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Abstract

We give necessary and sufficient conditions for observability of a class of recurrent neural networks having
a subsystem where the activation function is the identity. An algorithm for computing all pairs of indistin-
guishable states is also given.

1 Introduction

Since the pioneering works of McCulloch and Pitts [10] and Hebb [8], neural networks have attracted the interest
of researchers from many areas of sciences (for a review on the subject see [13] and [9]). In particular, recurrent
neural networks are used as a computational tool in many applications, and their effectiveness and reliability have
been widely recognized. Only recently, however, these models have been studied from a system-theoretic point
of view. Since a recurrent neural network provides a state-space description of a nonlinear input-output map,
questions about identifiability ([3, 4, 7, 6]), observability ([5]) and controllability ([1]) arise naturally. It turns out
that the abovementioned properties can be expressed in terms of simple algebraic conditions on the ”weights” of
the network.

In this paper we continue the study, initiated in [2], of the observability of systems obtained by ”coupling” a
recurrent neural network with a linear system. As observed in [11] (Sec. 6.4, where the identification question
was addressed), in many applications it is natural to assume that some components of the system evolve driven
by linear equations, while the rest of the system is nonlinear, and modeled by recurrent neural networks. Unlike
in [11], we admit interaction between the linear and the nonlinear components of the system. More precisely,
denoting by ”+” the time shift in discrete time and by ”-” the time derivative in continuous time, we deal with
systems of the form

IET ( or 1’1) = &(Allml + Algl’g + Blu)
LU2+ ( or ig) = Agix1 + Agsxo + Bou (1)
y = Czx = Ciz1+ Coxs

where 71 € RF, 25 € IR"fk, u € R™, y € RP and Ay, A12, A21, A, By, By, C1, Cy are matrices of appropriate
dimensions. Moreover, for v € ]Rk7

d(v) = (o(v1),...,0(vk))

where 0 : IR — IR is some assigned nonlinear function. For the continuous time case, to have uniqueness and local
existence for the solution of (1), we require o(-) to be locally Lipschitz, and we only admit input signals (u(t))¢>o
that are measurable and locally essentially bounded.

Two states x,z € R" are said to be indistinguishable (we write x ~ z) if, for every input sequence (u(t))¢>0,
the solutions of (1) corresponding to initial conditions z(0) = = and z(0) = z give rise to the same output
sequence (y(t)):>o. In discrete time, when the output sequence is the same up to time ¢ = d we say that x, z are
indistinguishable in d-steps, and we write z ~% z. A system is said to be observable if x ~ z implies z = 2.



The problem of determining whether a system is observable, besides being interesting in itself, is particularly
relevant in the context of neural networks since it is strictly related to identifiability and minimality of the network
(see [6]). Such connection is well established for recurrent neural networks (k = n in (1)), and the extension to
”coupled” systems is presently under investigation.

Our aim in this paper is to characterize observability of systems of type (1) through simple algebraic conditions
on the matrices of the model. Similarly to [5], this will be done under nonlinearity assumptions on the function
o and nodegenericity conditions on the matrix By. The main result of this paper has already been proved in [2]
for discrete time systems; the proof given there, which is constructive in the sense that provides an algorithm to
check observability, does not seem to be extendible to continuous time. The proof given here is less constructive,
but works in continuous time as well as in discrete time. Moreover, the observability condition for systems of
type (1) is the same in discrete and continuous time, and so in both cases the algorithm introduced in [2] (see
Section 2) provides all pairs of indistinguishable states (notice the analogy with linear systems).

The paper is organized as follows. In section 2 we give the precise assumptions on o and By, and state our main
theorem (Theorem 1), together with an algorithm to check observability (Proposition 2.4) and some clarifying
examples. Section 3 is devoted to the proof of Theorem 1 and in Section 4 we give the proof of Proposition 2.4.

2 Statement of main result

The observability result we give in this paper will be proved under the following assumptions on the function o
and the matrix B;.

Definition 2.1 A function o : R — IR is said to satisfy the independence property (IP ) if for every [ > 0, any
nonzero real numbers by, ba, ..., b; such that b; # +b; for ¢ # j, and any real numbers 31, 82, ..., 3; the functions
of £e R

L, o(bi§+pB1),..., o(bi§ + B3)

are linearly independent, i.e. if ag + 22:1 a;o(b;§ + B;) =0 for all £ € R, then a; =0 for i =0,...,1.

A criterion for showing that a function satisfies the IP can be found in [7]. In particular, the main examples
in neural networks, i.e. o(z) = tanh(z) and o(x) = arctan(z), satisfy the IP . In the rest of the paper we denote
by S the class of those systems of type (1) satisfying the following properties:

a) o satisfies the IP ;
b) By € By m, where

By :{Melexmz M40 Vi=1,...,k }

Mi#EMI Vij=1,...k, i+#j

(M? denotes the i-th row of M). Conditions a) and b) are used in the proof of Theorem 1 below. Their rough
meaning is: a) the system is fully nonlinear; b) the control is 'nontrivially’ effecting all components of the network.

Let e, i =1,..., k, denote the canonical basis elements in RF. A subspace V' of R* will be called a coordinate
subspace if V=10 or V has the form ' 4
V = span {e™), ... el)},

For a given matrix D, we let Ip be the set Ip = {4| the i -th column of D is zero }. Notice that, for a coordinate
subspace V = span {e(™), ... (%)} V C ker D if and only if all i;, € Ip.

Definition 2.2 We denote by V c IR¥, and W ¢ R"* the mazimal pair of subspaces satisfying the following
properties:

P1. V is a coordinate subspace, V C ker Cy, A1V C V;
P2. W C ker Cy, ApsW C W;

P3. AV C W;

P4. AW C V.



Notice that since if (V/, W) and (V" W") satisfy P1-P4, then so do (V' + V", W'+ W"), such mazimal subspaces
(under the order ”C”) exist. The notation V, W will be kept for the rest of the paper.

In what follows we let Ay = [A11, 412] € RF*™ and Ay = [A21, A2s] € R™ %> The main result of this
paper is the following theorem.

Theorem 1 Let x,z € R"™ denote two initial states for a system ¥ € S. Then x ~ z if and only if
x—zekerC, Aj(x —2) eV, Asy(z—2) e W. (2)
In particular X is observable if and only if
ker CNAT'VNA;'W =0
(”-~17 denotes inverse image).

The observability condition in Theorem 1 is in terms of the two subspaces V' and W. The crucial point is that
these subspaces can be determined by an algorithm which consists in solving a finite number of linear algebraic
equations. We now give a description of this algorithm.

We inductively construct an increasing sequence of indexes Jy, and a decreasing sequence of subspaces Vy C
R, W; CR"*, for d > 1, where V is a coordinate subspace. Let:

Jl = {1,...,]{:}\]01;
Vi = span {eW)[j & I}
Wi = ker(Cy;
and, for d > 1, let:
Ja+1 = ) U{Z|3] € Jg such that (Au)ji 750}

U{i|34,30 <1< d—1 such that (CyALyA5)7" #0}
VUL {i] 35 € J, such that (ApAgy® ' Az)ii £ 0)

Vg1 = span {eW|j & Jay1}
Warr = {w|Aw €kerCy for 0<1<d ApAd weV, for 1<s<d}.

Remark 2.3 The sequence (Vy4, Wg)g4>1 is decreasing, and so it becomes stationary after a finite number of steps.
It is possible to give a condition for the termination of this algorithm. Suppose that we obtain a stationary string
Vs =Vs41 =... = Vsyn_i of lenght n — k 4+ 1. Then, by using the definition of V; and Wy, and by applying the
Hamilton-Cayley Theorem, one shows that V; = V; for all d > s and that Wy =W, foralld > s+n—k. It
follows that the sequence (Vg, Wq)4>1 becomes stationary after at most (n — k + 1)k steps, for k > 1, or n steps,
for k = 0.

It turns out that the sequence (Vg, W) stabilizes exactly at (V, W), as stated in the following Proposition.
Proposition 2.4 The following identities hold:
V= ﬂdzlvd, W = ﬁdzlwd.

The proof of this Proposition can be found in [2]; however, since it presents a constructive way to compute the
subspaces V and W it is also given in this work (Section 4). For discrete-time systems the meaning of the
subspaces Vy, Wy is clarified by the following Proposition.

Proposition 2.5 Let X be a discrete time system in S. Then the following properties are equivalent:
i) x~9z;
ii) e —z€kerC; Ajx — A1z € Vy; Asx — Aoz € Wy

For the proof of this result we refer to [2]. We conclude this Section by showing the application of Theorem 1 to
some special cases.



Example 2.6 Assume k = 0. Thus S is the class of the (n, m,p)-linear systems. Here there is no V, and W is
the largest Ags-invariant subspace of ker Co. The observability condition given by Theorem 1 is

ker Co N Ay W =0

that can be easily shown to be equivalent to
W=0

which is the usual observability condition for linear systems.

Example 2.7 Assume k = n. Then S is the class of recurrent neural networks studied in [5]. In this case there
isno W, and V is the largest A;-invariant coordinate subspace contained in ker Cy. The observability condition
given by Theorem 1 is:

ker C; N AV =0,

which was found in [5].

Example 2.8 Assume Ay = 0 and Ap; = 0. Thus the linear and the nonlinear dynamics are decoupled (as in
[11]). By what observed in the two previous examples, we get that observability of the whole system is equivalent
to the two systems, characterized by (o, A11, B1,C1) and (Agq, Bs, Cs) respectively, being both observable. The
separate observability is clearly necessary for observability of the combined system, but the sufficiency is not an
obvious fact. For instance, if the two components were both linear, then such ”separation property” would be
false, in general.

Example 2.9 Assume that C; has no zero columns. Then there is no nonzero coordinate subspace contained in
ker C'1; so V = 0. Therefore W is the largest Ass-invariant subspace contained in ker Co and ker Aqs.

It follows that z ~ z if and only if x — z € ker C7 Nker A1, and Asx, Aoz are indistinguishable for the linear
systems (AQQ, 02), and (AQQ, Alg).

3 Proof of Theorem 1

The condition ¥ € S enters in the proof of Theorem 1 through the following technical fact whose proof can be
found in [5].

Lemma 3.1 Assume that D € R, B, € B m, o satisfies the IP . Then the following two properties are
equivalent for each &, 1, € R!, and each a, 3 € R? :

1. & =mn;forall j&Ip, a=g,
2. D&(€ + Biu) + a = D&(n + Byu) + (8 for all w € R™.

We now introduce some useful notations. Given z € R" and u € R™, we first let, for discrete-time models,z* (u)
be the state reached from x using the control value u. For continuous-time models, if v(¢) is the control function
constantly equal to u, we denote by z,(t) the corresponding trajectory ; notice that x,(t) is certainly defined on
an interval of the form [0, €,). Sometimes we will deal with two trajectories of this type starting at two different
initial states; in this case by [0, €,) we mean the interval in which both trajectories are defined.

For any two pairs of states (x,2), (2/,2) € R" x R", we write
(z,2) ~ (2',2)

if, for discrete-time, we can find an input sequence ug,...,up, for some p > 0, which steers the state x (resp.,
z) to ' (resp., z’). For continuous-time, we require that there exists some control function w(t) : [0,7] — R™,
such that, it is possible to solve the differential equation (1) starting at = (resp z), for the the entire interval
[0,T], and at time T the state 2’ (resp. z’) is reached. With this terminology, two states (z,z) € R" x R" are
distinguishable if and only if there is some pair (2/,2’) € R" such that (z,2) ~ (2/,2") and Cx’ # C2'.

In what follows the proofs for the discrete-time case are quite similar to the proofs for continuous-time models
and simpler, thus they are only skected.



Lemma 3.2 Let H, € R”*, Hy € R9*"™%) with ¢ >1,1<i<gq, and z,z € R™

(a)  — For continuous-time models, if (H1A12,(t)); = (H1A12,(t)); for all w € R™ and all ¢ € [0, ¢,,) then we

have:
(H1A12A2x); = (H1A12A422);, 3)
(HlAll)ij =0 for aﬂ] such that (All‘)j 75 (Alz)j.

For discrete-time models, if (H1AjzT (u)); = (H1A127 (u)); for all w € R™ then the same conclusions,
as in equation (3), hold.

(b)  — For continuous-time models, if (Ho Aoz, (t)); = (H2A22,(t)); for all u € R™ and all ¢ € [0, ¢,) then we

have:
(HyAz2A2x); = (HyAz2Az2);, (4)
(HQAQl)»L‘j =0 for allj such that (Alx)j 7é (Alz)j.

For discrete-time models, if (Ho Aoz ™ (u)); = (Ho Az (u)); for all uw € R™ then the same conclusions,
as in equation (4), hold.

Proof. (a) Suppose we are in the continuous-time case, and fix u € R™. If (H1 A1z, (t)); = (H1A124(t)); for all
t €10,¢€,) then (HyA12y,(t))ilt=0 = (H1A124(t))i]t=0. The previous equation means:

Y ((HiAn)igo((Arz)j + (Biu);) + (Hi Az Agz); = (5)
> (HiAn)ijo((Ai2); + (Biu);) + (H1A12A22);.

Since this equation holds for all u € IR™, applying Lemma 3.1 our conclusions follow.

The proof for the discrete-time case is the same since (Hy A1zt (u)); = (H1A127 (u));, for all w € R™, implies
directly that equations (5) hold.

(b) The proof of this statement is similar to the proof of the previous one. In fact, using the same arguments
as in (a), one easily sees that, for both cases, the assumptions imply:

> (HaAz)ijo((Arz)j + (Biu)j) + (HaAg Agz); =
> i1 (H2Az1)ijo((A12); + (Biu);) + (H2 Ao A22);.

Now it is sufficient to use again Lemma 3.1 to conclude. |

Lemma 3.3 If z ~ z, then CoAsx = CyAsz and (Ajx); = (A12); for all i & I,

Proof. 1f x ~ z then, for all u € R™, we have Cz™(u) = Cz"(u), for discrete-time, or Cx,(t) = Cz,(t), for
t €10,€,), for continuous-time. In both cases, this implies:

015(A15L' + Blu) + CyAsx + CoBou = 015'(1412: + Blu) + CyAsz + CyBou

for all w € R™. Applying Lemma 3.1 our conclusions follow. [ |

Lemma 3.4 If z ~ z then for all ¢ > 0 we have:
1. CQA%2A2$ = CQAgQAQZ
2. (C2A3,A51);; =0 for all 7 and all j such that (4;x); # (A12);.

Proof. 1. Induction on g > 0. The case ¢ = 0 is the first conclusion of Lemma 3.3; thus we may assume that 1.
holds for ¢ and for all indistinguishable pairs. First assume we are dealing with continuous-time models. Notice
that if z ~ z, then x,(t) = z,(t) for all w € R™ and all u € [0, ¢,). Thus, by the inductive assumption, we have

CQA%ZAQIL'H (t) = CQAg2AQZu (t) (6)
Now we can apply Lemma 3.2 (part (b), first equality, with Hy = C5 A%, ) and we get

CoAdS " Az = Co AL Ag2



as desired. The proof in discrete time is the same, with 27 (u) and 27 (u) replacing z,,(t) and z,/(t).

2. We again apply Lemma 3.2 (part (b), second equality) to equation (6), and we obtain
(C2A32A21)ij =0 for allj such that (Alx)j 7£ (All')j.

Similarly in discrete time. n

Lemma 3.5 Let 1 <i <k, and z, z € R"; assume that for all 2/, 2 € R" such that (z,2) ~ (2/,2") we have:
(A12'); = (A);. (7)
Then, for all ¢ > 0,:
(a) (A1245,428); = (A12A43,A2(); for all & ¢ such that (z,z) ~ (&, ();
(b) (A12A43,A51);; = 0 for all j such that there exists a pair &, ¢ such that (z,z) ~ (£, (), and (A1€); # (4:1C);.

Proof.

(a) We will prove this part by induction on ¢. Let &, ¢ such that (z, z) ~ (&, (). If ¢ = 0 equation (7) implies that,
for all u € R™, and for all t € [0,¢€,), (A1&u(t))i = (A1(u(t))i, for continuous-time models, and (461 (u)); =
(A1¢ T (u));, for discrete-time models. In any case, applying Lemma 3.2 part (a) (with H; = I), we get:

(A12428); = (A12420);
as desired. Assume now that the statement is true for ¢, this in particular implies that:

(AlgAgQAgfu(t))l = (A12A32A2Cu(t))l for cont. time (8)
(AlgAgQAggJ'_ (U))z = (A12A32A2<+(U))i for discr. time,

and these equations hold for all uw € IR™, and for all ¢ € [0,€,). From Lemma 3.2 part (b) (with Hy = Aj5AL,),
the inductive step follows.

(b) Fix j such that there exists a pair &, ¢ such that (z,2) ~ (£,¢), and (4:1§); # (A1(),;. Notice that both
equations in (8) hold for this pair £, ¢, thus the second conclusion of Lemma 3.2 part (b) gives:

(A12A5,A21)i5 =0
as desired. B

Since if two states x, z are indinstinguishable it is clear that  — z € ker C, next Proposition shows that the
conditions stated in (2) are necessary for indistinguishability.

Proposition 3.6 If © ~ z then A;(x —2) € V and As(z —2) € W.
Proof. Given z ~ z we let:
J:={i|3(z',7), with (z,2)~ (z/,2'), and (A12'); # (A12'); }.

Then we define: . ‘
V= span {e®|ie J},

where e() are the vectors of the canonical base in IR", and

W = the largest Aos-invariant subspace, contained in ker Cs, such that ApW CV.

We will prove that:
(1) Vs Aqi-invariant, V C ker C1, and AV CW.
(i) W = { AL (Aga’ — Ag2") |q >0, (z,2) ~ (¢/,2/)} CW.



From these facts we get our statement since:
e Ay(x —2) € V, by definition,
o Ay(z—z) e W, by (i),
e VCV,and W C W, by (i).
Thus we need to prove (i), and (ii).
(i)
e Aji-invariance.

V is Aq invariant if and only if (A11);; =0 for all 4,5 such that j € J, and i ¢ J. Now fix j € J and i & J.
Then there exists (£, ¢) such that (z, z) ~ (&, ) and (A1), # (Ai1();. Since i ¢ J we have

(Aru(t))s = (A1Cu(t))s
(At (u)i = (AiCT(u));

Yu e R™,t € [0,¢e,)

in continuous and discrete time respectively. Now we apply Lemma 3.2 (part (a), with H; = I) and we get
(A11)ig =0 Vg such that (A418)q # (41€),-
In particular (A11);; = 0 as desired.

eV C ker (.

If © ~ z and (z,2) ~ (2/,2) then 2’ ~ 2. Thus, Lemma 3.3 yields J C I¢, from which the conclusion
follows.

(] A21V C W

It is sufficient to prove
02A32A216(j) = 0
A12A32A216(” eV

for all j € J, ¢ > 0 or, equivalently,

(C2Ad,A21)i;, =0 Vje Vi )
(A12A4%,A51);; =0 Vig JVjeJ

The first equality in (9) is easily obtained by applying part (b) of Lemma 3.4. The second one follows from
part (b) of Lemma 3.5 after having observed that if ¢ ¢ J then (Ai2"); = (A12'); for all (2, 2') such that
(x,2) ~ (2, 2'), and if j € J there exists (2, 2') such that (z,2) ~ (2,2') and (A12'); # (412');.

(1}) 17[/' is by definition Ass-invariant. Thus to prove that W C W we need to show that W C ker C5 and
AW C V. This amounts to establish the following identities:

Co AL Agx’ = Co AL, Axz’ V(2! 2") such that (z,2) ~ (2, 2) (10)
A AL Ay(x' — ') e V Y(a',2') such that (x,z)~ (z/,2)). (11)
Since (x,2) ~ (2, 2') implies 2’ ~ 2/, (10) is just part (a) of Lemma 3.4. Moreover (11) is equivalent to
(A12AL, Aox’); = (A12 AL Ag2"); Yig J
that follows from part (a) of Lemma 3.5. |

Now we prove Theorem 1.

Proof of Theorem 1. As observed before, Proposition 3.6 shows that the conditions stated in (2) are necessary
for indistinguishability; thus we only need to prove the sufficiency part.



Assume first that we are dealing with the discrete-time case. We show that if z, z € R" satisfy the conditions
in (2) then also 2T (u), 2" (u) satisfy the same conditions for all u € R™. This fact clearly implies that z ~ 2.
The following implications hold:

Ai(x —2) eV =af(u) -z (u) eV
-2z

Ag(x —2) €W = 2 (v) — 25 (u) € W. (12)

The first implication follows from the fact that V is a coordinate subspace (for this type of subspace if & € V' then
also ¢(a) € V), while the second is easy. Since V' C ker Cy, and W C ker Cy, (12) yields 27 (u) — 27 (u) € ker C.
Moreover V is Aqi-invariant, and Ao W C V, and so we have:

Ar(zF(u) = 27 (w) = An (a7 (u) = 27 (u)) + Ara (a3 (u) — 25 (u)) € V.
Finally, Ags-invariance of W, and the fact that A1V C W, gives:
A (2 (u) — 2% (u) = Ara(af (u) — 21 (u)) + Aga (23 (u) — 25 (u)) € W.

Thus also the pair (z*(u), 27 (u)) satifies equation (2), as desired.

Assume now that we are dealing with the continuous-time models. For a fixed but arbitrary input signal
(u(t))e>0, let z(t), z(t) denote the corresponding solutions of (1), associated to initial conditions z(0), 2(0). The
pair (z(t), 2(t)) solves the differential equation in RR*™

< z > — F(x,2) (13)

z

where

&(All’ + Blu)
AQ(E + BQU

G(A1z + Biu)
Asz + Bou

F(z,z) =

Let Z = {(x,2) € R*" : 2 — 2 € ker C, Ay (x — 2) € V, Ay(x — 2) € W}. In the proof for the discrete time case
we showed that if (z, z) € Z then F(z,z) € Z. Thus Z is stable for the flow of (13), i.e. if (2(0),2(0)) € Z then
(x(t), 2(t)) € Z. Since (u(t));>o is arbitrary and Z C ker C' this completes the proof.

4 Proof of Proposition 2.2

Define:
Joo = Ng>1da; Vo = Ng>1Va; Weo = Ng>1Way.

Thus Vo = span {eY)|j & Js}. By using the recursive definition of Jy, Vi, and Wy and the fact that there
exists d such that V; =V, Wy = W for d > d, the following properties are easily seen:

{Z|E|]€Joo so that (AH)N#O}QJOO (14)
{i]135,31> 0 so that (CyAbyA9)ji #0} C Ju. (15)

{Z | E'j € Jso,dl > 0 so that (A12A122A21)ji 7& 0} C Jw. (16)

W c{w|Ayw € kerCy for 1>0,A15A%w € Voo for 1>0}. (17)

We now prove Voo CV and W, C W by showing that V, and W, satisfy properties P1-P4 in the definition on
vV, W.

P1. The only thing which is not obvious is the A;;j-invariance of V. So let v € V. By (14), we have v; = 0 if
E[] € Js such that (All)ji 7é 0. Thus, fOI'j € Joo!

k

(A11v); = Z(All)jﬂ/i =0

i=1

and, therefore, Aj1v € V.



P2. Let w € W4,. We show that Asow € Wy for every d > 1. The fact that AZQQ(Aggw) ckerCyfor0<(<d
follows clearly by (17). Moreover, for 1 < s < d, it follows from (17) that:

A1 A%, (Arw) € Vo C Vi

P3. Let v € V. We have to show that Asjv € Wy for all d > 1. Using the same argument used to get P1, it is
easy to see that from (15) we get:
CQA122A21'U =0 Vi Z 0,

and from (16) we have:
A AbyAsiv €V CV, Vs> 1.

This implies that As1v € Wy for all d, as desired.

P4. This is immediate by equation (17).

To complete the proof, we have to show that V C V;, and W C W, for all d > 1. We do this by induction. For
d = 1 this is clear.

Now let e(? € V. We show that () e Vig1, e i &€ Jgi1.
e Suppose i is such that there exists j € J; with (A;1);; # 0. Then we have
(Aue(i))j = (All)ji 7& 0 = Alle(i) < Vd.

This is impossible since A;;V C V and, by inductive assumption, V C V.

e Suppose ¢ is such that there exist 7 and 0 <1 < d — 1 with (CQAZ22A21)ji # 0. As before, this implies
CQAl22A21€(i) 7é 0
that is impossible, since A5;V C W and W C ker (CyAb,) for every [ > 0.

e Suppose 7 is such that there exist 0 < s < d—1 and j € J; with (A12A353A21)ji # 0. This implies
AlgAgQ_SAgle(i) € Vs
This is impossible since AggsAglV CcV, A;sW C W and, by inductive assumption, V C V.

Thus we have shown that e(?) € V.
Now let w € W. We show that w € Wy,1.

e The condition Al22w € ker Cy for 0 <[ < d follows from W C ker Cy and AW C W.

e The condition AuAgQ_Sw C Vs for 1 < s < d follows from AW C W, A1sW C V' and the fact that, by
inductive assumption, V C V5.
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