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0. Conventions and prerequisites

Conventions in these lecture notes:

• The word “ring” means: commutative and associative ring with an identity element 1.

• “Domain” means integral domain. If A is a domain, FracA is its field of fractions.

• If R is a ring, the phrase “homomorphism of R-algebras” is abbreviated to R-homomorphism.
The terms R-isomorphism and R-automorphism are defined in a similar way.

• If k is a field, a k-domain is a k-algebra that is also an integral domain. A k-algebra is said
to be affine if it is finitely generated. Consequently, an affine k-domain is a finitely generated
k-algebra that is also an integral domain.

• General inclusion is “⊆”, and “⊂” means strict inclusion. I will not use “(”. Set difference is
denoted “\”, as in C∗ = C \ {0}. I follow the convention that 0 ∈ N.

Preparation for the lectures. Before the first lecture, you should review the following topics from
algebra (paragraphs 0.1–0.22).

0.1. Definition. Let A be an algebra over a ring R. A coordinate system of A is a tuple (X1, . . . , Xn) ∈
An with the following property:

(∗) For every choice of an R-algebra B and of (b1, . . . , bn) ∈ Bn, there exists a unique
R-homomorphism ϕ : A→ B such that ϕ(Xi) = bi for all i = 1, . . . , n.

If there exists at least one coordinate system (X1, . . . , Xn) of A then we say that A is a polynomial ring
in n variables over R, and we write A = R[n] (or A ∼= R[n]) to indicate that this is the case. (We will
prove in 0.7 that if (X1, . . . , Xn) and (Y1, . . . , Ym) are coordinate systems of A then n = m.)

0.2. Lemma. Let A be an algebra over a ring R. If (X1, . . . , Xn) is a coordinate system of A then:

(a) X1, . . . , Xn are distinct;
(b) {X1, . . . , Xn} is a generating set for the R-algebra A, i.e., A = R[X1, . . . , Xn].

Proof. To prove (a), choose an R-algebra B that contains at least n elements, and choose distinct
elements b1, . . . , bn of B. Since (X1, . . . , Xn) satisfies (∗), there exists an R-homomorphism ϕ : A→ B
such that ϕ(Xi) = bi for all i = 1, . . . , n., Since ϕ(X1), . . . , ϕ(Xn) are distinct, it follows that X1, . . . , Xn

are distinct. To prove (b), consider the R-subalgebra B of A generated by X1, . . . , Xn and let ν : B ↪→ A
be the inclusion map. By (∗), there exists an R-homomorphism ϕ : A → B such that ϕ(Xi) = Xi for

all i = 1, . . . , n. Since A
ν◦ϕ //

idA

// A are R-homomorphisms that send each Xi to itself, the uniqueness

clause in (∗) implies that ν ◦ ϕ = idA; this implies that ν is surjective, so B = A, as desired. �

You know the following fact: If V is a vector space of dimension n and {v1, . . . , vn} is a generating
set of V then {v1, . . . , vn} is a basis of V . The following is an analogous fact about polynomial rings:
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0.3. Lemma. Let R be a ring and A = R[n]. If f1, . . . , fn ∈ A are such that A = R[f1, . . . , fn] then
(f1, . . . , fn) is a coordinate system of A.

Proof. Since A = R[n], there exists a coordinate system (X1, . . . , Xn) of A. Clearly, if ϕ : A→ A is any
R-automorphism of A then (ϕ(X1), . . . , ϕ(Xn)) is a coordinate system of A. So, to prove the Lemma,
it suffices to show that the unique R-homomorphism ϕ : A→ A satisfying ϕ(Xi) = fi (1 ≤ i ≤ n) is in
fact an R-automorphism. Since the image of ϕ is R[f1, . . . , fn], we see that ϕ is surjective, so it suffices
to show that ϕ is injective. If R is noetherian then so is A, so the desired conclusion follows from:

(1) If A is a noetherian ring then every surjective ring homomorphism A→ A is bijective.

(See Exercise 0.4 for the proof of (1).) So if R is noetherian then the proof is complete. If R is not
noetherian, we argue by contradiction: suppose that ϕ is not injective. So there exists g ∈ A such that
g 6= 0 and ϕ(g) = 0. Since ϕ is surjective, there exist P1, . . . , Pn ∈ A such that ϕ(Pi) = Xi for all
i = 1, . . . , n. Let S be a finite subset of R that contains all coefficients of g, f1, . . . , fn and P1, . . . , Pn
when these are expressed as polynomials in X1, . . . , Xn, and let R be the subring of R generated by S.
Then R is a noetherian ring, and so is the subring A = R[X1, . . . , Xn] of A. Since g, f1, . . . , fn and
P1, . . . , Pn all belong to A, the restriction of ϕ to A is an R-homomorphism A → A that is surjective
but not injective. This contradicts (1), so the proof is complete. �

0.4. Exercise. Prove the statement (1) that appears in the above proof. Proceed as follows. Let A be a
ring, and let ϕ : A→ A be a ring homomorphism that is surjective but not injective. You have to prove
that A is not noetherian. Since ϕ is not injective, there exists h1 ∈ ker(ϕ) \ {0}. Since ϕ is surjective,
we can choose h2 ∈ A such that ϕ(h2) = h1; then we can choose h3 ∈ A such that ϕ(h3) = h2; etc.
What does the sequence (hi)

∞
i=1 tell us about the ideals ker(ϕ) ⊆ ker(ϕ2) ⊆ ker(ϕ3) ⊆ · · · ?

0.5. Remark. If I write “Let B = k[X, Y ] where k is a field” then you cannot be certain that B is
the polynomial ring in 2 variables over k. For instance, it could happen that X, Y ∈ k and hence that
B = k[X, Y ] = k. However, if I write “Let B = k[X, Y ] = k[2] where k is a field” then you know that B
is the polynomial ring in 2 variables over k and, by Lemma 0.3, you know that (X, Y ) is a coordinate
system of B.

0.6. Exercise. Let B = k[X, Y ] = k[2] where k is a field. Prove that (X + (Y +X3)5 + 1, Y +X3) is a
coordinate system of B. Hint: show that the k-subalgebra k[X + (Y +X3)5 + 1, Y +X3] of B is equal
to B, and use Lemma 0.3.

0.7. Corollary. Let A be an algebra over a ring R.

(a) If (X1, . . . , Xn) and (Y1, . . . , Ym) are coordinate systems of A then n = m.
(b) If A ∼= R[m] and A ∼= R[n] then m = n.

Proof. We prove (a) by contradiction. Assume that m < n and define

(f1, . . . , fn) = (Y1, . . . , Ym−1, Ym, Ym, . . . , Ym).

Since (X1, . . . , Xn) is a coordinate system of A, we have A = R[n] by definition. Since (Y1, . . . , Ym)
is a coordinate system of A, Lemma 0.2(b) implies that A = R[Y1, . . . , Ym] = R[f1, . . . , fn]. Since
A = R[n] and A = R[f1, . . . , fn], Lemma 0.3 implies that (f1, . . . , fn) is a coordinate system of A.
This contradicts Lemma 0.2(a) because fn−1 = fn. This contradiction proves (a), and (b) immediately
follows from (a). �

0.8. Exercise. Let A be an algebra over a ring R and suppose that (X1, . . . , Xn) and (Y1, . . . , Yn)
are coordinate systems of A. Since (X1, . . . , Xn) satisfies (∗), there exists a unique R-homomorphism
ϕ : A→ A such that ϕ(Xi) = Yi (1 ≤ i ≤ n). Show that ϕ is an R-automorphism of A.
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0.9. Let R be a ring, let R[X1, . . . , Xn] = R[n] and let A be an R-algebra. If P ∈ R[X1, . . . , Xn] and
f1, . . . , fn ∈ A then we define the element P (f1, . . . , fn) of A by:

P (f1, . . . , fn) = ϕ(P ), where ϕ is the unique R-homomorphism R[X1, . . . , Xn] → A
such that ϕ(Xi) = fi (1 ≤ i ≤ n).

We need the above definition to be completely rigorous (or pedantic?), but you should not feel in-
timidated by it. This definition simply means that you can evaluate P (f1, . . . , fn) by performing the
algebraic manipulations that you learned to do in elementary school.

0.10. Let A be an algebra over a ring R, and let f1, . . . , fn ∈ A. We say that f1, . . . , fn are algebraically
independent over R if the following equivalent conditions are satisfied:

• the only polynomial P ∈ R[X1, . . . , Xn] = R[n] satisfying P (f1, . . . , fn) = 0 is the zero polyno-
mial;
• the unique R-homomorphism ϕ : R[X1, . . . , Xn] → A satisfying ϕ(Xi) = fi (1 ≤ i ≤ n) is

injective.

These conditions are equivalent because P (f1, . . . , fn) = ϕ(P ) by 0.9.

0.11. Lemma. Let A be an algebra over a ring R and let n ∈ N. The following are equivalent:

(a) A = R[n]

(b) There exist f1, . . . , fn ∈ A such that A = R[f1, . . . , fn] and such that f1, . . . , fn are algebraically
independent over R.

Moreover, if (b) is satisfied then (f1, . . . , fn) is a coordinate system of A.

Proof. If (a) holds then there exists a coordinate system (X1, . . . , Xn) of A. Then A = R[X1, . . . , Xn]
by Lemma 0.2(b); since the only R-homomorphism ϕ : A = R[X1, . . . , Xn]→ A satisfying ϕ(Xi) = Xi

(1 ≤ i ≤ n) is ϕ = idA, which is injective, X1, . . . , Xn are algebraically independent over R. So (b)
holds. Conversely, if (b) holds then consider the unique R-homomorphism ϕ : R[X1, . . . , Xn] → A
satisfying ϕ(Xi) = fi (1 ≤ i ≤ n). Since f1, . . . , fn are algebraically independent over R, ϕ is injective.
Since the image of ϕ is R[f1, . . . , fn], which is equal to A, ϕ is bijective. So A is R-isomorphic to
R[X1, . . . , Xn] = R[n] and hence A = R[n], so (a) holds. The last claim follows from Lemma 0.3. �

0.12. The following remarks are obvious, but important.

• The conditions A = R[n] and B = R[n] do not imply that A = B. For instance, if B = C[T ] = C[1]

and A is the subalgebra C[T 2] of B then A = C[1], B = C[1] and A 6= B.
• The conditions A = R[1] and B = R[2] do not imply that B = A[1]. For instance, if B =
C[X, Y ] = C[2] and A is the subalgebra C[X2] of B then C ⊂ A ⊂ B, A = C[1], B = C[2], but
B 6= A[1]. (If B = A[1] then there exists f ∈ B such that the inclusion A[f ] ⊆ B is in fact an
equality, i.e., C[X2, f ] = C[X, Y ]; if this is true then (X2, f) is a coordinate system of B by
Lemma 0.3, so there exists a C-homomorphism ϕ : B → B such that ϕ(X2) = X and ϕ(f) = Y ;
then X = ϕ(X2) = (ϕ(X))2, i.e., X is the square of an element of B, which is absurd.)

0.13. If K/k is a field extension and n ∈ N, we define the notation K = k(n) to be an abbreviation of
the sentence “K is k-isomorphic to the field of rational functions in n variables over k”. In other words,
K = k(n) is equivalent to:

there exist t1, . . . , tn ∈ K such that K = k(t1, . . . , tn) and such that t1, . . . , tn are
algebraically independent over k.

0.14. If A is a ring, A∗ is the set of units of A. If A is a subring of a ring B then A∗ ⊆ B∗.
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0.15. If A is a nonzero k-algebra then the canonical homomorphism ϕ : k → A is injective, so the
subring ϕ(k) of A is a field isomorphic to k. Since ϕ(k) is a subring of A, we have ϕ(k)∗ ⊆ A∗; if
A∗ = ϕ(k)∗, we say that A has trivial units.

It is customary to pretend that k and ϕ(k) are one and the same thing. When abusing notation and
language in this way, we say that k is a subring of A, that k∗ ⊆ A∗, and that A has trivial units if and
only if A∗ = k∗.

For example, consider the k-algebra A = k[X, Y ]/(XY − 1) where k[X, Y ] = k[2]. The canonical

homomorphism ϕ : k→ A is the composition k ↪→ k[X, Y ]
π−→ A, where π : k[X, Y ]→ k[X, Y ]/(XY −1)

is the canonical epimorphism of the quotient ring. The elements x := π(X) and y := π(Y ) of A satisfy
xy = 1, so x, y ∈ A∗. You can check that x, y /∈ k, so k∗ ⊂ A∗ is a strict inclusion and A does not have
trivial units. (I’m abusing notation: what I mean is that x, y /∈ ϕ(k), so the inclusion ϕ(k)∗ ⊂ A∗ is
strict and consequently A does not have trivial units.)

Another example: if k is a field and A = k[X1, . . . , Xn] = k[n] then A has trivial units. Indeed, the
only polynomials that have a multiplicative inverse are the nonzero constants, so A∗ ⊆ k∗ and hence
A∗ = k∗.

0.16. Recall the following definitions. Let R be a domain and let p ∈ R. We say that p is irreducible if
p /∈ R∗ ∪ {0} and the condition p = xy (where x, y ∈ R) implies that {x, y} ∩R∗ 6= ∅. We say that p is
prime if p /∈ R∗∪{0} and the condition p | xy (where x, y ∈ R) implies that p | x or p | y. Equivalently,
p is prime if and only if the principal ideal pR is a nonzero prime ideal of R. Recall that every prime
element is irreducible but that the converse is not necessarily true.

A unique factorization domain (UFD) is a domain R such that each element of R \ (R∗ ∪ {0}) is a
finite product of prime elements. Note that every field is a UFD.

Fact: If R is a UFD then an element of R is irreducible if and only if it is prime.

0.17. Recall this theorem: If R is a ring and R[T ] = R[1] then

R is a UFD ⇐⇒ R[T ] is a UFD.

You proved (⇒) in an undergraduate course. The converse (⇐) is also true, and is easier to prove than
(⇒). You should prove it as an exercise. From the above theorem, it follows that if R is a ring and
R[T1, . . . , Tn] = R[n] then

R is a UFD ⇐⇒ R[T1, . . . , Tn] is a UFD.

0.18. A multiplicative set of a ring R is a subset S ⊆ R that is closed under multiplication and such
that 1 ∈ S. If S is a multiplicative set of R then we can form the ring of fractions S−1R. You should
be familiar with the basic properties of that operation. If f ∈ R and S = {1, f, f 2, f 3, . . . } then S−1R
is denoted Rf . We will use the following facts, where (b) is due to Nagata:

(a) If R is a UFD and S is a multiplicative set of R such that 0 /∈ S then S−1R is a UFD.
(b) Let R be a noetherian domain and p a prime element of R. If Rp is a UFD then so is R.

0.19. Given rings A ⊆ B, you should know the meaning of an element of B being integral over A, of B
being integral over A, and of A being integrally closed in B.

A domain is said to be normal if it is integrally closed in its field of fractions.
Recall that every UFD is normal.

0.20. I assume that you know the concept of transcendence degree of a field extension L/K, denoted
trdegK(L). Recall that transcendence degree has the following properties:

(1) Let K ⊆ L be fields. Then trdegK(L) = 0 if and only if L is algebraic over K.
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(2) If K ⊆ L are fields and L = K(n) then trdegK(L) = n.
(3) If K ⊆ L ⊆M are fields then

trdegK(M) <∞ ⇐⇒ (trdegK(L) <∞ and trdegL(M) <∞).

Moreover, if trdegK(M) <∞ then trdegK(M) = trdegK(L) + trdegL(M).
(4) If L/K is a field extension and s1, . . . , sn ∈ L are such that L = K(s1, . . . , sn) then trdegK(L) ≤

n. Consequently, if a field extension L/K is finitely generated then trdegK(L) <∞.

0.21. If A ⊆ B are domains, we define

trdegA(B) = transcendence degree of the field extension Frac(B)/Frac(A).

As an exercise, verify that 0.20 implies the following facts.

(1) Let A ⊆ B be domains. Then trdegA(B) = 0 if and only if B is algebraic over A. (Refer to 2.13
for the definition of “B is algebraic over A”.)

(2) Let A be a domain and let B = A[n]. Then trdegA(B) = n.
(3) If A ⊆ B ⊆ C are domains then

trdegA(C) <∞ ⇐⇒ (trdegA(B) <∞ and trdegB(C) <∞).

Moreover, if trdegA(C) <∞ then trdegA(C) = trdegA(B) + trdegB(C).
(4) If A ⊆ B are domains and B is finitely generated as an A-algebra then trdegA(B) < ∞. In

particular, if k is a field and B is an affine k-domain then trdegk(B) <∞.

0.22. Recall that the Krull dimension of a ring A, denoted dim(A), is the maximal length of a chain
of prime ideals in A. I will not use the concept of Krull dimension in these notes; instead, I will use
transcendence degree. Recall this Theorem:

If k is a field and A is an affine k-domain then dim(A) = trdegk(A).

1. Two famous open problems of affine algebraic geometry

As an introduction to affine algebraic geometry, we discuss the problem of characterizing k[n] (or An)
and the Zariski Cancellation Problem.

Characterization of k[n]. How can we decide whether a given k-algebra is k[n]?

1.1. Example. Let f = XY +X + Y ∈ C[X, Y ] = C[2] and define A = C[f, X
f
, Y
f

] ⊂ C(X, Y ).

Is A isomorphic to C[2]?

The naive approach would be to try to find g, h ∈ A such that the inclusion C[g, h] ⊆ A is actually
an equality (this would prove that A ∼= C[2]), or to try to prove the nonexistence of g, h (which would
prove that A 6∼= C[2]). The naive approach rarely works.

We adopt a different approach: If A ∼= C[2] then A must be an affine C-domain, a UFD, must satisfy
A∗ = C∗, etc. Our approach is to test whether or not A has those properties.

In class we prove the following claims:

(i) A is an affine C-domain
(ii) Frac(A) = C(2)

(iii) A has trivial units (A∗ = C∗)
(iv) A is a UFD
(v) A is a regular ring.

In Exercise 12.8, you will prove that A 6∼= C[2]. So (i–v) 6=⇒ A ∼= C[2].
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The following Theorem gives three characterizations of k[1]. In each one, the converse (⇐) is obviously
true.

1.2. Theorem. Let A be a domain containing a field k.

(a) A is k-affine, A is a UFD, A∗ = k∗ and FracA = k(1) =⇒ A = k[1].

For (b) and (c), assume that k = k̄.

(b) A is normal, A∗ = k∗ and FracA = k(1) =⇒ A = k[1],

(c) A is k-affine, A is a UFD, A∗ = k∗ and trdegk(A) = 1 =⇒ A = k[1].

Proof of (a). Let t ∈ FracA be such that FracA = k(t) = k(1). For this proof, you need to be familiar
with the valuation rings of the field extension k(t)/k.1 Let V be the set of valuation rings R of k(t)/k
such that R 6= k(t), let P = {R ∈ V | A ⊆ R} and note that A =

⋂
R∈P R (because A is normal, since

it is a UFD). Consider the element R∗ = k[t−1](t−1) of V , i.e., R∗ is the localization of k[t−1] at the
maximal ideal (t−1).

If R∗ 6∈ P then P ⊆ V \ {R∗} so A =
⋂
R∈P R ⊇

⋂
R∈V \{R∗}R = k[t]. As k[t] ⊆ A ⊆ k(t) and

A∗ = k∗, we get A = k[t] by Exercise 1.3. As t is transcendental over k, A = k[1].
From now-on assume that R∗ ∈ P . Given ξ ∈ k(t), define deg(ξ) = degt(p)−degt(q) for any p, q ∈ k[t]

such that q 6= 0 and ξ = p/q. Then

R∗ = {ξ ∈ k(t) | deg(ξ) ≤ 0} .
Note that V \ P is a nonempty finite set (nonempty because A 6= k, finite because A is k-affine). As
R∗ /∈ V \ P , we have

V \ P = {k[t](f1), . . . ,k[t](fn)}
where n ≥ 1, each fi is an irreducible element of k[t] and if i 6= j then fi, fj are not associates in k[t].
Let f =

∏n
i=1 fi then one can see that

A =
⋂
R∈P

R = R∗ ∩ k[t]f =

{
g

f j

∣∣∣∣ g ∈ k[t], j ∈ N and deg(g/f j) ≤ 0

}
.

If n > 1 then fdeg f2
1 /fdeg f1

2 belongs to A∗ but not to k, contradicting one of the assumptions. So n = 1
and hence A = R∗ ∩ k[t]f1 =

{
g/f j1

∣∣ g ∈ k[t], j ∈ N and deg(g/f j) ≤ 0
}

.
Let p = 1/f1 and note that p is an irreducible element of A. If deg f1 > 1 then the element x = t/f1

of A is such that p | x2 and p 6 | x, contradicting the assumption that A is a UFD. So deg f1 = 1 and
consequently FracA = k(f1) = k(p).

As k[p] ⊆ A ⊆ k(p) and A∗ = k∗, we obtain A = k[p] = k[1] by Exercise 1.3. This proves (a). �

1.3. Exercise. Prove the following lemma: Let A be a PID and B any ring such that A ⊆ B ⊆ FracA.
Then B = S−1A where S = B∗ ∩ A. In particular, if B∗ = A∗ then B = A. Hint: Begin by proving
that if f, g are relatively prime elements of A such that f/g ∈ B, then 1/g ∈ B.

We omit the proof of part (b) of Thm 1.2, but we prove (c). The proof requires the following result
from the theory of curves. In part (a), P ∼ Q means that P is linearly equivalent to Q.

1.4. Proposition (Two characterizations of P1).
Let C be a nonsingular projective curve over an algebraically closed field k.

(a) If there exist points P,Q ∈ C such that P 6= Q and P ∼ Q, then C ∼= P1
k.

1Let K/k be an extension of fields. By a “valuation ring of K/k”, we mean a valuation ring R such that k ⊆ R ⊆ K

and Frac(R) = K.
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(b) If the divisor class group Cl(C) of C is finitely generated, then C ∼= P1
k.

Proof. (a) can be found in any textbook (Hartshorne, Chap. II, Example 6.10.1).
We give two proofs of (b). The first one is only valid when k is uncountable. The second one is valid

in general, but is more difficult.
First proof of (b): assume that k is uncountable. Consider the map f : C → Cl(C) defined by

f(P ) = [P ], where [P ] ∈ Cl(C) is the linear equivalence class of P ∈ C. Since k is uncountable, it
follows that C is an uncountable set of points; since Cl(C) is a finitely generated abelian group, it is a
countable set; so f is not injective. Consider distinct points P,Q ∈ C such that f(P ) = f(Q). Then
P ∼ Q, so C = P1 by part (a). This proves (b) when k is uncountable.

Proof of the general case of (b). Let C be any nonsingular projective curve over an algebraically
closed field and let Cl0(C) denote the kernel of the degree homomorphism deg : Cl(C) → Z. Also
consider the jacobian variety J(C) of C. Refer to [10, 6.10.3, p. 140] for the following claims:

• J(C) is an abelian variety (i.e., an algebraic group whose underlying algebraic variety is projec-
tive)
• the dimension of the variety J(C) is equal to the genus g of C
• the group Cl0(C) is isomorphic to the underlying group of J(C).

Since any abelian variety is a divisible group (cf. [17], p. 62), it follows that Cl0(C) is divisible. (Defini-
tion: an abelian group (G,+) is divisible if given any y ∈ G and any integer n > 0 the equation nx = y
has a solution x ∈ G.)

If we assume that Cl(C) is finitely generated then Cl0(C) is also finitely generated. Being both
divisible and finitely generated, Cl0(C) is the trivial group. So Cl0(C) has only one element and
consequently J(C) consists of only one point. Thus g = dim J(C) = 0 and C is rational. �

We deduce the characterization 1.2 (c) of k[1]:

1.5. Theorem. Let k be an algebraically closed field and A an affine k-domain of transcendence degree
1 over k. If A is a UFD and A∗ = k∗, then A = k[1].

Proof. Since A is an affine k-domain and trdegk(A) = 1, A is the coordinate algebra of an affine curve
U over k. Moreover, U is nonsingular because A is a normal domain. The curve U can be embedded
as an open subset of a nonsingular projective curve C, and the complement of U in C is a finite set of
points {P1, . . . , Pn}. We claim:

(2) Cl(U) ∼= Cl(C)/H, where H is the subgroup of Cl(C) generated by [P1], . . . , [Pn].

Indeed, consider the set map f : C → Cl(U) defined by f(P ) = [P ] if P ∈ U , and f(P ) = 0 if P ∈ C \U .
Then f extends to a surjective group homomorphism F : Div(C)→ Cl(U), and F induces a surjective
group homomorphism F̄ : Cl(C)→ Cl(U). You can check that ker(F̄ ) = H, so (2) follows.

As A is a UFD, we have Cl(U) = 0, so (2) implies that Cl(C) = H. So Cl(C) is finitely generated;
by 1.4(b) it follows that C = P1, so U is P1 minus n points, where n > 0 because U is affine. If n > 1
then A∗ 6= k∗, a contradiction; so n = 1; consequently, U = A1 and A = k[1]. �

Zariski Cancellation Problem. Proposed by Oscar Zariski before 1950.
Let A and B be algebras over a field k and consider the polynomial rings A[T ] = A[1] and B[U ] = B[1].

If A[T ] ∼= B[U ] as k-algebras, does it follow that A ∼= B as k-algebras?
Zariski’s Cancellation Problem is the special case of that question where B is a polynomial ring

k[X1, . . . , Xn] in n variables over k: does A[T ] ∼= k[X1, . . . , Xn, U ] imply A ∼= k[X1, . . . , Xn]? In a more
compact notation: does A[1] ∼= k[n+1] imply A ∼= k[n]? (Note that the converse is true: A ∼= k[n] does
imply A[1] ∼= k[n+1].)
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Given n ≥ 1 and a field k, define the following statement (where “∼=” means k-isomorphism):

CP(n,k) : If A is a k-algebra such that A[1] ∼= k[n+1], then A ∼= k[n].

There is also a strong version of the problem:

SCP(n,k) : If A is a k-algebra such that A[m] ∼= k[n+m] for some m ≥ 1, then A ∼= k[n].

For each choice of n and k, we want to know if CP(n,k) and SCP(n,k) are true or false. Note that if
SCP(n,k) is true then CP(n,k) is true, but we don’t know if the converse is true.

Remark. The problem can be formulated in the language of algebraic geometry. If An is the affine
n-space over k and V is an affine algebraic variety over k,

CP(n,k) : If V is such that V × A1 ∼= An × A1, then V ∼= An .

SCP(n,k) : If V is such that V × Am ∼= An × Am for some m ≥ 1, then V ∼= An .

Status:

• SCP(1,k) (A[m] ∼= k[1+m] ⇒ A ∼= k[1]) is true for all fields k.

• SCP(2,k) (A[m] ∼= k[2+m] ⇒ A ∼= k[2]) is true for all perfect fields k; it is not known whether it
is true for non-perfect fields.

• If char(k) > 0, CP(n,k) is false for all n ≥ 3. (See [9].)

• If char(k) = 0, CP(n,k) is open for all n ≥ 3.

We will prove SCP(1,k) in the first lecture. After having covered some of the theory of locally
nilpotent derivations, we will prove CP(2,k) for algebraically closed fields k of characteristic zero.

The following trivial Lemma is the first step in the solution of the Cancellation Problem:

1.6. Lemma. Let k be a field, A a k-algebra, and m,n ≥ 1. If A[m] ∼= k[n+m] then:

(a) A is an affine k-domain,
(b) A is a UFD,
(c) A has trivial units (i.e., A∗ = k∗),
(d) trdegk(A) = n.

Proof. Consider the polynomial ring A[T1, . . . , Tm] = A[m]. By assumption we have a k-isomorphism

A[T1, . . . , Tm] ∼= k[n+m].

(a) k[n+m] is a domain ⇒ A[T1, . . . , Tm] is a domain ⇒ A is a domain.
k[n+m] is a finitely generated k-algebra⇒ so is A[T1, . . . , Tm]⇒ so is A[T1, . . . , Tm]/(T1, . . . , Tm) ∼= A.
So A is an affine k-domain.
(b) k[n+m] is a UFD ⇒ A[T1, . . . , Tm] is a UFD ⇒ A is a UFD by 0.17.
(c) Since k[n+m] has trivial units, so does A[T1, . . . , Tm], i.e., A[T1, . . . , Tm]∗ = k∗.
Since k ⊆ A ⊆ A[T1, . . . , Tm], we have k∗ ⊆ A∗ ⊆ A[T1, . . . , Tm]∗ = k∗, so A∗ = k∗.
(d) trdegk(A) +m = trdegk(A[T1, . . . , Tm]) = trdegk

(
k[n+m]

)
= n+m =⇒ trdegk(A) = n. �

Note that the above Lemma does not prove that Frac(A) = k(n).
We will now use 1.2 (c) (or equivalently Thm 1.5) to prove that SCP(1,k) is true when k is alge-

braically closed:

1.7. Corollary. (k = k̄) If A is a k-algebra such that A[m] = k[m+1] for some m, then A = k[1].

Proof. By Lemma 1.6, the condition A[m] = k[m+1] implies that A is an affine k-domain with trdegk(A) =
1, is a UFD, and has trivial units. By Theorem 1.5, it follows that A = k[1]. �
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Let us recall the following very useful fact (refer to [21]):

1.8. Generalized Lüroth Theorem. Let k ⊂ K ⊆ L be extensions of fields. If trdegk(K) = 1 and
L = k(n) for some n ≥ 1, then K = k(1).

Using Thm 1.2(a) and the Generalized Lüroth Theorem, we can prove the most general version of
SCP(1,k):

1.9. Corollary. Let k be any field. If A is a k-algebra such that A[m] = k[m+1] for some m, then
A = k[1].

Proof. By Lemma 1.6, the condition A[m] = k[m+1] implies that A is a k-affine UFD with A∗ = k∗ and
trdegk(A) = 1. Since k ⊂ A ⊆ k[m+1], it follows that k ⊂ FracA ⊆ k(m+1) where the transcendence
degree of FracA over k is equal to 1; so FracA = k(1) by the Generalized Lüroth Theorem. By
Theorem 1.2(a), it follows that A = k[1]. �

1.10. Exercise. Let p = t2 + 1 ∈ R[t] = R[1] and consider the R-subalgebra A = R[1
p
, t
p
] of R(t). We

claim:
A is normal, A∗ = R∗ and FracA = R(t), but A 6= R[1],

so the assumption that k is algebraically closed is needed in Thm 1.2(b). Follow the steps to prove the
above claims.

(a) Given f, g ∈ R[t], g 6= 0, define deg(f/g) = degt(f) − degt(g). Show that this is a well-
defined map deg : R(t) → Z ∪ {−∞}, and that − deg is a valuation of R(t) over R. Thus
R = {ξ ∈ R(t) | deg(ξ) ≤ 0} is a valuation ring. Actually, it is R[t−1](t−1), i.e., R[t−1] localized
at its prime ideal (t−1). (All these claims remain true if R is replaced by an arbitrary field.)

(b) Show that A = {f/pn | f ∈ R[t] and deg(f/pn) ≤ 0}.
(c) By (b), A = R[t]p ∩R and hence A is normal.
(d) Use (b) to show that A∗ = R∗.
(e) Let k be a field and B = k[u] = k[1]. Then O = k[u−1](u−1) is the unique valuation ring of k(u)

over k satisfying B 6⊆ O. Moreover, the residue field of O is k.
(f) The local ring O = R[t](p) is a valuation ring of R(t) over R such that A 6⊆ O. As the residue

field of O is C, (e) implies that A 6= R[1].

1.11. Exercise. Let f = X2 + Y 3 ∈ C[X, Y ] = C[2], consider the subring A = C(f)[X, Y ] of C(X, Y )
and regard A as a k-algebra where k = C(f). Note that k is not algebraically closed, since it is C(1).

We claim that A is a k-affine UFD, A∗ = k∗ and trdegk(A) = 1, but A 6= k[1]. This shows that Thm
1.2(c) is false without the hypothesis k = k̄.

It is not easy to show that A 6= k[1], but you can prove the other claims. Hints: To show that A is
a UFD, use 0.18. To show that A∗ = k∗, first note that f − λ is an irreducible polynomial in C[X, Y ]
for every λ ∈ C; then show that if g, h ∈ C[X, Y ] \ {0} and gh ∈ C[f ] then g, h ∈ C[f ]; deduce that
A∗ = k∗. One way to prove that A 6= k[1], if you want to try, is to view A as the coordinate algebra of
a curve C ⊂ A2

k, and to show that C has genus > 0 (this shows that FracA 6= k(1)). See Exercise 13.5
for another proof that A 6= k[1].

Remark. The above two exercises are not easy. If you find counterexamples that are easier than mine,
please let me know.
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2. Derivations

2.1. Definition. A derivation of a ring B is a map D : B → B satisfying

for all f, g ∈ B, D(f + g) = D(f) +D(g) and D(fg) = D(f)g + fD(g).

If D : B → B is a derivation, we define ker(D) = {x ∈ B | D(x) = 0}. Note that ker(D) is a subring
of B, i.e., the following hold:

(a) if x, y ∈ ker(D) then x+ y ∈ ker(D) and xy ∈ ker(D);
(b) 1 ∈ ker(D) and −1 ∈ ker(D).

Proof of (b). The equalities D(1) = D(1 · 1) = D(1)1 + 1D(1) = D(1) +D(1) show that D(1) = 0, and
the fact that D : (B,+)→ (B,+) is a group homomorphism implies that D(−1) = −D(1) = 0. �

Several authors call ker(D) the ring of constants of D, and denote it BD.

Remark. If D : B → B is a derivation and A = ker(D) then D is (in particular) a homomorphism of
A-modules. Indeed, if a ∈ A and b ∈ B then D(ab) = D(a)b+ aD(b) = aD(b).

2.2. Example. Consider the set C∞(R) of all functions f : R → R that are infinitely differentiable
at every point. Given f ∈ C∞(R), let f ′ be the derivative of f , defined in terms of limits as in real
analysis. Then C∞(R) is a ring, the map D : C∞(R)→ C∞(R), D(f) = f ′, is a derivation of that ring,
and ker(D) is the subring of C∞(R) whose elements are the constant functions.

2.3. Example. If B is any ring then the zero map B → B, x 7→ 0, is a derivation (called the zero
derivation).

2.4. Example. The only derivation D : Z → Z is the zero derivation. Indeed, if D : Z → Z is a
derivation then ker(D) is a subring of Z; as the only subring of Z is Z, we have ker(D) = Z.

2.5. Exercise. Let B be a domain and D : B → B a derivation. Show that B ∩ Frac(kerD) = ker(D).
Deduce that if B is a field then so is ker(D).

2.6. Example. Let A be a ring and A[t] = A[1]. Define a map d
dt

: A[t]→ A[t] by declaring that, given∑n
i=0 ait

i ∈ A[t] (where ai ∈ A for all i),

d

dt

( n∑
i=0

ait
i

)
=

n∑
i=1

iait
i−1.

Verify that the map d
dt

is a derivation of the ring A[t]. We call d
dt

“the derivative”. Show that A ⊆ ker( d
dt

),
and that equality holds when A is a domain of characteristic zero.

2.7. Exercise. Let k be a field, k[t] = k[1] and d
dt

: k[t]→ k[t]. Verify that if char k = 0 then ker( d
dt

) = k,

and if char k = p > 0 then ker( d
dt

) = k[tp].

2.8. Given a ring B, define Der(B) = set of all derivations D : B → B.
If D1, D2 ∈ Der(B) then the map

D1 +D2 : B → B, x 7→ D1(x) +D2(x)

is a derivation, i.e., D1 +D2 ∈ Der(B). If D ∈ Der(B) and b ∈ B then the map

bD : B → B, x 7→ b ·D(x)

is a derivation, i.e., bD ∈ Der(B). It follows that

Der(B) is a B-module.
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If A ⊆ B are rings then by an A-derivation of B we mean a derivation D : B → B satisfying D(a) = 0
for all a ∈ A. Then the set

DerA(B) = set of all A-derivations D : B → B

is a B-submodule of Der(B).

2.9. Exercise. Let A be a subring of a ring B, and let f1, . . . , fm ∈ B be such that B = A[f1, . . . , fm].
Suppose that D,D′ ∈ DerA(B) are such that D(fi) = D′(fi) for all i = 1, . . . ,m. Show that D = D′.
Hint: Let ∆ = D −D′, then ∆ ∈ DerA(B) and ker(∆) is a subring of B.

2.10. Example. Let A be a ring and B = A[X1, . . . , Xn] = A[n]. Let j ∈ {1, . . . , n}. Observe that if we

define Rj = A[X1, . . . , X̂j, . . . , Xn] = A[n−1] then B = Rj[Xj] = R
[1]
j , so the derivative d

dXj
: Rj[Xj] →

Rj[Xj] is defined and is an Rj-derivation (and hence an A-derivation) of B. It is denoted ∂
∂Xj

: B → B

and is called the partial derivative with respect to Xj. Note that

∂

∂Xj

(Xi) =

{
1, if i = j,

0, if i 6= j.

Since ∂
∂X1

, . . . , ∂
∂Xn

are elements of the B-module DerA(B), it follows that
∑n

i=1 fi
∂
∂Xi
∈ DerA(B) for

any choice of f1, . . . , fn ∈ B. For instance, ∂
∂x

+ (x2y + 1) ∂
∂z

is a C-derivation of C[x, y, z] = C[3].

2.11. Proposition. Let A be a ring and B = A[X1, . . . , Xn] = A[n].

(a) Given any f1, . . . , fn ∈ B, the derivation
∑n

i=1 fi
∂
∂Xi

is the unique element D ∈ DerA(B)

satisfying D(Xi) = fi for all i = 1, . . . , n.
(b) DerA(B) is a free B-module and { ∂

∂X1
, . . . , ∂

∂Xn
} is a basis.

Proof. (a) Let f1, . . . , fn ∈ B. As DerA(B) is a B-module, we may define D ∈ DerA(B) by D =∑n
i=1 fi

∂
∂Xi

. Clearly, D(Xi) = fi for all i ∈ {1, . . . , n}. If also D′ ∈ DerA(B) satisfies D′(Xi) = fi for

all i, then consider D0 = D−D′ ∈ DerA(B); then D0(Xi) = 0 for all i, so A∪{X1, . . . , Xn} ⊆ ker(D0).
As kerD0 is a subring of B, kerD0 = B; so D0 = 0 and hence D = D′. This proves (a). We leave it to
the reader to show that (b) is a consequence of (a). �

2.12. Exercise. Let B be a ring and D : B → B a derivation. Verify the following claims.

(1) If f, g, h ∈ B then D(fgh) = D(f)gh + fD(g)h + fgD(h). More generally, find a formula for
D(f1 · · · fn) where f1, . . . , fn ∈ B.

(2) D(bn) = nbn−1D(b), for all b ∈ B and n ∈ N.

(3) Let f(T ) =
∑n

i=0 aiT
i ∈ B[T ] be a polynomial (ai ∈ B and T is an indeterminate). If b ∈ B

then f(b) ∈ B, so it makes sense to evaluate D at f(b). Show that

D
(
f(b)

)
= f (D)(b) + f ′(b)D(b)

where we define f (D)(T ) =
∑n

i=0 D(ai)T
i ∈ B[T ], and where f ′(T ) =

∑n
i=1 iaiT

i−1 ∈ B[T ] is
the derivative of f . Note that if all ai belong to ker(D) then the above formula simplifies to

D
(
f(b)

)
= f ′(b)D(b).

(4) More generally, show that if f ∈ B[T1, . . . , Tn] and b1, . . . , bn ∈ B then

D
(
f(b1, . . . , bn)

)
= f (D)(b1, . . . , bn) +

∑n
i=1 fTi(b1, . . . , bn)D(bi),

where fTi = ∂ f
∂ Ti
∈ B[T1, . . . , Tn].
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2.13. Definition. Let A ⊆ B be rings. An element b ∈ B is algebraic over A if there exists a nonzero
polynomial f ∈ A[T ] \ {0} such that f(b) = 0 (note that f is not required to be monic); if b is not
algebraic over A, we say that b is transcendental over A. If b is transcendental over A then A[b] = A[1].
Define the set Ā = {b ∈ B | b is algebraic over A} and note that A ⊆ Ā ⊆ B. We say that A is
algebraically closed in B if Ā = A. We say that B is algebraic over A if Ā = B.

In the special case where A ⊆ B are domains, the set Ā is a subring of B, called the algebraic closure
of A in B. This is not true in general, as shown by Exercise 2.14.

2.14. Exercise. Consider C[U, V ] = C[2] and define B = C[U, V ]/(U2). Let u, v ∈ B be the canonical
images of U and V ; then B = C[u, v] and u2 = 0. Define A = C[u, uv] ⊆ B. Since f(T ) = uT − uv ∈
A[T ] \ {0} satisfies f(v) = 0, v is algebraic over A. Show that v2 is transcendental over A. As v ∈ Ā
and v2 /∈ Ā, it follows that Ā is not a subring of B.

2.15. Exercise. Let A ⊆ B be domains. Show that the set Ā = {b ∈ B | b is algebraic over A} is a
subring of B. You can take for granted that this is true when A,B are fields. Hint: show that Ā = B∩L,
where L is the algebraic closure of Frac(A) in Frac(B).

2.16. Proposition. If B is a domain of characteristic zero and D ∈ Der(B) then ker(D) is algebraically
closed in B.

Proof. Let A = kerD and consider b ∈ B algebraic over A. Let f ∈ A[T ] be a nonzero polynomial of
minimal degree such that f(b) = 0. Note that deg(f) ≥ 1. Then 2.12(3) gives

0 = D(0) = D(f(b)) = f (D)(b) + f ′(b)D(b) = f ′(b)D(b).

We have f ′ 6= 0 (because B is a domain of characteristic zero and deg(f) ≥ 1); as f ′ ∈ A[T ] is a nonzero
polynomial and deg(f ′) < deg(f), we have f ′(b) 6= 0 by minimality of deg f , so D(b) = 0. �

We mention (without proof) a related result:

2.17. Theorem (Nowicki, [20]). Let k be a field of characteristic zero. If B is an affine k-domain and
A is a k-subalgebra of B, the following are equivalent:

(1) A is algebraically closed in B;

(2) A = ker(D) for some D ∈ Derk(B).

2.18. Exercise. Consider B = k[x] = k[1] where k be a field of characteristic p > 0, and let D = d
dx

:
B → B. Then x /∈ ker(D) and xp ∈ ker(D), so ker(D) is not algebraically closed in B. (Check details.)

2.19. If D ∈ Der(B) and n > 0, we denote by Dn : B → B the composition of D with itself n times
(for instance D3 = D ◦D ◦D). We also define D0 : B → B to be the identity map of B (even in the
case where D = 0). Note that Dn preserves addition, but is usually not a derivation when n 6= 1.

2.20. Exercise. Prove Leibnitz Rule: If B is a ring, D ∈ Der(B), x, y ∈ B and n ∈ N,

Dn(xy) =
n∑
i=0

(
n

i

)
Dn−i(x)Di(y).

2.21. Definition. Given a ring B and D ∈ Der(B), define the set

Nil(D) = {x ∈ B | ∃n∈N Dn(x) = 0} .
Note that ker(D) ⊆ Nil(D) ⊆ B. Leibnitz Rule implies that Nil(D) is closed under multiplication, and
it easily follows that Nil(D) is a subring of B.
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2.22. More examples of derivations.

(1) Let B be a ring and D : B → B a derivation. If S ⊆ B is a multiplicative set, define the map
S−1D : S−1B → S−1B by(

S−1D
)
(b/s) =

sD(b)− bD(s)

s2
for all b ∈ B and s ∈ S.

(a) Check that the map S−1D is well-defined. You have to show that if b1, b2 ∈ B and s1, s2 ∈ S
are such that b1

s1
= b2

s2
in S−1B, then

s1D(b1)− b1D(s1)

s2
1

=
s2D(b2)− b2D(s2)

s2
2

in S−1B.

(b) Show that S−1D is a derivation of S−1B. Show that S−1D is the only derivation of S−1B
that makes the following diagram commute:

S−1B
S−1D // S−1B

B

λ

OO

D // B

λ

OO

where λ : B → S−1B is the canonical homomorphism given by λ(b) = b/1 for all b ∈ B.
(c) In the special case where S is included in ker(D), the above formula simplifies to:(

S−1D
)
(b/s) =

D(b)

s
for all b ∈ B and s ∈ S

and moreover ker(S−1D) = S−1 ker(D).

(2) Let I be an ideal of a ring B and let π : B → B/I be the canonical epimorphism. If D ∈ Der(B)
and D(I) ⊆ I then there is a unique D̄ ∈ Der(B/I) such that π ◦D = D̄ ◦ π.

B

π
��

D // B

π
��

B/I
D̄ // B/I

(3) Let A be a ring and B = A[X1, . . . , Xn] = A[n]. Given f = (f1, . . . , fn−1) ∈ Bn−1, define the
map ∆f : B → B by

∆f (g) = det

(
∂(f1, . . . , fn−1, g)

∂(X1, . . . , Xn)

)
, for each g ∈ B.

Check that ∆f ∈ DerA(B) and that A[f1, . . . , fn−1] ⊆ ker(∆f ). One refers to ∆f as a “jacobian
derivation”.

For instance, let B = C[X, Y, Z] = C[3], f = X2 + Y 3 and g = XY + Y Z +XZ, and consider
D = ∆(f,g) ∈ DerC(B). Check that D(f) = 0 = D(g) and D 6= 0.

(4) If B is a ring and D1, D2 ∈ Der(B) then the composition D1◦D2 : B → B is a map that preserves
addition, but is usually not a derivation. However, a straightforward verification shows that
D1 ◦D2−D2 ◦D1 : B → B is a derivation. One uses the notation [D1, D2] = D1 ◦D2−D2 ◦D1

for this derivation.

2.23. Exercise. Let C[X, Y, Z] = C[3] and B = C[X, Y, Z]/(XZ−Y 2). Let x, y, z ∈ B be the canonical
images of X, Y, Z and note that B = C[x, y, z] and xz = y2. Show that there exists a unique C-
derivation D : B → B such that D(x) = 0, D(y) = x and D(z) = 2y. Hint: To prove existence, first
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show that there exists a C-derivation D : C[X, Y, Z]→ C[X, Y, Z] such that D(X) = 0, D(Y ) = X and
D(Z) = 2Y , and use 2.22(2) to obtain D̄ : B → B.

2.24. Exercise. Give an example of a derivation D : k[T ] → k[T ] that is not a k-derivation, where k
is a field of characteristic zero and k[T ] = k[1].

2.25. Exercise. If B = ⊕∞i=0Bi is an N-graded domain then B0 is algebraically closed in B.

2.26. Exercise. Let A be a subring of a domain B.

(1) If Frac(A) is algebraically closed in Frac(B) and B∩Frac(A) = A, then A is algebraically closed
in B. (The converse does not hold, by part (2).)

(2) Let A = Q and B = Q[X, Y ]/(X2 +Y 2). Use exercise 2.25 to show that A is algebraically closed
in B; show that FracA is not algebraically closed in FracB.

2.27. Exercise. Let A = C[XY ] ⊂ B = C[X, Y ] = C[2].

(1) Show that Frac(B) is a purely transcendental extension of Frac(A).

(2) Use exercise 2.26 to show that A is algebraically closed in B.

(3) Consider the jacobian derivation D = ∆f ∈ DerC(B), where f = XY . That is, D = Y ∂
∂Y
−X ∂

∂X
.

Check that D 6= 0 and D(XY ) = 0; conclude that ker(D) = A.

3. Definition of locally nilpotent derivations

3.1. Definition. Let B be a ring. A derivation D : B → B is locally nilpotent if for each b ∈ B there
exists n ∈ N such that Dn(b) = 0 (where n depends on b). In other words, D is locally nilpotent if and
only if Nil(D) = B (see Def. 2.21). We write:

lnd(B) = set of locally nilpotent derivations B → B.

If R is a subring of B, we define

lndR(B) = lnd(B) ∩DerR(B) = set of locally nilpotent R-derivations of B.

Note that 0 ∈ lnd(B). If lnd(B) = {0}, we say that B is a rigid ring.

3.2. Example. If A is a ring and B = A[X1, . . . , Xn] = A[n] then ∂
∂ X1

, . . . , ∂
∂ Xn
∈ lndA(B).

3.3. Definition. Let A be a ring and B = A[X1, . . . , Xn] = A[n]. An A-derivation D : B → B is
triangular if

∀i∈{1,...,n} D(Xi) ∈ A[X1, . . . , Xi−1] (in particular D(X1) ∈ A).

3.4. Example. Let B = C[X, Y, Z] = C[3] and D = X2 ∂
∂Y

+ (X5 + Y 3) ∂
∂Z
∈ DerC(B). Then D is

triangular, because D(Z) = X5 + Y 3 ∈ C[X, Y ], D(Y ) = X2 ∈ C[X] and D(X) = 0 ∈ C. By the next
result, it follows that D is locally nilpotent.

3.5. Lemma. Let A be a ring and B = A[X1, . . . , Xn] = A[n]. Then every triangular A-derivation of B
is locally nilpotent.

Proof. Let D : B → B be a triangular A-derivation. Note the following obvious fact:

f ∈ B and D(f) ∈ Nil(D) =⇒ f ∈ Nil(D).

To prove the Lemma, it suffices to prove (by induction on i) that

(∗) A[X1, . . . , Xi] ⊆ Nil(D), for all i = 1, . . . , n.
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Since D is an A-derivation, we have A ⊆ ker(D) ⊆ Nil(D). Since D(X1) ∈ A ⊆ Nil(D), it follows
that X1 ∈ Nil(D). Since A ⊆ Nil(D), X1 ∈ Nil(D) and Nil(D) is a ring, we get A[X1] ⊆ Nil(D).

Suppose that i < n is such that A[X1, . . . , Xi] ⊆ Nil(D). Since D(Xi+1) ∈ A[X1, . . . , Xi] ⊆ Nil(D) it
follows that Xi+1 ∈ Nil(D). Using that Nil(D) is a ring, we get A[X1, . . . , Xi, Xi+1] ⊆ Nil(D).

By induction, this proves (∗). So Nil(D) = B, i.e., D is locally nilpotent. �

3.6. Example. Let B = C[X, Y ] = C[2]. We show that the subset lnd(B) of Der(B) is not closed
under any of the algebraic operations which are defined in Der(B):

(i) b ∈ B, D ∈ lnd(B) 6=⇒ bD ∈ lnd(B)
(ii) D1, D2 ∈ lnd(B) 6=⇒ D1 +D2 ∈ lnd(B)

(iii) D1, D2 ∈ lnd(B) 6=⇒ [D1, D2] ∈ lnd(B).

In other words, lnd(B) is just a set. It does not have any algebraic structure.
Proof of (i): We have ∂

∂X
∈ lnd(B) but X ∂

∂X
6∈ lnd(B).

Proof of (ii, iii): Let D1 = Y ∂
∂X

and D2 = X ∂
∂Y

. Since D2 is triangular, it is locally nilpotent.
Since D1 : C[Y,X] → C[Y,X] is triangular, it is locally nilpotent. So D1, D2 ∈ lnd(B). However,
D1 +D2 6∈ lnd(B) because (D1 +D2)2(X) = X, and [D1, D2] /∈ lnd(B) because [D1, D2](Y ) = Y .

Compare the following with 3.6(i):

3.7. Lemma. Let B be a ring. If D ∈ lnd(B) and a ∈ kerD then aD ∈ lnd(B).

Proof. Let b ∈ B. The reader can check that (aD)n(b) = an ·Dn(b) holds for all n ∈ N (make sure that
you use the assumption D(a) = 0 in your proof). So there exists n ∈ N such that (aD)n(b) = 0. �

3.8. We saw in 2.22 that if S is a multiplicative set of a ring B then each derivation D : B → B gives
rise to a derivation S−1D : S−1B → S−1B, where(

S−1D
)
(b/s) =

sD(b)− bD(s)

s2
for all b ∈ B and s ∈ S.

Note that if D ∈ lnd(B) then S−1D is not necessarily locally nilpotent. To see this, let B = C[t] = C[1],
D = d

dt
: B → B and S = B \ {0}. Then D ∈ lnd(B) but S−1D : C(t)→ C(t) is not locally nilpotent,

as you can see by computing Dn(1/t).

3.9. Lemma. Let B be a ring, D ∈ lnd(B) and A = ker(D). If S ⊆ A is a multiplicative set then
S−1D ∈ lnd(S−1B) and ker(S−1D) = S−1A.

Proof. We noted in 2.22 that, since S ⊆ A = ker(D), the definition of S−1D simplifies to(
S−1D

)
(b/s) =

D(b)

s
for all b ∈ B and s ∈ S.

It follows that
(
S−1D

)n
(b/s) = Dn(b)

s
for all n ∈ N, so S−1D is locally nilpotent. The fact that

ker(S−1D) = S−1A was also noted in 2.22. �

4. The exponential map associated to a locally nilpotent derivation

4.1. Exercise. If B is a Q-algebra then Der(B) = DerQ(B).

4.2. Definition. Let B be a Q-algebra. Given D ∈ lnd(B), define the map

ξD : B −→ B[T ], b 7−→
∑
n∈N

1

n!
Dn(b)T n.
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We call ξD the exponential map associated to D (not to be confused with the exponential of D, exp(D) :
B → B, to be defined later). Note that the definition of ξD requires us to divide by n!, which is why
we need to assume that Q ⊆ B.

The following is a fundamental result in the theory of locally nilpotent derivations. It has several
deep consequences.

4.3. Theorem. Let B be a Q-algebra and D ∈ lnd(B). Then the exponential map ξD : B → B[T ] is
an injective homomorphism of A-algebras, where A = ker(D).

Proof. If ev0 : B[T ]→ B is the map f(T ) 7→ f(0), then the composite B
ξD−→ B[T ]

ev0−−→ B is the identity
map, so ξD is injective. It is clear that ξD preserves addition and restricts to the identity map on A, so
it suffices to verify that

(3)

(∑
i∈N

1

i!
Di(x)T i

)(∑
j∈N

1

j!
Dj(y)T j

)
=
∑
n∈N

1

n!
Dn(xy)T n

holds for all x, y ∈ B. In the left hand side of (3), the coefficient of T n is∑
i+j=n

1

i! j!
Di(x)Dj(y) =

1

n!

∑
i+j=n

n!

i! j!
Di(x)Dj(y),

which is equal to 1
n!
Dn(xy) by Leibnitz Rule. So equality does hold in (3). �

4.4. Exercise. Let B be a Q-algebra and D ∈ lnd(B). Check that ξD is the inclusion map B ↪→ B[T ]
if and only if D = 0.

4.5. Exercise. Let B = C[X, Y, Z] = C[3] and D = ∂
∂X

+ X2 ∂
∂Y

+ Y ∂
∂Z

. Then D is triangular, so
D ∈ lndC(B) and hence ξD : B → B[T ] is a C-homomorphism:

ξD : C[X, Y, Z]→ C[X, Y, Z, T ].

Describe ξD by giving the images of X, Y, Z.

5. Degree functions

5.1. Definition. A degree function on a ring B is a map deg : B → N ∪ {−∞} satisfying:

(1) ∀x ∈ B deg x = −∞ ⇐⇒ x = 0

(2) ∀x, y ∈ B deg(xy) = deg x+ deg y

(3) ∀x, y ∈ B deg(x+ y) ≤ max(deg x, deg y).

In the above definition, it is understood that the addition of N is extended to N∪{−∞} by declaring
that −∞+ x = −∞ = x+ (−∞) for all x ∈ N ∪ {−∞}.

5.2. Exercise. Use parts (1) and (2) of 5.1 to show that if a ring B admits a degree function deg : B →
N ∪ {−∞}, then either B = 0 or B is a domain.

5.3. Exercise. Let B be a ring and define the map deg : B → N∪ {−∞} by declaring that deg(x) = 0
for all x ∈ B \ {0}, and deg(0) = −∞. Check that deg is a degree function if and only if B = 0 or B is
a domain. It is called the trivial degree function on B.

5.4. Exercise. Let A be a ring and A[t] = A[1], and let degt : A[t]→ N ∪ {−∞} be the usual degree of
polynomials. Check that degt is a degree function if and only if A = 0 or A is a domain.
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5.5. Exercise. Let deg : B → N∪{−∞} be a degree function and x, y ∈ B such that deg(x) 6= deg(y).
Show that deg(x+ y) = max(deg x, deg y) = deg(x− y).

5.6. Exercise. Consider B
ϕ−→ B′

d−→ N ∪ {−∞} where ϕ is an injective homomorphism of rings and d
is a degree function on B′. Check that d ◦ ϕ : B → N ∪ {−∞} is a degree function on B.

5.7. Definition. Let B be a ring. Then each D ∈ lnd(B) determines a map

degD : B → N ∪ {−∞}
defined by declaring that degD(x) = max {n ∈ N | Dnx 6= 0} for each x ∈ B \ {0}, and degD(0) = −∞.
Note that kerD = {x ∈ B | degD(x) ≤ 0}.

5.8. Exercise. Check that if B is any ring and D ∈ lnd(B) \ {0} then there exists s ∈ B such that
D(s) 6= 0 and D2(s) = 0 (equivalently, degD(s) = 1).

5.9. Example. Let A be a domain of characteristic zero, B = A[t] = A[1] and D = d
dt

: B → B. Then
D ∈ lnd(B), so D determines the map degD : A[t] → N ∪ {−∞}. It is easy to see that degD is the
usual degree of polynomials.

Although we defined degD for any ring B, it is most useful in the case of integral domains of charac-
teristic zero:

5.10. Proposition. Let B be a domain of characteristic zero and D ∈ lnd(B). Then the map
degD : B → N ∪ {−∞} is a degree function.

Proof. We first prove the special case where Q ⊆ B. Consider

B
ξD−→ B[T ]

degT−−−→ N ∪ {−∞}

where ξD(b) =
∑∞

i=0
Dn(b)
n!

T n and degT is the usual degree of polynomials (ξD is defined because Q ⊆
B). Then ξD is an injective ring homomorphism (by 4.3) and degT is a degree function (because
B is a domain, see 5.4). By Exercise 5.6, the composite degT ◦ξD is a degree function on B. As
degT ◦ξD = degD, we obtain that degD is a degree function.

Now the general case. Since B has characteristic zero and kerD is a subring of B, we have Z ⊆ kerD.
Let S = Z \ {0} and consider S−1D : S−1B → S−1B, which belongs to lnd(S−1B) by Lemma 3.9. As
Q ⊆ S−1B, the first part of the proof implies that degS−1D : S−1B → N ∪ {−∞} is a degree function.
We have:

S−1B
S−1D // S−1B

B
D //

?�

OO

B
?�

OO S−1B
degS−1D // N ∪ {−∞}

B
?�

OO

degD

55

Note that B → S−1B is injective, because B is a domain and 0 /∈ S. So D is the restriction of S−1D
and consequently degD is the restriction of degS−1D; by Exercise 5.6, degD is a degree function. �

5.11. Exercise. Let B be a ring and suppose that D ∈ Der(B) satisfies Dn = 0 for some n > 0, i.e.,
D is a nilpotent derivation. Show that if B is a domain of characteristic zero then D = 0. (Hint. Note
that D is locally nilpotent, so the map degD exists and is a degree function. If D 6= 0 then we can
choose x ∈ B such that degD(x) ≥ 1; what is degD(xn)? can Dn(xn) be zero?)
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6. Factorially closed subrings

6.1. Definition. Let A ⊆ B be domains. We say that A is factorially closed in B if:

∀x, y ∈ B \ {0} xy ∈ A =⇒ x, y ∈ A.

6.2. Lemma. If B is a domain and deg : B → N∪{−∞} is a degree function then {x ∈ B | deg x ≤ 0}
is a factorially closed subring of B.

Proof. Obvious. �

6.3. Theorem. Let B be a domain of characteristic zero and D ∈ lnd(B). Then ker(D) is a factorially
closed subring of B.

Proof. The map degD : B → N ∪ {−∞} is a degree function by 5.10, so {x ∈ B | degD(x) ≤ 0} is
factorially closed subring of B by 6.2. As kerD = {x ∈ B | degD(x) ≤ 0}, the conclusion follows. �

As a consequence of Thm 6.3, we obtain the following improvement of Lemma 3.7:

6.4. Proposition. Let B be a domain of characteristic zero, D ∈ Der(B) \ {0} and b ∈ B \ {0}, and
consider bD ∈ Der(B). Then

bD ∈ lnd(B) ⇐⇒ D ∈ lnd(B) and b ∈ ker(D).

Proof. Implication (⇐) is Lemma 3.7. Assume that bD : B → B is locally nilpotent; since it is
also nonzero, Exercise 5.8 (applied to bD) shows that there exists s ∈ B such that (bD)(s) 6= 0
and (bD)2(s) = 0. Then bD(s) belongs to the factorially closed (Thm 6.3) subring ker(bD) of B, so
b ∈ ker(bD) = ker(D). It follows that (bD)n = bnDn for all n, which implies that D is locally nilpotent.
So (⇒) is true. �

6.5. Corollary. Let B be a domain of characteristic zero and D ∈ lnd(B) \ {0}. If b ∈ B is such that
D(B) ⊆ bB then b ∈ ker(D) and there exists ∆ ∈ lnd(B) such that D = b∆.

Proof. Note that b 6= 0. It is easily verified that ∆ = 1
b
D : B → B is a derivation of B. Since

b∆ = D ∈ lnd(B) \ {0}, Prop. 6.4 implies that ∆ ∈ lnd(B) and b ∈ ker(∆) = ker(D). �

6.6. Exercise. Suppose that A is a factorially closed subring of a domain B. Then:

(1) A∗ = B∗

(2) An element of A is irreducible in A if and only if it is irreducible in B.
(3) If B is a UFD then so is A.

From 6.3 and 6.6, we get:

6.7. Corollary. Let B be a domain of characteristic zero, D ∈ lnd(B) and A = ker(D).

(1) A∗ = B∗ (so D(u) = 0 for all u ∈ B∗).
(2) If k is any field included in B, then D is a k-derivation.
(3) If B is a UFD then so is A.

6.8. Exercise. Let B be a domain of characteristic zero and D ∈ lnd(B). By Cor. 6.7, we know
that D(u) = 0 for all u ∈ B∗. Deduce that if B is a local ring, or if B = C[X±1

1 , . . . , X±1
n ], then

lnd(B) = {0}. More generally, if B is generated by its units then lnd(B) = {0}.

6.9. Exercise. Consider the polynomial ring Q[X, Y ] = Q[2]. Note that Q(X)[Y ] = k[Y ] = k[1], where
we define k = Q(X). Let B = k[Y ]/(Y 2). If y ∈ B denotes the canonical image of Y then B = k[y],
y 6= 0 and y2 = 0. Also observe that X ∈ k ⊂ B. Show that there exists D ∈ DerQ(B) such that
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D(X) = y and D(y) = 0. Show that D2 = 0, so D ∈ lnd(B). However, D is not a k-derivation!
(Compare with Cor. 6.7(2).)

6.10. Exercise. For domains A ⊆ B, the following implications are valid:

A is factorially closed in B =⇒ A is algebraically closed in B =⇒ A is integrally closed in B.

6.11. Exercise. Let B = C[X, Y ] = C[2] and f = XY ∈ B. Prove the following claims.

(a) If R is a factorially closed subring of B satisfying f ∈ R, then R = B.
(b) The only D ∈ lnd(B) satisfying D(f) = 0 is the zero derivation.
(c) The ring C[f ] is algebraically closed but not factorially closed in B. (See Exercise 2.27.)

7. Slices and preslices

7.1. Definition. Let B be a ring and D ∈ lnd(B). A slice of D is an element s ∈ B satisfying
D(s) = 1. A preslice of D is an element s ∈ B satisfying D(s) 6= 0 and D2(s) = 0 (i.e., degD(s) = 1).

Every slice of D is also a preslice of D, but not conversely. Preslices are also called “local slices”.
By Exercise 5.8, if B is a ring and D ∈ lnd(B) \ {0}, then D has a preslice. However, D may not

have a slice, as shown in the following:

7.2. Examples. Let B = C[X, Y, Z] = C[3].

(1) X is a slice of ∂
∂X
∈ lnd(B).

(2) Define D = X ∂
∂Y

+ Y ∂
∂Z
∈ lnd(B). For each f ∈ B,

D(f) = fXD(X) + fYD(Y ) + fZD(Z) = fYX + fZY ∈ (X, Y ),

so D(B) ⊆ (X, Y ) and D does not have a slice. However, Y is a preslice of D.

When a slice exists, the situation is very special:

7.3. Slice Theorem ([28, Prop. 2.1]). Let B be a Q-algebra, D ∈ lnd(B) and A = ker(D). If s ∈ B
satisfies Ds = 1 then B = A[s] = A[1] and D = d

ds
: A[s]→ A[s].

Proof. The result is trivial if B = 0, so let us assume that B 6= 0. We first show that s is transcendental
over A. (It is clear that s is transcendental when B is a domain, because in that case 2.16 implies that
A is algebraically closed in B. However, B is not assumed to be a domain in this Theorem, so we give
an argument that works without that hypothesis.) Consider f(T ) =

∑n
i=0 aiT

i ∈ A[T ] \ {0} (where
n ≥ 0, ai ∈ A and an 6= 0). Then Dj(f(s)) = f (j)(s) for all j ≥ 0, where f (j)(T ) ∈ A[T ] denotes the
j-th derivative of f ; so Dn(f(s)) = n! an 6= 0 (because n! ∈ Q∗ ⊆ B∗ and an ∈ B \{0}) and in particular
f(s) 6= 0. So s is transcendental over A and consequently A[s] = A[1].

To show that B = A[s], consider the A-homomorphism ξ : B → B obtained by composing the
homomorphism ξD : B → B[T ] of 4.3 with the evaluation map B[T ] → B, f(T ) 7→ f(−s). Explicitly,

if x ∈ B then ξ(x) =
∑∞

j=0
Djx
j!

(−s)j. For each x ∈ B,

D
(
ξ(x)

)
=
∞∑
j=0

Dj+1x

j!
(−s)j +

∞∑
j=0

Djx

j!
j(−s)j−1(−1) = 0,

so ξ(B) ⊆ A; since ξ is an A-homomorphism, ξ(B) = A.
By induction on degD(x), we show that ∀x∈B x ∈ A[s]. This is clear if degD(x) ≤ 0, so assume that

degD(x) ≥ 1 and that for all b ∈ B, if degD(b) < degD(x) then b ∈ A[s]. Since x = ξ(x) + (x − ξ(x))
where ξ(x) ∈ A and x− ξ(x) ∈ sB,

(4) x = a+ x′s, for some a ∈ A and x′ ∈ B.
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This implies that Dx = D(x′)s+ x′ and it easily follows by induction that

(5) ∀m≥1 Dm(x) = Dm(x′)s+mDm−1(x′).

Choose m ≥ 1 such that Dm−1(x′) 6= 0 and Dm(x′) = 0 (such an m exists because degD(x) ≥ 1, so
x 6∈ A, so x′ 6= 0). Then (5) gives Dm(x) = mDm−1(x′) 6= 0 (because m ∈ Q∗ ⊆ B∗) and Dm+1(x) = 0,
so degD(x′) = degD(x)− 1. By the inductive hypothesis we have x′ ∈ A[s]; then (4) gives x ∈ A[s]. So
B = A[s] = A[1]. Since D is an A-derivation of A[s] = A[1], Prop. 2.11 implies that D = b d

ds
for some

b ∈ B. As D(s) = 1, we have b = 1 and D = d
ds

. �

7.4. Corollary. Let B be a Q-algebra, D ∈ lnd(B) and A = ker(D). If s ∈ B satisfies Ds ∈ A∗ then
B = A[s] = A[1].

Proof. Let a ∈ A∗ be such that aD(s) = 1. Then D(as) = aD(s) = 1, so the Slice Theorem implies
that B = A[as] = A[1]. As a ∈ A∗, we have A[as] = A[s], so B = A[s] = A[1]. �

7.5. Corollary. Let B be a Q-algebra and D ∈ lnd(B) \ {0}. If ker(D) is a field then B = (kerD)[1].

Proof. Choose a preslice s ∈ B of D; then Ds ∈ (kerD)∗ so the conclusion follows from Cor. 7.4. �

7.6. Corollary. Let B be a Q-algebra, D ∈ lnd(B) and A = ker(D). Let s ∈ B be a preslice of D (i.e.,
Ds 6= 0 and D2s = 0) and let α = Ds ∈ A \ {0}. Then Bα = Aα[s] = (Aα)[1].

Proof. Let S = {1, α, α2, . . . } and consider S−1D : S−1B → S−1B. By Lemma 3.9, S−1D ∈ lnd(S−1B)
and ker(S−1D) = S−1A. As (S−1D)(s) = α is a unit of ker(S−1D), the result follows from Cor. 7.4. �

7.7. Definition. Given a ring B, define

klnd(B) = {ker(D) | D ∈ lnd(B) and D 6= 0} .
If R is a subring of B, define

klndR(B) = {ker(D) | D ∈ lndR(B) and D 6= 0} = {A ∈ klnd(B) | R ⊆ A} .

7.8. Corollary. Let B be a domain of characteristic zero and let A ∈ klnd(B). Then S−1B =
(FracA)[1], where S = A \ {0}. In particular, trdegA(B) = 1.

Proof. Choose D ∈ lnd(B) such that kerD = A. Then D 6= 0, so S−1D ∈ lnd(S−1B) \ {0} and
ker(S−1D) = S−1A = Frac(A). The conclusion follows from Cor. 7.5. �

7.9. Exercise. Let A ⊆ B be domains, where trdegA(B) < ∞ and A is algebraically closed in B.
Suppose that A′ is a ring such that A ⊆ A′ ⊆ B and trdegA(B) = trdegA′(B). Show that A = A′.

7.10. Exercise. Let B be a domain of characteristic zero. Show that if A,A′ ∈ klnd(B) satisfy A ⊆ A′,
then A = A′. (Use Cor. 7.8 and Exercise 7.9.)

7.11. Definition. Let B be a domain of characteristic zero. We say that B is rigid if it satisfies the
following equivalent conditions: (i) lnd(B) = {0}; (ii) klnd(B) = ∅.

7.12. Exercise. Let B be a domain of characteristic zero that has transcendence degree 1 over some
field k0 ⊆ B. Show that if B is not rigid then B = k[1] for some field k such that k0 ⊆ k ⊆ B and k/k0

is algebraic. (Hint: let D ∈ lnd(B) \ {0}, define k = kerD and note that k0 ⊆ k ⊆ B. Show that k
is integral over k0 and hence is a field. Show that there exists b ∈ B such that D(b) ∈ k∗ and deduce
that B = k[1].)

7.13. Exercise. Consider the subring B = C[T 2, T 3] of C[T ] = C[1]. Show that B is rigid. (Use 7.12.)
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7.14. Exercise. LetB = Z[X, Y ] = Z[2] andD = ∂
∂Y

+Y ∂
∂X

. SinceD is triangular, we haveD ∈ lnd(B).
Moreover, DY = 1. Show that kerD = Z[2X − Y 2] and that B is not a polynomial ring over kerD.
So, in the Slice Theorem, the hypothesis that B is a Q-algebra is not superfluous.

7.15. Exercise. Let B be a Q-algebra, D ∈ lnd(B) and A = kerD. Show:

D : B → B is surjective ⇐⇒ D(B) ∩ A∗ 6= ∅ ⇐⇒ D has a slice =⇒ B = A[1].

7.16. Exercise. Let k be a field of characteristic zero, B an affine k-domain and S a multiplicative set
of B such that 0 /∈ S. Let B = S−1B. Prove the following claims.

(a) If D : B→ B is a nonzero locally nilpotent derivation then the following hold.
(i) For each s ∈ S, sD : B→ B belongs to lnd(B) \ {0}.
(ii) There exists s ∈ S such that sD : B→ B maps B into itself. For any such s, the restriction

D : B → B of sD belongs to lnd(B) \ {0} and is such that ker(D) = B ∩ ker(D).
(b) If B is non-rigid then there exists D ∈ lnd(B) \ {0} such that S ⊆ ker(D).
(c) Show that klnd(B) → klnd(B), A 7→ B ∩ A, is a well-defined injective map whose image is

the set of A ∈ klnd(B) satisfying A ⊇ S.

7.17. Exercise (The Makar-Limanov invariant). Given a domain B of characteristic zero, the subring

ML(B) =
⋂

D∈lnd(B)

ker(D)

of B is called the Makar-Limanov invariant of B.

(a) Show that if ϕ : B → B′ is an isomorphism between domains of characteristic zero then
ϕ
(

ML(B)
)

= ML(B′) and consequently ML(B) ∼= ML(B′).

(b) Let k be a field of characteristic zero. Show that if B = k[X1, . . . , Xn] = k[n] then ML(B) = k.
Consequently, if A is a k-domain such that ML(A) 6= k then A is not isomorphic to k[n].

(c) Show that B is rigid if and only if ML(B) = B. If B is not rigid, then ML(B) is equal to the
intersection of all elements of klnd(B).

(d) Show that ML(B) is factorially closed in B.

8. A characterization of k[2]

Before proving the characterization we need to see two results. The first one can be found in standard
textbooks on Commutative Algebra, and we omit the proof:

8.1. Proposition. Let A be a domain containing a field k and such that trdegk(A) = 1. If A is a
k-subalgebra of some affine k-domain, then A is k-affine.

You can show as an exercise that if A ⊂ B are rings such that B = A[n], and if S is a multiplicative
set of A, then S−1B = (S−1A)[n]. The next result (Lemma 8.3) is a partial converse of the case n = 1.
We first introduce a notation:

8.2. Notation. Given domains A ⊂ B, let P(A,B) be the set of prime elements p of A such that

(i) p is a prime element of B,
(ii) A ∩ pB = pA,

(iii) A/pA is algebraically closed in B/pB.

There is an abuse notation in (iii): we identify A/pA with the image of the canonical homomorphism
ϕ : A/pA → B/pB. This identification is permitted because condition (ii) implies that ϕ is injective.
Also note that ϕ(A/pA) = π(A) where π : B → B/pB is the canonical epimorphism of the quotient
ring. So (iii) can also be stated as: the subring π(A) of B/pB is algebraically closed in B/pB.
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8.3. Lemma. Let A ⊂ B be integral domains, where B is finitely generated as an A-algebra. Suppose
that S is a multiplicative set of A such that

each element of S is either a unit of A or a product of elements of P(A,B).

If S−1B = (S−1A)[1] then B = A[1].

8.4. Exercise. The proof of Lemma 8.3 requires the following property of prime elements. Let A be a
domain, let p1, . . . , pm, q1, . . . , qn be prime elements of A and suppose that p1 · · · · · pm = uq1 · · · · · qn for
some u ∈ A∗. Then m = n and there exists a permutation α of {1, . . . , n} and units u1, . . . , un ∈ A∗
such that pi = uiqα(i) for all i = 1, . . . , n.

Proof of Lemma 8.3. Let P = P(A,B), let P be the set of all finite products of elements of P, and let
S∗ = A∗ ∪ P. Note that S∗ is a multiplicative set of A and S ⊆ S∗ ⊂ A. Since S−1B = (S−1A)[1], we
have S−1

∗ B = (S−1
∗ A)[1]. So we may (and shall) assume that S = S∗. This implies that if s ∈ S and

p ∈ P are such that p | s in A, then s/p ∈ S. Also, each s ∈ S is a product s = up1 · · · pk where u ∈ A∗,
k ∈ N, and p1, . . . , pk ∈ P ; the natural number k is uniquely determined by s (by Exercise 8.4), and is
denoted `(s). This defines a set map ` : S → N. Given s ∈ S, we have `(s) = 0 if and only if s ∈ A∗.

Since S−1B = (S−1A)[1], the set F = {f ∈ B | S−1B = (S−1A)[f ]} is not empty. Given f ∈ F and
b ∈ B, there exists s ∈ S such that sb ∈ A[f ]; so it makes sense to define

‖b‖f = min {`(s) | s ∈ S and sb ∈ A[f ]} .
So, for each f ∈ F, we have a map ‖ ‖f : B → N with the following property: for any b ∈ B,
‖b‖f = 0 ⇐⇒ b ∈ A[f ]. Let us prove the following assertion :

(6) If f ∈ F and b ∈ B are such that ‖b‖f > 0, then there exists f1 ∈ F such that ‖b‖f1 < ‖b‖f
and ∀β∈B ‖β‖f1 ≤ ‖β‖f .

Indeed, choose s ∈ S such that sb ∈ A[f ] and `(s) = ‖b‖f > 0. Since `(s) > 0, we can choose p ∈ P
such that p | s in A. Since sb ∈ A[f ], we can choose P (T ) =

∑d
i=0 aiT

i ∈ A[T ] (T is an indeterminate
and a0, . . . , ad ∈ A) such that P (f) = sb. If π : B → B/pB denotes the canonical epimorphism then
π(s) = 0, so

(7) 0 = π(sb) = π(P (f)) =
d∑
i=0

π(ai)π(f)i .

We also consider the subring Ā = π(A) of B/pB and the polynomial P̄ (T ) =
∑d

i=0 π(ai)T
i ∈ Ā[T ].

Suppose for a moment that π(ai) = 0 for all i. We have A∩pB = pA by 8.2(ii), so ai ∈ A∩pB = pA for

all i, so the polynomial Q(T ) =
∑d

i=0(ai/p)T
i belongs to A[T ] and consequently (s/p)b = Q(f) ∈ A[f ].

As s/p ∈ S and `(s/p) < `(s) = ‖b‖f , this contradicts the definition of ‖b‖f . This contradiction shows
that π(ai) 6= 0 for some i, so P̄ (T ) 6= 0. We have P̄ (π(f)) = 0 by (7), so we have shown that the
element π(f) of B/pB is algebraic over Ā. As Ā is algebraically closed in B/pB by 8.2(iii), we obtain
π(f) ∈ Ā = π(A), so π(f − a) = 0 for some a ∈ A. Then f − a ∈ pB, i.e., f − a = pf1 for some f1 ∈ B.
The obvious fact that A[f ] ⊆ A[f1] has the following two consequences:

f1 ∈ F and ∀β∈B ‖β‖f1 ≤ ‖β‖f .

Moreover, P (pT + a) = α0 + p
∑d

i=1 αiT
i for some α0, . . . , αd ∈ A, so sb = P (f) = P (pf1 + a) =

α0 + p
∑d

i=1 αif
i
1. Since p | s it follows that α0 ∈ A ∩ pB = pA, so

(s/p)b = (α0/p) +
d∑
i=1

αif
i
1 ∈ A[f1].
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Consequently ‖b‖f1 ≤ `(s/p) < `(s) = ‖b‖f and the proof of (6) is complete.
Let b1, . . . , bn be a finite set of generators for B as an A-algebra. For each f ∈ F, define N(f) =∑n
i=1 ‖bi‖f . If N(f) > 0 then ‖bi‖f > 0 for some i, and applying (6) to f and bi shows that there exists

f1 ∈ F such that N(f1) < N(f). So there exists f∗ ∈ F such that N(f∗) = 0. Then b1, . . . , bn ∈ A[f∗]
and hence B = A[f∗]. Since S−1B = (S−1A)[1], we know in particular that trdegA(B) = 1, so f∗ must
be transcendental over A. Thus, B = A[1]. �

8.5. Theorem. Let k be a field of characteristic zero and B an affine k-domain such that

trdegk(B) = 2, B is a UFD and B∗ = k∗.

For each A ∈ klnd(B), the following hold.

(a) If k is algebraically closed or Frac(B) = k(2) then A = k[1].
(b) If k is algebraically closed then B = A[1].

Proof. (a) Let A ∈ klnd(B). We have trdegk(A) = 1 by 7.8, so A is k-affine by 8.1. As B is a UFD
and (6.3) A is factorially closed in B, A is a UFD; as B∗ = k∗ and A ⊆ B, A∗ = k∗.

• If k is algebraically closed then 1.5 implies that A = k[1].
• If Frac(B) = k(2) then we have k ⊂ Frac(A) ⊂ Frac(B) = k(2), so the Generalized Lüroth

Theorem 1.8 implies that Frac(A) = k(1). By part (a) of Theorem 1.2, A = k[1].

(b) By 7.8, we have S−1B = (S−1A)[1] where S = A \ {0}. So, by Lemma 8.3, it suffices to show that
each element of S is either a unit of A or a product of elements of P(A,B). Since A = k[1] by (a), it
therefore suffices to show that each prime element p of A belongs to P(A,B). The fact that p satisfies
conditions (i) and (ii) of 8.2 easily follows from the fact that A is factorially closed in B. As k is an
algebraically closed field and A = k[1], we have A/pA = k and hence A/pA is algebraically closed in
B/pB, i.e., (iii) holds and p ∈ P(A,B). We obtain B = A[1] by Lemma 8.3. �

8.6. Corollary (Miyanishi’s Characterization of k[2]). Let k be an algebraically closed field of charac-
teristic zero and B a k-algebra. 

B is k-affine
B is a UFD
B∗ = k∗

trdegk(B) = 2
B is not rigid

 ⇐⇒ B = k[2]

Proof. (⇒) As B is not rigid, we can choose A ∈ klnd(B). Then Thm 8.5 gives A = k[1] and B = A[1],
so B = k[2]. The converse is trivial. �

8.7. Exercise. Consider the R-algebra B = R[X, Y, Z]/(XZ − Y 2 − 1). Show that B is an affine
R-domain, a UFD, has trivial units, satisfies Frac(B) = R(2), is not rigid, but B 6= R[2]. This shows
that the hypothesis k = k̄ is necessary in 8.6. Hints: To show that B is a UFD, compute Bx and
use Nagata’s criterion 0.18(b). Proving that B 6= R[2] is not easy. One way to do it is to consider the
C-algebra B̄ = C⊗R B; if B = R[2] then B̄ = C⊗R R[2] = C[2], so in particular B̄ is a UFD; show that
B̄ = C[X, Y, Z]/(XZ − Y 2 − 1) is not a UFD. (For a different proof of B 6= R[2], see Exercise 12.9.)

8.8. Exercise. The following fact is very useful ([23], Cor. 3.4):

Let A ⊆ B ⊆ C be UFDs such that C = A[n] for some n ∈ N.
If trdegA(B) = 1 then B = A[1].
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Here is a sketch of the proof. Fill-in the gaps.
Let S = A \ {0} and K = S−1A = Frac(A). Then S−1B is a K-algebra, S−1B ⊆ K [n] and

trdegK(S−1B) = 1. Check that (S−1B)∗ = K∗. Use appropriate results to show that S−1B is finitely
generated as a K-algebra, is a UFD, and satisfies Frac(S−1B) = K(1). By Thm 1.2(a), it follows that
S−1B = K [1]. Finally, Thm 8.3 implies that B = A[1] (you have to check that each prime element p of
A belongs to P(A,B)).

9. Homogenization of locally nilpotent derivations

9.1. Definition. Let B be a ring. A Z-grading of B is a direct sum decomposition B = ⊕i∈ZBi where
each Bi is a subgroup of (B,+) and BiBj ⊆ Bi+j for all i, j ∈ Z. An N-grading of B is a Z-grading
B = ⊕i∈ZBi such that Bi = {0} for all i < 0 (so N-gradings are a special case of Z-gradings). If
B = ⊕i∈ZBi is a Z-grading of B then an element h ∈ B is said to be homogeneous (with respect to the
given grading) if h ∈ Bi for some i ∈ Z.

If B is any ring then the trivial grading of B is defined by B0 = B and Bi = {0} for all i 6= 0.

9.2. Exercise. Let B = C[X1, . . . , Xn] = C[n] and ω1, . . . , ωn ∈ Z. Show that there is a unique Z-
grading of B, say B =

⊕
d∈ZBd, such that C ⊆ B0 and Xi ∈ Bωi

for all i = 1, . . . , n. Show that for
each d ∈ Z, Bd is the C-linear subspace of B spanned by {Xν1

1 · · ·Xνn
n |

∑n
i=1 ωiνi = d}. In the special

case ω1 = · · · = ωn = 1, this is called the standard grading of C[X1, . . . , Xn].

9.3. Exercise. Let B = ⊕i∈ZBi be a Z-graded ring. Show that 1 ∈ B0 and deduce that B0 is a subring
of B. Hint: Write 1 =

∑
i∈Z 1i where 1i ∈ Bi for all i ∈ Z and 1i 6= 0 for finitely many i ∈ Z. Show

that 10h = h for all homogeneous h ∈ B (use the equality 1h = h). Deduce that 10b = b for all b ∈ B.
Deduce that 1 = 10 and consequently 1 ∈ B0.

9.4. Lemma. Let B = ⊕i∈ZBi be a Z-graded domain.

(a) If f, g ∈ B \ {0} and fg is homogeneous then f and g are homogeneous.
(b) Every unit of B is homogeneous.
(c) If k is a field included in B then k ⊆ B0.

9.5. Exercise. (a) Prove Lemma 9.4.
(b) Consider the non-domain R = C[X]/(X2), where C[X] = C[1]. Define a Z-grading of R such

that parts (a) and (b) of the Lemma are false for the graded ring R.

9.6. Definition. Let B = ⊕i∈ZBi be a Z-graded ring.

(a) The grading determines a map

deg : B → Z ∪ {−∞}
defined as follows. Given f ∈ B, write f =

∑
i∈Z fi where fi ∈ Bi for all i (fi 6= 0 for finitely

many i). If f 6= 0, define deg(f) = max {j ∈ Z | fj 6= 0}; if f = 0, define deg(f) = −∞.
Remark: If B is a domain then the map deg : B → Z ∪ {−∞} satisfies conditions (1–3) of

5.1, but is not a degree function in the sense of 5.1 because its codomain is not N ∪ {−∞}. So
Lemma 6.2 is not necessarily true for deg. However, if B is an N-graded domain then deg is a
degree function in the sense of 5.1.

(b) The map deg : B → Z ∪ {−∞} determines a map

deg : Der(B)→ Z ∪ {−∞,∞},
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which we now define. For any derivation D : B → B we define

deg(D) = sup {deg(Df)− deg(f) | f ∈ B \ {0}} ∈ Z ∪ {−∞,∞}.
Note that deg(D) = −∞ if and only if D = 0, and that

(∗) ∀f∈B\{0} deg(Df) ≤ deg(f) + deg(D).

Moreover, deg(D) is the smallest element of Z ∪ {−∞,∞} that makes (∗) true.

We want to understand which derivations satisfy deg(D) < ∞. The next fact implies that if k is a
field of characteristic zero and B is a graded affine k-domain, then all D ∈ lnd(B) satisfy deg(D) <∞.

9.7. Lemma. Let k be a field of characteristic zero and B = ⊕i∈ZBi a Z-graded affine k-domain. Then
there exists a finite set {h1, . . . , hn} of nonzero homogeneous elements such that B = k[h1, . . . , hn]. For
any such set, and for any D ∈ Derk(B),

deg(D) = max {deg(Dhi)− deg(hi) | 1 ≤ i ≤ n} < ∞.

Proof. The existence of {h1, . . . , hn} is clear. Fix such a set {h1, . . . , hn} and let D ∈ Derk(B). Consider
the map δ : B → Z ∪ {−∞} defined by δ(0) = −∞ and δ(f) = deg(Df)− deg(f) if f ∈ B \ {0}. Let
K = max(δ(h1), . . . , δ(hn)). To prove the Lemma, it suffices to show that δ(f) ≤ K for all f ∈ B.

As D is a k-derivation, we have δ(λ) = −∞ for all λ ∈ k∗. It is easily verified that δ(fg) ≤
max(δ(f), δ(g)) for all f, g ∈ B. Consequently,

(8) δ
(
λhe11 · · ·henn

)
≤ K, for any λ ∈ k∗ and e1, . . . , en ∈ N.

Also, if f1, . . . , fm ∈ B satisfy

(9) deg
(∑m

i=1 fi
)

= max {deg fi | 1 ≤ i ≤ m}
then it is easy to check that

(10) δ(f1 + · · ·+ fm) ≤ max(δ(f1), . . . , δ(fm)).

Next we claim that

(11) if H is a homogeneous element of B then δ(H) ≤ K.

To prove this, we may assume that H 6= 0. Write H =
∑m

i=1 fi where each fi is a monomial of the form
λhe11 · · ·henn where λ ∈ k∗ and deg(fi) = deg(H) for all i. By (8), δ(fi) ≤ K for all i. As f1, . . . , fm
satisfy (9), it follows from (10) that δ(H) ≤ max(δ(f1), . . . , δ(fm)), so (11) is proved.

Finally, consider an arbitrary element f 6= 0 of B. Write f = f1 + · · · + fm where the fi are homo-
geneous of distinct degrees. As f1, . . . , fm satisfy (9), (10) implies that δ(f) ≤ max(δ(f1), . . . , δ(fm)),
and by (11) we have δ(fi) ≤ K for all i. So δ(f) ≤ K. The desired conclusion follows. �

9.8. Example. Let B = C[X, Y, Z] = C[3] with the standard grading, i.e., B0 = C and X, Y, Z ∈ B1.
Let D ∈ DerC(B) be defined by D(X) = 0, D(Y ) = X3 + X + 1, D(Z) = Y 6 + X2Y + X4. Using 9.7
with {h1, . . . , hn} = {X, Y, Z} gives deg(D) = max{−∞− 1, 3− 1, 6− 1} = 5. So:

∀f∈B\{0} deg(Df) ≤ deg(f) + 5,

∃f∈B\{0} deg(Df) = deg(f) + 5.

Note that D is triangular, so D ∈ lnd(B).
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9.9. Definition. Let B = ⊕i∈ZBi be a Z-graded ring. A derivation D : B → B is homogeneous (with
respect to the given grading) if there exists d ∈ Z satisfying

∀i∈Z D(Bi) ⊆ Bi+d.

If D is homogeneous and D 6= 0 then the integer d is unique and is equal to the number deg(D) defined
in 9.6.

The next definition uses the following notation. If B = ⊕i∈ZBi is a Z-graded ring then, for each
j ∈ Z, let pj : B → Bj be the canonical projection (if f =

∑
i∈Z fi, fi ∈ Bi, then pj(f) = fj).

9.10. Definition. Let B = ⊕i∈ZBi be a Z-graded ring and D : B → B a derivation with deg(D) <∞.
We define a set map D̃ : B → B, called the homogenization of D.

If D = 0, define D̃ = 0.
Suppose that D 6= 0 and let d = deg(D) (so d ∈ Z). For each j ∈ Z, define the map

D̃j : Bj → Bj+d, h 7→ pj+d(Dh);

then define D̃ : B → B by D̃(f) =
∑

j D̃j(pj(f)) for all f ∈ B.

9.11. Lemma. Let B = ⊕i∈ZBi be a Z-graded ring and D : B → B a derivation with deg(D) < ∞.
Consider the map D̃ : B → B defined in 9.10.

(1) D̃ is a homogeneous derivation of B and deg(D̃) = deg(D).

(2) D̃ = 0 ⇐⇒ D = 0 (note in particular: D 6= 0 =⇒ D̃ 6= 0)

(3) D ∈ lnd(B) =⇒ D̃ ∈ lnd(B).

Proof. Exercise. Make sure that you understand how to prove the implication D 6= 0⇒ D̃ 6= 0. �

9.12. Example. Let B and D be as in Example 9.8, then deg(D) = 5 <∞ so D̃ exists and D̃ ∈ lnd(B).
The definition of D̃ gives:

D̃(X) = D̃1(X) = p6(DX) = 0

D̃(Y ) = D̃1(Y ) = p6(DY ) = 0

D̃(Z) = D̃1(Z) = p6(DZ) = Y 6,

so D̃ = Y 6 ∂
∂Z

.

10. Cancellation in dimension two

We present Makar-Limanov’s proof of CP(2,k) for the case where k is an algebraically closed field of
characteristic zero.

Recall that a domain A of characteristic zero is said to be rigid if lnd(A) = {0}.

10.1. Proposition. Let k be a field of characteristic zero, A an affine k-domain, and B = A[x] = A[1].
If A is rigid then every locally nilpotent derivation D : B → B is an A-derivation.

Proof. Consider D ∈ lnd(B) \ {0}. Let B = A[x] be endowed with its standard grading (Bi = Axi if
i ≥ 0, Bi = 0 if i < 0) and let d = deg(D) (see 9.6). We have d > −∞ because D 6= 0, and d <∞ by
Lemma 9.7; so d ∈ Z. There are two cases.

Case d ≤ 0. For every nonzero element a ∈ A = B0 we have deg(Da) ≤ deg(a)+deg(D) = 0+d ≤ 0,
so Da ∈ A. This shows that D(A) ⊆ A, so it makes sense to consider the restriction D|A : A → A;
clearly, D|A ∈ lnd(A). As lnd(A) = {0}, we have D|A = 0, so D is an A-derivation in this case.
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Case d > 0. We show that this case is impossible. Since d ∈ Z, the homogenization D̃ of D is
defined. By 9.11, 0 6= D̃ ∈ lnd(B) and D̃ is homogeneous of degree d > 0. For all i ∈ N we have
D̃(Bi) ⊆ Bi+d = Axi+d ⊆ xdB, so D̃(B) ⊆ xdB. By Cor. 6.5, xd ∈ ker(D̃) and D̃ = xd∆ for some
∆ ∈ lnd(B). As xd∆ is homogeneous of degree d, it follows that ∆ is homogeneous of degree 0; so ∆ is
an A-derivation by the first case, and consequently D̃ is an A-derivation. Since d > 0 and xd ∈ ker(D̃),
we have x ∈ ker(D̃) because ker(D̃) is factorially closed in B. As A ⊆ ker(D̃) and x ∈ ker(D̃), we have
D̃ = 0, a contradiction.

So only the first case can occur. Consequently, D is an A-derivation. �

Result 10.1 has the following consequence, which is interesting in connection with CP(n,k):

10.2. Corollary. Let A be an algebra over a field k of characteristic zero.
If A[1] = k[n+1] for some n ≥ 1, then A is not rigid.

Proof. We have a k-subalgebra A of B = k[X1, . . . , Xn+1] = k[n+1] such that B = A[1]. For each

i ∈ {1, . . . , n+ 1}, let Bi = k[X1, . . . , X̂i, . . . , Xn+1] = k[n].
If A is rigid then Prop. 10.1 implies that, for each i ∈ {1, . . . , n+ 1}, ∂

∂Xi
: B → B is an A-derivation

and hence A ⊆ ker( ∂
∂Xi

) = Bi; so A ⊆
⋂n+1
i=1 Bi = k. The assumption implies that trdegk(A) = n ≥ 1,

so this is absurd. Hence, A is not rigid. �

We arrive at the conclusion:

10.3. Corollary. Let k be an algebraically closed field of characteristic zero.
If A is a k-algebra satisfying A[1] = k[3], then A = k[2].

Proof. By Lemma 1.6, we know that A is a k-affine UFD with trivial units, and that trdegk(A) = 2.
Moreover, A is not rigid by Cor. 10.2. Since k is algebraically closed of characteristic zero, Miyanishi’s
characterization of k[2] (Cor. 8.6) implies that A = k[2]. �

In the above result, the assumption that k is algebraically closed can be removed, thanks to the
following very useful result (cf. [14]):2

10.4. Kambayashi’s Theorem. Let K/k be a separable field extension.
If A is a k-algebra such that K ⊗k A = K [2], then A = k[2].

10.5. Corollary. Let k be any field of characteristic zero.
If A is a k-algebra satisfying A[1] = k[3], then A = k[2].

Proof. Consider the algebraic closure k̄ of k and the k̄-algebra Ā = A⊗k k̄. Then

Ā[1] = Ā⊗k̄ k̄[1] = A⊗k k̄⊗k̄ k̄[1] = A⊗k k̄[1] = A⊗k k[1] ⊗k k̄ = A[1] ⊗k k̄ = k[3] ⊗k k̄ = k̄[3],

so Ā = k̄[2] by 10.3, so A = k[2] by Kambayashi’s Theorem. �

11. Irreducible derivations

11.1. Definition. Let B be a domain. A derivation D : B → B is irreducible if the following equivalent
conditions are satisfied:

(i) the only principal ideal of B that contains D(B) is B;
(ii) for every choice of b ∈ B and ∆ ∈ Der(B) satisfying D = b∆, we have b ∈ B∗.

Note that if D is irreducible then D 6= 0.

2In [14], Kambayashi only proved the special case where K/k is a finite Galois extension. It is well known (and

Kambayashi knew this) that the more general version stated in 10.4 is a consequence of that special case.
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11.2. Example. Let B = C[X, Y, Z] = C[3] and D = X2 ∂
∂Y

+XY ∂
∂Z
∈ DerC(B). Then D = X∆ where

∆ = X ∂
∂Y

+ Y ∂
∂Z
∈ DerC(B), so D is not irreducible. However, ∆ is irreducible: if b ∈ B is such that

∆(B) ⊆ bB then ∆(Y ) = X and ∆(Z) = Y belong to bB, so b | X and b | Y , so b ∈ C∗.

11.3. Exercise. Prove that (i) ⇔ (ii), in Def. 11.1.

11.4. Exercise. Let k be a field, B = k[X1, . . . , Xn] = k[n] and D ∈ Derk(B). Show that D is irreducible
if and only if gcd(DX1, . . . , DXn) = 1.

11.5. Exercise. Let B be a domain and D ∈ lnd(B). Show that if D is irreducible and B = (kerD)[1]

then D has a slice. If Q ⊆ B then the converse is true.

11.6. Proposition. Let B be a UFD of characteristic zero and let A ∈ klnd(B). Let ΩA denote the
set of irreducible ∆ ∈ Der(B) such that ker(∆) = A.

(a) ΩA 6= ∅ and ΩA ⊆ lnd(B)
(b) If ∆1,∆2 ∈ ΩA then ∆2 = a∆1 for some a ∈ A∗.
(c) If ∆ ∈ ΩA then DerA(B) = {b∆ | b ∈ B} and lndA(B) = {a∆ | a ∈ A}.

Proof. We first prove:

(12)
If D1, D2 ∈ Der(B) are such that ker(D1) = A = ker(D2) then there exist
b1, b2 ∈ B \ {0} such that b1D1 = b2D2 and gcd(b1, b2) = 1. Moreover, if D1 is
irreducible then D2 = bD1 for some b ∈ B \ {0}.

We have A 6= B by definition of klnd(B), so D1 6= 0 and D2 6= 0. Let S = A \ {0}, B = S−1B,
Di = S−1Di ∈ Der(B) for i = 1, 2, and K = Frac(A). By Cor. 7.8, B = K[t] = K [1] for some t ∈ B.
Since Di is an A-derivation of B, Di is a K-derivation of K[t], so Di = βi

d
dt

for some βi ∈ K[t].
Then β2D1 = β1D2; multiplying both sides by a suitable element of S gives b1D1 = b2D2 for some
b1, b2 ∈ B \ {0}. Then b1D1 = b2D2. Dividing b1, b2 by their gcd, we may arrange that gcd(b1, b2) = 1.
This proves the first part of (12). Assume that D1 is irreducible. For each b ∈ B,

b1D1(b) = b2D2(b) =⇒ b2 | b1D1(b) =⇒ b2 | D1(b) =⇒ D1(b) ∈ b2B,

so D1(B) ⊆ b2B. As D1 is irreducible, b2B = B, so b2 ∈ B∗ and hence D2 = b1b
−1
2 D1. This proves (12).

Next, we show that ΩA 6= ∅. There exists D ∈ lnd(B) such that ker(D) = A. We claim:

(13) D = b∆ for some b ∈ B \ {0} and ∆ ∈ ΩA.

Note that if (13) is true then ΩA 6= ∅.
If D is irreducible then (13) is true with b = 1 and ∆ = D.
If D is not irreducible then D = b1D1 for some b1 ∈ B \ (B∗ ∪ {0}) and D1 ∈ Der(B).
If D1 is irreducible then (13) is true with b = b1 and ∆ = D1.
If D1 is not irreducible then D1 = b2D2 for some b2 ∈ B\(B∗∪{0}) and D2 ∈ Der(B); so D = b1b2D2.
If D2 is irreducible then (13) is true with b = b1b2 and ∆ = D2.
Etc. To prove (13), it suffices to show that the above process terminates after finitely many steps.

Choose x ∈ B such that D(x) 6= 0 and write D(x) = up1 · · · p` with u ∈ B∗ and p1, . . . , p` prime
elements of B. Suppose that D = b1 · · · bnDn where b1, . . . , bn ∈ B \ (B∗ ∪{0}) and Dn ∈ Der(B) \ {0}.
Then up1 · · · p` = D(x) = b1 · · · bnDn(x), so b1 · · · bn | up1 · · · p` in B, so n ≤ `. So the process terminates
after finitely many steps, and (13) is true. In particular,

ΩA 6= ∅.
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To show that ΩA ⊆ lnd(B), consider any ∆ ∈ ΩA. There exists D ∈ lnd(B) such that ker(D) = A.
Given any such D, applying the last part of (12) to ∆ and D gives D = b∆ for some b ∈ B \ {0}; since
b∆ ∈ lnd(B) \ {0}, we have b ∈ A and ∆ ∈ lnd(B) by Prop. 6.4. This argument shows that

ΩA ⊆ lnd(B) and lndA(B) = {a∆ | a ∈ A} .
This completes the proof of (a) and proves the second part of (c). The first part of (c) follows, similarly,
by applying the last part of (12) to any ∆ ∈ ΩA and any D ∈ Der(B) such that ker(D) = A.

To prove (b), we apply the last part of (12) to (∆1,∆2) and (∆2,∆1); this gives ∆2 = b∆1 and
∆1 = b′∆2 for some b, b′ ∈ B \ {0}. Then ∆2 = bb′∆2, so bb′ = 1 and consequently b ∈ B∗. Cor. 6.7
implies that B∗ = A∗, so b ∈ A∗ and (b) is proved. �

11.7. Remark. Let B be a UFD of characteristic zero. In order to describe lnd(B), it suffices to solve
the following two problems:

(1) Find all elements of the set klnd(B).
(2) For each A ∈ klnd(B), find an irreducible derivation ∆A : B → B such that ker(∆A) = A.

Indeed, Prop. 11.6 implies that lndA(B) = {a∆A | a ∈ A} for each A ∈ klnd(B), and of course lnd(B)
is the union of the sets lndA(B) for A ∈ klnd(B).

12. Coordinates

You should review the definitions of R[n] and of “coordinate system” given in Def. 0.1. The following
is the special case R = k of Lemma 0.3:

12.1. Lemma. Let k be a field and A = k[n]. If f1, . . . , fn ∈ A are such that A = k[f1, . . . , fn] then
(f1, . . . , fn) is a coordinate system of A.

12.2. Definition. Let k be a field and A = k[n]. A coordinate of A is an element f ∈ A that satisfies
the following equivalent conditions:

(1) There exists a coordinate system (X1, . . . , Xn) of A such that f = X1.
(2) There exist f2, . . . , fn ∈ A such that A = k[f, f2, . . . , fn].
(3) A = k[f ][n−1]

12.3. Exercise. Let k be a field and A = k[n]. Verify that if (v1, . . . , vn) is a coordinate system of
A then so is (v1, . . . , vi−1, λvi + w, vi+1, . . . , vn), for every choice of i ∈ {1, . . . , n}, λ ∈ k∗ and w ∈
k[v1, . . . , v̂i, . . . vn]. Also, it is clear that every permutation of a coordinate system of A is a coordinate
system of A. Use the above observations to prove the following claims, where A = C[X, Y, Z] = C[3].

• (X, Y +X2, Z +XY + Y 5) is a coordinate system of A.
• (X + (Y +X2)2 + (Z +XY + Y 5)4, Y +X2, Z +XY + Y 5) is a coordinate system of A.
• X + (Y +X2)2 + (Z +XY + Y 5)4 is a coordinate of A.

12.4. Problem: Recognition of coordinates. Given f ∈ A = k[n], decide whether f is a coordinate
of A.

We know that k[X1, . . . , Xn]/(X1) = k[n−1]. Consequently:

If f is a coordinate of A = k[n] then A/fA = k[n−1].

Clearly, if f is a coordinate of A then so is f − λ for every λ ∈ k. Thus,

If f is a coordinate of A = k[n] then A/(f − λ)A = k[n−1] for every λ ∈ k.

It is interesting to ask if the converses of these statements hold. You can prove the case n = 1 as an
exercise. The case n = 2 is:
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12.5. Abhyankar-Moh-Suzuki Theorem. (1975, see [1], [25]) Let k be a field of characteristic zero
and f ∈ k[X, Y ] = k[2]. If k[X, Y ]/(f) = k[1] then f is a coordinate of k[X, Y ].

The AMS Theorem is not valid in positive characteristic. For instance, if char(k) = 2 then one can
see that f = X + X6 + Y 4 satisfies k[X, Y ]/(f) = k[1] but is not a coordinate of k[X, Y ], i.e., there is
no g such that k[X, Y ] = k[f, g].

12.6. Abhyankar-Sathaye Conjecture. Let k be a field of characteristic zero and A = k[n] (n ≥ 3).
If f ∈ A satisfies A/(f) = k[n−1] then f is a coordinate of A.

The conjecture is open for all n ≥ 3. The following result of Kaliman is a partial solution of the case
n = 3.

12.7. Theorem (Kaliman [13], [8]). Let k be a field of characteristic zero and f ∈ k[X, Y, Z] = k[3].

(a) If the condition k[X, Y, Z]/(f − λ) = k[2] is satisfied for infinitely many elements λ ∈ k, then f
is a coordinate of k[X, Y, Z].

(b) If k(f)[X, Y, Z] = k(f)[2] then f is a coordinate of k[X, Y, Z].

12.8. Exercise. Consider the C-algebra A of Example 1.1.

(a) Prove that A 6∼= C[2]. Hint: In the first class, we proved that A/fA ∼= C[1]. By a similar
argument, prove that A/(f + 1)A 6∼= C[1]. Use these two facts and the Abhyankar-Moh-Suzuki
Theorem to show that A 6∼= C[2].

(b) Show that A is rigid. Hint: see Section 8.

12.9. Exercise. Prove that the R-algebra B of Exercise 8.7 is not R[2]. Hint: Show that B/(x− 1)B =
R[1] and B/xB 6= R[1], and use the AMS Theorem.

13. Locally nilpotent derivations of k[1] and k[2]

Throughout this section, let k be a field of characteristic zero.

13.1. Exercise. Let B = k[X1, . . . , Xn] = k[n]. Verify these claims:

(a) If D ∈ lnd(B) then D is a k-derivation, so D =
∑n

i=1 fi
∂
∂Xi

for some f1, . . . , fn ∈ B. Let

g = gcd(f1, . . . , fn) and f̂i = fi/g for i = 1, . . . , n, and define ∆ =
∑n

i=1 f̂i
∂
∂Xi

. Then D = g∆

and ∆ ∈ lnd(B) is irreducible.
(b) If A ∈ klnd(B) then k ⊆ A, A is a UFD, A∗ = k∗ and trdegk(A) = n− 1.
(c) If A ∈ klnd(B) then there exists an irreducible ∆ ∈ lnd(B) such that ker(∆) = A, and ∆ is

unique up to multiplication by an element of k∗. Moreover, for any such ∆ we have

lndA(B) = {a∆ | a ∈ A} .

13.2. Exercise. Let B = k[t] = k[1]. Show that lnd(B) =
{
λ d
dt

∣∣ λ ∈ k
}

.

Before describing lnd(k[2]), we need to learn a technique for changing the base field.

13.3. Let K ⊆ L be fields of characteristic zero, let n ≥ 1, and let X1, . . . , Xn be algebraically indepen-
dent over L. So K[X1, . . . , Xn] ⊆ L[X1, . . . , Xn] where K[X1, . . . , Xn] = K [n] and L[X1, . . . , Xn] = L[n].
Let us write B = K[X1, . . . , Xn] and B′ = L[X1, . . . , Xn].

The assumptions of 13.3 are in effect in 13.3.1, 13.3.2 and 13.3.3.

13.3.1. Lemma. Let f1, . . . , fm ∈ B. Then gcdB(f1, . . . , fm) = 1 ⇐⇒ gcdB′(f1, . . . , fm) = 1.
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Proof. (⇐) is clear; let us prove (⇒). We first prove the case n = 1. Since B = K[X1] is a PID, the
condition gcdB(f1, . . . , fm) = 1 implies that there exist b1, . . . , bm ∈ B such that b1f1 + · · ·+ bmfm = 1
in B. Then b1f1 + · · ·+ bmfm = 1 in B′, so gcdB′(f1, . . . , fm) = 1. This proves the case n = 1.

Now assume that n > 1 and let us prove that gcdB′(f1, . . . , fm) 6= 1 implies that gcdB(f1, . . . , fm) 6= 1.
Let h = gcdB′(f1, . . . , fm) ∈ B′ and assume that h /∈ L. Then there exists i ∈ {1, . . . , n} such that

h /∈ L[X1, . . . , X̂i, . . . , Xn]. Define K = K(X1, . . . , X̂i, . . . , Xn) and L = L(X1, . . . , X̂i, . . . , Xn), and
note that f1, . . . , fm ∈ K[Xi] ⊆ L[Xi], K[Xi] = K[1] and L[Xi] = L[1]. Moreover, h ∈ L[Xi] \ L. So
gcd(f1, . . . , fm) 6= 1 in L[Xi]. By the case n = 1, it follows that gcd(f1, . . . , fm) 6= 1 in K[Xi]. As an
exercise, deduce that gcd(f1, . . . , fm) 6= 1 in B. This proves the Lemma. �

13.3.2. Exercise. Let f1, . . . , fm ∈ B and let g = gcdB(f1, . . . , fm). Show that gcdB′(f1, . . . , fm) = g.
Hint: this is an easy consequence of Lemma 13.3.1.

13.3.3. Lemma. Let D ∈ lnd(B).

(a) There exists a unique D′ ∈ lnd(B′) that extends D.
(b) D is irreducible if and only if D′ is irreducible.
(c) D has a slice if and only if D′ has a slice.

Proof. (a) Define D′ ∈ DerL(B′) by D′ =
∑n

i=1D(Xi)
∂
∂Xi

: B′ → B′. Clearly, D′ is the unique extension

of D to an L-derivation of B′. For every m ≥ 1 and i ∈ {1, . . . , n}, we have (D′)m(Xi) = Dm(Xi), so
(D′)m(Xi) = 0 for m large enough; so X1, . . . , Xn ∈ Nil(D′). Also, L ⊆ ker(D′) ⊆ Nil(D′). As Nil(D′)
is a subring of B′, we get Nil(D′) = B′, so D′ ∈ lnd(B′).

(b) By Exercise 11.4, D is irreducible if and only if gcdB(DX1, . . . , DXn) = 1, and D′ is irreducible if
and only if gcdB′(D

′X1, . . . , D
′Xn) = 1. As D′Xi = DXi for all i = 1, . . . , n, the desired result follows

from Lemma 13.3.1.
(c) By Exercise 7.15, it suffices to show that D : B → B is surjective if and only if D′ : B′ → B′ is

surjective. Note that D is in particular a K-linear map, i.e., a morphism in the category K-Mod; and
D′ is a morphism in L-Mod. Moreover, if T : K-Mod → L-Mod denotes the functor L ⊗K ( ) then
T (B) = B′ and T (D) = D′.

B′
D′ // B′

B
?�

OO

D
// B
?�

OO

=
L⊗K B

T (D)
// L⊗K B 1⊗ x

B

OO

D
// B

OO

x
_

OO

So it suffices to prove that if f : X → Y is a morphism in K-Mod, then f is surjective if and only if
T (f) : T (X)→ T (Y ) is surjective. In fact, a stronger statement is true. Since L is a free K-module, it
is in particular a faithfully flat K-module, so T has the following property:

If S is a diagram X
f−→ Y

g−→ Z in K-Mod and T (S) is its image T (X)
T (f)−−→ T (Y )

T (g)−−→ T (Z)
in L-Mod, then S is an exact sequence in K-Mod if and only if T (S) is an exact sequence in
L-Mod.

In particular, f : X → Y is surjective if and only if T (f) : T (X)→ T (Y ) is surjective. �

13.4. Rentschler’s Theorem. Let k be a field of characteristic zero and B = k[2].

(a) If A ∈ klnd(B) then A = k[1] and B = A[1].
(b) If D ∈ lnd(B) then there exist X, Y such that B = k[X, Y ] and D = f(X) ∂

∂Y
: k[X, Y ] →

k[X, Y ] for some f(X) ∈ k[X].
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Proof. We first prove (b), assuming that (a) is true. We may assume that D 6= 0, otherwise (b) is
obviously true. Then A = ker(D) belongs to klnd(B), so (a) implies that there exist X, Y such that
B = k[X, Y ] and A = k[X]. Since D is a k-derivation, we have D = u ∂

∂X
+ v ∂

∂Y
for some u, v ∈ B. As

u = D(X) = 0, we have D = v ∂
∂Y

. As v ∂
∂Y
∈ lnd(B), Prop. 6.4 gives v ∈ k[X], which proves (b).

Proof of (a). Let A ∈ klnd(B). Since Frac(B) = k(2), Thm 8.5(a) gives A = k[1]; and 8.5(b) gives

if k = k̄ then B = A[1].

So Rentschler’s Theorem is valid whenever k = k̄. It only remains to prove that B = A[1] when k 6= k̄.
Choose any X, Y such that B = k[X, Y ], and define B′ = k̄[X, Y ]. So B ⊆ B′ satisfy the assumptions
of Lemma 13.3.3. Choose an irreducible D ∈ lnd(B) such that A = ker(D) and consider the unique
extension D′ ∈ lnd(B′) of D given by Lemma 13.3.3(a). Since Rentschler’s Theorem is valid over
algebraically closed fields, there exist U, V ∈ B′ such that B′ = k̄[U, V ] and D′ = f(U) ∂

∂V
for some

f(U) ∈ k̄[U ]. By Lemma 13.3.3(b), D′ is irreducible, so f(U) ∈ k̄∗ and consequently D′ has a slice. By
Lemma 13.3.3(c), D has a slice. So B = A[1] by the Slice Theorem 7.3. �

We now have a complete understanding of lnd(k[n]) for n = 1, 2. In contrast, the problem of
describing lnd(k[3]) is currently open, almost 60 years after the proof of Rentschler’s Theorem.

13.5. Exercise. Let f = X2 + Y 3 ∈ C[X, Y ] = C[2], consider the subring A = C(f)[X, Y ] of C(X, Y )
and regard A as a k-algebra where k = C(f). (This is the A of Exercise 1.11.) Show that A is rigid and
that, consequently, A 6= k[1]. Hint: By contradiction, assume that A is not rigid. Use Exercise 7.16 to
show that there exists D ∈ lnd(C[X, Y ]) \ {0} such that D(X2 + Y 3) = 0. Use Rentschler’s Theorem
to obtain a contradiction.

14. Locally nilpotent R-derivations of R[X, Y ]

If R is a ring, B = R[X, Y ] = R[2] and P ∈ B, define an R-derivation ∆P : B → B by

∆P = −PY
∂

∂X
+ PX

∂

∂Y
, or equivalently ∆P (h) =

∣∣∣∣PX PY
hX hY

∣∣∣∣ for all h ∈ B.

Note that ∆P is a jacobian derivation (see 2.22(3)).

14.1. Theorem. Let R be a UFD of characteristic zero, B = R[X, Y ] = R[2] and K = Frac(R).
Consider the set P = {P ∈ B | gcdB(PX , PY ) = 1 and P is a coordinate of K[X, Y ] }.

(a) If P ∈ P then ∆P is an irreducible element of lndR(B) and ker(∆P ) = R[P ]. Moreover,
lndR[P ](B) = {α∆P | α ∈ R[P ]}.

(b) klndR(B) = {R[P ] | P ∈ P} and lndR(B) = {α∆P | P ∈ P and α ∈ R[P ]}.
(c) If D is an irreducible element of lndR(B) then D(B) ∩R 6= {0}.

Proof. We begin by proving:

(14) If A ∈ klndR(B) then A = R[1].

Indeed, let A ∈ klndR(B). Then R ⊂ A ⊂ R[X, Y ] where R, A and R[X, Y ] are UFD and trdegR(A) =
1, so Exercise 8.8 implies that A = R[1]. This proves (14).

(a) Let P ∈ P. Since P is a coordinate of K[X, Y ], there exists Q ∈ K[X, Y ] such that K[P,Q] =
K[X, Y ]; as K[P,Q] = K[P, sQ] for any s ∈ R \ {0}, we can find Q ∈ B such that K[P,Q] = K[X, Y ].
The fact that (P,Q) is a coordinate system of K[X, Y ] implies that

∣∣ PX PY
QX QY

∣∣ ∈ K∗, i.e., ∆P (Q) ∈ R\{0}.
Let S = R \ {0} and let ∆′P = S−1∆P : K[X, Y ] → K[X, Y ]; then the K-derivation ∆′P satisfies
∆′P (P ) = 0 and ∆′P (Q) ∈ K∗, so (∆′P )2(Q) = 0; thus, ∆′P is locally nilpotent. As ∆P is the restriction
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of ∆′P , ∆P is locally nilpotent. Since gcd(∆P (X),∆P (Y )) = gcdB(−PY , PX) = 1, ∆P is an irreducible
element of lndR(B).

We have ker(∆P ) = R[1] by (14), so there exists U ∈ B such that ker(∆P ) = R[U ]. Then ker(∆′P ) =
ker(S−1∆P ) = S−1 ker(∆P ) = S−1R[U ] = K[U ]. On the other hand, we know that ker(∆′P ) = K[P ]
because ∆′P (P ) = 0 and (P,Q) is a coordinate system of K[X, Y ]. So K[P ] = K[U ] and hence
P = sU + r for some s ∈ K∗ and r ∈ K. The fact that P ∈ ker(∆P ) = R[U ] implies that s ∈ R \ {0}
and r ∈ R. As PX = sUX and PY = sUY , we see that s divides PX and PY in B. As gcd(PX , PY ) = 1
in B, we have s ∈ B∗ = R∗. So R[P ] = R[sU + r] = R[U ], i.e., ker(∆P ) = R[P ]. This proves that the
first sentence in (a) is true. The “Moreover” clause follows from Prop. 11.6. This proves (a).

(b) Part (a) implies that klndR(B) ⊇ {R[P ] | P ∈ P}. To prove the reverse inclusion, consider
A ∈ klndR(B). By (14), there exists P ∈ B such that A = R[P ] = R[1]. Let D ∈ lndR(B) be
such that ker(D) = A and let S = R \ {0}; then ker(S−1D) = S−1 ker(D) = S−1R[P ] = K[P ].
Rentschler’s Theorem implies that K[X, Y ] = ker(S−1D)[1] = K[P ][1], so P is a coordinate of K[X, Y ].
Since P is a coordinate of K[X, Y ], we see (exactly as in the proof of (a)) that there exists Q ∈ B
such that

∣∣ PX PY
QX QY

∣∣ ∈ K∗ and hence
∣∣ PX PY
QX QY

∣∣ ∈ R \ {0}. This implies that gcdB(PX , PY ) ∈ R \ {0}.
Let r = gcdB(PX , PY ); then r divides all coefficients of PX and PY and consequently r divides every
coefficient of P − c, where c is the constant coefficient of P (X, Y ). So P − c = rW where c ∈ R,
r ∈ R \ {0} and W ∈ B. As rW ∈ R[P ] = A and A is factorially closed in B, we get W ∈ R[P ]; as
P = rW + c ∈ R[W ], it follows that R[P ] = R[W ] and hence that r ∈ R∗. So gcd(PX , PY ) = r ∈ R∗
and consequently P ∈ P. This proves that klndR(B) = {R[P ] | P ∈ P}. This fact and (a) imply that
lndR(B) = {α∆P | P ∈ P and α ∈ R[P ]}.

(c) Let D be an irreducible element of lndR(B). By (b), we have D = α∆P for some P ∈ P and
α ∈ R[P ]. Since D is irreducible, we have α ∈ B∗ = R∗. As we saw in the proof of (a), there exists
Q ∈ B such that ∆P (Q) ∈ R \ {0}. So D(Q) = α∆P (Q) ∈ R \ {0}. �

15. Locally nilpotent derivations of k[n]

Throughout this section, let k be a field of characteristic zero.

15.1. Definition. Let B = k[n]. Given D ∈ Derk(B), one defines rank(D) to be the least element r of
{0, 1, 2, . . . , n} that satisfies the following equivalent conditions:

(i) There exists a coordinate system (x1, . . . , xn) of B such that ∀i>r xi ∈ ker(D).
(ii) There exist x1, . . . , xn ∈ B and f1, . . . , fr ∈ B such that B = k[x1, . . . , xn] and D =

∑r
i=1 fi

∂
∂xi

.

Observe:

(a) rank(D) = 0 if and only if D = 0
(b) If D1, D2 ∈ Derk(B) are such that ker(D1) = ker(D2), then rank(D1) = rank(D2).
(c) If D ∈ Derk(B) and b ∈ B \ {0} then rank(bD) = rank(D).

15.2. Exercise. Let B = k[n], D ∈ Derk(B) and A = ker(D).

(a) rank(D) = 1 if and only if B = A[1] and A = k[n−1].
(b) rank(D) < n if and only if there exists a coordinate f of B such that f ∈ A.

Remark. If D ∈ Derk(k[n]) satisfies rank(D) = n, we say that D has “full rank”.

(a) By Rentschler’s Thm, no locally nilpotent derivation of k[2] has full rank.
(b) For each n ≥ 3, there exist locally nilpotent derivations of k[n] of full rank (Freudenburg, 1998).

15.3. Exercise. Give an example of D ∈ Derk(k[2]) of full rank. (It cannot be locally nilpotent.)
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15.4. Exercise. Let n ≥ 1. Show that CP(n,k) is equivalent to the statement: Every locally nilpotent
derivation of k[n+1] that has a slice has rank 1.

Locally nilpotent derivations of k[n] of rank ≤ 2

15.5. Notation. Let n ≥ 2 and B = k[n].

(a) Given a coordinate system γ = (x1, . . . , xn) of B and an element P ∈ B, define the
k[x1, . . . , xn−2]-derivation ∆γ

P : B → B by

∆γ
P (h) =

∣∣∣∣ Pxn−1 Pxn
hxn−1 hxn

∣∣∣∣ for all h ∈ B = k[x1, . . . , xn].

(b) Given a coordinate system γ = (x1, . . . , xn) of B, let

Pγ =
{
P ∈ B | gcdB(Pxn−1 , Pxn) = 1 and P is a coordinate of k(x1, . . . , xn−2)[xn−1, xn]

}
.

15.6. Corollary. Let n ≥ 2 and B = k[n]. Let γ = (x1, . . . , xn) be a coordinate system of B and let
R = k[x1, . . . , xn−2].

(a) If P ∈ Pγ then ∆γ
P is an irreducible element of lndR(B) and ker(∆γ

P ) = R[P ]. Moreover,
lndR[P ](B) = {α∆γ

P | α ∈ R[P ]}.
(b) klndR(B) = {R[P ] | P ∈ Pγ} and lndR(B) = {α∆γ

P | P ∈ Pγ and α ∈ R[P ]}.
(c) If D is an irreducible element of lndR(B) then D(B) ∩R 6= {0}.

Proof. Since R is a UFD and B = R[xn−1, xn] = R[2], this follows immediately from Thm 14.1. �

15.7. Corollary. Let n ≥ 2 and B = k[n], and let D ∈ lnd(B) \ {0} be such that rank(D) ≤ 2. Then
there exists a coordinate system γ = (x1, . . . , xn) of B such that k[x1, . . . , xn−2] ⊂ ker(D). Choose any
γ with this property and let R = k[x1, . . . , xn−2].

(a) There exist P ∈ Pγ and α ∈ k[x1, . . . , xn−2, P ] \ {0} such that D = α∆γ
P .

(b) ker(D) = k[x1, . . . , xn−2, P ]
(c) If D is irreducible then D(B) ∩ k[x1, . . . , xn−2] 6= {0}.

Proof. The existence of γ is the definition of rank. Since D ∈ lndR(B), Cor. 15.6 implies (a–c). �

By Cor. 15.6 and 15.7, we understand all locally nilpotent derivations of k[n] of rank ≤ 2.

15.8. Exercise. Let B = k[X, Y, Z] = k[3] and define the k-derivation D : B → B by stipulating
that D(X) = 0, D(Y ) = X and D(Z) = Y . Since D is triangular, it is locally nilpotent. Show that
rank(D) = 2. Find γ, P and α such that D = α∆γ

P as in Cor. 15.7. Describe ker(D).

15.9. Exercise. Let B = k[u, v, x, y] = k[4] and let D : B → B be the k-derivation given by D(u) =
D(v) = 0, D(x) = u and D(y) = v. Show that D ∈ lnd(B) and rank(D) = 2. Find γ, P and α such
that D = α∆γ

P as in Cor. 15.7. Describe ker(D).

A few results about lnd(k[3])

Let k be a field of characteristic zero.

15.10. Theorem (Miyanishi). Let B = k[3]. If A ∈ klnd(B) then A = k[2].

The case k = C of Thm 15.10 was proved by Miyanishi in [16]; we will not give the proof here,
because it is long, and because it requires more advanced geometry than we assume in this course. If
we take for granted that the result is true over C then it is not difficult to show that it remains valid
for any field k of characteristic zero (details given in [8]).
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15.11. Exercise. (a) Use Thm 15.10 and Exercise 15.2 to show that every locally nilpotent deriva-
tion of k[3] that has a slice has rank 1.

(b) Use part (a) and Exercise 15.4 to obtain a new proof of CP(2,k), where k is any field of
characteristic zero. (This means that CP(2,k) is a consequence of Thm 15.10.)

15.12. Proposition. Let B = k[X, Y, Z] = k[3] and suppose that f, g ∈ B are such that k[f, g] ∈
klnd(B). Then the k-derivation ∆ : B → B defined by

∆(h) =
∣∣∣ fX fY fZ
gX gY gZ
hX hY hZ

∣∣∣ for all h ∈ B

is irreducible and locally nilpotent, and satisfies ker(∆) = k[f, g]. Moreover,

lndk[f,g](B) = {α∆ | α ∈ k[f, g]} .

Refer to [5, Cor. 2.6] for the proof of Prop. 15.12. The nontrivial claim in this result is the fact that
∆γ

(f,g) is an irreducible derivation. Once this is known, the other assertions follow from Prop. 11.6.

15.13. Definition. If B is a ring and D : B → B is a derivation then ker(D) ∩D(B) is an ideal of the
ring ker(D), called the plinth ideal of D and denoted by pl(D).

15.14. Proposition. Let B = k[3] and let A ∈ klnd(B).

(a) The map Spec(B)→ Spec(A) is surjective.
(b) B is a faithfully flat A-module.

15.15. Proposition. If B = k[3] and D ∈ lnd(B) then pl(D) is a principal ideal of ker(D).

Bonnet [3] proved the special case k = C of Prop. 15.14(a) and of Prop. 15.15. The generalizations of
these results to arbitrary fields of characteristic zero, together with Prop. 15.14(b), can be found in [8].

15.16. Definition. Let n ≥ 1 and B = k[n]. An element f of B is univariate if there exists a coordinate
system (X1, . . . , Xn) of B such that f ∈ k[X1]. The set of all univariate elements of B is denoted U (B).

15.17. Proposition. Let B = k[3], consider an irreducible D ∈ lnd(B) and let A = ker(D).

(a) rank(D) = 1 if and only if pl(D) = A.
(b) rank(D) < 3 if and only if pl(D) ∩U (A) 6= {0}.

Proof. We leave (a) to the reader. Let us prove (b). Note that A = k[2] by Thm 15.10.
Suppose that rank(D) < 3. By Cor. 15.7, there exist a coordinate system γ = (X, Y, Z) of B and an

element P ∈ B such that ker(D) = k[X,P ] and D(B)∩k[X] 6= {0}. Since (X,P ) is a coordinate system
of A we have k[X] ⊆ U (A); so D(B) ∩ k[X] ⊆ pl(D) ∩U (A) and consequently pl(D) ∩U (A) 6= {0}.

Conversely, suppose that pl(D)∩U (A) 6= {0}. Choose a nonzero w ∈ pl(D)∩U (A). As w ∈ U (A),
there exists a coordinate system (f, g) of A such that w ∈ k[f ]. Since w ∈ pl(D) \ {0}, we have
Bw = (Aw)[1] by Cor. 7.6. Consequently, if S = k[f ]\{0} then S−1B = (S−1A)[1] = (k(f)[g])[1] = k(f)[2].
By Kaliman’s result Thm 12.7(b), f is a coordinate of B. Since f ∈ A, rank(D) < 3. �

15.18. Exercise. Let B = k[3], let D be an irreducible element of lnd(B) and let A = ker(D). By
15.10 and 15.15, A = k[2] and pl(D) is a principal ideal of A. Assume that A = k[f, g] and that fg
divides the generator of pl(D). Show that rank(D) = 3.
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16. Locally nilpotent derivations and automorphisms

If B is not an integral domain, it may happen that a nonzero polynomial f(T ) ∈ B[T ] have infinitely
many roots in B. However note the following fact, which we use in the proof of 16.3:

16.1. Lemma. Let B be a ring and f(T ) ∈ B[T ], where T is an indeterminate. If there exists a field
K ⊆ B which contains infinitely many roots of f(T ), then f(T ) = 0.

Proof. By induction on degT (f). The result is trivial if degT (f) ≤ 0, so assume that degT (f) > 0. Pick
a ∈ K such that f(a) = 0; since T − a ∈ B[T ] is a monic polynomial, f(T ) = (T − a)g(T ) for some
g(T ) ∈ B[T ] such that degT (g) < degT (f). If b ∈ K \{a} is such that f(b) = 0, then (b−a)g(b) = 0 and
b− a ∈ B∗, so g(b) = 0. So g(b) = 0 holds for infinitely many b ∈ K and, by the inductive hypothesis,
g(T ) = 0. It follows that f(T ) = 0. �

We have seen that the subset lnd(B) of Der(B) is usually not closed under addition. However:

16.2. Lemma. Let B be a ring. If D1, D2 ∈ lnd(B) satisfy D2◦D1 = D1◦D2, then D1 +D2 ∈ lnd(B).

Proof. Let D1, D2 ∈ lnd(B) such that D2 ◦D1 = D1 ◦D2 and let b ∈ B. Choose m,n ∈ N such that
Dm

1 (b) = 0 = Dn
2 (b). The hypothesis D2 ◦D1 = D1 ◦D2 has the following three consequences:

∀i∈N ∀j≥n (Di
1 ◦D

j
2)(b) = Di

1(0) = 0,

∀i≥m ∀j∈N (Di
1 ◦D

j
2)(b) = (Dj

2 ◦Di
1)(b) = Dj

2(0) = 0,

(D1 +D2)m+n−1 =
∑

i+j=m+n−1

(
m+n−1

i

)
Di

1 ◦D
j
2,

so (D1 +D2)m+n−1(b) = 0. Hence, D1 +D2 ∈ lnd(B). �

If θ : B → B is an automorphism of a ring B, then the set Bθ = {b ∈ B | θ(b) = b} is a subring of B
called the fixed ring of θ. The following is another consequence of 4.3.

16.3. Proposition. Let B be a Q-algebra. Given D ∈ lnd(B), define the map

exp(D) : B → B, b 7−→
∑

n∈N
Dn(b)
n!

.

(a) For each D ∈ lnd(B), the map exp(D) : B → B is an automorphism of the A-algebra B, where
A = ker(D), and the fixed ring Bexp(D) = {b ∈ B | exp(D)(b) = b} is equal to A.

(b) If D1, D2 ∈ lnd(B) are such that D2 ◦D1 = D1 ◦D2, then D1 +D2 ∈ lnd(B) and

exp(D1 +D2) = exp(D1) ◦ exp(D2) = exp(D2) ◦ exp(D1).

Proof. If D ∈ lnd(B) then exp(D) is equal to the composite map B
ξD−→ B[T ]

ev1−−→ B, where ξD is
defined in 4.2 and ev1 is the ring homomorphism defined by ev1(f) = f(1), for all f ∈ B[T ]. Since ξD is
a ring homomorphism by 4.3, exp(D) is a ring homomorphism. Let A = ker(D). Clearly, (expD)(a) = a
for all a ∈ A, so exp(D) is an A-homomorphism. Before proving that exp(D) is bijective, we prove
assertion (b).

Consider D1, D2 ∈ lnd(B) such that D2◦D1 = D1◦D2. By 16.2, D1+D2 ∈ lnd(B) so it makes sense
to consider the ring homomorphism exp(D1 +D2) : B → B. As an abbreviation, we write εi = exp(Di)
for i = 1, 2. If b ∈ B,

(ε1 ◦ ε2)(b) = ε1

(∑
j∈N

Dj
2(b)

j!

)
=
∑

j∈N
1
j!
ε1
(
Dj

2(b)
)

=
∑

j∈N
1
j!

(∑
i∈N

Di
1

(
Dj

2(b)
)

i!

)
=
∑

i,j∈N
(Di

1◦D
j
2)(b)

i!j!
=
∑

n∈N
1
n!

∑
i+j=n

(
n
i

)
(Di

1 ◦D
j
2)(b).
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Since D2 ◦D1 = D1 ◦D2, we have (D1 +D2)n =
∑

i+j=n

(
n
i

)
Di

1 ◦D
j
2 for each n ∈ N and consequently

(ε1 ◦ ε2)(b) =
∑

n∈N
1
n!

(D1 +D2)n(b) = exp(D1 +D2)(b).

So exp(D1) ◦ exp(D2) = exp(D1 +D2), and by the same argument, exp(D2) ◦ exp(D1) = exp(D2 +D1).
As D1 +D2 = D2 +D1, we get exp(D1) ◦ exp(D2) = exp(D2) ◦ exp(D1), so assertion (b) is proved.

Consider D ∈ lnd(B) and let A = ker(D). Since (−D) ◦ D = D ◦ (−D), part (b) implies that
exp(D) ◦ exp(−D) = exp(−D) ◦ exp(D) = exp(0) = idB, so exp(D) is bijective and hence exp(D) is an
automorphism of B as an A-algebra. It remains to prove that Bexp(D) = A, and we already know that
A ⊆ Bexp(D). To prove the reverse inclusion, consider b ∈ B such that exp(D)(b) = b. Then for every
integer n > 0 we have

(15) b = (expD)n(b) = exp(nD)(b) =
∑∞

j=0
1
j!

(nD)j(b) =
∑∞

j=0
1
j!
Dj(b)nj = b+ f(n),

where we define f(T ) ∈ B[T ] by f(T ) =
∑∞

j=1
1
j!
Dj(b)T j. By (15), f(n) = 0 for each n > 0. As Q ⊆ B

and Q contains infinitely many roots of f(T ), we have f(T ) = 0 by 16.1; since the coefficient of T in
f(T ) is D(b), it follows that D(b) = 0. This shows that Bexp(D) ⊆ A. �

16.4. Exercise. Let B = C[X, Y, Z] = C[3] and D ∈ DerC(B) defined by D(X) = 0, D(Y ) = X
and D(Z) = −2Y . Then D is triangular, so D ∈ lnd(B) and we may consider the Q-automorphism
exp(D) : B → B. Note that exp(D) is actually a C-automorphism, because C ⊂ ker(D) = Bexp(D).
Compute the images of X, Y and Z by exp(D).

16.5. Let B be a domain containing a field k of characteristic zero. Note that if D ∈ lnd(B) then
exp(D) : B → B is a k-automorphism of B (because k ⊆ ker(D) = Bexp(D)). So we have a well-defined
set map,

lnd(B) −→ Autk(B), D 7−→ exp(D).

Of course this map is not a homomorphism, since lnd(B) is only a set.

16.6. Proposition. Let B be a domain containing a field k of characteristic zero and consider the
subgroup 〈E〉 of Autk(B) generated by the set E = {exp(D) | D ∈ lnd(B)}. Then 〈E〉 is a normal
subgroup of Autk(B).

Proof. If θ ∈ Autk(B) and D ∈ lnd(B), then θ−1 ◦D ◦ θ ∈ Der(B) and (θ−1 ◦D ◦ θ)n = θ−1 ◦Dn ◦ θ,
so θ−1 ◦D ◦ θ ∈ lnd(B). It is easily verified that θ−1 ◦ exp(D) ◦ θ = exp(θ−1 ◦D ◦ θ), so θ−1Eθ ⊆ E
holds for all θ ∈ Autk(B). It follows that 〈E〉C Autk(B). �

It is interesting to ask how big 〈E〉 is, or how small Autk(B)/〈E〉 is. This of course depends on B.
For instance, if B is a rigid ring then 〈E〉 = {1}. If B = k[n] and n > 2 then it is an open problem to
determine the structure of the group Autk(B), and it is believed that 〈E〉 is almost all of Autk(B) (it
is conjectured that Autk(B) is generated by its subgroups 〈E〉 and GLn(k)).

16.7. Exercise. Let B be a domain containing a field k of characteristic zero. Fix D ∈ lnd(B), let
A = ker(D), and observe that if a ∈ A then aD ∈ lnd(B) and hence exp(aD) is defined. So we may
consider the map

A −→ Autk(B), a 7−→ exp(aD).

Show that this is a group homomorphism (A,+)→ Autk(B). Show that this homomorphism is injective
whenever D 6= 0. (Hint: if a1, a2 ∈ A and Di = aiD for i = 1, 2 then D1, D2 ∈ lnd(B) and D1 ◦D2 =
D2 ◦ D1.) Observe that, since (k,+) is a subgroup of (A,+), the above map restricts to a group
homomorphism (k,+)→ Autk(B).
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16.8. Exercise. Let B be a domain containing a field k of characteristic zero. Fix a derivation D ∈
lnd(B) and consider the map

k×B −→ B, (λ, b) 7−→ λ⊕ b,
where we define λ⊕ b = exp(λD)(b) (so the operation ⊕ depends on the choice of D). Show that this
is an action of the group (k,+) on the k-algebra B, i.e., verify the following conditions:

• 0⊕ b = b for all b ∈ B
• (λ1 + λ2)⊕ b = λ1 ⊕ (λ2 ⊕ b) for all λ1, λ2 ∈ k and all b ∈ B
• for each λ ∈ k, the map B → B, b 7→ λ⊕ b, is a k-automorphism of B.

17. A few more problems

We have already discussed the Cancellation Problem, the problem of characterizing k[n], the problem
of recognizing coordinates in k[n], and of course the problem of describing lnd(k[n]). We shall now very
briefly mention a few more problems that are of interest in affine algebraic geometry. (Our list is by
no means complete; in particular, we omit problems that are more naturally formulated in geometric
rather than algebraic terms, such as those concerning fibrations or exotic affine spaces.)

17.1. Automorphisms of k[n]. Describe the group of k-automorphisms of k[n].
Let B = k[n] and fix a coordinate system γ = (X1, . . . , Xn) of B. The choice of γ determines the

following subgroups of Autk(B):

• Aff(B, γ) = the set of θ ∈ Autk(B) such that, for all i = 1, . . . , n, θ(Xi) has degree 1 as a
polynomial in X1, . . . , Xn.
• J(B, γ) = the set of θ ∈ Autk(B) such that, for all i = 1, . . . , n, θ(Xi) = λiXi + fi with λi ∈ k∗

and fi ∈ k[X1, . . . , Xi−1] (in particular, f1 ∈ k).

The groups Aff(B, γ) and J(B, γ) are called the affine subgroup and the de Jonquières subgroup of
Autk(B). Another name for J(B, γ) is the triangular subgroup. The subgroup T(B, γ) of Autk(B)
generated by Aff(B, γ) ∪ J(B, γ) is called the tame subgroup of Autk(B). For many years, one of the
central questions in this field was: is T(B, γ) ⊆ Autk(B) a strict inclusion or an equality?

The case n = 2. The structure of Autk(k[2]) was described by Jung [12] in 1942 and van der Kulk
[27] in 1953. Jung showed that if k = C then T(B, γ) = Autk(B). Van der Kulk proved the general case
(where k is an arbitrary field) and also proved that Autk(B) is the amalgamated product of Aff(B, γ)
and J(B, γ) along their intersection. This is called the Structure Theorem for Autk(k

[2]).
The case n = 3. Let k be a field of characteristic zero, B = k[X, Y, Z] = k[3] and γ = (X, Y, Z). In

1972, Nagata [19] gave the following example of a k-automorphism ν of B:

ν(X) = X, ν(Y ) = Y +XP and ν(Z) = Z + 2Y P +XP 2, where P = XZ − Y 2.

He conjectured that ν /∈ T(B, γ) (so he conjectured that Autk(B) 6= T(B, γ)). The automorphism ν is
universally known as Nagata’s automorphism.

Actually, Nagata’s automorphism is exp(D) where D ∈ lnd(B) is defined as follows. Note that
P = XZ − Y 2 is a coordinate of C(X)[Y, Z] = C(X)[2] and gcd(PY , PZ) = 1 in B. So P ∈ Pγ. By
Cor. 15.6, ∆γ

P := PZ
∂
∂Y
− PY

∂
∂Z

= X ∂
∂Y

+ 2Y ∂
∂Z

: B → B is an irreducible element of lnd(B) and
ker(∆γ

P ) = k[X,P ]. Let D = P∆γ
P ∈ lnd(B). Then ν = exp(D) is Nagata’s automorphism.

It took 30 years to settle Nagata’s conjecture: in [24], Shestakov and Umirbaev show that ν /∈ T(B, γ).
So T(B, γ) 6= Autk(B) when n = 3, and it follows that T(B, γ) 6= Autk(B) for all n ≥ 3.

Let B = k[n] and fix a coordinate system γ = (X1, . . . , Xn) of B. Let E(B, γ) be the subgroup of
Autk(B) generated by Aff(B, γ)∪{exp(D) | D ∈ lnd(B)}. It is not hard to see that T(B, γ) ⊆ E(B, γ).
The Exponential Generators Conjecture (see [26]) asserts that E(B, γ) = Autk(B) for all n ≥ 3. Since
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the Nagata automorphism is exp(D) for some locally nilpotent derivation D, it is not a counterexample
of this conjecture. The Exponential Generators Conjecture is currently open.

17.2. Exercise. Let k be a field and B = k[T ] = k[1].

(a) Given a ∈ k∗ and b ∈ k, let θa,b : B → B be the unique k-homomorphism such that θa,b(T ) =
aT + b. Show that Autk(B) = {θa,b | a ∈ k∗ and b ∈ k}.

(b) Let γ be the coordinate system (T ) of B. Verify that

Autk(B) = Aff(B, γ) = J(B, γ) = T(B, γ) = E(B, γ).

17.3. Hilbert’s 14th Problem. Let k be a field. In Hilbert’s famous 1902 paper [11] proposing 23
mathematical problems, the 14th item of the list is the following:

H14: Let R = k[n]. If K is a field such that k ⊆ K ⊆ Frac(R),
is K ∩R finitely generated as a k-algebra?

Frac(R) = k(n)

K R = k[n]

K ∩R

k

According to a comment by Nagata in [18], no contribution to H14 was made until 1953 when Zariski
obtained the following:

Zariski’s Theorem (cf. [29]). Let R be a normal affine domain over a field k and let K be a field such
that k ⊆ K ⊆ FracR. If trdeg(K/k) ≤ 2, then K ∩R is finitely generated as a k-algebra.

So H14 has an affirmative answer whenever trdeg(K/k) ≤ 2.

Hilbert’s question is relevant to invariant theory and to derivations. In these notes, we only consider
its connection to derivations. From now-on, we assume:

k is a field of characteristic zero.

If R is a k-domain, D : R → R is a k-derivation and K = Frac(kerD), then K ∩ R = ker(D). So
Hilbert’s question applied to K = Frac(kerD) asks:

H14-Der. Let R = k[n]. If D ∈ Derk(R), is kerD finitely generated as a k-algebra?

Of course we are especially interested in the following special case:

H14-LND. Let R = k[n]. If D ∈ lnd(R), is kerD finitely generated as a k-algebra?

Zariski’s Theorem has the following consequences:

• If R is a normal affine k-domain and D : R→ R is a k-derivation such that trdegk(kerD) ≤ 2
then ker(D) is finitely generated as a k-algebra.
• If R is a normal affine k-domain such that trdegk(R) ≤ 3 then the kernel of any k-derivation
D : R→ R is finitely generated as a k-algebra.

In particular, if n ≤ 3 then each k-derivation of k[n] has a finitely generated kernel.
Kuroda [15] constructed examples of k-derivations of k[4] whose kernels are not finitely generated as

k-algebras (note that Kuroda’s derivations are not locally nilpotent). Regarding H14-LND, the current
state of knowledge can be summarized as follows.

• As we saw in these lectures, if n < 4 then all locally nilpotent derivations of k[n] have finitely
generated kernels. (This also follows from Zariski’s Theorem.)
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• For each n > 4, there exist locally nilpotent derivations of k[n] whose kernels are not finitely
generated. (Refer to [6].)
• It is still an open question whether all locally nilpotent derivations of k[4] have finitely generated

kernels. However, we know the following:
– Every locally nilpotent derivation of k[4] of rank < 4 has a finitely generated kernel (see

[2]). In particular, every triangular derivation of k[4] has a finitely generated kernel.
– It is shown in [7] that, for each m ∈ N, there exists a triangular derivation of k[4] whose

kernel cannot be generated by fewer than m elements.

17.4. Forms of k[n]. Let A be an algebra over a field k. If there exists a separable field extension K/k
such that K ⊗k A is K-isomorphic to K [n], does it follow that A = k[n]?

The answer is “yes” for n = 1, 2, but is not known for n ≥ 3. See Thm 10.4. If we do not assume
that K/k is separable, there are counterexamples for all n ≥ 1. (Remark: a form of k[n] is a k-algebra
A such that K ⊗k A is K-isomorphic to K [n] for some extension field K of k.)

17.5. The Vénéreau polynomial. In his thesis (2001), Vénéreau asked the following question:

Let v = y+x2z+xy2t+xyz2 ∈ B = k[x, y, z, t] = k[4], where k is a field of characteristic
zero. Is v is a coordinate of B?

This is an instance of the problem that we called “Recognition of coordinates”. Vénéreau’s question is
still unanswered today, after 24 years. The problem is important because it is related to several famous
problems and conjectures:

• It is known that B/(v − λ) = k[3] for all λ ∈ k. So, if v is not a coordinate of B then it is a
counterexample to the Abhyankar-Sathaye Conjecture.
• It is known that v is a coordinate of B[1] = k[5]. So, if v is not a coordinate of B then it is a

counterexample to the following conjecture:
Let f ∈ A = k[n]. If there exists m such that f is a coordinate of A[m] = k[m+n], then
f is a coordinate of A.

Let R = B[
√
v ]. (This means: let R = B[u]/(u2 − v) where B[u] = B[1].)

• It is not known whether R = k[4]. (Caracterization of k[4]).
• It is known that R[1] = k[5]. So, if R 6= k[4] then R is a counterexample to CP(4,k).

Let A = k[x, v] ⊂ B.

• It is known that B[1] = A[3], but it is not know whether B = A[2] (this variant of the Cancellation
Problem could be called CP(2, A)).

17.6. Classifying wild lines. Let B = k[X, Y ] = k[2] where k is a field of characteristic p > 0. As
we saw just after 12.5, there exist polynomials f ∈ B such that B/fB = k[1] and such that f is not a
coordinate of B. Such an f is called a wild line. It is an open problem to classify wild lines.

17.7. Frobenius pairs. Let k is a field of characteristic p > 0. A Frobenius pair is a pair (A,B) such
that B = k[2], A is a k-subalgebra of B such that A = k[2], and there exists n ≥ 0 such that Bpn ⊆ A.
Here is one way of constructing a Frobenius pair:

• Let A0 = k[2];
• choose a coordinate system (u0, v0) of A0 and define A1 = k[up0, v0];
• choose a coordinate system (u1, v1) of A1 and define A2 = k[up1, v1];

...
• choose a coordinate system (un−1, vn−1) of An−1 and define An = k[upn−1, vn−1].
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Then Ap
n

0 ⊆ An, so (An, A0) is a Frobenius pair.
It is an open question whether all Frobenius pairs can be constructed by the above procedure.

18. Locally nilpotent derivations and Ga-actions

Throughout this section, k is an algebraically closed field of characteristic zero and Ga(k), or simply
Ga, denotes the group (k,+) viewed as an algebraic group. Let X be an affine algebraic variety
over k and let B be the coordinate algebra of X (or if you prefer, let B be an affine k-domain and let
X = Spec(B)). In this section we show that studying the locally nilpotent derivations of B is equivalent
to studying the Ga-actions on X.

18.1. Definition. An action of Ga(k) on X (also called a Ga-action on X) is a morphism α : k×X → X
of k-varieties satisfying:

(1) α(0, x) = x for all x ∈ X
(2) α(a+ b, x) = α(a, α(b, x)) for all a, b ∈ k and x ∈ X.

In other words, a Ga-action on X is a morphism α : k×X → X of k-varieties satisfying:

(1+2) The map a 7→ α(a, ) is a group homomorphism (k,+)→ Autk(X).

See 16.3 for the definition of exp(D) : B → B, where D ∈ lnd(B). In the following, this k-
automorphism is conveniently denoted eD : B → B.

18.2. We proceed to define a set map

(16)
lnd(B) −→ set of actions of Ga(k) on Spec(B).

D 7−→ αD

Let D ∈ lnd(B). By Exercise 16.7, we have the group homomorphism

(k,+) −→ Autk(B), λ 7−→ eλD;

applying the functor Spec, we obtain the group homomorphism

(k,+) −→ Autk(SpecB), λ 7−→ Spec
(
eλD
)
.

Then define the following map:

αD : k× SpecB −→ SpecB, (λ, x) 7−→
(

Spec eλD
)
(x).

To conclude that αD is an action of Ga on Spec(B), there only remains to verify that it is a morphism
in the sense of algebraic geometry. Note that we may identify k × SpecB with Spec

(
k[T ] ⊗k B

)
=

Spec(B[T ]) where T is an indeterminate. By 4.3, D determines the k-homomorphism ξD : B → B[T ],

ξD(b) =
∑

j∈N
Djb
j!
T j, and one can verify that Spec(ξD) = αD; so αD is a morphism and hence an action.

This shows that (16) is a well-defined map.

18.3. Theorem. The set map

lnd(B) −→ set of actions of Ga(k) on Spec(B)
D 7−→ αD

defined in 18.2 is bijective.

We refer to [4] for the proof of 18.3. Note that, under this bijection, the zero derivation corresponds
to the trivial action. So B is rigid (see 7.11) if and only if the only Ga-action on X = Spec(B) is the
trivial one.
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18.4. Example. Let B = C[X, Y, Z] = C[3] and D = X ∂
∂Y

+ (Y 2 + XY ) ∂
∂Z
∈ lnd(B). Then D

determines an action αD : C× C3 → C3 which we now compute (note that we are identifying Spec(B)
with C3). We have

eλD(Z) =
∑∞

n=0
(λD)n(Z)

n!
=
∑∞

n=0
λn

n!
Dn(Z) = Z + λ(Y 2 +XY ) + λ2

2
(2XY +X2) + λ3

6
(2X2),

and similarly eλD(X) = X and eλD(Y ) = Y + (λD)(Y ) = Y + λX. So, given λ ∈ C and (x, y, z) ∈ C3,

αD :
(
λ, (x, y, z)

)
7−→

(
x, y + λx, z + λ(y2 + xy) +

λ2

2
(2xy + x2) +

λ3

3
x2
)
.

Our next objective is to describe the fixed points and the ring of invariants of a Ga-action. Let us
first define these notions.

18.5. Definition. Suppose that α : G×X → X, (g, x) 7→ gx, is an action of an algebraic group G on
X = Spec(B).

(1) A fixed point of α is a closed point x ∈ X satisfying ∀g∈G gx = x.
(2) The action α determines an action

G×B −→ B, (g, b) 7−→ gb,

of G on B, which, in turn, determines the subring BG = {b ∈ B | ∀g∈G gb = b} of B. We call
BG the ring of invariants of the G-action α on X.

18.6. Definition. Given D ∈ lnd(B), define

Fix(D) = {p ∈ Spec(B) | p ⊇ D(B)} .
Note that Fix(D) is a closed subset of Spec(B).

18.7. Proposition. Let D ∈ lnd(B) and consider the Ga-action αD on X = Spec(B) defined in
18.2–18.3.

(1) The ring of invariants of αD is the subring ker(D) of B.
(2) The fixed points of αD are precisely the closed points that belong to Fix(D).

Proof. The action αD of Ga on X determines the following action of Ga on B:

k×B −→ B, (λ, b) 7−→ eλD(b).

For any b ∈ B we have

b ∈ BGa ⇐⇒ ∀λ∈k eλD(b) = b
16.3⇐⇒ ∀λ∈k b ∈ ker(λD) ⇐⇒ b ∈ ker(D),

which proves assertion (1). Assertion (2) is a corollary of 18.8, below. �

18.8. Proposition. Let k and B be rings such that Q ⊆ k ⊆ B, and let D ∈ lndk(B). Then, for a
maximal ideal m of B, the following are equivalent:

(a) For all λ ∈ k, eλD(m) = m

(b) m ⊇ D(B).

Proof. Suppose that (b) holds. Given λ ∈ k and b ∈ m, we have Dj(b) ∈ m for all j ∈ N, so

eλD(b) =
∑∞

j=0
Dj(b)
j!
λj ∈ m; this shows that eλD(m) ⊆ m, and since eλD is an automorphism we must

have eλD(m) = m. So (b) implies (a).
Conversely, suppose that (a) holds. The first step is to prove that

(17) D(m) ⊆ m.
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Let b ∈ m. Define f(T ) =
∑∞

j=0
Dj(b)
j!
T j ∈ B[T ] and note that f(λ) = eλD(b) for all λ ∈ k. Since

(a) holds, we have f(λ) ∈ m for all λ ∈ k, so in particular this holds for all λ ∈ Q. Consider the field
κ = B/m, the canonical epimorphism π : B → κ and the polynomial f (π) ∈ κ[T ]. Then Q ⊆ κ and
f (π)(λ) = 0 for all λ ∈ Q; so f (π) = 0, i.e., all coefficients of f(T ) belong to m. In particular D(b) ∈ m,
which proves (17).

By (17) and paragraph 2.22(2), there is a unique derivation D̄ : κ → κ such that π ◦ D = D̄ ◦ π.
Clearly, we have π ◦Dn = D̄n ◦ π for all n ∈ N, so D̄ is locally nilpotent and consequently (by 6.7 or
6.8) D̄ = 0. This means that D(B) ⊆ m, i.e., (b) holds. �

18.9. Exercise. Let B = C[X, Y, Z] = C[3] and D = X ∂
∂Y

+ (Y 2 + XY ) ∂
∂Z
∈ lnd(B). Then D

determines an action αD on C3, see 18.4. Find the set of fixed points of this action.
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Further reading

If you would like to read more about affine algebraic geometry and locally nilpotent derivations, I recommend:

G. Freudenburg, Algebraic theory of locally nilpotent derivations, Encyclopaedia of Mathematical Sci-

ences, vol. 136, 2nd edition, Springer-Verlag, 2017.

Here is another good source of information about these subjects, with a special focus on automorphisms of

k[n] and the jacobian conjecture:

A. van den Essen, Polynomial automorphisms, Progress in Mathematics, vol. 190, Birkhäuser, 2000.


