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Abstract the learning parameters on the basis of a proper evaluation
function. In fact, while the goal of a problem in terms of its

The preference model introduced in this paper gives a evaluation function is often clear, a crucial thing in the de-
natural framework and a principled solution for a broad sign of learning algorithms is how to define them in such a
class of supervised learning problems with structured pre- way to have some theoretical guarantee that a learning pro-
dictions, such as predicting orders (label and instance rank- cedure leads to the effective minimization of that particular
ing), and predicting rates (classification and ordinal regres- cost function. The model introduced here gives a natural
sion). We show how all these problems can be cast as linearand uniform way to encode the cost function of a supervised
problems in an augmented space, and we propose an on-lindearning problem and plug it into a learning algorithm.
method to efficiently solve them. Experiments on an ordinal

regression task confirm the effectiveness of the approach. 2 A Model for Supervised Learning

For reasons that will be clear soon, we assume supervi-
1 Introduction sion to consist of (soft) constraints over the learner predic-
tions, that is constraints whose violation entails a cost for
the solution. Specifically, assuming a learner makes its pre-

Many real-world learning problems are characterized by dictions on the basis of a set of parameRISUpervisions
heterogeneous tasks which currently cannot be solved by P rsup

generalpurpose igortms. These nclakerngtasks | ovoes 02 S9TEL 10wl o ), Difrentsettgs
(either label or instance ranking) where the required predic- y yp P P

tion concerns some order between labels/instancesaand vision. Ne_vertheless, a broad set of them can be studied in
) . - ; .~ __the following framework.
ing tasks where the required prediction consists of ratings We consider a spac® of instances, a spacé of la-
(e.g. binary classification and ordinal regression). The typi- bels and an hypothesis spakebased or’1 which the learner
cal approach followed to cope with these complex problems . e o ;
is to map them into a series of simpler, well-known settings makes its predlct|on§, consisting efevance functions :
and then to combine the resulting predictions. Often, theseX x Y — R, depeqdmg on some set of pa[ame(érs'r.he
solutions lack a principled theory and/or require too much _go:’;tl of t_he Iezj}rnc_ar Is then to S?@Ct a functiog 74 Whlqh
computational resources to be practical for data-mining ap-IS consistent W'.th the SUpervision in a sense that will de-
plications. Although some efforts have been recently madepend on t-he parUcuIay supemsed setting. . )
to generalize label ranking tasks [5, 4, 2], a general frame- In particular, we will consider hypotheses having form:
work and a theory encompassing all these supervised learn- u(x,y) = w - ¢(x, ) (1)
ing settings is missing. In this papewe show that many o . )
types of supervision can be naturally seen as a set of preferWheres(x, y) € R is a joint representation of instance-
ences over the predictions of the learner and we show howtlass pairs andu € R? is a weight vector. This form
they can be reduced to linear binary problems defined on arENcompasses the more standard faif®, y) = w, - ¢(x)
augmented space, thus suggesting very simple optimizatioVhich has a weight vector for each different label.
procedures available for the binary case.

The main contribution of this paper is to define a flexible
preference model which allows a practitioner to optimize

Common supervised learning tasks include ordering pre-
dictions and rating predictions (see [1] for details).

Ordering predictionsare related to the ordering of
LAn extended version of this paper can be found in [1]. classes (or instances) on a relevance basis in such a way




to be consistent with the supervision given as partial orders(w, 7, . .., 7r) is the vector of weights augmented with the

over the labels (or instances). These are referred ta-as set of available thresholds anda) is an opportune repre-

bel ranking(e.g. single-label multiclass classification and sentation of the preference under consideration.

category ranking) anmhstance rankingrespectively. The quantityp 4 (a|w) = w - ¢(a) will be also referred
Rating predictionsaim at giving ranks from an ordinal to as the margin of the hypothesis w.r.t. the preference. This

scale to examples. The typical approach in this case isvalue is greater than zero when the preferenaissistent

to associate the available ranl& = {0,...,R — 1} with the hypothesis (denoted— w) and less than zero oth-
to intervals of the real line by using an auxiliary set of erwise. The margin of an hypothesis w.r.t. the whole super-
thresholdsr = {9 = —o0,71,...,7TR—1,7TR = +00} vision S can also be defined as the minimum of the margins
and considering the rankwheneveru(x,y) € (7, To41)- of preferences in the associated p-set, here degdsédi.e.
Binary classification, ordinal regression, and theiulti- p(S) = min,eyr5 pa(a). This definition is consistent with
variateextensions belong to this family. definitions of the margin commonly used in different prob-

lems. In particular, the margin is positive if and only if the
Supervision for all the settings above can be describedprediction is consistent with the supervision.

as conjunctive sets of preferences of two typgpsalitative Summarizing, all the settings above can be seen as (ho-
preferences mogeneous) linear problems in a opportune augmented
(u(xi, yr), w(xj,Ys)) space. Specifically, any algorithm for linear optimization

telling that the value ofi(x;, y,) should be higher than the ~ (€:9- Perceptron or a linear programming package) can be
value ofu(x;, ys), andquantitativepreferences used to solve them, provided the problem has a solution.
JrYs )

(u(x,y),7) or (T,u(x,y)), 7 € R 3 GPLM and Cost Functions

relating the value ofi(x, y) to a given thresholet.

Preference sets (or p-sets) for the supervision of the gen- The mere consistency of supervision constraints is not
eral settings described above are given in Table 1. Instanti-necessarily the ultimate goal of a supervised learning set-
ations to more specific problems are immediate anyway. ting. Rather, cost functions are often preferred measuring
the disagreement between the current hypothesis and the
i supervision. These functions may either depend on the par-
Ordering | {(u(x,yr), u(X, ¥5))} (o) = s (e ticular structure of the prediction or other factors.

Rating | {(u(x,9),7i)}ic: U{(7i, u(x,9)) }i>2 In [2] a general model for label rankings has been pro-
posed. Here, we extend the same idea to general super-
vised settings by mapping supervision into sets of prefer-
ences with costs. We will refer to this method@sneral-

ized Preference Learning ModgbPLM).

Table 1. Ordering predictions have a prefer-
ence for each order relation induced by the
supervision S. In rating predictions, a pref-
erence are related to thresholds and 2z € Z'is

the rank given by the supervision. Definition 3.1 Preference Sets w/ Cost# (conjunctive)

preference set with costsr simply”cp-set”, is a preference
set where preferences have costs associated. Preferences
of a cp-set will be denoted by, ). When the cost is not

Exploiting equation (1) it is possible to conveniently re-
p ged @) P Y indicatedy(a) = 1 will be considered.

formulate qualitative and quantitative preferences as linear
constraints. Specifically, in the qualitative case, we can ex-  Given a cp-sey, it is natural to define the cost for an
press a preferenee= (u(x;,y,), u(x;,ys)) as hypothesis w.r.t. this set as the maximum of the costs of its

‘ . unfulfilled preferences, i.ec(g|w) = max,cgapw v(a).
w ($(%i yr) = 4(X;,9s)) > 0. Then, similarly to [2], we consider @st mapping

P(a)
Viceversa, in the quantitative case, giver {—1,+1}, G : 9151 = {91(5), - 945 (9)}
the preferencé(u(x, y) — ) > 0 can be expressed as where each cp-set(S) is a subset of[S] with some costs
(w, 1, ., Tr_1) - (66(x,9),0,...,0,—5,0,...,0) > 0. a;signed to the preferences. Once the cost map@i'rsg
given, the total cost suffered by an hypothesisfor the
¥(a) supervisions is defined as the cumulative cost of cp-sets

In general, supervision constraints of all the problems dis- 4s
cussed above can be reduced into sets of particular lin- c(g[S]Iw) = Zc(gj(S)lw).
ear constraints of the fornw - ¥(a) > 0 wherew = =



Let g, be a preference set, natural mappings alreadyis just a particular case. Multi-variate extensions are omit-
proposed in [4] for preference graphs are easily adaptedted for space reasons and can be found in [1].
by considering classes of equivalence among preferences Specifically, recalling the natural definition of cost for
and by defining mappings in which a different cp-set is ordinal regression problems, i.e= |Z(x) — z(x)|, where
built for each partition. Specifically, let = (as, a.) and 2(x) is the rank given as output by the hypothesis afxd)
a' = (a),al) be a pair of preferences, we have: the correct rank, we would like to define a cost mapping for
GPLM consistent with the same cost function. At least two
different cost mappings have this property. The easiest one
is the mapping,. In this case, the resulting cost will be the
number of thresholds which are not correctly ordered w.r.t.
(i) the domination mappingdenoted by, whereg, is u(x). This is exactly the cost as given before. A second pos-
splitinto a set of cp-sets on the basis of the equivalencesibility is to define a mapping; followed by an assignment
relation(as, a.) = (a},a.) < as = a’; of costs where the-th preference is set 1Q«(x), 7,-) ,—i4r
whenever < z, and(7,, u(x)),—, otherwise.

(i) the identity mapping denoted byG;, where g, is
mapped on a single cp-sgt. This corresponds to de-
fine the trivial equivalence relatiqa, a.) = (a’, al);

s e

(i) thedominated mappinglenoted b5 ,,,, whereg, is
splitinto a set of cp-sets on the basis of the equivalence
relation(as, a.) = (al,a)) < a. = a’;

S

4 Learning in GPLM

(iv) the disagreement mappinglenoted byG,, whereg, We have already discussed the structure behind the su-
is split into a set of cp-sets on the basis of equivalence pervision and how it can be modeled using cp-sets. Now,
relations(as, a.) = (a},al.) < as = a, A a. = a. we see how to give a learning algorithm. We only consider

the on-line learning setting, the motivation being that it is

can naturally be defined with the tools offered by our model. 9€nerally faster to train w.r.t. tieatchcounterpart and thus
Basic mappings for standard label ranking tasks can beMOre suited for data-mining applications. Thus, we sup-

found in [2] and can be reproduced with the model proposedPOS€ SuPervision becomes available one by one and each

in this paper. In fact, it can be shown quite easily that, for time the learner updates the hypothesis to minimize future

label rankings, PLM preference graphs and GPLM cp-setsCOStS: Since the costgS|w) are not continuous w.r.tw,
with unitary costs are equivalent. we t_ry to approxma‘_[e them by mtroducmg_a cpntlnuous
However, the extension presented here introduces fafon-ncreasing functiod : R_ ~ RT approx[mau-ng the
more flexibility on the choice of the cost function for la- ndicator function and by defining the approximation
bel rankings because of the use of cp-sets in place of pref- &(Slw) = Z
erence graphs. A typical example is classification where
misclassifications can have different costs. This can be the )
case in single-label classification when categories are notEx@mples of losses one can use are presented in Table 2
represented with the same frequencies in the training andvheres > 0,A > 0,6 € R are external parameters.
the test set. Another interesting case is when there is some i _
structure between the available classes and a different met- 57”‘6“9'” [6 = pl+ Exp e”?
ric for misclassification costs is introduced. For example, in _Sigmoidal | (1 + A~?)7! || LogReg | log,(1 +e )
hierarchical classification, it makes sense to pay costs pro-
portional to the path length to reach the true class from the
predicted one. In all these cases, a cost ma¥ris used to
have a better control over the learning algorithm, where the | on-line learning, a suitable measure of performance
elementA(y,, y,) represents the cost of classifying a pat- afterm rounds is theumulative costunction
tern asy, when it is actually iny;. In GPLM, this can be m
easil_y (_)btained_by ex_ploiting the cost mapping feature. _ RI'w] = Z c(g[Si]|ws)
Similar considerations can be made for instance ranking —1

tasks. A common loss function used in instance ranking is, . i< the hvoothesis obtained after seeing supervi-
the so called AUC (area under ROC curve) measure. It cangon g ¢ g yp g sup
1y-+-y0i—1-

be shown that it can be implemented @y. Interestingly, Following a typical approach for on-line learning, we

our model suggests new settings and loss definitions one : . : _
. . ; . . perform a stochastic gradient descent with respect to the in-
might use for the tasks in the family of instance rankings.

To illustrate standard loss functions used for rating tasks stantaneous cog)(w;) = ,C(St|wt)' The update will be in
. S . .~ “the formw; = w,_; — nQ.,, where
and the implementation in our model, we consider (univari-
ate) ordinal regression problems as the classification setting Qi = X cgg1s.) V(@lgD1, (p(alg])) v (alg)),

Now, we can show how many common cost functions

maxy(a)l(pa(alw)).
9€G (g[S

Table 2. Margin-based approximation losses.



alg] = argmax,eqv(a)l(p(a)) and f.(v) stands for the  two, while the performance &f$ andG, ar quite similar.
gradient off w.r.t. the parameters evaluated inv. Interestingly, a far larger improvement is obtained for the

It can be shown easily that these updates make the weighsigmoidal loss and this can be due to the effective use of
vectorw taking the sparse formy = ZW, ol d(x;, yr) thus margins and/or a better approximation of the true cost.
obtaining an implicit representation of the relevance func-

tion asu(x,y) =3, . a7 d(xi, yr)p(x, y).-

5 Experiments and Results

To demonstrate the flexibility of the model proposed in - ) b T

this paper, we performed a set of experiments on a syn- - — e E
thetic dataset. The explicit purpose was the one to try dif- (a) (b)
ferent cost mappings and loss functions in a relatively self-

contained task in such a way to have a better control and to Figure 1. Curves of the cost (see text).

do fair comparisons between different configurations.
The experimental setting is the same used in [3]. Points

x = (w1, r2) are uniformly distributed in the unit square — Perc. Loss — — Sigm. Loss —
[0, 1]2. Ranks are assigned basing on the following rule: g gr i Ga gr i Ga
0.000| 0.369| 0.339| 0.317| 0.326 | 0.259 | 0.236
re{0,...,4} : 10(z1 — 0.5)(z2 — 0.5) + € € (br, bry1) 0.125| 0.502 | 0.470| 0.452| 0.454| 0.384 | 0.364
0.500| 1.148| 1.062| 1.057| 1.104| 0.944 | 0.910
whereb = {bg,...,b5} = {—00,—1,-0.1,0.25,1, +o0} 1.000| 1.661| 1.575| 1.620|| 1.626 | 1.474| 1.447

ande is a normally distributed noise ~ N(0,0). We
generated 100 sequences of 100,000 examples each. More- Table 3. Costs for different methods and task
over, a non-homogeneous second order polynomial kernel complexities.
K(Xl, Xg) = @(Xl) ’CI)(XQ) = (X1 'X2+1)2 has been used.
The performance on a sequence is obtained by feeding all
the instances of the sequence and computingtineulative
costat each iterationn asc,,, = y -, |, — r¢|. Finally, )
the obtained costs are averaged over the 100 sequences & Conclusion
obtain higher statistical significance.
Experiments have been performed using configurations We have proposed a general preference model for super-
produced according to three dimensions: vised learning and its application to on-line algorithms. The
(i) Cost Mapping Three cost mappings for ordinal re- model allows to codify cost functions as preferences and
gression have been used. Two of them are the ones prenaturally plug them into the same training shell. Further-
sented in Section 3, i.e. the mappi@gwith costs (denoted ~ more, it gives a tool for comparing different methods and
G$) and the mapping,. The last mapping is basically the ~cost functions on a same learning problem. Experiments
mappingG; where the cost assignment is not performed. performed on an ordinal regression problem have confirmed
Note that, this mapping represents the cost function whichthe validity of the approach and highlighted the important
gives a unitary cost for incorrect predicted ranks. role of the loss functions used for training.
(i) Complexity of the taskDifferent values of the stan-
dard deviationr € {0,0.125,0.5,1.0} have been used. A References
greaters leads to a more difficult task.
(iii) Preference LossTwo losses from the ones in Table 1] F. Ajolli. A unifying framework for supervised learning tasks.

2 were used, i.e. the Perceptron lossiargin with3 = 0), http://www.di.unipi.it/” aiolli/slpref-long.pdf, 2005.
and the Sigmoidal loss with parameterE= 1, 6 = —1. [2] F. Aiolli and A. Sperduti. Preference learning for multiclass
One may notice that the configurati¢@,, -, PLosg is problems. INNIPS 2004. o _
equivalent to the PRank algorithm proposed in [3]. [3] K.Crammer and Y. Singer. Pranking with ranking. NitPS
. . 2001.
. In Flg.dgl,ihe curves ﬁf cost Bpf'ftalned f(l)r the ';hree n;]ap- [4] O. Dekel, C. Manning, and Y. Singer. Log-linear models for
pings ands = 0.5 are shown. Different plots refer to the label ranking. INIPS 2003.

two preference losses. In Table 3 a detail of results after 5] s. Har-Peled, D. Roth, and D. Zimak. Constraint classifica-
10000 presentations is shown. Results show that the base-  tion for multiclass classification and ranking. MPS 2002.
line cost mappingj; is consistently worse than the other



