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Harmonic functions: mean value property, Harnack inequality, maximum prin-
ciples.

Exercise 1. Let u be harmonic in Rn. Prove the following.

i) If u ∈ Lp(Rn), p ∈ [1,+∞), then u ≡ 0.
ii) If |Du| ∈ L2(Rn) then u is constant.

Hint: i) show that |u|p is subharmonic (using Jensen inequality).

Exercise 2. Show that every convex function u : Rn → R is subharmonic. Is it true that
every subharmonic function is convex?

Show that if u is a convex superharmonic function then there exists b ∈ Rn, c ∈ R such
that u(x) = b · x+ c.

Hint: recall that if u is convex, then u is continuous. Moreover by convexity we get, for
every y ∈ ∂B(0, 1) and r > 0,

(1) u(x) ≤ 1

2
u(x+ ry) +

1

2
u(x− ry).

Exercise 3. Let un be a sequence of nonnegative harmonic functions in Ω, open connected
set in Rn. Assume there exists x0 ∈ Ω such that

∑
n un(x0) converges.

Show that
∑

n un converges locally uniformly in Ω.

Exercise 4 (Continuous dependance). Let Ω ⊆ Rn be an open bounded set, f ∈ C(Ω),
g ∈ C(∂Ω) and u ∈ C2(Ω) ∩ C(Ω) the solution to{

−∆u = f(x) x ∈ Ω

u = g(x) x ∈ ∂Ω.

i) Show that there exists C > 0 such that

sup
Ω

|u| ≤ C(sup
Ω

|f |+ sup
∂Ω

|g|).

ii) Let fn ∈ C(Ω) and gn ∈ C(∂Ω) two sequences which converge uniformly to respec-
tively f and g and un ∈ C2(Ω) ∩ C(Ω) the solutions to{

−∆u = fn(x) x ∈ Ω

u = gn(x) x ∈ ∂Ω
.

Show that un converges uniformly to u in Ω.

Hint: Consider the functions u(x)± |x|2
2n

maxΩ |f | ∓
[
sup∂Ω |g|+ (diamΩ)2

2n
maxΩ |f |

]
.
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