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Heat equation.

Exercise 1. Let c > 0 and u0 ∈ C(Rn) ∩ L∞(Rn). Provide the representation formula
for the solution u to the Cauchy problem

(C)

{
ut −∆u+ cu = 0 Rn × (0,+∞)

u(x, 0) = u0(x) x ∈ Rn.

Compute limt→+∞ u(x, t), if it exists, and write if the convergence is uniform.

Exercise 2 (Dissipation). Let u0 ∈ L1(Rn), and let u(x, t) = u0 ∗ Φ.
Show that u(·, t) ∈ Lp(Rn) for all t > 0 and for all p ∈ [1,+∞].
Prove that for every p that there exists a constant Cp depending on p, n such that

∥u(·, t)∥Lp ≤ Cp∥u0∥L1

t
n
2 (1−

1
p)

.

Hint: by Young inequality ∥u(·, t)∥Lp ≤ ∥u0∥L1 ∥Φ(·, t)∥Lp . So, it remains to compute
∥Φ(·, t)∥Lp .

Exercise 3. Let u0 ∈ C(R)∩L∞(R) such that limz→+∞ u0(z) = a ∈ R and limz→−∞ u0(z) =
b ∈ R. Let u the solution to the Cauchy problem

(C)

{
ut − uxx = 0 R× (0,+∞)

u(x, 0) = u0(x) x ∈ R.

Compute limt→+∞ u(x, t), if it exists, and write if the convergence is uniform.

Exercise 4. Let u0 ∈ L2(Rn), and let u(x, t) = u0 ∗Φ ∈ C∞(Rn× (0,+∞)) the solution to{
ut −∆u = 0 x ∈ Rn, t > 0

limt→0+ ∥u(·, t)− u0(·)∥L2(Rn) = 0.
.

Define for every t > 0 the energy

E(t) =

ˆ
Rn

|u(x, t)|2dx.

Show that E ′(t) = −2
´
Rn |Du|2dx < 0 for all t > 0.

Deduce that ∥u(·, t)∥L2(Rn) ≤ ∥u0∥L2(Rn).

Exercise 5. Let Ω be a bounded open set of class C1 and let u ∈ C2,1(Ω × (0,+∞)) ∩
C1,0(Ω× [0,+∞)) a solution to the Cauchy Neumann problem

(CN)


ut −∆u = 0 Ω× (0,+∞)
∂u
∂n
(x, t) = 0 ∂Ω× (0,+∞)

u(x, 0) = u0(x) Ω
1



2

with u0 ∈ C(Ω).
We define the thermic energy in Ω at time t as

E(t) =

ˆ
Ω

u2(x, t)dx, t ≥ 0.

i) Show that E ′(t) ≤ 0 for t ∈ (0, T ).
ii) Using (i), prove that the Cauchy Neumann problem

ut −∆u = f(x, t) Ω× (0,+∞)
∂u
∂n
(x, t) = g(x, t) ∂Ω× (0,+∞)

u(x, 0) = u0(x) Ω

admits at most one solution u ∈ C2,1(Ω× (0,+∞)) ∩ C1,0(Ω× [0,+∞)).

Exercise 6. Let u0 ∈ C(Rn) such that u0(x) ≥ −K for all x ∈ Rn. Consider the quasilinear
problem

(Q)

{
ut −∆u+ |Du|2 = 0 x ∈ Rn, t > 0

u(x, 0) = u0(x) x ∈ Rn

where |Du|2 =
∑

i |uxi
|2.

i) Let u ∈ C2,1(Rn × (0,+∞) ∩ C(Rn × [0,+∞) be a solution of the problem. Define
v(x, t) = e−u(x,t). Determine which is the Cauchy problem (C) solved by v.

ii) Compute the unique bounded solution of (C). Show that this solution is positive
everywhere.

iii) Show that (Q) admits at most one bounded solution and provide a representation
formula for this solution.


