INTRODUZIONE ALLE EQUAZIONI ALLE DERIVATE PARZIALI, L.M. IN MATEMATICA,
A.A. 2013-2014.

Maximum principles for elliptic and parabolic operators 2.

Exercise 1. Let Q C R" be a bounded open set and Lu(z,t) = — tra(z, t)D*u + b(x,t) -
Dyu, z € Q, t > 0, with a(z,t) a symmetric n X n positive semidefinite matrix. Let
c(x,t) be a bounded positive function, such that c(x,t) > v > 0 for every z,t. Let
u € C*1(Q x (0,400)) NC(Q x [0, +00)) be the solution to

u+ Lu+c(z,)iu=0 (z,t) € Q x (0,+00)
(C) S u(x,t) =0 (x,t) € 92 x (0, +00)
u(z,0) = ug(x) z € Q.

Show that there exists C' > 0 such that |u(x,t)| < Ce™ for all t > 0 and all z € Q.

Exercise 2. Let  C R" be a bounded open set, f € C2(Q), g € C(99. Let v € C2(Q)NC(Q)
be a subsolution to

—Av < f(z) =€
b {U(ZL‘) <glx) €

Let u € C*(Q x (0,+00)) NC(Q x [0, +00)) be the solution to

u —Au= f(x) (x,t) € Qx(0,+00)
() u(x,t) =g(x)  (x,t) € 9Q x (0, 400)
u(z,0) =v(z) x €.

Show that the funtion ¢ — u(x,t) is increasing for every x € €.

Hint. Consider w(x,t) = u(x,t) —v(z). Then w, — Aw > 0, w(x,0) = 0, and if x € 09,
w(z,t) > g(z) — g(xz) = 0. So, by minimum principle, w > 0 everywhere, u(z,t) > v(x)
for every t > 0.

Fix h > 0 and consider w"(x,t) = u(z,t + h) — u(z,t). Then w} — Aw" = 0, w"(z,0) =
u(x,h) —v(x) > 0 (by previous argument), and if x € 9Q, w"(x,t) = g(z) — g(x). So, by
minimum principle, w”" > 0 everywhere.

Exercise 3. Let F' : R — R be a C' function, with F’ bounded (so F is Lipschitz).
Consider the semilinear equation

up — Au = F(u) (x,t) € R" x (0, +00).

i) Let u,v € C>*(R"™ x (0,+00)) NC(R™ x [0, +00)) 2 solutions to the problem such
that for all T' > 0 there exist Cr, ar > 0 such that

lu(z, )| + |v(z, )] < Cre®™** vt e [0, 7).

Show that if u(z,0) < v(z,0) then u(z,t) < v(z,t) for all t > 0.
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ii) Consider the Cauchy problem

u— Au=u(l —u)(u—13) (z,t) € R" x (0,400)
¢) {u(x, 0) = up(x) r € R™.

Assume that 0 < wg(x) < 1. Show that the unique solution (with exponential
growth) satisfies -
0<u(x,t) <1 Ve e Q,t>0.

Compute limy_, o0 u(z,t) when [Juglle < 3.



