minimizer with
controls h, we say that (v, h) is an optimal pair.
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Remark 1.12. If (R", D, g) is a sub-Riemannian manifold and X, ..., X, is a frame
of othonormal (with respect to g) vector fields of D, then a D-horizontal curve =y
with controls h has length equal to

1
L(y) = /O Ih(t)| dt. (1.12)

The 2-length of v is defined as follows:

Lo(7) = ( / 1 \h(tﬂ%ht)é . (1.13)

The Carnot-Carathéodory distance
d(z,y) = inf{L(*y) ‘ «vis D-horizontal , v(0) = z,v(1) = y},
coincides with the following distance:
da(x,y) == inf{La(y) | vis D-horizontal ,v(0) = z,v(1) = y}. (1.14)
Indeed, note that when ~ is parametrized by constant speed ¢, one has that
L(y) = |h(t)| = ¢ = La(y) for almost every ¢ € [0, 1].
Now we give the definition of extremal curve:

Definition 1.13 (Extremal curve). Let (R™,D,g) be a sub-Riemannian manifold,
where D is a bracket-generating distribution of rank r, generated by X1, ..., X,. Fiz
x,y € R". Let v be a competitor in (1.11). We say that v is an extremal curve
if there exist & € {0,1} and a curve { € Lip([0,1],R") such that the following
conditions hold:

(i) for every t € [0,1]
o+ 1€(t)| # 0, (1.15)

(ii) for almost every t € [0,1] and for every i =1,...,r
€ hi(t) +£(1) - Xi(v(1)) = 0, (1.16)

(iii) for almost every t € [0, 1]
)+ hi(t) X[(v(t)T &(t) = 0. (1.17)

If v is an extremal curve and & =1 (resp. §&o = 0), we say that v is a normal (resp.
abnormal) extremal. We say that v is a strictly abnormal extremal if it is abnormal
but not normal.
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In the following theorem we see that length-minimizers are extremal curves, so
they satisfy some necessary first-oreder conditions. By Remark 1.12, we can suppose
~ parametrized by constant speed, thus we can fix L? ([O, 1], Rr) as space of controls.

Theorem 1.14 (Pontryagin Maximum Principle). Consider a sub-Riemannian man-
ifold (R™, D, g), where D is a distribution of rank r with global frame of smooth vector
fields X1,...,X,. Assume that X1,...,X, are orthonormal with respect to g.

Let (v,h) € Lip([O, 1],R”) X LQ([O, 1],R”) be an optimal pair, with v parametrized
by constant speed. Then v is an extremal curve.

1.3.2 Proof of Pontryagin Maximum Principle

In order to prove Theorem 1.14, we need some preliminary results and definitions.
Let (R™, D, g) be a sub-Riemannian manifold, where D is a distribution of rank r
with global frame of smooth vector fields Xi,...,X,. Assume that Xy,..., X, are
orthonormal with respect to g.

Let (v,h) € Lip([0,1],R") x L*([0,1],R") be an optimal pair. Suppose that
xo € R™ is the initial point of v, i.e. v(0) = xo.
For every r-tuple of controls v € LQ([O, 1],R7"), consider the unique solution vV €
Lip([O, 1], R“) of the following Cauchy problem:

(1) = Sy uit) X (1),
{ 7%(0) = o, o

for almost every ¢ € [0,1]. For every ¢ € [0,1], let & : L?([0,1],R") — R™ be the
map defined by

E(v) == ~Y(t). (1.19)

We say that the map &£ := & is the endpoint map. Note that £(h) = 7"(1) = ~(1).
For every x € R™ consider the unique solution =, € Lip([O, 1], R”) of the following
Cauchy problem:

{ Fe(t) = 22:1 hi(t) Xi(v2(t)), (1.20)

Vx(()) =,
for almost every ¢ € [0,1]. Note that 7,, = 7. The family of maps {(bt}te[o 1’ where
¢t : R™ — R" is defined by
Pe(x) =12 (1), (1.21)

is called optimal flow. Note that ¢;(xg) = 7(t) for every t € [0, 1]. For every ¢ € [0, 1]
we have that the map ¢; is a C'-diffeomorphism.
Let us define the map & : L2([O, 1], RT) — R™ as follows:

Ei(v) = ¢, (&(v)). (1.22)

The map &, is called the modified endpoint map of &;.
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Lemma 1.15. Let (R™,D,g) be a sub-Riemannian manifold, where D is a distri-
bution of rank r with global frame of smooth vector fields X1,...,X,. Assume that
X1,..., X, are orthonormal with respect to g.

Let (v,h) € Lip([O, 1],R”) X LQ([O, 1],R7”) be an optimal pair. Then for every
vE LQ([O, 1],R’") the following hold:

9 - ~ r

o E10) =9 (& @)D (v = h) X (&) (1.23)
=1
and
~ 1 —1 r
D& (h) = /0 Bi(w0) " S0 X (4 (1)) dt, (1.24)

i=1
where & and & are the maps defined respectively in (1.19) and in (1.22), and the
family of maps {¢t}te[0 1 is the optimal flow defined in (1.21).

Proof. First of all, we prove equation (1.23). By differentiating & (v) = ¢ (g’t) with
respect to ¢, we obtain

5 610) = (55 00 ) (Ee) + 1(E0) 31 Ei0) (125

Note that

=1 =1
and that
8 I8
g E(v) = vi(t) X; (St(v)). (1.27)
i=1

Therefore, by using (1.25), (1.26), (1.27) and since ¢; is a C!-diffeomorphism, we
obtain (1.23).

Now we prove the equation (1.24). By integrating (1.23), with v = h + u for some
u € L*([0,1],R"), we have that

g(h+u):5~1(h+u):xo+/ 4 ( Eth—l—u Zuz (E(h +w))dt.  (1.28)

Note that D, & (h) = %E}(h + 50)|s=0 for every v € L*([0,1],R"). By (1.28) we
obtain

y 1
(,i t(h—l—sv):/ 2((1)2(& h+ sv)) stl (Ee(h+ sv)) dt
0

+/1 ¢2(5~t(h+sv))_1 s UiXi(Et(h+sv)) dt.
0
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Hence
I%Mm285m+wh0:/¢mwmlzyﬁﬂﬂmwt
0 =1
1 T
:/O ¢;($0)_1 Zvi Xl(w(t)) dt,
i=1
getting the thesis. O

The map F : L2([O, 1], }R’") — R™*! defined by
F(v) = (L(v), £(v)), (1.29)

where £ is the endpoint map and

_ % /01 o(t)[2 dt, (1.30)

is called the extended endpoint mapping. Moreover the map
F:L*([0,1),R") — R"H!

defined by ] ~
F(v) = (L(v), £(v)), (1.31)

is called the modified extended endpoint mapping.
We denote by B, (x, r) the open ball in R™ of center x and radius r.

Lemma 1.16. Let (R™,D,g) be a sub-Riemannian manifold, where D is a distri-
bution of rank r with global frame of smooth vector fields X1, ..., X,. Assume that
X1,..., X, are orthonormal with respect to g.

Let (v,h) € Lip([O, 1],R”) X L2([07 1],R”) be an optimal pair. Then the map

F: L*([0,1],R") — R™!
s not open at v=h.

Proof. Suppose by contradiction that F is open at v = h. Let U be an open
neighborhood of h in L*([0, 1],R"), then F(U) is an open neighborhood of F(h) in
R, Choose 7 > 0 such that Byy1(F(h),r) € F(U). So there exists € > 0 such
that

f(h)—seleBnH( )

where e; = (1,0,...,0) € R"*!. Hence (L(v) — &, E(v )) ( ). Then there exists
u € L*([0,1],R") such that F(u) = (L(v) —€,&(v)), contradicting the fact that y
is a length-minimizer. O

Lemma 1.17. Let X, Y be Banach spaces, with dim(Y) = n. Let p € X. Assume
that F': X =Y is a differentiable function and that dF (p) : X — Y is surjective.
Then F is open at p.
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Proof. We can assume without loss of generality p = 0. Since dF(0) : X — Y is
surjective, we can choose vy, ...,v, € X such that dF'(vy),...,dF(v,) is a basis of
Y. Let V < X be the linear subspace of X generated by vy, ...,v,. We have that

d(F|v)(0) =dF0)[y : V =Y

is a linear isomorphism between V and Y. Thus G := F|y is open at 0, by the
Inverse Function theorem.

Now let U C X be a neighborhood of 0 in X. Hence U NV is a neighborhood of 0 in
V. Since G is open at 0, one has that W := G(UNV) = F(UNV) is a neighborhood
of 0 in Y. Thus also F(U) 2 W is a neighborhood of 0 in Y. We deduce that F is
open at 0. O

We are now ready to prove the above-stated Pontryagin Maximum Principle.

Proof of Theorem 1.14. Let (,h) be an optimal pair. By Lemma 1.16 we deduce
that F is not open at v = h. Since ¢; : R” — R" is a C''-diffeomorphism, also F
is not open at v = h. Hence, by Lemma 1.17, we have that dF (h) is not surjective.
Thus we can choose § € R and £(0) € R™ such that & + |£(0)| # 0 and

DyF(h) - (£0,£(0)) =0
for every v € L*([0, 1], R"). Explicitly,

0= DyF(h) - (£0,£(0)) = & DuL(h) +£(0) DyE(h) (1.32)

for every v € L*([0, 1], R"). Note that
D,L(h) = 92 L(h+ sv)|s=0 = /1 ET: vi(t) hi(t) dt
Os 0 =1
for every v € L?([0,1],R"). Then, by (1.24), we can write (1.32) as follows:
1
/ > u0) {80 i) +€0) - i) XiG0)} dr=0 (13

for every v € L?([0,1],R"). Now let £ : [0,1] — R™ be the Lipschitz curve defined
by
11T
£(t) = [#h(wo)~]" £(0), (1.34)

Hence ¢ satisfies (1.15): indeed if £(¢) = 0 for some t € [0,1] then £(0) = 0. By
(1.33) and (1.34), we obtain (1.16): for almost every ¢ € [0, 1]

o hi(t) +£(t) - Xi(v(t)) = 0.

Now we prove (1.17). By differentiating (with respect to t) the following identity

[1(x0)] T £(t) = €(0), teo,1),
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we get

0] )+ | 5

o) = (5 @(0'Pm

— (Z hy(t) (Xi(ﬁbt(x))),)
=1

T
¢2(x0):| &(t)=0 fora.e. te]0,1]. (1.35)

Note that

T=Zo i=1
Then, by (1.35) we have that
T
T ; T
[6h(0)] " £(8) + [¢i(z0)]” D ha(t) Xi(v(£)T (1) =0,
=1
for almost every t € [0, 1], getting (1.17). O

1.3.3 The open problem of regularity.

We collect here some of the most important known facts about the delicate problem
of regularity of length-minimizers:

e We saw in Theorem 1.14 that every length-minimizer is an extremal curve.
Thus the focus is moved to study the properties of regularity of extremal
curves.

e It is simple to prove (see below) that every normal extremal is smooth, but
there are length-minimizers that are strictly abnormal extremals, see [4].

e There are examples of (strictly) abnormal extremals that are not smooth but
that are not length-minimizers.

e All known examples of strictly abnormal length-minimizers are smooth.

The problem of regularity of length-minimizers is still open. We now prove that

every normal extremal is C*° smooth.

Theorem 1.18. Let (R™,D,g) be a sub-Riemannian manifold, where D is a dis-
tribution of rank r with global frame of smooth vector fields X1,...,X,. Assume
that X1, ..., X, are orthonormal with respect to g. Let «y : [0,1] — R™ be a normal
extremal with controls h and dual curve . Then v € C*([0,1],R").

Proof. Note that v and ¢ are continuous. Then by (1.16) we deduce that h; is
continuous for every i = 1,...,r. Hence (1.17) implies that ¢ is C* and (1.9) implies
that v is C1.

Now, by (1.16) we deduce that h; is continuous for every i = 1,...,r. Hence (1.17)
implies that & is C? and (1.9) implies that v is C?, and so on. By repeating this
argument, we deduce that ~ is smooth. O

In the next chapter we will study a class of abnormal extremals presenting corner-
type singularities.
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Chapter 2

Non-minimality for a class of
angles

One of the main open problems in the study of Carnot-Carathéodory spaces is the
following: is every length-minimizer smooth or not? To this purpose it was proved,
in the papers [3] and [2], that - under suitable assumptions - curves with a corner-
type singularity cannot be length-minimizing.

We shall makes use of some definitions: given a sub-Riemannian manifold (M, D, g),
we introduce the following conditions

(A) the distribution D is equiregular, i.e. for every £ € N

dim Dy(p) is independent of the point p € M.

(B), For some = € M, one has that
(Li, Li](z) € Liyj—1(x) for every i,j >2 with ¢+ 7> 5.
(C), For some = € M, one has that
Li(x) # Li—1(x) = Liz1(x) = Li(x) for every i > 1.
The following result was proved in [3]:

Theorem 2.1. Let (M, D, g) be a sub-Riemannian manifold satisfying (A) and (B),
for somex € M. Then any extremal with a corner-type singularity in x is not length-
MINIMAZING.

The following result was proved in [2]:

Theorem 2.2. Let (M,D,g) be a sub-Riemannian manifold satisfying (C), for
some x € M. Then any extremal with a corner-type singularity in x is not length-
minimizing.

25



26 Chapter 2

The aim of this chapter is to provide an example of an extremal v in R*, having
an angle in a point € R*, which is not a length-minimizer even if the underlying
distribution D does not satisfy any of the conditions (A), (B), and (C),.

This is the sketch of what we will prove in the following sections:

Section 2.1. Fix o € N*, € N and v € N*. We call D the 2-dimensional
distribution in R* generated by

X =(1,0,0,0
i(z) = (1,0,0, >B7 - for every z € R*.
Xo(z) = (O, 1,$?x2,x3) ,
We prove that D is bracket-generating in all of R, with step equal to y(a+3+1)+1.
Section 2.2. We study when D satisfies the above conditions (A), (B), and (C),,,
namely:

e D satisfies (A) if and only if (a, 5,7v) = (1,0, 1).
e D satisfies (B), if and only if v = 1.
o D satisfies (C), if and only if (o, ) # (1,0) and v > 2.

Hence we restrict our attention to the case («, 5) = (1,0) and v > 2, in such a way
that none of (A), (B), and (C), is satisfied.
Section 2.3. We introduce the D-horizontal curve v defined as follows:

oo 0-t00) itrel-10],
V)= (t,0,0,0) if ¢ € [0,1].

Clearly, v has an angle in x = 0. We prove that v is a strictly abnormal extremal if
and only if (a,7) # (1,1).

Section 2.4. We prove that v is not a length-minimizer when (o, 5) = (1,0) and
v > 3. We proceed as follows:

e first of all, we “cut” the corner v with a suitable curve v* (depending on a
parameter 0 < € < 1). The length of v is strictly smaller than the one of v,
but the endpoint of v* is perturbed, since its third and fourth components are
non-null.

e In order to correct the third component of the endpoint of v, we introduce a
new curve (¢ (depending also on parameters a, b and c¢), obtained by perturbing
v® with a rectangle. For suitable choices of the parameters, (¢ is strictly shorter
than v.

e Finally, by concatenating (* with a suitable circuit, we obtain a curve u®
(depending also on parameters r and s) whose third component remains equal
to 0 and whose fourth component is sent to 0. For e sufficiently small, the
length of p® remains strictly smaller than the length of v.
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Therefore, for a suitable € > 0, we have that v and p® join the same two points and
that L(p®) < L(v), proving that v is not a length-minimizer.

Section 2.5. We deal with the case (a, 3,7) = (1,0,2), proving that v is not a
length-minimizer also in this case (by exhibiting a suitable curve n® obtained with
techniques analogous to that of Section 2.4).

2.1 D is globally bracket-generating

First of all, we prove that the distribution D introduced above has finite step in
0 € R*. More precisely, two suitable iterated commutators of X; and X5 of length
a+B+1and y(a+ B+ 1) + 1, respectively, are multiples of e3 and ey, respectively,
when evaluated in x = 0. We deduce that D has step smaller than or equal to
Y@+ p+1)+1in0.

Lemma 2.3. Let « € Nt, B €N, v € NT. Let D be the 2-dimensional distribution
in R* generated by

Xi(z) = (17070’0)6’ forevery x € R (2.1)
Xo(z) = (0,1, 2%wy, 23)

Then D has step smaller than or equal to y(a+ 3+ 1) 41 in 0 € R,

Proof. STEP 1: We have that X;(0) = e; and X2(0) = ez, so we want to obtain
e3 and e4. Let us take a vector field V in R* of the form V = (0,0,p,q), where
p € N[z, 22] and ¢ € ( — N) [z1, 22, x3]. Then a simple computation yields

le] o]
[le V] = (0707 Twﬁ’ amql) )
(2.2)
le] o] o] -1
[(Xo, V] = (0, 0, 52, 505 + 5oy a:i“a:g +y(—p) 3 ) )

Hence both [X7, V] and [X3, V] have the same form of V.
Note that every iterated commutator of X; and X9 of length at least 2 has this

form, since

(X1, Xo] = (0,0, 0z~ 2, 0). (2.3)

Moreover, let us write L;(Y) := [X;, Y] for every vector field Y in R* and i = 1, 2.
Finally, we say that a polynomial ¢ € (—N) [x1, z2, x3] contains a € (—N) [x1, z2, 3]
if a is an addendum of g and ¢ — a € ( — N) [x1, z2, x3].

STEP 2: By applying « times the first equation of (2.2) to V = Xa, we can easily
deduce that LY (X2) = (0,0,04!3:5,0).

Now, by applying i = 1,..., 5 times the second equation of (2.2) to V = L{(X»),
we obtain a vector field whose third component is a!3(5—1)--- (8 —i+1) azg_i and
whose fourth component is a multiple of xg 1 Thus the third component of the

vector field
X3 =L (L§(X2)) (2.4)
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is a!f! and its fourth component is a multiple of xg, in particular X3(0) = a!f!es.
STEP 3: It only remains to find an iterated commutator of X;,Xs having a non-zero
fourth component when evaluated at 0 € R%.

By applying v times the second equation of (2.2) to V' = [X1, X3], we get that the
fourth component of L3 ([X1, X2]) contains —a~! L

Moreover, by applying (other) v/ times the second equation of (2.2) to the vector
field V = LJ([X1, Xs]), we obtain that the fourth component of Lg(ﬁJrl)([Xl,Xg])
contains the addendum —ary!(vS8)! 27"

Finally, by applying ya—1 times the first equation of (2.2) to V = Lg(’BH) ([Xl, Xg]),

we get that the fourth component of
Xy = L) <L;(5+1> (11, XQ])) (2.5)

contains m := —ay!(y8)!(ya — 1) € —N.

We infer that the fourth component of X4(0) is smaller than or equal to m, in par-
ticular it is non-zero. So X1(0), X2(0), X3(0), X4(0) span R*. Since the commutator
X3 has length a+(+1 and the commutator X4 has length v(a+5+1)+1 > a+5+1,
we get the thesis. O

Remark 2.4. Actually, the step in 0 € R* of the distribution D of Lemma 2.3
is exactly equal to y(aw+ 8+ 1) + 1. It suffices to show that e4 € L4(0) implies
s>vy(la+B+1)+1.

We need first to find an iterated commutator of the vector fields X; and X5
whose fourth component is a non-null polynomial, then to commute it again until
we get a non-null constant term in the fourth entry.

The iterated commutator with a non-null fourth entry of shortest length is

V(z) = [Xo, [ X1, Xo]](x) = (0,0,aﬂ x‘f‘_lxg_l, —a’yx‘f‘_lmga:g_l> .

By observing (2.2), we deduce that we need to commute V' at least v — 1 times with
respect to Xo to get an addendum of its fourth entry having degree 0 in z3, and
the degree in x; (respectively in z3) of this addendum increases of at least a(y — 1)
(respectively B(y — 1)).

Thus we need to commute V' at least &« — 1 + a(y — 1) times with respect to X; and
at least 8 + B(y — 1) times with respect to Xg, in order to get a non-null constant
term on the fourth component.

Therefore, to obtain e4 we need a commutator of length at least

3+(y-D+(a—14+a(y=1))+(B+B(r—1) =y(a+B+1)+1,
as stated above. ]

In the following lemma, we will infer from the finiteness of step (D, 0) that D is
bracket-generating in a suitable neighborhood of 0, by using the upper semicontinu-
ity of the function = — step (D, x)
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Lemma 2.5. Let «, 3, v, X1, Xo and D be as in Lemma 2.3. Then D is bracket-
generating in a suitable neighborhood of 0 € R*.

Proof. By Lemma 2.3 and Remark 2.4, we have that
step(D,0) =v(a+B+1)+1 < +oo.
Thus, by Proposition 1.7, there exists U € N(0) such that
step(D,a:) < step(D,O) < 400,

for every x € U. Hence the distribution D is bracket-generating in U, as required.
O

Actually, D is bracket-generating in all of R%. In order to do this, we shall need
the following definitions.

Fix w € (N1)™. For every A > 1, we define the A\-dilation dy : R™ — R" as
oa(z) = (A" a,...,\"zy,)  for every z € R™. (2.6)

Note that dy is a diffeomorphism and that (5;1 =0y-1.
For every r > 0, let us define By(r) := 0x(B(r)), where B(r) is the open ball in R"
of center 0 and radius r. Clearly

U By(r) =R" for every r > 0. (2.7)
A>1

Now let X be a smooth vector field in R™. We call A-transform of X the vector field
6, X : R" — R"” defined by

X (x) =8 (5;1(16)) X(é;l(x)) for every x € R". (2.8)

One has that 0} (65" (x)) = D, for every € R", where

10 .- 0
0 X2 ... 0
Dy =
0 0 .o A
Hence (2.8) reads as
63X (z) = Dy X (8y-1(z)) for every z € R". (2.9)

The A-transform satisfies the following properties:

o if Xj,... X (with 1 < k < n) are linearly indipendent vector fields in an
open Q C R™ then §)X7,...,0,X} are linearly indipendent in §,(12),
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e for any vector fields X,Y in R"™, we have that

0\[X,Y] = [0:X, 6,Y]. (2.10)

The first statement follows from invertibility of D). For the second one, note that
for every x € R" we have

(0,X)'(2) = Dy X' (351 (x)) Dy-1 = DyDy1 X' (631 (2)) = X' (631 (2)),

where we used the facts that DyD,-1 = I, and that a diagonal matrix commutes
with every other matrix. Hence for every x € R" we get

00X, 00 Y](x) = (6,Y) () rX (z) — (6, X) (2) 6,Y ()
=Y'(0y-1(2))Dx X (6x-1(x)) — X' (6x-1(2)) DAY (6y-1(z))
= D)\ [X,Y](0x1(2)) = 0[X, Y](2),

obtaining the second statement above.

By using the above definitions, we can prove that:

Lemma 2.6. Let «, 3, v, X1, Xo and D be as in Lemma 2.3. Then D is bracket-
generating in all of R*.

Proof. By Lemma 2.5, the distribution D is bracket-generating in B(r) for some
r > 0. Let 6, be as in (2.6) with w = (1, La+B8+1,v(a+p8+1)+ 1). Hence for
every x € B(r) we get
63 X1 (0r(z)) = (A,0,0,0) = X (1,0,0,0) = XA X1 (dx(z)),
X9 (5>\(95)) = (O, A, \o+A+L :c?xg, Av(atB+1)+1 :cg)
—A (0, 1, Ovz) (A a2)?, (m<a+ﬁ+1>xg)”) = X X3 (0x()).
Let X3 and X4 be as in (2.4) and (2.5), thus by applying the previous identites and
(2.10) we have that
X3 (0x(x)) = AT X3 (6A(2)),
(SAX4 ((5)\(1')) = )\'y(a+6+l)+1 X4 (5)\(33)),

for every x € B(r). Then one has

0AX1 = A X1,

0, X2 = A Xo,

6\ X3 = A\otB8+1 X,

6 X4 = Xy(a+,8+1)+1 X,

in all of By(r). Now note that
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X1,...,Xy are linearly indipendent in B(r)
if and only if
IrX1,...,00Xy are linearly indipendent in B)(r)
if and only if
X1,...,Xy are linearly indipendent in Bj(7).
Therefore we get the thesis by arbitrarity of A > 1 and by (2.7). O
We finally collect all of the results seen in this section in the following theorem:
Theorem 2.7. Let o € NT, 8 € N, v € N*. Let D be the 2-dimensional distribution

in R generated by

for every z € R?. (2.11)

Xi(z) = (1,0,0,0),
Xo(z) = (0, 1,x?x§,x§) ,

Then the distribution D is bracket-generating in all of R* and
step(D) = y(a+ B+1)+1.

Proof. By Lemma 2.6, the distribution D is bracket-generating in all of R%. Note
that
step(D,z) < step(D,0) =y(a+B+1)+1 forevery z € R?.

Thus we deduce that step(D) =~(a+ S+ 1)+ 1. O

2.2  When D satisfies (A), (B), and (C),

The aim of this section is to study for which values of «, 8 and  the distribution
D, defined in 2.11, satisfies the conditions (A), (B), and (C),.
2.2.1 Condition (A)

For the sake of clarity, we repeat the definition of equiregularity of a distribution (in
the case M = R").

Definition 2.8. Let (R",D, g) be a sub-Riemannian manifold. Then the distribu-
tion D is said to be equiregular if dim Dy(p) is independent of the point p € R™, for
every £ € N.

One has that:

Theorem 2.9. Let a, 8, v, X1, X2 and D be as in Theorem 2.7.
Then the distribution D is equiregular if and only if (o, B,7v) = (1,0, 1).
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Proof. Clearly, dim Dy(x) = 0 and dim D; (z) = 2 for every x € R*. We have that

Xio(x) = (0,0,aa:'f‘flxg,()),
Xi2(z) = (0,0, (v — 1) x‘f‘_2x§,0),
X212(.’13) - (07 07 aﬁ x?_lﬂfgﬁ_la —Qry I?_1$§x:’3y_l)’

for every x € R*.
CASE 1: Suppose (a, 3,v) = (1,0,1). For every x € R* we have that

Then
dimDy(z) = dimD3(z) =1  for every z € R

Hence D is equiregular.
CASE 2: Suppose (a, f) = (1,0) and v > 2.
Since X112(x) = 0 and X212(x) = (0,0,0, —v xg_l) for every z € R%, we find that

X112(0) =0,
Xo12(e3) = —yea.

Thus
0= dlmD3(0) 7& ding(eg) =1.

Hence D is not equiregular.
CASE 3: Suppose (a,7v) = (1,1) and g > 1.
Since X12(z) = (0,0, xg, 0) for every z € R*, we have that

X12(0) =0,
X12(62) — €3.

Thus
0 = dim D3 (0) # dim Da(e2) = 1.

Hence D is not equiregular.
CASE 4: Suppose a > 2.
Note that X12(0) = 0 and Xj2(e1 + e2) = aes. Then
0= ding(O) #+ dimD2(61 + 62) =1.

Hence D is not equiregular. O
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2.2.2 Condition (B),

Now we are interested in studying for which values of «, 8 and v our distribution D
satisfies condition (B),,.

We will see that - in the case v = 1 - the Lie brackets of two iterated commutators
of X1 and X5, both having length greater than or equal to 2, is null. By using this
fact, we will prove that in this case (B), holds for every z € R%.

Lemma 2.10. Let «, 8,7, X1, X2 and D be as in Theorem 2.7. Assume that v = 1.
Then the distribution D satisfies (B), for every x € R*, namely

[Li, Li](x) C Liyj—1(z)  for every i,j >2 with i+ j >5 (2.12)
for every x € R*,
Proof. Note that in this case (2.2) reads as

0,
[Xlav] (0 07 a$1>T£> )
(2.13)

0
[X23V] - (0 Oa (9527 Oz + 613 $1x§ p) )

for every vector field V' = (0,0, p, q), with p,q € Z[z1, x3].
Now observe that, from (2.13), the following facts hold:

e the first and the second entry of every iterated commutator of length greater
than or equal to 2 are null,

e the variables x3 and x4 do not appear in the iterated commutators of length
greater than or equal to 2.

Hence, if V and W are two iterated commutators of X; and X5 of length at least 2
(thUS V= (07 Oapa Q), W= (O>O7p,a q/) for some b, p/7 q, q/ € Z[$1,$2]), then

(2 yop\ 0 (od 00 o
[V7 W] N ( 8 I3 —P 8%3) 8%3 + ( 81’3 p 8%3 8:63+
of _op\ 0 (0 00\ 0 _
q81‘4 4 8.%‘4 81‘4 81’4 (] 8.%4 89@4 N

Now fix i,j > 2 with i4+j > 5 and fix # € R*. We deduce from the above computation
that

[£i, £5](x) = [L1, £5](x) + [Li, L] (). (2.14)

Since [L;, L1)(z) = [£1, L;](z) and by definition of Li(z), La(x), L3(x),. .., we find
that
[£1, L;)(2) + [Li, La](z) = Ljza(x) + Lia(z). (2.15)

Given that s — Lg(x) is a lattice homomorphism between N (with < ) and the
grassmanian of R* (with C ), we have that

Lit1(x) + Liv1(z) = Liaxfiji+1 (). (2.16)
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Finally, one has that j > 2 implies i + 1 < 7+ j — 1, and similarly ¢ > 2 implies
j+1<i+j—1, thus max{i,j} +1 < i+ j— 1 and accordingly
Emax{i7j}+1(x) - Ei-}-j—l(fﬂ)- (217)

Therefore (2.14), (2.15), (2.16) and (2.17) give [£;, L;](x) C Liyj—1(x).
This show that condition (B), holds for every = € R*. O

Conversely, when v > 2 condition (B),, is not satisfied, indeed by commuting X3
(defined in (2.4), of length ¢ = o+ 8 4 1) with a suitable iterated commutator of
length j = y(a+8+1)—(a+03), we obtain a vector field Z such that Z(0) is a multiple
of e4. Thus the vector e4 - which does not belong to L£;4;-1(0) = L, (a15+1)(0) -
surely belongs to [L£;, £;](0).

Proposition 2.11. Let a, 3, v, X1, Xo and D be as in Theorem 2.7.
Then condition (B), is satisfied if and only if v = 1.

Proof. STEP 1: Suppose v > 2. As seen in Lemma 2.3, we have that the iterated
commutator X3 := Lg (L§(X2)) is of the form

X3(x) = (O7 0, alf!, ng(xl,xg,atg)) for every z € R?,

for some f € ( - N) [€1, 22, x3]. Then, arguing similarly to what we did in the proof
of Lemma 2.3 and using (2.2), we deduce that:

e the fourth component of Loy (Xg) contains —a!p! 'yxg_l,

e the fourth component of Lg_Q (LQ(Xg)) contains —a!ﬁ!’y!x?(vd):rg(’yfz)xg,

e the fourth component of Lg('Y*Z) (L3 '(X3)) contains
—alBiy! (B(y - 2))!1 250 Vs,
e the fourth component of V' := L?(V_m (L§(7_2)+(7_1)(X3)) contains
—alB (B(y = 2))aly = 2))! s (2.18)

Since we have commuted a(y —2) + B(y—2) + (y—1) > 1 times the vector field X3
(with either X or X3) in order to obtain V', we have that the third component of V'
vanishes, so V' = (0,0,0, q) for some ¢ € (— N) [x1,x2,x3] containing the addendum
(2.18). A simple computation gives

0
Z = [X3,V] = <0,0,0,a!ﬁ! q) .
0x3
Hence the fourth component of Z contains

—(a)*(B)*9L(B(y = 2)(aly — 2)).
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which implies that Z(0) is a non null multiple of e4. Moreover the length of X3 is
i:=a+ 0+ 1 and the length of V is j :=v(a+ 8+ 1) — (o + ) (note that i > 2
and j = (a+ B)(y — 1)+~ >3, thus i + j > 5).

Since Z € Sec ([L;, L;]), one has that eq € [L£;, £;] (0), but

es ¢ Liyj—1(0) = Lyarp+1)(0),

by Remark 2.4. In other words, (B), does not hold when v > 2.
STEP 2: Suppose 7 = 1. By Lemma 2.10 we have that condition (B), is satisfied. [

2.2.3 Condition (C),

By using Lemma 2.3, it is simple to prove that condition (C), is satisfied if and only
if (o, B) # (1,0) and v > 2:

Proposition 2.12. Let o, 3,7y, X1, Xo and D be as in Theorem 2.7.
Then condition (C), is not satisfied if and only if either (o, ) = (1,0) or v = 1.

Proof. We deduce from Lemma 2.3 and Remark 2.4 that

EO(O) 7é El (O) == ... = £a+ﬁ(0) 7é £a+ﬁ+1(0)
= ... = Lya+p+1)(0) # Loarpr1)+1(0) = ... .
Note that £;(0) # £;—1(0) only for
i=1,
i=a+pF+1,
i=y(@+p+1)+1

Then condition (C), does not hold if and only if either a+3 =1 (i.e. (a, ) = (1,0))
ory(a+B+1)=a+p+1 (ie. y=1). O

Hence in this section we proved that:

Corollary 2.13. Let «, 3, v, X1, Xo and D be as in Theorem 2.7.
Then none of the conditions (A), (B), and (C), is satisfied if and only if (o, B) =
(1,0) and v > 2.

Proof. Tt follows from Theorem 2.9, from Proposition 2.11 and from Proposition
2.12. O

2.3 The angle v is an abnormal extremal

First of all, we give the definition of corner.
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Definition 2.14 (Corner). Let 7 : [a,b] — R" be a Lipschitz curve. We denote by
A1 (t) and Yg(t) the left derivative and the right derivative, respectively, of v at the
time t € [a, b], whenever they exist. Explicitly,

yp(t) :== lim —————=

Fu(t) = lim, h

. (4 h) ()
t) := lim -~ Y

Yr(t) Jim Y

We say that v has a corner (or an angle) at the point = = (), for some t € [a, ],
if there exist 47,(t), r(t) and 41(t), Yr(t) are linearly independent.

In the next proposition, we introduce an extremal v having a corner at 0 € R*
and we study, by using Pontryagin Maximum Principle, for which values of «, 5 and
v the curve v is a (strictly) abnormal extremal.

z, )
(0,1)
Y
R (1,0)
o oy

Figure 2.1: The projection of v on the plane zizs.

Proposition 2.15. Let o, B, v, X1, Xo and D be as in Theorem 2.7.
Then the D-horizontal curve

(t) = { (0,—,0,0) it e[-1,0],

(,0,0,0) ift € 0,1], (2.19)

is a strictly abnormal extremal if and only if either « > 1 or v > 1. Note that v has
a corner at the point 0 € R*.
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Proof. The curve v is actually D-horizontal, with controls

) (0,-1) if t € [-1,0],
ht) = { (1,0) if t € (0,1].

In order to prove that the curve v is an abnormal extremal, we want to find a dual
curve ¢ which satisfies the following necessary conditions (of Pontryagin Maximum
Principle):

£(t) - X;(v(t)) =0 forevery t € [-1,1] and i = 1,2, (2.20)
£(t)#0  for every t € [—1,1], (2.21)

T
£(t) = — (hl(t) X1 (v(t)) + ha(t) X3 (Z/(t))) E(t) forae. te[-1,1. (2.22)

In this case, (2.20) and (2.22) read as

&(t) =&(t) =0 forevery t e [—1,1] (2.23)
and . .
§(t) = X5 (v(D)" &) for a.e. t € [-1,0], (2.24)
Et)=0 for a.e. t € (0,1], ’
respectively. We have that
0 0 av(t)* tug(t)? 0
/ T 0 O 0 0
LE0) =1, 0 ()
00 0 0

Hence:

CASE 1: Suppose o« > 1, v = 1. We get &(t) = (0,0,M(t A0) + A, ,u) for every
€ [-1,1], for any A, p € R with (X, u) # (0, 0).

CASE 2: Suppose o« = 1, v > 1. We get £(t) = (0,0,0, ) for every ¢t € [—1,1], for

any p # 0.

CASE 3: Suppose a,v > 1. We get that £(t) = (0,0, A, u) for every t € [—1, 1], for

any A, u € R with (A, p) # (0,0).

CASE 4: Suppose a = v = 1. We obtain that £(¢) = (0,0,0,0) for every ¢t € [—1,1].

Thus in this case the curve v is not an abnormal extremal, by (2.21).

Finally, v is not a normal extremal, because it is not smooth in ¢ = 0, hence the

thesis. O

2.4 The curve v is not a length-minimizer

As a consequence of Section 2.3 and Section 2.2, we are interested in studying D in
the case (a, f) = (1,0) and 7 > 2. Explicitly, D = span{X;, X2} where

X1(z) = (1,0,0,0),
{ Xo(z) = (0, 1,21, 73), (2.25)
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for every x € R*.

By Remark 2.4 we have that step(D) = 27 4+ 1. By Proposition 2.15 we have
that the angle v (defined in (2.19)) is a strictly abnormal extremal. The aim of this
section is to find a D-horizontal curve joining the points v(—1) = (0,1,0,0) and
v(1) = (1,0,0,0) with length strictly smaller than that of v.

2.4.1 The “cut” ¢

(0,1)

(0,¢)

0 (¢, 0) ! (1,00  ®1

Figure 2.2: The curve (vf,v5).

The first step is to construct a D-horizontal curve starting from the same initial
point of v, whose length is strictly smaller than that of v. The problem is that this
new curve and v have a different endpoint, hence we will need further corrections.

Fix 0 < £ < 1. Consider the polygonal planar curve (v5,v5) : [—1,1] — R? obtained
by the concatenation of the segment joining (0, 1) to (0, &), the segment joining (0, )
to (,0) and finally the segment joining (g,0) to (1,0).
A parametrization of (v§,r5) can be chosen as follows:

(0, —1) ifte[-1, e,
W55 = { (E2,55t)  ifte[—ed,

(t,0) if t € [, 1].
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We want to find the lift v = (v5,v5,v5,v5) : [—1,1] — R* of (v§,v5) starting from
the point (0,1,0,0), i.e.

(i) v is D-horizontal, thus

VE(t) = ha(t) X1 (v°(1)) + ha(t) Xo (V7 (2))
= hi(t) (1,0,0,0) + ha(t) (0, 1, ¥ (t), 5(1)7)

for almost every t € [—1,1] and for suitable controls h € LOO([—l, 1],R2),
(ii) v*(—1) =(0,1,0,0).
We deduce from (i) that
h = (hi(t),ha(t)) = (V{(t), v5(t)) for almost every t € [—1,1]. (2.26)

o CASE t € [—1, —¢].
By (i) and (2.26) we have that v5(t) = 0 and v§(t) = —v5(t)" for almost every
t € [-1,—¢]. By (ii) it follows that

vi(t) =v5(—1) =0 for every t € [-1,—¢],

hence
vi(t) =vi(—=1)=0 forevery t € [-1,—¢].

o CASE t € [—¢,¢].
We have that v§(t) = —1V§(t) = -1 (t+¢) and vi(t) = — 2 V5(t)" for almost every
t € [—¢,¢]. Therefore for every t € [—¢, €]

and
. 1
vi(t) = 3 v3(t)" = i (t+2).

Then for every t € [—¢, €]

U™ g GO (2
9237+1 T 937+l 2y +1

o CASE t € [g,1].
We find that v5(t) = 0 and v5(t) = 0 for almost every ¢ € [e, 1]. Therefore

1
vi(t) = v5(e) = ) g2 for every t € [g,1]

and
(1)1 g2
vi(t) = v5(e) = RS for every t € [e, 1].
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Then the lift of (v§,v5) is

;

(0,-¢,0,0) if t e [-1,—e,
_ 1)+ (¢ 2y+1
VE(t) = (tTE, St —g(t+e)?, (233+1 ( 22)4_1 ) if t € [—¢,¢],
1)+ 2441 :
<t,0, —1e2, ( 2)V 52711) if t € [e,1].
Note that the endpoint of v* is not v(1) = (1,0,0,0), indeed
1
v5(1) = —562 (2.27)

and
(1)L 2

€
1) = .
vi(l) 2 2y +1
Moreover, the length of v is L(r) = 2, while the length of v° is L(v°) = 2(1—¢)+v/2¢.
Hence v° is strictly shorter than v, precisely

(2.28)

Lv)— L") = (2—V2) e > 0. (2.29)

2.4.2 The first perturbation (° of v°

To A
(0,1)
(0,¢)
(b,0) (a,0) (1,0)
o (5, O) " 4 A " m:

(b,—c) © (a,—c)

Figure 2.3: The curve (¢, (5).

In order to correct the third component of the endpoint of v, we now construct
a curve (¢ (obtained by modifying v* with a rectangle), which depends on some
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parameters of position.

Take 0 < € < b < a < 1 and suppose ¢ < “T_b. Consider the polygonal planar

curve ((5, ¢5) joining the following points:

(0,1) — (0,e) — (¢,0) = (b,0) — (b, —¢) — (a, —c) — (a,0) — (1,0).

Then ((f,(5) can be parametrized as follows:

(0, 1) if t € [—1, —€],

(%5 =) if t € [—e,€],

(t,0) if t € [e, ],
(€1, G)(t) =< (b,b—1) if t € [bb+d,

(afl:f2ct - ffifbg)c, — C) ifteb+ca—c,

(a,t —a) ift € [a—c,al,

(t,0) if t € [a,1].

We now calculate the lift (¢ = (Cf, ¢, ¢s, Cj) o [=1,1] — R* of (¢§,¢5) starting from
the point (0,1,0,0). Since ¢ must be D-horizontal, we impose that

=3¢ (2.30)
and that . .
G=3G4 (2.31)

almost everywhere in [—1,1].

o CASE t € [—1,b].

Clearly (%(t) = v°(t) for every t € [—1,b].

o CASE t € [b,b+ cl.

By (2.30) we have Cg(t) = —b for almost every ¢ € [b,b+c|. Then for every ¢ € [b, b+c]

vo|

C§(t)=C§(b)—/b bdy =~ —b(t D).

By (2.31) we find that ¢5(t) = (—1)7*! (b(t—b)+ %)v for almost every t € [b,b+ c].
Hence for every ¢ € [b,b+ |

oo (=1L e t 22\
G0 =g gt 0 [ b0+ 5 ) ay

. g2+l 1 < (_1)'y+1 g2 7+1
= (-1t 7 (27+1 - 2b(7+1)> + TCEY (b(t—b)+2> .
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o CASEt € [b+c,a—].
By (2.30) and (2.31) we deduce that for every t € [b+ ¢,a — (]

52

G(t) = G5(b+ o) = —be— —

and that
Ci(t) = Ci(b+c)

+1
— (_1)~/+152’Y+1 L € + (=)t be + i !
27 2y+1  2b(y+1) b(y+1) 2 ’

o CASE t € [a — ¢, al.
By (2.30) we have ¢§(t) = a for almost every t € [a — ¢,a]. Then

2
(§(t):—bc—%+a(t—a+c)

for every t € [a—c, a). Thus, by (2.31), we find that (5(t) = (—bc—%—l—a(t—a—c})’7
for almost every ¢ € [a — ¢,a]. Hence for every t € [a — ¢, a]

o e e2r+l ( 1 B € > (_1)'y+1 ( 82>'y+1
() =(=1)7 27 2y+1  2b(y+1) " b(y+1) e

o CASE t € [a, 1].
By (2.30) and (2.31) we deduce that for every t € [a, 1]

2

G5(t) = G5a) = —be — S +ac

and

2v+1 1 1)+l 2\ 7+l
(1) =(-1y ( - ) ey <bc+ )
27 2y +1  2b(y+1) b(y+1) 2

1 52 v+1 82 v+1
S —be— — | =be— — .
NCES) ( ‘ 2> ( ‘ 2)

Thus we deduce that
¢5(1) = —be — £ tac
Hence, if we choose

=50 (2.32)

we have that (5(1) = 0. Hereafter, we will always fix ¢ = 2(572_17). By (2.32) one has
that

£ (_1)7+1 v 2v+1 a”
Ae) = (i(1) = m? 1 (1 +e 2b('fy 0 <(a o 1)) . (2:33)
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Remark 2.16. We give a geometric interpretation of the third entry of every D-
horizontal curve, which is consistent with what we observe in the previous section.
Namely, the third component furnishes information about the area enclosed by the
first two entries in R2. In order to give a geometric meaning to the third component
of a D-horizontal curve, we shall make use of the well-known Green’s Formula:

Theorem 2.17. Let i : [a,b] — R? be a continuous, piecewise C* circuit in R?. Let
F : R% = R? be a vector field of class C. Let us call D the region in R? enclosed
by the curve pu. Then

/F “ny,dp = / divF(z,y) dx dy, (2.34)
o D
where:

. qu “nydp = f; F(u(t)) - nu(p(t) |(t)| dt is the path integral of F along p,

e 1, is the unit external normal to D, explicitly

(ﬂ2(t)v _ﬂl (t))
f11 ()% + fu2(t)?

for every t € [a,b] such that [i(t) exists non-null and arbitrarily defined else-

ny, (pu(t)) == (2.35)

where.

Let u : [ti,t2] — R* be a D-horizontal curve such that (ul(tl),ug(tl),ug(tl)) =
(0,1,0) and (p1(t2), p2(t2)) = (1,0). Let o : [0,1] — R? be the segment joining
(1,0) to (0,1), defined by

o(t):==(1—t,t) foreveryte[0,1].

Hence the curve obtained by concatenating (y1, p2) and o is a circuit in R?. Let us
call D the region enclosed by such curve. Thus for every F € C! (RQ,RZ) one has

/DdivF(x,y) dx dy :/ 2 F(pua (), p2(8)) - puy g (1 (8), p2(8)) | (o, f12) (8) | dit

' 1
+ /0 F(o(t)) - no(o(t)) [5(2)] dt.

Note that

ne(o(t)) = (1) for every t € (0,1).

V2
Now take F(z,y) := (z,0) for every (z,y) € R?. Thus divF = 1 and accordingly

ta 1
A(D) ::/Ddxdy:/t /,Ll(t)/lg(t)dt—l—/o (1 —1¢)dt.

Since p is a D-horizontal curve, one has that fi3 = piie a.e. in [a,b]. Therefore
pa(b) = [;2 fua(t) dt = [[* pa(t)jaa(t) dt, which gives

A(D) = ps(t2) + .
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This equality can be interpreted in the following way: the third component of u at the
final time t5 is equal to 0 if and only if the (signed) area enclosed by (11, p12) (concate-
nated with the segment joining (0, 1) to (1,0)) is equal to 1. Notice that this is coher-
ent with what we saw in the previous section for the curves (¢ and u®. For example,
note that - by (2.32) - the area of the rectangle of vertices (b,0),(b, —c),(a, —c¢),(a,0)
coincides with the area of the triangle of vertices (0, €),(0,0),(¢, 0).

2.4.3 The second perturbation ;° of v*

We now concatenate (¢ with a suitable circuit, obtaining a new curve u°, in such
a way that the fourth component of the endpoint becomes equal to 0, but leaving
unchanged its third component.

o b
(0,1)
(0,¢)
(baO) (aa 0) > S rj_u(lg 0)

o (,0) y 4 T4 | Is o

(b,—0) (@, —c) r

Figure 2.4: The curve (ui, 45).

Fix two parameters r,s > 0. To get (uJ, 45), we add to (¢5,(5) the polygonal planar
curve joining the following points:

(1,0) > (1+70) > (1+7r—s)— (1,—s) = (1,s) —
—(1-7rs —(1-r0) — (1,0).
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We parametrize (u, 15) on the interval [—1, 1 + 4r 4 4s] as follows:

[ (¢F(1),¢5(1)) ift e [-1,1],
(t,0) ifte[l,1+7],
(1+r,r—t+1) iftel+r,1+r+s,
(—t+2—|—3—|—27‘7—s) ifte[l+r+s,1+2r+s,
(k1 p2)(t) =
(1,6t —1—2r —2s) ifte[l+2r+s,1+2r+3s,
(—t+2+2r+3s,s) if t € [1+2r+3s,1+3r+ 3s],
(1—r,—t+1+3r+4s) ift € [143r+3s,14 3r+4s],
| (t—4r — 45,0) ift € [1+3r+4s,1+4r + 4s.

We now want to compute the lift p° = (u5, p§, 5, 1) : [-1,1 + 4r + 4s] — R?* of
the curve (u3, 45). Since p° must be D-horizontal, we impose that

i = fi5 45 (2.36)

and
i = 5 (15)" (2.37)

almost everywhere in [—1,1 + 4r + 4s].

o CAse t € [—1,1].

Clearly uf(t) = ¢(t) for every t € [—1,1].

o Casete[l,1+4r].

By (2.36) and (2.37) we have that for every ¢ € [1,1 + 7]

oCASEt € 1471471 +s].
By (2.36) we see that j15(t) = —(1 + r) for almost every ¢ € [1 + 7,1+ r + s]. Thus

us(t)=—1+r)(t—r—1) foreveryte|[l+r1+7r+s].

Therefore, by (2.37) we deduce that ji5(t) = (—=1)7" (14 7)7(t —r — 1) for almost
every t € [1 + 7,14 r+ s]. Thus

(_1)ﬂ/+1

1 (1+7)(t—r—1)7T1 foreveryt €[l +71+7+s]
~

pa(t) = Ae) +
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o CASEt € [1+7r+s,142r+s|.
By (2.36) and (2.37) we deduce that for every t € [1 +r + 5,1 + 2r + 5]

p(t) = p3(l+7r+s)=—s(l+7),
(_1)’Y+1

1 (1+7)7s7+h
~

B5(t) = H5(1 47+ 5) = M) +

o CASEt € [142r + 5,14 2r + 3s.
By (2.36) we have that (5(t) = 1 for almost every t € [142r+ 5,14 2r+ 3s|. Then
us(t) =—=s(l4+r)+(t—1—2r—s) foreveryte [l+2r+s,1+ 2r+ 3s].

By (2.37) we have that fi5(t) = ((t —1—2r —s) — s(1 +r))” for almost every
t€[l+2r+s,1+4 2r+ 3s]. Then for every ¢t € [1 +2r +s,1 + 2r + 3s]

(1!

p(0) =Ae) + T (s
+ (’y%l—l) ((t —1-2r—s—s(1+ 7“))7+1 —(—s(1+ r))”“) .

o CASE t € [1 4 2r +3s,1+ 3r + 3s].
By (2.36) and (2.37) we deduce that for every t € [1 + 2r + 3s,1 + 3r + 3s]

W5(t) = p5(1+2r +3s) = s (1 — 1),

(1"t 1
p5(t) = pa(l +2r + 3s) = A(e) + T (1+7)7s7Hy
1
I A
(v+1)

o CASE t € [1 4 3r + 3s,1 4 3r + 4s].
By (2.36) we have that 5(t) = (r — 1) for almost every ¢ € [1+4 3r+3s,1+ 3r +4s].
Then

us(t) = (1 —r)(—t+1+3r+4s) foreveryt e [1+ 3r+ 3s,1+ 3r + 4s].
By (2.37) we have that j(t) = —(1 —r)Y(—t + 1 4+ 3r + 4s)? for almost every
t €14 3r+3s,1+4 3r+4s]. Thus for every ¢t € [1 4+ 3r + 3s,1 + 3r + 4]

(- 1
i) =A(e) + ——— (1 47r)s"r
Hat) =A(e) + = (T4 r)

1
1T _ )t (

+ CESY ((—t+1+43r+4s)7H — 7).

o CASE t € [14 3r +4s,1+ 4r + 4s].

By (2.36) and (2.37) we deduce that for every t € [1 + 3r + 4s,1 + 4r + 4s]
K5 () =151+ 3r + 45) = 0,

(1!

1) =X\e) + ———

(0 =Me) +

(1—r) s7HL
v+1

1

(/y - 1) S'y—i—l(l _ 7,)7—&-1

(1+7)s7 4
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Therefore, we conclude that

ps(1+4r +4s) =0,
(_1)V+1
(y+1)

Note that 3 (1 + 4r 4+ 4s) = 0 if and only if

pai(l+4r +4s) = Ae) — rsTTH((r+ )7 = (r —1)7).

(=1)r+!
(v+1)

Moreover, the length of u° is

Ae) = rsTTH(r+ 1) = (r—1)7). (2.38)

L(pf) = 2(1 — &) 4+ V2 + 2¢ + 4r + 4s.

2.4.4 Final considerations

Now let us fix r = s in the definition of p°. Recall that ¢ < aT_b and ¢ = 2(57:)), thus
e < a—b. Hence - given that also ¢ < b - we shall take 0 < ¢ < & := min{b,a — b}.
Let us define

£27+1

U(e) := P D) (1+¢ek) for every € € (0,8), (2.39)

where k := 25(7;;11) aw(;@b_)s)w > 0, and

RS
O(r) = E) (r+1)7=(r—1)") for every r > 0. (2.40)
Observe that
(v i —i

d(r) = EF) Z; (Z>r (1—(=1)"") for every r > 0. (2.41)

We deduce from (2.38) that, given ¢ € (0, &), one has that
p3(1+8r) =0 ifandonly if () = d(r).

Hence our task is to find, for € € (0, &) sufficiently small, a suitable r > 0 (if it exists)
such that both ¥(e) = ®(r) and L(u°) < L(v).

Note that ¥(g) > 0 for every e € (0,¢) and that ® : (0, 4+00) — (0,400) is a polyno-
mial function with positive coefficients such that ®(0) = 0, in particular ® is strictly
increasing and continuous. Given that lim,_,;~ ®(r) = +o0 and lim,_,o+ ®(r) =0,
for every ¢ € (0, &) there exists a unique r(¢) > 0 such that

U(e) = D(r(e)). (2.42)
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By (2.42) we deduce that lim__,o+ ®(r(e)) = lim._,o+ ¥ () = 0, hence necessarily

lim r(e) = 0. (2.43)

e—0t

We now study what happens to the length of u when we choose r = r(g). We
distinguish three cases:

o CASE v = 2.
We have that

U(e) = ;—O (1+c¢k).

In this case, we can explicitly compute the function r : (0,&) — (0,+00). Namely

r(e) = §/20F k) 8+05 B ..

Note that u® is strictly shorter than v if and only if

2
L(V)—L(M‘E): (2_\/5)5_616_17_8 5 3(1;—03’5/?)

e>0. (2.44)

Since k£ > 0, we have that

2 2
2—vV2)e— — _ 2 — — — — .
(2-v2)e 3 8 20 5<< V2 -8 ol

But the right hand side is positive if and only if £ < (a —b) (2 —V2-873/ % ) <0,
which is impossible because € € (0,). Hence (2.44) is not satisfied in the case v = 2.

o CASE v > 3 ODD.
We have that

(v—1)
2 2 ¥ .22
O(r) = AR pm— ) RO
(r) (7“);(%) S (Hre)
for a suitable polynomial p € N[r]. Equation (2.42) yields
2v+1
r(e) = gy(e) Cy a2, (2.45)
where
C = 72 7'7_‘_ 1
K 27+ (2y + 1)
and

e 2 1+€k
9= NV T @2 pr@)
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In order to prove that v is not a length minimizer, we have to verify that
L") < L(v),

which is equivalent to

2

(2—+2)e - g_b ~8g.(e)Cye 2 > 0. (2.46)
By collecting e, we have that (2.46) is equivalent to
(2—f2)—a_b—8g7(s)ays%>0. (2.47)
Note that, since v > 1, one has .
b >0,

and note that lim._,o+ g,(¢) = 1. Hence the limit of the left hand side of (2.47)
as € — 0% is 2 — /2 > 0, proving that there exists e, € (0,Z] such that (2.47) is
satisfied for every e € (0,&5).

o CASE 7 > 4 EVEN.
We have that

(v=2)
2 2 y . 27-"/+3
O(r) — P2 2T g e
) (v +1) & <2i+1> ’y—i—l( a(r))

for a suitable polynomial ¢ € N[r]. Equation (2.42) yields

2v+1
r(e) = gy(e) Cye 73, (2.48)
where
C = v+2 —"}/ + 1
’ 20Hly (2y + 1)
and

Y2 1+€k
€)= VT @@

In order to prove that v is not a length minimizer, we have to verify that
L) < L(w),

which is equivalent to

52 2y+1

(2—\/§)€—a_b—8gw(5)07<€m > 0. (2.49)
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By collecting e, we have that (2.49) is equivalent to

(2—\/5)—aib—8g7(€)078%>0. (2.50)

Note that, since v > 2, one has
v—2
v+3
and note that lim. ,o+ g4(¢) = 1. Hence the limit of the left hand side of (2.50)
as ¢ — 0% is 2 — /2 > 0, proving that there exists e, € (0,&] such that (2.50) is
satisfied for every e € (0,&,).

> 0,

We finally summarize what we did in this section: we proved that

Theorem 2.18. Let v € Nt with v > 3. Let D be the distribution in R* generated

by

Xi(z) = (1,0,0,0),

XQ(x) = (O’ 1)-7717:1:’;);
for every x € R*. Let v : [~1,1] — R* be the strictly abnormal extremal for D
defined by

(¢,0,0,0) if t € [0,1],

so that v has a corner at 0. Then v is not length-minimizing.

2.5 Case (o, (,7) = (1,0,2)
In this section we shall make use of the following definitions:

e Given o' € Lip([a,b],R") and o € Lip([c,d],R™) such that o'(b) = o2(c),
the concatenation o' o € Lip([a,b+d — c],R") between o' and ¢? is defined

) ) if t € [a, b],
(o8 *0%)(t) = { o2t—b+ec)  iftelbb+d—d.

If D is a distribution on R™, generated by a global frame of orthonormal vector
fields, and o', o2 are D-horizontal, then also o!*o? is D-horizontal and satisfies
L(o! % 0?) = L(o') + L(0?).

Since * is associative, for any Lipschitz curves o

ol x 0% x 03 instead of (0! * 02) x 0.

L o2 and o3, we will write

e Given o € Lip([a7 b], R”), we will denote by
E(o):=0o(b) (2.52)

its endpoint.
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e With abuse of notation, for every x,y € R"™ we will denote by [z, y] the follow-
ing parametrization of the segment joining x to y:

[z,y](t) ;== (1 —t)z+ty for every t € [0, 1].

In Section 2.4 we showed that the D-horizontal angle v (where v is defined in (2.19)
and D is defined in Theorem 2.18) is not a length-minimizer for v > 3. However,
the same technique doesn’t show that v is not a length-minimizer in the case v = 2,
since there was a problem in the balance of length (see Subsection 2.4.4). The aim
of this section is to provide an example of a curve 7, which shows that v is not a
length-minimizer also in the case v = 2.

In order to do this, let us fix € < i. We want to concatenate the following planar
curves:

e We follow the “cut” v° (defined in Subsection 2.4.1) from (0,1) to (1,0), i.e.
we consider

Ve

SE

e The rectangle R' joining the following points:

(9 ()= ) )

e The square Q! (of suitable side s > 0) joining the following points:

1 1 1 1 1
<270> — <2,s> — (2+s,5> — <2+s,0> — <2,0).
e The rectangle R? joining the following points:
1 1 9 3 9 3
(2,0> — (2,45 > — (4,48 ) — <4,O> .
e The segment S := [(%,0) ,(1,0)] .

e The curve Q? (of suitable parameter r > 0) joining the following points:

(1,0) » (1470 — (1+r,—r)—
(1,—r)— (1,r) = (L —=r,r) > (1 —7,0) — (1,0).

We parametrize the above-mentioned curves as follows:
(5. —1) ift € [0,2e7],
RY(t) := (t —2e2 + i, —2e?) if t € [2¢%,26% + ﬂ ,

(-1 —4)  fre [y fact+ )
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(%,t) if t € [0, s],
(t+%—s,s) if t € [s,2s],
Q(t) =
(3 +s,—t+3s) if t € [2s,33],
| (—t+45+1,0) if t € [3s,4s].
(L, 1) if t € [0,45%],
R(t) = (6= 42+, —4%)  ifre [4s2 45+ ).
(%,t—832—%) ifte [432—%%,832—%%]-
(t+1,0) if t € [0,7],
(r+1,7r—1t) if t € [r,2r],
(=t+3r+1,—-r) ifte[2r3r],
QQ(t) = (1,t —4r) ift e [3r,5r],
(—t+5r+1,r) ifte 5767,
(1—r,—t4+7r) ifte[6r,7r],
(t+1-8r,0) ift € [7r,87r].

Chapter 2

We want to choose s,7 > 0 in such a way that, having called 7° the lift of the
concatenated curve

V€|[—1,ﬂ * RU Q' s R? % S % Q2,

one has that £(n°) = (1,0,0,0). We proceed in the following way:
o STEP 1: Let us call 7! := 1/‘5|[_1 1% R' and 7! its lift to R*. Then
'

1 ed €8
—1 _ - - =
5(%)—(2,0,0, 50 2).
o STEP 2: Let us call 72 := 7! + Q' and 72 its lift to R*. We want to find s > 0 in
such a way that the fourth component of
1-2s5 4
+ 6 S >

1 5 6
£(7?) = (,0, — - S
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is equal to 0. Note that £(72)4 = 0 if and only if
f(s):==3¢>—30e +10s* —205° = 0. (2.53)
By differentiating f with respect to s, we obtain that
d 3 4
Ef(s) =40s>—100s" >0

when s € (0, %), hence f is strictly increasing in [O, %]
Note that f(0) = —(3e° +30£%) < 0. Moreover, if ¢ < 2¢/2 then

2 5 6 20
f<5>:—3€ —30¢ +§>O.

Indeed, since € < %\5/ % < 1, we have that

2 /5 25
36 +30e% =365(1 4 10¢) < 33&° < 33 (5 ¥ 33) =

. 1 2 5 5 1 . . o .
Therefore, since 7 < £/ 33, for every € € (O, Z) there exists an unique positive

solution s(¢) € (0, 2) of (2.53). Now we want to estimate s(¢): note that f(s(¢)) =0

if and only if
3¢5 1+ 10e

4 _ P
& =15 T2
Since € € (0,1) and s(e) € (0,2), we deduce that

1+10e 14107 35

< =5
1—-2s(e) " 1-22 2

hence s(e)* < 2e5. Thus

21
0<s(e) < Zs%. (2.54)

o STEP 3: Let us call 7 := 72 x R? and 72 its lift to R* (having chosen s = s(¢) in
the definition of Q'). Then

(@) = (i,o,o, —? s(£)6> .

o STEP 4: Let us call 7% := 73 % S« Q2 and 7* its lift to R* . Then

1 4
E(mY) = (1, 0,0,~ 0 y(y5 4 2 7“5) :

3 3
Now let us choose r = r(e) := \5/15(5)3 Therefore £(74)4 = 0.

Now let us call 7° := 7* with the choice s = s(¢) and r = r(¢). We have that
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this curve joins ey = (0,1,0,0) to e; = (1,0,0,0). Thus it is a competitor for
d(ez,e1). It only remains to show that, for a suitable ¢ € (O, i), one has that
L(n®) < L(v) = 2. Notice that L(n°) < 2 if and only if

(2 —V2)e — 4e? — 4 5(e) — 8 5(e)? — 8r(e) > 0. (2.55)
From (2.54) we deduce that

(2 — V2)e — 4e? — 4 5(c) — 85()? — 87(e) > g(e),

3
21 21 21\ 10
g(e) == (2—\/5)5—452—4\4/153—812115%—8\5/1 <4) es.

Note that there exists £ € (0, 1) such that g(¢) > 0 for every ¢ € (0,).

This shows that v is not a length-minimizer.

where

s b

(0,1)

S

s 4 Q1 | .
5\ (;:0) .0 i)

O ¢ 2
2e? ¢ 1 1 2 | 452 Q 1 [ T1

P e
&

|

Figure 2.5: The curve (nf,ng).
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