INTRODUZIONE ALLE EQUAZIONI DIFFERENZIALI ALLE DERIVATE
PARZIALI

Laurea Magistrale in Matematica- docente A. Cesaroni

Exam 06.02.2014, solution to the exercises.

Question 3.
Consider the following quasilinear problem

u(w,0) =log(¥%;)  zeR.

{ut—um+(um)2:0 reR,t>0

1. Find (using an appropriate transformation and a representation formula) a solution to

(Q).

2. Prove that there exists at most one bounded solution u € C*'(R x (0,4+00)) N C(R x
[0, +00)) to (Q)-

3. Study the behaviour of the bounded solution u(zx,t) to Q as t — +o0.

Solution. 1. Let assume that a solution w to the problem exist. We define v(z,t) =
e Ut Qo vy = —wpe Y, Uy = —Uggpe %+ (uz)?e™ . So v satisfies

{vt—vm—O reR,t>0

u(v,0) = ;ii; x eR.

The initial data is bounded, positive and regular, so the problem (N) admits a unique

bounded solution
T 4 g2 _(z—in?d

1 .
VAt 2 + 32 Y
Observe that by the properties of the heat kernel, v € C®(Rx(0,400))NC(R % [0, +00))
moreover v > 0, v is bounded, in particular % <w(z,t) < 1.
So, we can define u(x,t) = —logv(x,t), and u € C*(R x (0,4+00)) NC(R x [0, +00)) is
a bounded solution to (Q).

v(z,t) =

2. Let uj,us be two bounded solutions to (Q), then v; = e " e vy = e "2 are two
bounded solutions to (N). By the comparison principle between sub and supersolutions
with exponenatial growth of the heat equation in R x (0, 4+00), we obtain v; = ve. This
implies that u; = uo.

3. By 1. we get that the unique bounded solution to (Q) is u(x,t) = —logv(z,t). Moreover
limy—, oo v(z,t) = 1 locally uniformly in R. Then limy;_, ~ u(x,t) = 0 locally uniformly
in R.

Question 4.

1. State and prove d’Alembert formula for the solution of the wave equation in dimension
1.



2. Find the solution to the following Cauchy Dirichlet problem

Ut — gy = 0 z>0,t>0
u(0,t) =0 t>0
u(z,0) = (1 —cosx)? >0
ur(x,0) = zsinx z > 0.
Solution. 2 We solve the problem with the reflection method. We consider the antisym-

metric extension to the initial data on the whole R as follows. Let ug(x) = (1 — cos z)?
and vo(z) = xsinz, then we define

o) (1—(:05:1:)2 z>0 (@) rsinx z>0
up(z) = vo(z) = .
0 —(1—cosz)? <0 ’ —xsinz x <0

Then 1y € C2(R) (it is also more regular...) and 6y € C'(R). We consider the Cauchy
problem
Ut — gy = 0 reR,t>0
(C) L u(z,0) =1p(z) z€R
ur(x,0) = vp(x)r = €R.

The solution of (C) is given by

1 1 x+ct
a(x,t) = 5(120(1‘ + ct) + up(x — ct)) + 20/ t vo(s)ds.

The restriction of 4 to the half line x > 0 gives the solution to the Cauchy-Dirichlet
problem:

( t) {(1—005(:2—&—015))2—5(1 cos(z—ct)) + 26 f:rJrct ssinsds = > ct
T —

(1—cos(a+ct))? 2(1 cos(z—ct))® | or f?r;tssin sds x < ct.




