Introduzione alle equazioni alle derivate parziali,
Laurea Magistrale in Matematica, A.A. 2013/2014

Some comments and remarks on the heat equation

This note is just an integration. The main reference is Evans, Partial Differential Equations,
chapter 2, section 3.
We define the heat kernel as the function

||

-4 zeR™ t>0

1
e

D(x,t) = (4nt)?2
0 z e R™ t<0.

To determine the fundamental solution to the heat equation, we used Fourier transform method
(see Evans, chapter 4, section 3, example 2- pag.192).
We enumerate the main properties of the heat kernel:

1. @ is singular at (0,0),
2. ® is radial in the x variable and \"®(\z, \2t) = ®(z, ).

3. ®(-,t) € LP(R™) for every p € [1,+00]. For every t > 0, for every x € R™,

2.l = [ @ - y.dy=1.

Moreover 1

(), = .

4. ® € C°(R""1\ (0,0), and all the derivatives of ® (of all orders) are uniformly bounded in
every set R™ X [§, +00) for every § > 0.

5. &, — AD =0 for all z € R™, t # 0 (it is a direct computation).
6. @ solves (in distributional sense) the Cauchy problem
O, —AP=0 z€R"t>0
D =4 reR"t=0.

Heat equation with initial data in L'(R").
Let ug € L'(R™). Define the function

1 z—y|? 1
u(z,t) :/ uo(y) e Hdy = T/ wo(z + Vatz)e1* dz. (1)

(47t) 3 w2

Theorem 1. 1. The function u(x,t) € C*(R™ x (0,+00)) (this is called istantaneous regu-
larization) and solves

{ut—Auzo reR"t>0

limy o [|u(-,t) —uo(-)|lr = 0.

2. u(-,t) € LP(R™) for every p € [1,+0o0],



/n u(z,t) = /n uo(x), vVt >0

this property is called mass conservation (in particular if ug > 0 the L* norm is conserved*)

im fu(,0)ll, =0 ¥pe (1,+odl.

t——+oo

This property is called dissipation.

Proof. 1. u € C*™ because of the properties of heat kernel and convolution. Moreover, again by
the properties of heat kernel, it is a solution to the heat equation for t > 0. We prove that is
assumes in L' sense the initial datum. Since [ ®(z —y,t)dy = 1, we get

/nuxt)—uo e < [ [ ualo) = wo)| e

_|z— y\ 1 _lz—yl® U\2
o) — (@) g e~ Ty + / / fto(y) — 0(2)| e~ T dyda
/R" /B(z r) ( t) 2 n "\ B(z,r) (4 t) 2

where 7 > 0. We estimate the first integral in (2) as follows:

z—y|2
n J B(x,r)
1 =y
/ / sup  |ug(x + h) — up(z)| e S dydr <
R» J B(z,r) heR™,|h|<r (4mt)2
< / sup  |ug(x +h) —ug(z)|[dr = sup  |luo(- +h) —up(-)[1 = 0 as r — 0. (3)
R™ heR™,|h|<r heR™,|h|<r
where the last limit is a general fact in LP spaces: if f € LP, then
lim |f(x+h)— f(x)|Pdz =0
|h|—=0 Jgn
(see Brezis, Analisi Funzionale, cor. IV.28).
So for every € > 0, there exists r. such that for all r € (0,7¢),
/ / luo(z + V4tz) — ug(x)|e” ! dydr < e Vr < re. (4)
n J B(x,r)
As for the second integral in (2), we get, with the change of variable z = \F’ and using Fubini-
Tonelli,
fRn fRn\B(%,«) [uo(y) — uo ()] (4;)% e
< f]Rn f]R”\B(O,\/%) luo(z 4 V4t2) — ug(x)|e” 1?1 dzdx
= Jan . )e_‘z‘2 Jon luo(z + Vitz) — ug(z)|dedz < 2||u0||1/ e 1 dz = 0(5)
VA R™\B(0, =)
ast — 0.

So for every ¢ there exists t. such that

1 lz—y|?
_ —e 4t Vit < t.. 6
/n /H\B(w’re) luo(y) Uo(ﬂﬁ)\(@rt)ge > > (6)

lin general the L! norm is not always conserved! differently as I said during the lesson..




So putting togheter (4) and (6), we obtain that for every e there exists t. such that

/ lu(z,t) — up(x)|de < 2¢ vt <t.
which gives the desired conclusion.
2. This follows from properties of convolutions, since ®(-,¢) € LP(R™) for all p (see Brezis,

Analisi Funzionale, thm IV.15).
3. By convolution properties, we get that for all ¢t > 0, ug(y)®(x — y,t) € L*(R™ x R™). Then

by Fubini Tonelli theorem

[ awnde= [ ww) [ o yodedy = [ uo)dy.

The same fact can be proved bu showing that 4 [o u(z,t)dz = 0.
4. Form Young inequality and properties of the heat kernel, we get that

1
. < . < —_——
[u(Dllp < luoll[|®( D), < ||u0|‘1p%(4ﬂ_t)%(17%) -0

as t — 4o0 if p > 1. Moreover

—

) oo < D, 1) ]oo < -
lu(-t)[loo < [Juoll1[|@( )| *Huol|1(47rt)5
O

Remark. If ug ¢ L' we cannot expect dissipation. If ug € C(R) and lim,_, o ug(z) = UT and

lim, oo ug(xz) = U™, then
. Ut+U-
Jim ) = T

locally uniformly in z.

Heat equation with initial data in LP(R").

Let up € LP(R™). Let u as defined in (1).

Theorem 2. 1. The function u(x,t) € C*°(R™ x (0,+00)) (this is called istantaneous regu-
larization) and solves

{ut—Au:() reR"t>0

lim; ¢ ||U(,t) - UO(')HP = 0.

2. u(-t) € LP(R"), and [lu(-, ), < [luo()]lp-
Proof. 1.The arguments is the same as in Theorem 1. The only little changement is in the proof
that  is assumes in L? sense the initial datum. By Jensen inequality, since [ ®(z —y,t)dx =1,
/ |u(z,t) — ug(z)[Pdx <
R’V‘L
|

1 _le—y|?

e 1t dydx <

. tuo(s) = o) e

\/IR;TI
1

R’ﬂ
lz—y|?
< uo(y) — uo(@)P e~ =T dyda + / / o) — uo(@)]?
/ n/B(z (4mt)> n JR"\B(a,r) (47t)
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|z—y|? P
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1 lz—y|?

—e 4t dydx
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where r > 0. We estimate the first integral in (7) as follows:

z—y|?
uo(x + VAatz) — ug(x pe_| + dydzr <
B(z,r)
n x,r

1 o—y|?
/ / sup  |ug(x + h) — up(z)|P = et dydx <
n J B(z,r) heR™,|h|<r (471't) 2
< / sup  |ug(z +h) —wug(z)[Pde =  sup  luo(- +h) —uo()[[5 — 0 asr— 0. (8)
R" heRn,|h|<r heR™ | h|<r

As for the second integral in (2), we get, with the change of variable z = %, and using

Fubini-Tonelli,

lz—y|?

Jon Jem\ By U0 (y) — U0($)|p(4ﬂt)% e~ dydx

< Jon Jemypo, ) luo(@ + Vitz) — uo(w)[Pe " dzdx
TVt
Jem\no, )e_‘z|2 Jon lto(@ + VAtz) — uo(@)|dedz < 2||Uo||p/ e dz = 0
Vit R™M\B(0, %)

as t — 0. We conclude as in the proof of Theorem 1.
2. It follows from the properties of convolutions (Young inequality) and of heat kernel. O

Heat equation with bounded and continuous initial data.

Let ug € L°(R™) NC(R™). Let u as defined in (1).
First of all we observe that the heat equation forces infinite speed of propagation for distur-
bances.

Remark. Let ug > 0 and with compact support. Then u(z,t) > 0 for all £ € R™. In particular
u(+,t) has NOT compact support, but for all ¢ > 0 is strictly positive everywhere. This property
is called infinite speed of propagation.

This means that if the initial temperature is nonnegative and positive somewhere, then the
temperature at any later time (no matter how small) is everywhere positive.

Theorem 3. Let ug € L*°(R™) NC(R™) and let u defined in (1).
1. u € C®(R™ x (0,+00)) NC(R™ x [0,400)) and solves the Cauchy problem

ug — Au =0 re€R"t>0
u(z,0) = up(x).

2. There exists C = C(n) such that

C
sup |Dyu(x,t)] < —=||uo|loo
sup [ Do, )] < o
for allt > 0.

3. Assume that ug € C%*(R"™) for some a € (0,1] 2. Then for every R > 0 and T > 0 there
exists a constant C = C(n, R, T, o, ||uo||so) such that

C

—a
2

sup |ug(z, 1) + [Au(z, )] <

vt € (0,7).
z€B(0,2R) t

2This means that for every compact K C R™ there exists a constant C} such that |ug(x) — uo(y)| < Cklz — y|®
for all z,y € K



Proof. For the proof of 1 see Evans, chapter 2, section 3, theorem 1 (pag 47-48).
2.

T —
Dau(e0)] < ool [ 20—yt <

a2t
: . oy
with the change of variable z = T

lluolloo —|z?
zle dz.
S v Rn| |
3. Note that since u; = Au, it is sufficient to prove the estimate for |us,.,(z,t)|, i,j €

{1,...,n}. Observe that since fﬂg ®(x —y,t)dy =1, then fﬂg Oy, (x —y,t)dy = Oand so for every
z € R", [ uo(2)®y,a, (x — y,t)dy = 0. Take z € B(0, R) and compute

1 Jz—yl?
ey 0 < [ o)1, =00 < [ Juot) (o)l (55 + 2 ) ool <
1z —yf 1 |x—y)?
o)) 57 + Syl [ o) -uole)] (55 + ba—y.1)ldy.
/B(O,R) 2t 4¢2 R"\B(0,R) 2t 442
We estimate the first integral as follows:
1 |z— yl2>
up(y) —uo(x)| | = + O(x —y,t)|dy
/B(O,R) o) — uo(@)| <2t 42 ( )
1 |z —y?
<[ e (5 ¥(a — y.0)ldy
CR a/2 a]' 2y —|z|? C(an)
< /Rn(4t) 2|2 5 (1 +12P)e 1= dz < ey (9)
As for the second integral we get
1 |z—y?
- — O(x—y,t)|d
L 100 =0 (5 + 2 ) 00—

2||U0||<>o/ 2\ — |z
< 1 dz <
— ﬂ-n/Zt R\ B(0, ( + |Z‘ )6 2>

2
2|Juo | oce™ #F /
7Tn/2t R™\ B(0,

2 C
(1+ |Z|2)67‘Z‘ 12dz < s

Ry Ry a/2
Vat Vat
since, if z € R" \ B(0, 2%, e~ 217/2 < ¢~ R*/8t < Op2/2 for t € (0,T). O

Proposition 1. Let f € C(R™ x

[0,T]) bounded, and assume that for all t, f(-,t) € CO*(R").

Then there exists a solution u to the inhomogenous Cauchy problem

{ut — Au = f(x,t)
u(z,0) = ug(x).

zeR™te (0,T)

Proof. We start considering the case ug = 0. Define for all s € (0,T) v*(z,t) to be the solution to

the Cauchy problem

vy —Av® =0
vi(x,8) = f(x,s).

Then

reR"te (s,T)

v (z,t) = . fly,s)®(x —y,t — s)dy.



Define "
u(m,t):/ v®(x,t)ds.
0

Then, since f is Holder continuous, we get by the previous theorem that |v|, |Av®| < Ct*/?~1 ¢
LY(0,T) for all x € B(0, R). This implies that we can differentiate u as follows

t t
up = v'(x,t) +/ vy Au = / Av®ds.
0 0

From this and the definition of v® we conclude that u; — Au = f(x,t).
So the solution of the Cauch problem is given (by superposition principle) by

uet) = [ we@—y0dy+ [ [ 0=t - dyds

Comparison principle and uniqueness in R" x (0,7).

We start recalling Tychonov counterexample to uniqueness.
Consider the following Cauchy problem

U — Uy =0 z€RE>0
u(z,0) =0.

This problem has obviously the solution u = 0. Let h(t) € C*°(R) defined as h(t) = e fort >0
and h(t) = 0 for t <0. Then

S
u(zx,t) = kzzo k) z*

is another solution to the Cauchy problem (it is a simple computation, once one observes that the
serie is locally uniform convergent and that we can derive it term by term).

Theorem 4 (Comparison principle). Let ¢, f be bounded functions. Let u,v € C>1(R"™ x (0,T)) N
C(R™ x [0,T]) such that

o up — Au+c(z,t)u < f(x,t),
o vy — Av+c(x, t)v > f(a,t)
o there exists C > 0, > 0 such that u(x,t) < Ceclel® for all z, t € [0, T,
o there exists C > 0,a > 0 such that v(z,t) > Ce®l*" for all z, t € [0,T),
e u(z,0) <wv(zx,0).

Then u(x,t) < wv(zx,t) for allz € R™ ¢t € [0,T].

Proof. (See also Evans, theorem 6, pag 57).

Define w(z,t) = e )t (y(x, t) —v(x,t). Then wy —Aw+é&(z, t)w < 0 where & = c(z,t)—inf ¢ >
0, w(z,t) < Ce?ll® and w(z,0) < 0. To conclude it is sufficient to show that w(z,t) < 0 for all
x,t.

Take S < T such that, for some ¢ > 0, 4a(S + ¢) < 1 and define g = m —a>0. We
prove that w(z,t) <0 for all x € R, ¢ € [0,5]. To conclude we repeatly apply this result on time
intervals [0, S], [S, 25].. up to [0, 7.



Let 6 > 0 and define

1 |z]?

ws(z,t) = w(z,t) — 6m64(3+5—t) )

It is easy to check that (ws); — Aws + é(x,t)ws < 0 for z € R™ ¢t € (0,5), and moreover
wg(z,0) < 0.
Using the growth condition and the definition of S, 8 we get that

2 1 2
alz| 5= Bl
ws(x,t) <e (C 6(S+s)"/26 >

So for 6 > 0 fixed there exists Rs such that ws(x,t) <0 for all t € [0,S] and |z| > Ry.
We consider ws in the cylinder B(0, Rs) x [0,S5]. It solves (ws); — Aws + é(z,t)ws < 0 and
moreover ws(z,t) < 0in 0,(B(0, Rs) x [0,5]). So by parabolic comparison principle we get

wg(z,t) <0 Ve e R",t €10,9].

We conclude letting § — 0.

Corollary 1. There exists at most one solution to the Cauchy problem

ug — Au = f(x,t)
u(z,0) = ug(x)

such that there exist C,a > 0 with |u(z, ) < Ce®l=l”.
Moreover sup, egn,efo,r] [u(; )| < [[tolloo + [[flloT



