Recurrent Neural Networks: Identification and other
System Theoretic Properties

Francesca Albertini !
and
Paolo Dai Pra
Dipartimento di Matematica Pura e Applicata
Universita di Padova
Via Belzoni 7,

35131 Padova, Italy
albertin@math.unipd. it
daipra@math.unipd. it
Phone : +39 (0)49 8275966
Fax : +39 (0)49 8758596

! Also: Istituto di Ingegneria Gestionale, Viale X Giugno 22, 36100, Vicenza, Italy.



Contents

1 Introduction

2 Recurrent neural networks

21 Themodel. . ... ... ... ......

2.2 Examples of admissible activation functions . . . . . . .. .. .. ... ...

2.3 State observability . . . ... ... ...
2.4 Identifiability and minimality . . . . . .

2.5 Controllability and forward accessibility

2.5.1 Controllability and forward accessibility for continuous time RNN’s . .

2.5.2  Controllability and forward accessibility for discrete time RNN’s

3 Mixed networks

3.1 Themodel. ... ... ..........
3.2 State observability . . . ... ... ...
3.3 Proofs on observability . . . . .. .. ..
3.4 Identifiability and minimality . . . . . .

3.5 Proofs on identifiability and minimality

4 Some Open Problems

17
17
17
22
27
30

41



ii

CONTENTS



Chapter 1

Introduction

In recent years neural networks have become a widely used tool for both modeling and
computational purposes. From plasma control to image or sound processing, from associative
memories to digital control, neural networks techniques have been appreciated for their
effectiveness and their relatively simple implementability. We refer the reader to [16, 17]
(and references therein) for seminal works, and to [26, 9, 32] for more recent reviews on the
subject.

The rigorous analysis of neural networks models has attracted less interest that their
applications, and so it has proceeded at a slower pace. There are, of course, some exceptions.
In the context of associative memories, for instance, a rather sophisticated study can be found
in [31, 10].

The purpose of this work is to present up-to-date results on a dynamical version of
neural networks, namely on Recurrent Neural Networks. Recurrent neural networks are
control dynamical systems that, in continuous time, are described by a system of differential
equations of the form

t = &(Axz+ Bu)
(1)
y = Cx

where r € R"®, u € R™, y € R?P and A, B,C are matrices of appropriate dimension. The
function ¢ : R" — R" is defined by &(z) = (o(z1),...,0(xy,)), where o is an assigned
nonlinear function. In (1), u represents the input signal, or control, and y represent the
output signal, or observation. Systems of type (1) are commonly used as realizations for
nonlinear input/output behaviors; the entries of the matrices A, B, C, often called weights
of the networks, are determined on the basis of empirical data using some appropriate
best fitting criterion. A brief survey on the use of recurrent neural networks as models for
nonlinear systems can be found in [24]. Models of these types are used in many different
areas; see for example [9, 18] and [21, 26] for signal processing and control applications
respectively.

The system theoretic study of recurrent neural networks was initiated in [30, 6, 7], and
continued in [8, 2]. The purpose of this study is twofold.

e Systems of type (1) provide a class of "semilinear” systems, whose behavior may be
expected to exhibit some similarity with linear systems, that correspond to the choice
o = identity. It is therefore natural the attempt of characterizing the standard sys-
tem theoretic properties - observability, controllability, identifiability, detectability,...
- in terms of algebraic equations for the matrices A, B, C, as for linear systems. One
may expect that the nonlinearity introduced by a ”typical” function ¢ induces some
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”chaotic” disorder in the system, whose overall effect can be described in simple terms.
Surprisingly enough, this picture turns out to be correct, under quite reasonable as-
sumptions on the model.

e In modeling nonlinear input/output behaviors by recurrent neural networks, it is de-
sirable to avoid redoudances. More precisely, one would like to work with a recurrent
neural network that is minimal; this means that the same input/output behavior can-
not be produced by a recurrent neural network with lower state space dimension (= n
in (1)). This leads to a classical identifiability problem: characterize minimal recurrent
neural networks in terms of their weights. Moreover, by analogy with linear systems,
questions on relationships between minimality, observability and controllability natu-
rally arise.

There are many other interesting issues related to recurrent neural networks, such as
computability, parameter reconstruction, stability properties, memory capacity, sample com-
plexity for learning and others which will not be addressed in this work. Some references on
these subjects are for example [23, 13, 19, 22, 11, 12].

The analysis of recurrent neural networks, both in discrete and continuous time, is the
subject of Chapter 2. After stating some assumptions on the model (Sections 2.1 and 2.2),
we give necessary and sufficient conditions for a system of type (1) to be observable, i.e.
for the initial state of the system to be determined by the input/output behavior. Such
conditions can be checked by performing a finite number of linear operations on the entries
of the matrices A, C. Moreover, it is shown that observability of the corresponding linear
system (o = identity) implies observability of the network, while the opposite is false.

In Section 2.4 we turn to the problem of characterizing identifiability and minimality
of recurrent neural networks. These notions are shown to be essentially equivalent to ob-
servability. Moreover, for non-observable systems, it is shown that through an observability
reduction similar to the one for linear systems (see e.g. [27]), one can lower the state-space
dimension without changing the input/output map.

Unlike for linear systems, it may appear that controllability does not play any role in
minimality. However, this is not the case. The above observability and minimality results
are proved under ”genericity” assumptions on the function ¢ and the control matrix B. In
Section 2.5 we show, for continuous time systems, that these assumptions imply forward
accessibility, which means that by choosing different controls u we can steer the state of
the system to any point of a nonempty open set. Forward accessibility for a discrete-time
recurrent neural network is a more difficult problem, and not completely understood. Known
results on the subject are summarized in Section 2.5.

Systems of type (1), although very flexible, may be not the best choice in some contexts.
In many engineering applications nonlinear systems arise as perturbations of linear ones.
This happens, for instance, when a linear and a nonlinear system are interconnected (see
[27], Chapter 6). There is a natural way of generalizing systems of type (1) to include
interconnections with linear systems. We consider control systems that, in continuous time,
take the form

T = E(Allwl + A12$2 + Blu)
To = A211‘1 + A22x2 + Bou (2)
y = Clog 4+ C%x

where z; € R™, 29 € R™, v € R™, y € RP, and o is a given nonlinear function. In
Chapter 3 we present a complete analysis of observability, identifiability and minimality for



such systems, that will be called Mized Networks. The results on observability can also be
found in [1, 3], while results concerning identifiability and minimality, that are technically
the most demanding, are original contributions of this work.

It is relevant to point out that the main point in understanding minimality of both
systems of type (1) and (2), consists in determining the symmetry group of minimal systems,
i.e. the linear transformations of the state-space that do not affect the type of the system
and its input output behavior. It is well known that the symmetry group of a minimal
linear system of dimension n is GL(n), the group of all invertible linear transformations.
It turns out that minimal recurrent neural networks have a finite symmetry group, while
mixed networks have an infinite symmetry group, but much smaller than GL(n; +ng). This
reduction of the symmetry group is not surprising, since the nonlinearity of o prevents linear
symmetries. What is remarkable is that the knowledge of linear symmetries is enough to
understand observability and identifiability.

Chapter 4 presents some open problems related to the properties of recurrent neural
networks and mixed networks discussed in this work.

We are both indebted to Prof. E.Sontag, who has lead us into the subject of recurrent
neural networks, and has contributed to developing many of the techniques used in this
work.
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Chapter 2

Recurrent neural networks

2.1 The model

In this Chapter we consider Recurrent Neural Networks evolving either in discrete or con-
tinuous time. We use the superscript ”+” to denote time shift (discrete time) or time
derivative (continuous time). The basic models we deal with are that in which the dynamics
are assigned by the following difference or differential equation

v = &(Az + Bu) (3)

y = Cz
with z € R", v € R™, y € R?, A € R"", B € R and C € RP*". Moreover
d(x) = (o(x1),...,0(xy)), with o a given odd function from R to itself. Clearly, if o is

the identity, the model in (3) is just a standard linear system. If o is a nonlinear function,
then systems of type (3) are called (single layer) Recurrent Neural Networks (RNN), and the
function o is referred to as the activation function. For continuous time models, we always
assume that the activation function o is, at least, locally Lipschitz, and the control map u(-)
is locally essentially bounded, so the differential equation in (3) has an unique local solution.

The system theoretic analysis of RNN’s will be carried on under two basic conditions,
involving the activation function ¢ and the control matriz B. The first condition is a non-
linearity requirement on o.

Definition 2.1.1 A function ¢ : R — IR is an admissible activation function if, for all
N € IN and all pairs (ay,b1),...,(an,by) € R? such that b; # 0 and (a;,b;) # +(aj,b;)
for all i # j, the functions { — o(a; + b;§), i = 1,..., N, and the constant 1 are linearly
independent.

Note that no polynomial is an admissible activation function. Sufficient conditions and
example of admissible activation functions will be given in Section 2.2.
Next condition is a controllability-type requirement on the matrix B.

Definition 2.1.2 A matrix B € R™ " is an admissible control matrix if it has no zero row,
and there are no two rows that are equal or opposite.

The above assumption is equivalent to say that, whatever the matrix A is, and provided
o is an admissible activation function, the orbit of the control system

rT = &(Ax + Bu) (4)

is not confined in any subspace of positive codimension. In fact, the following statement is
easy to prove.
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Proposition 2.1.3 If o is an admissible activation function, then B is an admissible con-
trol matriz if and only if span{d(Bu) : v € R™} = R" or, equivalently, for all x € R"
span{d(x + Bu) : w € R™} = R".

The relation between the admissibility of B and controllability of the system (3) will be
the subject of Section 2.5.

Definition 2.1.4 A system of type (3) is said to be an admissible RNN if both the activation
function ¢ and the control matrix B are admissible.

2.2 Examples of admissible activation functions

In this Section we state and prove two criteria for verifying admissibility of an activation
function. For the first one see also [5].

Proposition 2.2.1 Suppose o is a real analytic function, that can be extended to a complex
analytic function on a strip {z € C : [Im(z)| < ¢} \ {z0, 20}, where |z0| = ¢ and zp, Zy are
singularities (poles or essential singularities). Then o is admissible.

Proof. Let (a1,b1),...,(an,bn) be such that b; # 0 and (a;, b;) # £(aj,b;) for all i # j.
Suppose |[b1| > |ba| > -+ > |bn], and let ¢1,...,cny € IR be such that

N
Zcia(ai +0i§) =0 (5)
=1

for all £ € R. Since o is odd, we can assume without loss of generality that b; > 0 for all :.
Note that the identity (5) extends to {{ € C: [Im({)| < -} \ {=5%, 2% i =1,....k}
where k < n and by = -+ = by. Now, let {, € € be a sequence with |Im(&,)| < 4>, such
that &, — 25 and |o(a1 + b1§n)| — +00 as n — oco. Note that, for every i > 1

20 — a1

lim o(a; + b;&,) = o(a; + bi( 5
n—oo 1

)) € C. (6)

Thus, dividing expression (5) by o(a; + b1§) and evaluating at & = §,,, we get:

N
o(a; +bi&)
“at ;Cla(al +bi&) v

Letting n — oo, we conclude ¢; = 0. By repeating the the same argument we get ¢; = 0 for
all 4, which completes the proof. [ |

It is very easy to show that two standard examples of activation functions, namely
o(x) = tanh(x) and o(x) = arctan(z), satisfy the assumptions of Proposition 2.2.1, and so
are admissible.

The above criterion is based on the behavior of the activation function near a complex
singularity. There are natural candidates for activation function that are either non-analytic
or entire, so Proposition 2.2.1 does not apply. We give here a further criterion which requires
a suitable behavior of the activation function at infinity.
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Proposition 2.2.2 Let o be an odd, bounded function such that, for M large enough, its
restriction to [M,+00) is strictly increasing and has decreasing derivative. Define

f(z) = lim o(&) —o(z), (7)

E—o0

and assume f(a)
T
lim =
v—oo f/(x)

Then o is an admissible activation function.

(8)

Proof. Suppose
N
> cio(ai + bi€) =0, 9)
i=1
with b; # 0 and (a;, b;) # £(aj,b;) for all i # j. As before, we may assume b; > 0 for all 4.
We order increasingly the pairs (a;, b;) according to the order relation

(a,b) > (a',V/) if (b>V) or (b="b and a>d). (10)

So we assume (a1, b;) < --- < (an,by). Letting & — oo in (9), we get > ,¢; = 0. This
implies
N

> cif(ai + b:i&) = 0. (11)

=1

We now divide the expression in (11) by f(a1 + b1€), and let £ — oo. In this way, if we can

show that
flai +bi§)
im ———=~
¢—oo f(ar + b1§)
for every i > 2, then we get ¢; = 0 and, by iterating the argument, ¢; = 0 for all ¢’s.
Notice that a; + b;§ = a1 + b1€ + (a; — a1) + (b; — b1)&, so for some ¢ > 0, and for &

sufficiently large, we have a; + ;€ > a1 + b1§ + ¢. Thus, to prove (12) it is enough to show
that, for all ¢ > 0,

=0 (12)

. flz+o)
lim ———= =0. 13
M) 1
By assumption, f’ is increasing for x large, and so
flx+e) < fla)+ f(z+c)e (14)
for z sufficiently large. Thus
S flz+c
1 > 1 1-— =+ 15
which completes the proof. |

Examples of functions satisfying the criterion in Proposition 2.2.2 are
2

o(z) =sgn(z)[l —e ] (16)

and

o(x) = /O T, (17)
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2.3 State observability

In general, let X be a given system, with dynamics:

zt = f(z,u)
y = hiz) 1s)

where z € R", u € R™, y € RP; again, the superscript "4” denotes time shift (discrete
time) or time derivative (continuous time). Assume, for continuous time models, that the
map f is, at least, locally Lipschitz. Moreover let zy € IR™ be a fixed initial state, then to
the pair (X, z9) we associate an input/output map Ay, 5, as follows.

e For discrete time models, to any input sequence uy,...,u; € R™, Ay 4, associates the
output sequence yo = h(zo),y1,...,yr € IRP generated by solving (18), with controls
u; (i=1,...,k), and initial condition x.

e For continuous time models, to any input map u : [0,7] — IR™, which is, at least,
locally essentially bounded, we first let (t) be the solution of the differential equation
in (18) with control u(-) an initial condition xp, and we denote by [0, €,) the maximal
interval on which this solution is defined. Then, to the input map u(-), Ax 5, associates
the output function y(t) = h(x(t)), t € [0, €,).

Definition 2.3.1 We say that two states zg,x; € R"™ are indistinguishable for the system
Yif Ap gy = )\E%. The system ¥ is said to be observable if no two different states are
indistinguishable.

The above notion is quite standard in system theory. In the case of linear systems,
observability is well understood, and the following Theorem holds.

Theorem 2.3.2 Suppose o(x) = x in (3). Denote by V the largest subspace of R" that is A-
invariant (i.e. AV C V') and contained in ker C. Then two states x,z are indistinguishable
if and only if x — z € V. In particular, the system is observable if and only if V- = {0}.

Among the various equivalent observability conditions for linear systems, the one above
is the most suitable for comparison with the result we will obtain for Recurrent Neural Net-
works. It should be remarked that, for general nonlinear systems, rather weak observability
results are known (see e.g. [15, 20, 4]).

Before stating the main result of this section we introduce a simple notion, that plays a
significant role in this work.

Definition 2.3.3 A subspace V C IR" is called a coordinate subspace if it is generated by
elements of the canonical basis {e1,...,ep}.

The relevance of coordinate subspaces in the theory of RNN’s comes essentially from
the fact that they are the only subspaces satisfying the following property, for ¢ and B
admissible:

z,z€R", x —2€V = d(x+ Bu) —d(2+ Bu) €V YueR". (19)

This ”invariance” property of coordinate subspaces is responsible for some of the linear
theory to survive.
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Theorem 2.3.4 Consider an admissible system of type (3). Let V. C IR"™ be the largest
subspace such that

i) AV.CV and V C ker C;
i1) AV is a coordinate subspace.

Then x,z € R™ are indistinguishable if and only if x — z € V. In particular, the system is
observable if and only if V.= {0}.

Theorem 2.3.4 is a special case of Theorem 3.2.2, whose proof is given in Section 3.3 (see
also [8]). We devote the rest of this section to comments and examples.

First of all note that the largest subspace satisfying i) and ii) is well defined. Indeed, if
Vi, Vo satisfy i) and ii), so does V; + Va. Moreover, if V is the largest subspace for which i)
holds, then = — z € V if and only if z, z are indistinguishable for the linear system (A, C). It
follows that observability of the linear system (A, C') implies observability of the RNN (3).

We now show that the observabilty condition in Theorem 2.3.4 can be efficiently checked
by a simple algorithm. For a given matrix D let Ip denote the set of those indexes i such
that the i-th column of D is zero. Define, recursively, the following sequence of subsets of
{1,2,...,n}:

Jo = {1,2,...,n}\ Ic

Jay1 = JoU{i:3j € Jy suchthat A;; #0}. .
Note that the sequence J; is increasing, and stabilizes after at most n steps. Now let
Oc(A,C) = span{e; : j & Jo} (21)
with Js = NgJy.
Proposition 2.3.5 The subspace V' in Theorem 2.5.4 is given by
V =kerCNA™(0:(4,0)). (22)
In particular, the system is observable if and only if
ker ANker C = O.(A,C) = {0}. (23)

Proof. 1t is not hard to see that O.(A,C) is the largest coordinate subspace contained in
ker C' and A-stable. Thus, the r.h.s. of (22) satisfies conditions i) and ii) of Theorem 2.3.4,
and thus it is contained in V. For the opposite inclusion just observe that, by definition,

AV C O.(A,C). "

It is worth noting, and quite easy to prove, that z—z € V implies indistinguishability of x
and z, for any system of type (3). Admissibility of the system guarantees that the condition
is also necessary. We illustrate with some examples how that whole picture change if we
drop some admissibility requirements.

Example 2.3.6 Let o(+) be any periodic smooth function of period 7; clearly such a function
cannot be admissible. Consider the following system, with n =2 and p =m = 1:

+ =
xt = &z +bu) (24)
Yy = T1— X2,

where b is any admissible 2 x 1 control matrix.

It is easily checked that the observability conditions in Theorem 2.3.4 are satisfied. How-
ever the system is not observable. Indeed, we consider Z = (7,7). Then Cz = 0, and,
since o is periodic of period 7, it is easy to see that both for the discrete-time, and for the
continuous-time cases, 7 is indistinguishable from 0.
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Example 2.3.7 Assume that o(z) = 23, which is not admissible. Consider a system of
type (3), with this function o, n =2, m = p = 1, and matrices A, B, and C as follows:

4 0
1= (o)

1 (25)
- (1)

C = (=81

Notice that also this system satisfies the observability conditions in Theorem 2.3.4, but it is
not observable. In fact, let W = {(a,8a) : a € R}. It is easy to check that if x € W, then
(Ax 4+ Bu) € W for every u € IR. This implies that W is invariant for the dynamics and,
being contained in ker C, it contains vectors that are indistinguishable from 0.

In next example we show that the implication ”observability of the linear system (A, C')”
= ”observability of the RNN” may fail if B is not admissible, even though o is admissible.
Note that for linear systems the control matrix B does not influence observability.

Example 2.3.8 Suppose o is a strictly increasing admissible activation function. Pick any
two nonzero real values x1,x2 in the image of o such that:

z10 N zg) # zo0 7 (21) . (26)

Such values always exist for nonlinear o. Consider the discrete-time system with n = 2,
p=1and B =0:

o M(z1) 0
_ T1
A - 0 0'7;(21‘2) (27)
C = (:L‘27 _:El)

Given (26) it is easy to see that the pair (A, C) is observable; however the nonlinear sys-
tem is not. In fact, the state x = (z1,22) is an equilibrium state and Cz = 0, so it is
indistinguishable from zero.

2.4 Identifiability and minimality

Recurrent neural networks possess a very simple group of symmetries. Let us consider a
model ¥ of type (3), and suppose we exchange two components of z. Define z = Sz, where
S is the operator that exchange two components. Noting that S = S~ and 705 = Sod it
is easily seen that the following equations hold:

2t = &(A'z2+ Bu)
> = (28)
y = Oz

with A = SAS™!, B’ = SB, C' = CS™!, as for linear systems. Thus we say that the
system (28) with initial condition zy = Sxg is input/output (i/o0) equivalent to (3) with
initial condition zg; this means that As o, = Asy ..

The above argument can be repeated by considering compositions of exchanges, i.e. by
letting S be any permutation operator. Since ¢ is odd, the same apply to operators S that
change the sign to some components. Permutation and sign changes generate a finite group
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that we denote by G,,. We have thus shown that G,, is a symmetry group for any system
of type (3), i.e. transformation of the state by an element of G,, gives rise to an equivalent
system which is still a RNN.

In what follows a RNN will be identified with the quadruple ¥,, = (0, A, B, C), where
the index n denotes the dimension of the state space. Moreover, with (3, zg), zo € R", we
will denote the RNN ¥, = (0, 4, B, C) together with the initial state xg; and we will call
the pair (3., x0) an initialized RNN.

We will write
(Em 130) ~ (an/, 176)

to denote that the two initialized RNN’s (X, zo), and (X', z()) are input/output equivalent,
i.e. )\meo = )\E/

/
Zn*
n/ "0

Definition 2.4.1 Let X, = (0,4, B,C) and X/, = (0, 4’, B',C") be two RNN’s. The two
initialized RNN’s (X, zo) and (X/,, z() are said to be equivalent if n = n' and there exists
S € Gy, such that A’ = SAS™! B’ =SB, C' = CS™!, and z{, = Sxy.

Definition 2.4.2 An admissible RNN ¥,, = (0,4, B,C) is said to be identifiable if the
following condition holds: for every initial state xg € IR", and for every admissible initialized
RNN (2!, = (0, A", B',C"), () such that (3, z¢) and (X!, z() are i/o equivalent, then either
n’ >mnor (X,,z0) and (X!, z() are equivalent.

Note that the notions in Definitions 2.4.1 and 2.4.2 can be given for linear systems (o
= identity) by replacing G,, with GL(n) = {n x n invertible matrices} (and cutting the
admissibility assumption). We recall the following well known result.

Theorem 2.4.3 A linear system (A, B,C) is identifiable if and only if is observable and
controllable.

We do not insist here on the notion of controllability, that will be discussed in next
section. Remarkably enough, a formally similar result holds for both continuous time and
discrete time RNN’s.

Theorem 2.4.4 An admissible RNN is identifiable if and only if it is observable.

Theorem 2.4.4 is a special case of Theorem 3.4.3, so we do not give its proof here. The “only
if” part is not difficult to see. In fact, if a RNN X,, is not observable, then there exists two
different states x1, o which are indistinguishable, thus (¥, x1) ~ (35, z2). Moreover, since
the matrix B is admissible, the only matrix S € G,, such that B = SB is the identity, thus
the two initialized RNN’s (X,,z1), (X,,22) can not be equivalent.

In comparing Theorems 2.4.3 and 2.4.4 it is seen that no controllability assumption
is required in Theorem 2.4.4. In a certain sense, the role of controllability is played by
admissibility. Actual connections between admissibility and controllability will be studied
in Section 2.5.

We have seen in Section 2.3 that observability of an admissible RNN is equivalent to

ker ANker C = O.(A,C) = {0}. (29)
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Suppose O.(A,C) # {0}, and let n;y = dim O.(A,C). Then, up to a permutation of the
elements of the canonical basis, the system (3) can be rewritten in the form

l‘1+ = E(All‘l + Aogxo + Blu)
a:; = &(Aszy + Bou) (30)

y = Charg

with z; € R™, x5 € R" ™. It follows that the system (X, = (0,4, B,(C)), with initial
state (z1,72) € IR" is i/o equivalent to (X,, = (o0, As, B2,C2)) with initial state xo €
R"™ ™. Thus we have performed a reduction in the dimension of the state space. On the
other hand, if O.(A,C) = {0}, then it will follow from the proof of Theorem 2.4.4 that
for (X7, = (0,A',B’,C"),x;) to be i/o equivalent to (X,,xo) it must be n’ > n. Moreover
n = n' if and only if there exists S € G,, such that A’ = SAS™!, B’ =SB, ¢’ = CS™!, and
zg, S _13:6 are indistinguishable for ¥,,. We summarize these remarks as follows.

Definition 2.4.5 An admissible RNN X, is said to be minimal if for all o € IR", and for
any admissible initialized RNN (X, x) such that (X, z0) and (X],,z() are i/o equivalent
then it must be n’ > n.

Proposition 2.4.6 An admissible RNN is minimal if and only if O.(A,C) = {0}.

Notice that clearly if an admissible RNN is identifiable then it is also minimal, while the
converse implication may be false, as shown in the next example.

Example 2.4.7 Let n = 2, and m = p = 1. Consider any RNN ¥y = (0, A, B,C) where
o is any admissible activation function, and B = (b1, b2)” is any admissible control matrix
(i.e. 0 # |b1] # |b2| # 0). Moreover, let C' = (c1, c2), with ¢; # 0, i = 1,2, and A be the zero

matrix.

Then, for this model, O.(A, C) = {0}, since C has all nonzero columns, thus by Propo-
sition 2.4.6, it is minimal. On the other hand, this model is not identifiable, since ker A N
ker C' # 0, and so it is not observable.

2.5 Controllability and forward accessibility

A RNN 3 is said to be controllable if for every two states x1, zo € IR™ there exists a sequence
of controls uy,...,ur € R™, for discrete time models, or a control map u(-) : [0,7] — R™,
for continuous time models, which steers x1 to x2. In general, for nonlinear models, the
notion of controllability is very difficult to characterize; thus, the weaker notion of forward
accessibility is often studied. Let xyp € R™ be a state; ¥ is said to be forward accessible
from zg, if the set of points that can be reached from xg, using arbitrary controls, contains
an open subset of the state space. A model is said to be forward accessible if it is forward
accessible from any state. Even if much weaker than controllability, forward accessibility is
an important property. In particular, it implies that from any state, the forward orbit does
not lay in a submanifold of the state space with positive codimension.

Unlike the other properties that we have discussed before (observability, identifiability,
and minimality) whose characterization was the same for both dynamics, discrete and contin-
uous time, the characterization of controllability and forward accessibility is quite different
for the two dynamics.
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2.5.1 Controllability and forward accessibility for continuous time RNN’s
Let ¥ be a continuous time RNN; i.e. the dynamics are given by the differential equation:
&(t) = o(Az(t) + Bu(t)), teRR. (31)
Let X, be the vector field defined by:
Xy(z) = 6(Az + Bu).

Given the vector fields X,,, let Lie {X, |u € IR} be the Lie algebra generated by these
vector fields. It is known that if Lie {X, |u € R™} has full rank at = then the system is
forward accessible from z (see [29]). This result together with Proposition 2.1.3 (which says
that the span {X,},erm has already full dimension at each z € IR"), gives the following;:

Theorem 2.5.1 Let Y be an admissible RNN evolving in continuous time, then % is forward
accessible.

Remark 2.5.2 In a recent paper (see [28]) E. Sontag and H. Sussmann proved that if ¥ is
an admissible RNN, and the activation function o satisfies some extra assumptions, then 3
is indeed controllable. The extra requirement on o is fulfilled, for example, when ¢ = tanh.
It is quite surprising that these RNN’s are controllable for any matrix A.

2.5.2 Controllability and forward accessibility for discrete time RNN'’s
Let ¥ be a discrete time RNN, i.e. the dynamics are given by the difference equation:
z(t+1) = F(Ax(t) + Bu(t)), t € Z. (32)

Unlike in continuous time, characterizing controllability of discrete time models is quite
difficult. We will not give the proofs of the results presented in this section since they are
very long technical, and we refer the reader to [2].

It is not difficult to see that, in this case, the admissibility assumption is not enough to
guarantee forward accessibility. In fact, let p = rank [4, B], and V = [A, B] (R"*"™). Then,
except possibly for the initial condition, the reachable set from any point is contained in
& (V). If p < n then, clearly, & (V') does not contain any open set. So a necessary conditions
for forward accessibility is p = n. The result stated below proves the sufficiency of this
condition provided that the control matrix B and the activation function o satisfy a new
condition which is, in some sense, stronger than admissibility.

Definition 2.5.3 We say that the activation function o and the control matrix B are n-
admissible, if they satisfy the following conditions.

1. o is differentiable and ¢’(z) # 0 for all z € R.
2. Denote by b;, i = 1,...,n, the rows of the matrix B; then b; # 0 for all ¢.

3. For 1 < k < n let Oy be the set of all the subsets of {1,...,n} of cardinality k, and let
ai,...,ap arbitrary real numbers. Then the functions {f; : I € Oy}, fr: R — R
given by:

f[(u) = HO’I(CLZ‘ + biu),
el

are linearly independent.
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A RNN ¥ is n-admissible if its activation function o and its control matrix B are n-
admissible.

Remark 2.5.4 Notice that, in the n-admissibility property we do not require that no two
rows of the matrix B are equal or opposite. Moreover the linear independence on the
functions f;’s is asked only for a fixed n. On the other hand, since the functions f;’s involve
products of the functions o’ (a; + bju), this third requirement is, indeed, quite strong. Notice
that the special case k = 1 is equivalent to ask that the functions o(a; + bju)’s and the
constant 1 are linearly independent.

Theorem 2.5.5 Let X be a n-admissible RNN evolving in discrete time. Then X is forward

accessible if and only if
rank [4, B] = n. (33)

Remark 2.5.6 The n-admissibility property, as stated in Definition 2.5.3, is given as a joint
property of o(-) and B. This is not, indeed, what is desirable in applications, since usually
o is a given elementary function. However, it is possible to prove that when ¢ = tanh then
o and B are n-admissible for all matrices B in a ”generic” subset of R™*™, i.e. for B in
the complement of an analytic subset of R™™ (in particular B may vary in an open dense
subset of IR™*™). For more discussion and precise statements on this subject see [2] (section

C.).

Next Theorem states another sufficient condition for forward accessibility, using a weaker
condition on the map o but adding a new condition on the pair A, B.

Definition 2.5.7 We say that the activation function o and the control matrix B are weakly
n-admissible, if they satisfy the following conditions.

1. o is differentiable and ¢’(z) # 0 for all = € R.
2. Denote by b;, t = 1,...,n, the rows of the matrix B; then b; # 0 for all 4.

3. Let ay,...,a, be arbitrary real numbers, then the functions from R™ to R (¢'(a; +
biu))’l, for i = 1,...,n, are linearly independent.

A RNN X is weakly n-admissible if its activation function ¢ and its control matrix B are
weakly n-admissible.

Remark 2.5.8 Notice that this condition is weaker than the one given in Definition 2.5.3;
in fact the third requirement of Definition 2.5.7 is exactly the third requirement of Definition
2.5.3 for the case k = n — 1. It is not hard to show that if B is an admissible control matrix
then the activation function tanh together with the matrix B are weakly n-admissible.
However the same would be false for the activation function arctan, for n > 4.

Theorem 2.5.9 Let ¥ be a weakly n-admissible RNN evolving in discrete time. If there
exists a matric H € R™*"™ such that:

(a) the matriz (A + BH) is invertible,

(b) the rows of the matriz [(A+ BH)~'B] are all non-zero,

then 3 is forward accessible.
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It is easy to see that condition (a) of the previous Theorem is equivalent to rank [A, B] = n,
thus (a) is also a necessary condition for forward accessibility. So Theorem 2.5.9 adds a
new condition on A, B (condition (b)), and guarantees forward accessibility with weaker
assumption on o.

Remark 2.5.10 It is interesting to notice that for the single-input case condition (b) is
independent on H. In fact the following fact holds:

Let h, k € R™! be such that A + bht and A + bk! are invertible. Then

(A+bEY ) 20 Vi <= ((A+bh")7'0); £0 V.

It is not restrictive to assume k = 0. Let w = A7'b and v = (A + bh!)~1b. To get the claim
it is sufficient to show that there exists A # 0 such that v = Aw. Since A + bh! is invertible,
we have that hlw # —1, otherwise (A + bh!)w = b — b = 0. Thus we may let:

1
A=
1+ htw

Let v' = Aw; then (A + bh')v" = M(Aw + bhtw) = Ab(1 + hlw) = b. So we may conclude
v’ = v, as desired.
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Chapter 3

Mixed networks

3.1 The model

In this Chapter we consider models obtained by ”coupling” a recurrent neural network with
a linear system; we called these type of systems Mixed Networks. Also for these systems,
we consider both models evolving in discrete and continuous time. Again, the superscript
747 will denote time shift (discrete time) or time derivative (continuous time). A Mixed
Network (MN) is a system whose dynamics are described by equations of the form:

rf = &AM e + A2y + Blu)
vy = A%z + A239+ By (34)
y = Clzg+C%x

with 1 € R™, 2o € R™, u € R™, y € R, and A, A2, A% A2, B! B2 C', and C? are
matrices of appropriate dimensions. We let n = n; + no, and

All A12 Bl
A:[A21 Amla B:[BQ], C:[Cl,C’Q}.

As for RNN’s, we assume that the activation function ¢ : IR — IR is an odd map. For
continuous time models, we always assume that the activation function is, at least, locally
Lipschitz, and the control maps are locally essentially bounded; thus local existence and
uniqueness of the solutions of the differential equation in (34) are guaranteed.

As for RNN’s, the system theoretic analysis for MN’s will be carried on for a suitable
subclass.

Definition 3.1.1 A system of type (34) is said to be an admissible MN if both the activation
function ¢ and the control matrix B! are admissible.

For the definitions of an admissible activation function and an admissible matrix see Section

2.1. Notice that the admissibility conditions involveonly the first block of equations in (34),
which evolves nonlinearly.

3.2 State observability

In this section we present the state observability result for MN’s. For the definitions of state
observability and coordinate subspace see the corresponding Section 2.3.

17
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Definition 3.2.1 Consider an admissible MN of type (34). Let W C R™ be the maximal
subspace (maximal with respect to set inclusion) such that:

i) AW CW,and W C ker C;
ii) AW = V; & V;, where V; CIR™, Vo C IR, and V] is a coordinate subspace.
We called W the unobservable subspace.

It is clear that the unobservable subspace is well-defined, since if W7, and W5 are subspaces
both satisfying the previous i), and ii), then also Wi + Ws does.

Theorem 3.2.2 Let X be an admissible MN of type (34), and W C IR"™ be its unobservable
subspace. Then x,z € R™ are indistinguishable if and only if x —z € W. In particular, 3 is
observable if and only if W = {0}.

Theorem 3.2.2 will be restated in a different form in Theorem 3.2.5, whose proof is postponed
to Section 3.3.

Remark 3.2.3 Notice that if 3 is a RNN (i.e. ng = 0), then the previous Theorem yields
the observability result given in Theorem 2.3.4. On the other hand, if ¥ is a linear model (i.e.
ny = 0), then Theorem 3.2.2 gives the usual linear observability result stated in Theorem
2.3.2.

As done for RNN’s, we present a simple algorithm to check efficiently the observability
condition given by Theorem 3.2.2. First we give a useful characterization of the unobservable
subspace W.

Proposition 3.2.4 Consider an admissible MN of type (34). Let Vi C IR™ and Vo C R™
be the mazximal pair of subspaces (maximal with respect to set inclusion) such that:

P1. Vi is a coordinate subspace, Vi C ker C1, A11 Vi C Vi;
P2. Vo C ker Cy, AggVy C Vo,

P3. Ay Vi C Vo

Pj. ApVa C V.

Then the unobservable subspace W' is given by

W =AYV, ® V) Nker C.

Proof. First we prove that if ; C R™ and V5 C R™ is any pair of subspaces satisfying
properties P1— P4 then W = A~1(V; @ V5) Nker C satisfies properties i) and ii) of Definition
3.2.1.

i) Clearly W C ker C. To see that AW C W we argue as follows. AW C V; @ V5 C ker C,
since V7 C ker Ci, and V5 C ker Cy. On the other hand, since A1V C Vi, AxVo C Vs,
and properties P3, P4 hold, one gets that A(Vy; & Vo) C Vi @& Va. Thus, if x € W C
A=Y (V1 @ V), then Az € Vi @ Vs, which implies that A(Az) € A(V1 @ Vo) C Vi @ Va. So

Az € A~Y(V1 @ V) Nker C, as desired.

ii) We will prove that AW = V; @ V,. We need only to establish that V3 @ Va C AW, being
the other inclusion obvious. Notice that Vi @ V5 C ker C' and, since A(V; @ Va) C Vi @ Va,
we get also V1 @ Vo C AL (V3 @ Va), and so V; @ Vo C AW.
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It is not difficult to see that if W C IR" is any subspace which satisfies properties i),
and ii) of Definition 3.2.1, then the two subspaces V; C R™ and Vo C IR™ such that
AW = V| @ V,, satisfy properties P1 — P4.

Now, by maximality of both the unobservable subspace W and the pair Vi, Vs, the
conclusion follows. [ |

If 1 CRR™ and V5, C IR™ are the two subspaces defined in Proposition 3.2.4, then one
has:
W=0 < kerAnkerC =0, V; =0, Vo, =0. (35)
In fact, W = A=1(V} © V3) Nker O, thus if W = 0 then ker ANker C C W = 0. Moreover,
since V7 @ Vo C Ail(Vl @ V2) Nker C, we also have that V; = 0 and V5 = 0. On the other
hand, if V3 =0 and Vo =0, then W = A=Y (V; @ Vo) Nker C = ker A Nker C' = 0.

Using (35), Theorem 3.2.2 can be rewritten as follows.

Theorem 3.2.5 Let ¥ be an admissible MN of type (34), and Vi C IR™, Vo C R™ be the
two subspaces defined in Proposition 3.2.4. Then x,z € R™ are indistinguishable if and only
ifx —z€kerC and A(x — z) € Vi @ Va. In particular, 3 is observable if and only if

kerANnkerC =0, and V3 =0, Vo =0. (36)

Before proving this result, we present an algorithm to compute the subspaces Vi and V3,
which consists in solving a finite number of linear algebraic equations.

Inductively, we define an increasing sequence of indexes J4, and two decreasing sequences
of subspaces V¥ C R™, Vi! C R™, for d > 1, where V} is a coordinate subspace. Recall
that for a given matrix D, we denote by Ip the set of indexes ¢ such that the i-th column of
D is zero. Let:

Jio= {1,...,k}\ Ioy;
Vi = span{e;[j ¢ Ii};
Vi = kerCy;

and, for d > 1, let:

Jay1 = J1U{i|3j € Jg such that A} #0}
U{i|35,30 <1< d—1 such that (C2(A22)'A2Y);; #0}
U Uf;} {i]3j € Js such that (A12(A22)d*5*11421)ji £0}

VP = span {ej|j & Jay1}

Vi = {w|(A®)w e ker C? for 0<1<d, A(A??)T 5w e VP for 1<s<d}.

Remark 3.2.6 It is easy to show that the two sequences Vi, and V! for d > 1 are both
decreasing; thus they must become stationary after a finite number of steps. One can
find conditions that guarantee the termination of the previous algorithm. Assume that a
stationary string Vi = V™ = ... = V™™ of length n; + 1 is obtained. Then, using both
the definitions of V{? and Vi, and applying the Hamilton-Cayley Theorem, one proves that
Vi = V§ for all d > s and that Vi’ = V52 for all d > s + ng. Thus the two sequences Vi,
and V2d become stationary after at most (ng + 1)n; steps, for ny > 1, or n steps, for ny = 0.

The two sequences Vld, and V2d stabilize exactly at V1, and V5 as stated in Proposition 3.2.8.
Moreover, for MN which evolves in discrete time, the previous subspaces Vld, and V2d have
a precise meaning, as stated next. For discrete time models, given any x, z € IR"™ and any
0 < d € IN, we say that x and z are indistinguishable in d-steps if any output sequence from
x or z is the same up to time d.
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Proposition 3.2.7 Let X be a discrete time admissible MN. Then the following properties
are equivalent:

i) x and z are indistinguishable in d-steps,

i) x—z¢ckerC; Alx — 2) € (V2 V).

For the proof of this Proposition we refer to [1].

Proposition 3.2.8 Let Vi C R™, and Vo C IR™ be the two subspaces defined in Proposi-
tion 3.2.4, and V&, and Vi’ be the two sequences of subspaces determined by the algorithm
described above. Then the following identities hold:

Vi = Nas1 Vi, Vo = Nas1 V3. (37)
Proof. Let:
Joo = Nas1Ja; Vi° = Nasi Vit Vs® = N1 Vs

Thus V* = span {ej|j ¢ Joo}. The following four properties can be easily proved by
using the recursive definition 9f Jg, Vi, and V! and the fact that, for some d, it holds that
Vi =V, Vil = Vs© for d > d.

{i]3] € Joo sothat A}j #0} C Ju. (38)

{i134,31 >0 so that (C%(A%)!A%");; #0} C Ja. (39)

{i|3j € Joo, >0 so that (A2(AZ2) A%, #£0} C Ju. (40)

Ve c{w|(A?»)w e ker C% for 1>0,A%(A%%)w e V> for 1>0}. (41)

We first prove that the pair V> and V5 satisfies properties P1-P4 of Proposition 3.2.4.

P1. The only non trivial fact is the A!'-invariance of V. Let v € V. From (38), we get
that v; = 0 for all ¢ such that 35 € J with Ajlz1 # 0. So, for j € Jo:

ni
(A1), =3 Al = 0
=1

and, therefore, Al'v € V©.

P2. Let w € V5°. We show that A%2w € Vi for every d > 1. From (41), we first see that
(A22)L(A?2w) € ker C? for 0 < [ < d. Moreover, for 1 < s < d, again from (41), we
have that:

A12(A22)d—5(A22w) c Vloo - Vls'

P3. Let v € V. We need to prove that A%'v € Vi for all d > 1. Using similar arguments
as used to get P1, one can see that (39) yields:

C?(A) Ay =0 VI>0,

and (40) yields:
AlQ(A22)lA21,U e Vloo C ‘/15 Vs> 1.

This implies that A?'v € Vi for all d, as desired.
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P4. This is an immediate consequence of (41).

Thus we have that V> C Vi, and V5* C V,. To conclude we need to show that also the
converse inclusions hold. We will prove, by induction, that V; C Vld, and Vo C V2d for all
d > 1. The case d = 1 is obvious. Now let e; € V;. We show that e; € Vldﬂ, ie. i € Jyuq.

e Suppose ¢ is such that there exists j € Jz with AJIZ1 # (0. Then we have
(Auel-)j = Ajlzl 75 0 = Allei g Vld.
This is impossible since AMV; C V; and, by inductive assumption, Vi C V.

e Suppose i is such that there exist j and 0 <1 < d — 1 with (C?(A42%)!4%1),; # 0. As
before, this implies

02(1422)[142167; # 0
that is impossible, since A2V} C V; and Va C ker(C?(A22)!) for every [ > 0.

e Suppose i is such that there exist 0 < s < d—1and j € Js with (A2(A22)4=5421),, £ 0.
This implies
A12(A22)dfsA21ei g ‘/15'

This is impossible since (422)4=5 A2V, C V;, A2V, C V4 and, by inductive assumption,
Vl g Vls.

Thus we have shown that ¢; € VT

Let now w € V. We need to prove that w € V.

e Since V, C ker C?, and A%2V, C V4, it holds that (A22)lw ckerC? for 0 <1 <d.

e Since A??V, C Va, A2V, C V4, and, by inductive assumption, V; C Viforalll <s<
d, it holds that A'2(A%2)?=s5yw C V}, again for 1 < s < d.

We conclude with two examples.

Example 3.2.9 Assume A1 = 0 and As; = 0. Thus the linear and the nonlinear dynamics
are decoupled (as in [14], Chapter 6). By what observed in Remarks 3.2.3, we get that
observability of the whole system is equivalent to the observability of the RNN characterized
by the matrices A11, B1, and C7 and of the linear models given by the matrices Ass, Bo, and
(5. The separate observability is clearly necessary for observability of the combined system,
but the sufficiency is not an obvious fact. For instance, if the two components were both
linear, then such ”separation property” would be false, in general.

Example 3.2.10 Assume that C has no zero columns. Then there is no nonzero coordinate
subspace contained in ker C1; so V4 = 0. Therefore V5 is the largest Ass-invariant subspace
contained in ker Cy and ker Ays. It follows that the MN is observable if and only ker C' N
ker A = 0, and the two linear systems with matrices (Agg, Cs), and (Agz, A12) are observable.
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3.3 Proofs on observability

Throughout this section, even if not specifically stated, all the models of MN’s we will be
dealing with are assumed to be admissible.

A basic ingredient in the proof of the observability result is the following technical fact,
which also explains how the admissibility assumptions on the activation map o and the
control matrix B! are used (see also [8]). Recall that, for a given matrix D, I denotes the
set of index ¢ such that the i-th column of D is zero.

Lemma 3.3.1 Assume that o is an admissible activation function, B* € R™™ is an ad-
missible control matriz, and D € R is any matriz. Then the following two properties are
equivalent for each €, n, € R!, and each o, B € RY :

1. fZ:T]ZfOT’alllg_[D,O[:ﬂ,

2. D&(& + B'u) + a = D&(n+ Blu) + 3 for all u € R™.

Proof. We need only to prove that 2. implies 1., being the other implication obvious. Since
B! is admissible, there exists v € R™ such that b; = (B'v); # 0 for all i = 1,...,n and
|bi| # |bj| if @ # j. To see this it is enough to notice that the equations (Blu); = 0 and
(Blu); = £(B'u); define a finite number of hyperplanes in R™, thus to get ¥, we only have
to avoid their union.

Now, for any t € R, we consider tv € R™, and we rewrite (2) as:

> Dyo (& +bit) = > Dyo (i +bit) + (w—B) =0, 1=1,...,q, and teR. (42)
=1 =1

Assume that 1. is false. If § = n; for all ¢ € Ip, then the first difference in (42) is always
zero. Thus if there exists [ such that aj # G, (42) does not hold for this [, contradicting 2.
On the other hand, if there exists 7 ¢ Ip such that & # n;, then by definition of Ip, there
exists [ such that Dy; # 0. Since in (42) all the pairs for which & = 7; cancel out, we may
assume without loss of generality that & # n; for all ¢ (notice that & # 7;, thus not all the
pairs cancel). Consider now equation (42) for I = [. The pairs (&, b;), and (n;,b;) are all
different, thus admissibility of o implies that (42) can not hold for all ¢ € IR, contradicting
2. |

First, we introduce some useful notations. Given x € R"™ and u € IR™, for discrete
time MN’s we denote by z7(u) the state reached from x using the control value u. For
continuous time MN’s, if v(¢) is the control function constantly equal to u, we denote by
x4 (t) the corresponding trajectory; notice that x,(t) is certainly defined on an interval of
the form [0, ¢,), and it is differentiable on this interval. When dealing with two trajectories
of this type starting at two different initial states, by [0, €,) we mean the interval in which
both trajectories are defined.

Given two pairs of states (z,2), (2/,2') € R" x R", we write
(xa Z) ~ (1,/’ Z/)

if, for discrete time, we can find an input sequence uy, ..., u,, for some p > 0, which steers
the state = (resp., z) to 2’ (resp., 2’). For continuous time, we require that there exists some
control function u(t) : [0,7] — R™, such that, it is possible to solve the differential equation
(34) starting at = (resp z), for the entire interval [0, 7], and at time T the state a’ (resp. 2’)
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is reached. Using this terminology, two states (z,z) € R™ x IR" are distinguishable if and
only if there is some pair (z/,2") € R" such that (z,2) ~ (2/,2') and Cz’ # CZ'.

In what follows, proofs in discrete time will be similar to proofs in continuous time, so
they will only be sketched. To simplify notations, we write:

Al — (All,AlQ), A2 — (A217A22) )
Lemma 3.3.2 Let H' € R™*™ | H?2 ¢ R”™, with ¢ >1,1<i<gq, and z,z € R".

(a) — For continuous time MN’s, if (H'Alz,(t)); = (H'A'z,(t)); for all u € R™ and
all t € [0,€,) then we have:

(H1A12A2x)i — (HIAIQAQZ)Z',

(H'AM);; =0 for all j such that (Alz); # (Al2);. (43)

— For discrete time MN’s, if (H'Alz™(u)); = (H'A'z"(u)); for all u € R™, then
the same conclusions hold.

(b)  — For continuous time MN’s, if (H?>A?z,(t)); = (H?>A2z,(t)); for all u € R™ and
all t € [0,¢€,) then we have:

(H2A2A%z); = (H2A2A22);,

(H2A2Y); = 0 for all j such that (Alw); # (Al2);. (44)

— For discrete time MN’s, if (H2A%xt (u)); = (H?A%21(u)); for all u € R™, then
the same conclusions hold.

Proof. (a) Suppose we are in the continuous time case, and fix u € R™. If (H' Az, (t)); =
(H'A'z,(t)); for all t € [0,¢,) then (H'A'%,(#))ili=0 = (H*A*2,(t))i|t=0. This equation
reads:

?Zl(HlAn)ijO'((All‘)j + (Blu)]) + (HIAIQAQZL‘)i =

P (H Ao ((AL2); + (Blu);) + (H'A12A%2),. ()

Since (45) holds for all u € R™, both equalities in (43) follow directly by applying Lemma
3.3.1.

The proof for the discrete time case is the same since the assumption (H'Alz™t(u)); =
(HYA2T(u));, for all u € R™, implies directly equations (45).

(b) This statement is proved similarly. In fact, by the same arguments as in (a), one
easily sees that, for both continuous and discrete time dynamics:

P (HPAP) o ((Ale); + (Blu)y) + (H? A A%z); =
?:1(H2A21>ij0—((1412)j + (Blu)j) + (H2A22A22)i,

for all u € IR™. So, again, to conclude it is sufficient to use Lemma 3.3.1. |

Lemma 3.3.3 If x, 2 € R" are indistinguishable, then C?A%r = C?A%z and (Alx); =
(A'2); for alli & In

Proof. 1f z, z are indistinguishable then, for all u € R™, we get, for discrete time, Cx™* (u) =
Cz"(u), or, for continuous time, Cx,(t) = Cz,(t), for t € [0, ¢,). This implies, in both cases:

C'¢(A'z + Blu) + C? A%z + C?*B?*u = C'3(A'z + B'u) + C? A%z + C*B%u

for all v € R™. From Lemma 3.3.1 our conclusions follow. ]



24 CHAPTER 3. MIXED NETWORKS

Lemma 3.3.4 If z, z € R" are indistinguishable, then for all ¢ > 0 we have:
1. C%(A22)1A%y = C?(A?2)1A2,
2. (C%*(A?%)1A%),; =0 for all i and all j such that (Alz); # (Alz);.

Proof. 1. We prove this statement by induction on ¢ > 0. The case ¢ = 0 is the first
conclusion of Lemma 3.3.3. Assume that 1. holds for ¢ and for all indistinguishable pairs. We
deal first with continuous time models. Notice that since x and z are indistinguishable, then
so are x,(t) and z,(t) for all w € R™, and all ¢ € [0,€,). So, by the inductive assumption,
we get

C?(AP2)1 A%z, (t) = C?(A?2)1A4%2,(1). (46)

Now, by applying Lemma 3.3.2 (part (b), first equality, with H? = C?(A??)%), we get:
02(A22)q+1A2$ — 02(A22)q+1A22

as desired. For discrete time MN’s, the proof is the same, after replacing x,(t) and z,(t),

with 7 (u) and z*(u).

2. Again we apply Lemma 3.3.2 (part (b), second equality) to equation (46), to conclude
(C?(A?%)2A%Y),; =0 for all j such that (A'z); # (Alz);.

Similarly for discrete time dynamics. [ |

Lemma 3.3.5 Let 1 < i < ny, and z, z € R". Assume that for any ©’, 2’ € R" such that
(z,2) ~ (2,2, we have:
(Alz)); = (A2, (47)

Then, for all ¢ > 0, we have:
(a) (AY2(A22)91A2¢); = (A12(A?2)1A2%C); for all €,C such that (x,2) ~ (&,();

(b) (A2(A%2)2A%L),; = 0 for all j such that there exists a pair &, ¢ such that (z,z) ~ (&, ),
and (A'€); # (A'Q);.

Proof.

(a) By induction on ¢. Fix any &, ¢ such that (z,2) ~ (§,(). If ¢ = 0 equation (47) says that,
for continuous time MN’s, (A'¢,(t)); = (A'Cu(t))s, for all u € R™ and for all t € [0, €,); for
discrete time ones we get (A'¢T(u)); = (A'¢F(u));, again for all u € R™. In any case, we
can apply Lemma 3.3.2 (a) with H! = I, and we have:

(A12A2§)i _ (/112142<)i7
as desired. Now, assume the statement true for ¢. Thus, in particular, we get:

(AR2(A22)9A2¢,(1)); = (A12(A22)14%¢, (1)) for cont. time

(A12(A22)0426+(0)); = (A2(A22)94%CH(w));  for discr. time, (48)

and these equations hold for all uw € R™, and for all ¢t € [0,¢,). Again, the inductive step
easily follows by applying Lemma 3.3.2 (b) with H? = A'2(A22)4.
(b) Fix any j such that there exists a pair £, ¢ with (z,2) ~ (£,¢), and (A'); # (AL();.
Notice that for this pair &, ¢ equation (48) hold. Thus, we apply again Lemma 3.3.2 (b) with
H? = A2(A??)9, and we get:

(A12(A22)‘YA21)M =0
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as desired. B

Next Proposition proves the necessity of the observability conditions stated in Theorem

3.2.5.

Proposition 3.3.6 Let ¥ be an admissible MN, and Vi C IR™, Vo C IR™ be the two
subspaces defined in Proposition 3.2.4. If x,z € R™ are indistinguishable then x — z € ker C,
and A(x — z) € V1 & Va.

Proof. Since indistinguishability of x, z obviously implies x — z € ker C', we need only to
prove that A'(z — 2) € V; and A%(z — 2) € Va. Let:

J:={i|3(2,7), with (z,2)~ (2/,2'), and (Ala:/)i #+ (Alz/)i }.

Then we define:

Vi:= span {e;|ie J},

where e; are the vectors of the canonical base in R", and

Vs

= the largest A??-invariant subspace, contained in ker C2, such that A2V, CTA.

Notice that V; is a coordinate subspace. Next we will establish that:

(i)
(i)

Vi is A'l-invariant, Vi C ker C1, and A2V} C V.

Vo = {(AP)9(A% — A%2)[q 2 0, (z,2) ~ (2, 2)} C V.

Our conclusion follows from these statements since:

Now,

Al(z —2) € Vi, by definition of J;
A%(x — z) € Va, by (ii);
Vi C W1, and V3 C V4, by (i).

we prove (i), and (ii).

(i)

A invariance.

Since V; is a coordinate subspace, proving A!! invariance is equivalent to see that
A}jl = 0 for all 4,5 such that j € J, and ¢ € J. Fix j € J and i ¢ J. Then there
exists (&,¢) such that (z,2) ~ (&,¢) and (A'€); # (A'();. Since i € J we have, for all
u e R™:

(A'&u(t))i = (A'Cu(t))is V€ [0eu)

(At () = (A'CH(w))s

in continuous and discrete time respectively. Now by applying Lemma 3.3.2 (a) with
H' =1, we get
Al} =0 Vq such that (A'¢), # (A'¢),.

In particular Azljl = 0 as desired.

Vl C ker C1.

If the pair z, z is indistinguishable, then so it is any pair 2/, 2’ such that (z,z) ~
(2',2"). Thus, the conclusion follows by observing that Lemma 3.3.3 implies J C I1.
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° A21Vl C VQ

It is sufficient to prove

02(A22)qA21€j =0
AR(A)1A%e; € Wy

for all j € J, ¢ > 0 or, equivalently,

C2(A2)IA2) =0 Vi, VjeJ
{( (A22)a42") i, Vi€, (19)

(AP2(A%2)0A%Y) =0 Vig JVjeJ.

The first equality in (49) is easily obtained by applying part (b) of Lemma 3.3.4. The
second one follows from part (b) of Lemma 3.3.5 after having observed that

1) if i ¢ J then (Alz'); = (A'Z'); for all (2, 2') such that (z,2) ~ (2/,2),
IT) if j € J then there exists (2, 2') such that (z,z) ~ (2/,2') and (A'2"); # (A'Z');.

(ii). Vs is by definition A22-invariant. Thus to prove that Vi C Vs we need to show that
Vo C ker C% and A'?V, € V4. This amounts to establish the following identities:

C%(A%2)14% = Cz(A22)qA22’ V(x',2") such that (x,2)~ (2/,2") (50)

A2(A2)14%(2' — ') e V) Y(a',2') such that (z,2)~ (2/,2)). (51)

Since (z,z) ~ (2/,2’) implies that also the pair 2/, 2z’ is indistinguishable, (50) is just part
1. of Lemma 3.3.4. Moreover (51) is equivalent to

(A12(A22)qA2$/)i — (A12<A22)qA22/)i Vi ¢ J
which follows from part (a) of Lemma 3.3.5. n

Now we prove Theorem 3.2.5.

Proof of Theorem 3.2.5. Necessity is proved in Proposition 3.3.6, thus we only need to
prove sufficiency.

Assume first that we are dealing with discrete time MN. We will prove that if =,z €
IR™ satisfy the indistinguishability conditions of Theorem (3.2.5), then, for all v € R™,
also 7 (u), 27 (u) satisfy the same conditions. This fact will clearly imply that =, z are
indistinguishable.

First notice that the following implications hold:

Az —2) e Vi = af (u) — 2z (u) e Vi 59
! (52)

A%(x — 2) € Vo = 25 (u) (u) € Va.

Both implications are easily proved using the properties of Vi, and V5, and the fact that
V1 is a coordinate subspace, and so if « € V} then also &(«) € V4. Since Vi C ker C', and
Va C ker C2, (52) yields o7 (u) — 2F(u) € ker C. Moreover, A'l'-invariance of V; and the fact
that A2V, C V4, implies:

At (u) = 27 (u) = A" (@] (u) — 21 (u) + A (25 (u) — 2 (u)) € W,
while, A??-invariance of V5 and the fact that A%'V; C V5, gives:

A% (a7 (u) = 2% (u)) = AP (2T (u) — 2 (u)) + A (23 (u) — 25 (v)) € Va.
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Thus A(z"(u) — 2+ (u)) € V4 @ Va, as desired.
Now we deal with continuous time MN. For a fixed but arbitrary input signal (u(t)):>0,

let x(t), z(t) denote the corresponding solutions of (34), associated to initial conditions
z(0), 2(0). The pair (z(t), z(t)) solves the differential equation in IR?"

< a: ) = F(x,z) (53)

z

where
F(Alz + Blu)

A%x + B?u
G(Alz + Blu)

A%z + B%u
Let Z = {(z,2) € R*™ : 2 — 2z € ker C, Al (z — 2) € V1, A%(x — 2) € V5}. In the proof for
the discrete time case we showed that if (z,z) € Z then F(z,2) € Z. Thus Z is stable for
the flow of (53), i.e. if (z(0),2(0)) € Z then (x(t),2(t)) € Z. Being (u(t))s>0 arbitrary and,
since (z,z) € Z = x — z € ker C, the proof is easily completed.

F(z,z) =

3.4 Identifiability and minimality

As done for RNN’s (see Section 2.4), we identify a MN with the quadruple %, ,, =
(0,A,B,C), where nj, and ng are the dimensions of the nonlinear and linear block re-
spectively. As usual we let n = ny + n9 and:

All A12 Bl
A:[A21 A22‘|7 B:lBQ], C:[Cl,cz}.

Moreover, with (X, n,,20), 0 € IR", we will denote the MN X,, = (0, A, B, C) together
with the initial state xo; and we will call the pair (£, n,,20) an initialized MN.

Our goal is to determine the group of symmetries which leaves the i/o behavior of the
initialized MN unchanged. In Section 2.4, we have seen that for an admissible RNN this
group of symmetries is finite, and it coincides with the group G,, generated by permutations
and sign changes. For MN’s, since one block of the system behaves linearly, one expects that
this group of symmetries will not be finite. Let G,, be the following set of invertible matrices:

(T o Ty € Gy,
= ( 0 T ) where ¢ GL(ng)
It is easy to see that if T € G, and we let

A=T7'AT, B=T7"'B, C=CT, and &g=T 'ao,

gn — {TGBan

then the two initialized MN’s (2, n, = (0, 4, B, C), x0), and (X, n, = (0, A, B, C), %) have
the same input/output behavior.

It is interesting to notice that this implication holds without any assumption on the two
MN’s, except the fact that the activation function ¢ is odd. Next we will see that if the
MN’s are admissible, observable, and satisfy a controllability assumption, then there are no
other symmetries. We will write

(Enhnz ) xO) ~ (iﬁ17ﬁ27 j0)

to denote that the two initialized MN’s (3, n,,%0), and (35, 7., o) are input/output equiv-

alent, i.e. A, . w9 =Ag. .z (Where Ay, . ., represents the i/o map, see Section 2.3).
"1,120 n1,M9s 27
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Definition 3.4.1 Let X, n, = (0,4, B,C) and Yayme = (0, A, B,C) be two MN’s. The two
initialized MN’s (2, n,, o) and (Zlﬁth, Zo) are said to be equivalent if ny = Ny, ny = Na,

and there exists T € G, such that A =T 'AT, B=T"'B, C = CT, and %y = T 'xy.

Thus, from the above discussion, if two initialized MN’s are equivalent, then they are also
i/o equivalent.

Definition 3.4.2 An admissible MN, ¥, ,, = (0,4, B,C) is said to be identifiable if the
following condition holds: for every initial state 2o € R", and for every admissible initialized

MN (2,4, = (0, A, B,C), &) such that (X, ny, o) and (La, 7y, Fo) are i/o equivalent, then
either 7 > n or (X, n,, zo) and (X4, 4,, Zo) are equivalent.

Note that these definitions correspond to Definitions 2.4.1 and 2.4.2 given for RNN'’s.
Given two matrices M € RP**P* and N € RP**P2 we say that the pair (M, N) is controllable
if it satisfied the linear Kalman controllability condition (i.e. rank [N, M N, ..., MP1=IN] =

p1)~

Theorem 3.4.3 Let ¥, n, = (0,4, B,C) be an admissible MN. Then £, n, is identifiable
if and only if X, n, is observable, and the pair of matrices (A?2, (B2, A21)) is controllable.

The proof of this theorem is given in Section 3.5.

Remark 3.4.4 It is clear that if ¥, ,, is a RNN (i.e. ng = 0) then the previous Theorem
becomes Theorem 2.4.4, which states the identifiability result for RNN. On the other hand
for ny = 0, i.e. X, n, linear, we recover the linear identifiability result stated in Theorem
2.4.3.

Definition 3.4.5 An admissible MN X, , is said to be minimal if for every initial state

zo € R", and for every admissible initialized MN, (25, 7,,Z0) such that (X, »,,20) and

(35, 719, To) are i/o equivalent, then it must be i > n.

Remark 3.4.6 It would be reasonable, in Definition 3.4.2, to replace the inequality “n > n”
with the statement “ny > ni, 1o > no, where at least one inequality is strict”. Analogously,
in Definition 3.4.5, “n > n” could be replaced by “n; > ni, no > no”. These modified
definitions are not logically equivalent to the ones we gave. However, they are indeed equiv-
alent, and this fact will be a byproduct of the proof of Theorem 3.4.3 and Proposition 3.4.7.
This means, for instance, that if 3, ,,, has the same i/o behavior of iﬁhﬁZ and n < n, then,
necessarily, n1 < 71 and ng < fg (of course, we always assume the systems to be admissible).

As observed in Section 2.4 for RNN’s, it is obvious that if an admissible MN %,,, ,,, is
identifiable then it is also minimal, while the converse implication may be false, as shown in
Example 2.4.7.

Next Proposition (whose proof will be given in Section 3.5) presents necessary and suf-
ficient conditions for minimality.

Proposition 3.4.7 Let ¥, », = (0,4, B,C) be an admissible MN, and let Vi C R"™ and
Vo CIR™ be the two subspaces defined in Proposition 3.2.4. Then Xy, n, is minimal if and
only if

V1 ® Vo =0 and the pair (A22, (BQ, A21)) is controllable . (54)
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Remark 3.4.8 Proposition 3.4.7 will be proved later; however the necessity of the condi-
tions in (54) is not difficult to establish, as shown next.

(a) Assume that V3 @ V5 # 0, and let r; = dim Vi, g = dim Vo, and ¢; = n; —r; (1 = 1,2).
Without loss of generality, we may assume that that Vi, = span {ei,..., e, }, wheree; € R™
are the elements of the canonical basis. Thus, we must have (in what follows, we specify only
the dimensions of some particular matrices, meaning that all the others have the appropriate
dimensions):

Hll H12

) ., with H? e RW*%,

Vi CkerC! = O = (0, Dl) . with D! € RP*%,
Using the linear theory, we also know that there exists a matrix 7o € GL(ng) such that:
Lll
T2—1A22T2 — < L21 L(;Q > C2T2 — (DQ’ O) ,
where L' € R®%% and D? € RP*%. Moreover, we have:

0 K"

AW C Ve = Ty A = < K2 22

) with K? e R#<o,

M 0
M21 M22

)T

APV, cvy = AV, = ( ) ., with M?? ¢ R11*e2,

Now, if we denote, for i = 1,2, B' = (B, B®?)" | with B2 € R®*™ and B?*' € R2*™ we

may rewrite the dynamics of ¥, ,, as:

zf = & (HYMz1 + H22 + MY wy + M2wy + BHu)
zy = & (H®2z+ MYw, + Bu)
wfr = K'Y2z + LYw + B*u
w;‘ = K22, + K?229 + L*'w; + L??w, + B*?u
y = D'z + D?wy

where zo € R? and w; € R?®. Thus, since the two blocks of variables z; and wy do not
effect the other two blocks and the output, it is clear that (X, n,, (21,22, w1, w2)) is i/o

equivalent to
H22 Mll 312
(EQIJFQQ = (0, ( K22 U | g2t (D17D2> ,(22,w1) |

Thus we have performed a reduction in the dimension of the state space since g1 + g2 < n,
and so ¥, », can not be minimal.

(b) Now, assume that the pair (422, [B?, A%!]) is not controllable. Let p; be the rank of

((3271421) ,A22 (szAzl) N <A22)"2_1 (B2,A21>) :

and pa = ng — p1. Then, by the linear theory, there exists an invertible matrix 7% € G L(ns)
such that:

1 2
(TQ)—1A22T2 — < IT([) 53 > ’ (TQ)—IAQI — < IO{ ) , (TQ)—1B2 — < ](\)4 > ’
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where H' € IRP**P1 H? ¢ IRPYV*P2 H3 ¢ RP2*P2 KIRP1*™2 M ¢ RPY*™. Now, let
A2 = (NY N?), and C? = ng,L2), where the matrices N, and L! represent the first p;
columns. Consider the MN X, 4, given by the matrices:

- All Nl - Bl - n 1
A_< x Hl),B_<M>,C_(C,L>.

It is easy to see that (X, n,,0) ~ (Xp,4p,,0). Since n; + p1 < n, again, X, n, is not
minimal.

3.5 Proofs on identifiability and minimality

Now we introduce some useful notations. In what follows, we assume that two initialized

admissible MN's, (¥, n,, 7o) and (37, 4y, Z0), both evolving either in continuous or discrete
time, are given. We let A! = (A1, A'2) and A% = (A%}, A?2), similarly for A! and A2

For discrete time models, for any & > 1 and any ui,...,ur € IR™, we denote by
xplut, ..., ug] (resp. Txui,...,ux]) the state we reach from zy (resp. Zo) using the con-
trol sequence u1,...,u. Moreover we let:

yklut, o ug] = Caplu, . ug] and Gglua,.ug) = Coplun, o ug).

For continuous time model, for any w(-) : [0,T,] — R™, we let x,(t) and Z,(t), for
t € [0, €y), be the two trajectories of ¥,,, ,, and ¥, starting at ¢ and & respectively. Here,
with €, > 0, we denote the maximal constant such that both trajectories x,,(t) and Z,(t)
are defined on the interval [0, €,). Again, by vy, (¢) and 9, (t), for ¢t € [0, €y), we denote the
two corresponding output signals (i.e. yu(t) = Cay(t), and §u,(t) = CEy(t)).

For any vector v € R", with the superscript 1 (resp. 2) we denote the first ny (resp. the

second n2) block of coordinates. Similarly for o € R™.
~ We will denote by W C R™ (resp. W C R") the unobservable subspace of ¥, », (resp.
Y, ,ie). Moreover with Vi € R™ and Vo € IR™ (resp. V3 € R™ and V, C IR™?) we will

denote the two subspaces defined in Proposition 3.2.4 for 3, ,, (resp. X7, 7,). Recall that
it holds W = A~1(V; © Vo) Nker C.

Now we establish some preliminary results. First we state a technical fact, which gives the
idea on how the admissibility assumption is going to be used in the proof of the identifiability
result. For a given matrix D, Ip denotes the set of indexes ¢ such that the i-th column of
D is zero, and I, its complement.

Lemma 3.5.1 Assume that the following matrices and vectors are given: B € R™™, B €
R™™, C e RP*", C € RP*", D, D e RP™, a € R", a € R", and e, é € RP. Moreover,
assume that o is any admissible activation function, that both B and B are admissible control
matrices, and that for all u € R™ the following equality holds:

C (a+ Bu)+ Du+e = CF (a+ Bu) + Du+é. (55)
Then we have:
(a) e = €.
(b) D = D.

(¢) [I&E] = G|, and for any I € I, there emists w(l) € I¢, and B(l) = £1, such that
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(c.1) By = 5(l)£~3ﬂ(l)i forallie{1,...,m};
(c.2) ar = B(l)ar)-
(c.3) Cyu = B()Cinqy for alli € {1,...,p}.

Moreover the map 7 is injective.

Proof. Since B and B are admissible control matrices, there exists € R™ such that:

b= (Bv); £0 Vi=1,...,n
b = (Bv); #0 Yi=1,...,n

il # |bj| for all i # j;

J # [bi| for all i # . (56)

@‘l@‘

Letting Z C IR™ to be the set of all vectors v € R™ for which (56) holds, we have that Z
is a dense subset of R™. Fix any v € Z, then by rewriting equation (55) for u = xv, with
z € IR, and using the notations in (56), we get:

Z o (a;+bjz) + Do)z + e = > Cyjo (a5 + bjz) + (Do) + &, (57)
j=1 j=1

forallz € R,and all i € 1,...,p. Fix any 7 € {1,...,p}. After possibly some cancellation,
equation 57 is of the type:

>0 (g + Biz) + ((Dv); = (Dv)i) 2+ (e — &) = 0, Yz € R.
=1

Since ¢ is admissible, we immediately get:
€; — éi = 0,
(D’(_))Z — (D@)l = 0.

The first of these equation implies (a), the second implies (b), since it holds for every v € Z,
and Z is dense.

Now, since (a) and (b) have been proved, we may rewrite (57), as

Z o (a; + bjx)

Fix any [ € I&; then there exists i € {1,...,p}, such that Cy # 0. Consider equation (58)
for this particular ¢. The terms for which C3; = 0 or C;; = 0 will cancel (however not all of
them will cancel since C5; # 0); thus will we remain with an equation of the type:

o (@ + i) (58)

||
g
Q

Z 5,0 (aj, + Z L0 (@), +bj,2) =0, Yz € R, (59)

for some < n, and some 7 < . Since o is admissible, and the b;,’s (resp. ij) have different
absolute values, there must exists two indexes jp,, jr(p,), and (p1) = £1 such that:

(@505, ) = BP1)(@5, 0005 b5

So we have:

(ngpl - ﬂ(pl)é;]ﬂ'(l”—’l)) O'(CLjpl + b]pl x) + Z CEJPU (ajp + b]pr') —

p=1,p#p1
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T
— Z ngpa (djp + bjpx) =0.
p=1p#m(p1)
Now, by repeating the same arguments, we will find another index jp,, a corresponding index
Jr(po) With m(p2) # m(p1), and B(p2) = £1. Notice that necessarily ps # p1, since, otherwise,
|ijr<p1>| = |l~)jﬁ(p2)\ would contraddict (56). Thus we will collect together two more terms.
Going on with the same arguments, we must have that » = 7, and after r steps, we end up
with and equation of the type:

> (Cijp - ﬁ(p)égjﬂ(m) o (aj, +bj,z) = 0Vz € R.
p=1
Again, by the admissibility of o, we also have (C’;jp — ﬁ(p)é{jﬁ (p)) =0.

Thus, in particular, since C5; # 0, we have shown that there exists m(l), and 5(I) such

that: o
(a,07) = B ara) br(p)) (60)
Cqg = B)Chap-
Notice that, if given this [ € I¢., we would have chosen a different index 7 such that Cyy #0,
then we would have ended up with corresponding #(I) and ((I). However, since the (b;)’s

— — — ~

have all different absolute values, it must be, w(l) = 7(l), and 8(I) = B(I) (see (60)). Thus
we have shown that:

‘ bi) = B(1)(ax@)), b))
Viels, IAx(l) els, B(1) =*1, such that (z) (a1, b m(0))> Zn() ) 61
¢ (1) € I, B() { (i1) Cy=PB(1)Cirgy if Cy#0. (61)
This implies |I¢[ < [I§|. By symmetry, we conclude that |I¢| = [I§]. From (61) (i), we get
directly that (c.2) holds. Again from (61) (i), we also have:
(Bv), = B(1) (Bv)

)

w(l)
for all v € Z. Since Z is dense, this implies (c.1). Moreover (61) (ii) proves (c.3) for those

Cj different from zero. On the other hand if Cy = 0 then, necessarily Cj ;) has to be zero

also. Otherwise, one repeats the argument above exchanging C' with C, and finds an index
A(m(1)) such that

1Cinyl = [Cirrap s by = [Baiay-
In particular, A(()) # I, since Cyy = 0 and Cj\(ry) # 0. But then |byq))| = \I;ﬂ(l)\ = |by],
which is impossible since the b;’s have all different absolute values.

The injectivity of the map 7 is also a consequence of |b;| # |b;| for all ¢ # j. |

Lemma 3.5.2 Let (X, n,,20) and (X4, 7,,T0) be two initialized MN’s, Hy € RY*™ | Hy €
R [ € R”™, and Hy € R9*™2,

e For continuous time models, if for all w : [0,T,] — R™, and for all t € [0,€y), we

have:
Hizl (t) + Hox? (t) = HiZL (t) + Hod (¢), (62)

then, for all u € IR™:

H,3 (A'zy(t) + Blu) + Hy A%z, (t) + HoB*u =
ﬁlg (Al.’iw(t) -+ Blu) + ﬁ2A2i'w(t) + ﬁgBZU.
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e For discrete time models, if for all ¥ > 0, and for all uy,...,u, € R™, we have:
Hlxl[ul, .. ,ur] + H2$2[U1, R ,ur] = ﬁlzﬁl[ul, - ,u,n] + .F~I2552[u1, e ”U,T], (64)

(when r = 0, it is meant that the previous equality holds for the two initial states) then,
for all u € R™:

HyG (A'z[uy,. .., u] + Blu) + HyA%z[ug, . .., u;] + HyB?u =

H,& (Ali[ul, cey U] Blu> + ﬁgAQi[ul, ce U] F HyB?u. (65)

Proof. Being the discrete time case obvious, we just prove the continuous time statement.
Fix any t € [0, €y). For any u € R™, let w, : [0, + 1] — IR™ be the control map defined
by wy(t) = w(t) if t € [0,¢], and w, = w if ¢ € [t,t 4+ 1]. Then the two trajectories x,, (t)
and I, (t) are defined on an interval of the type [0, + €) and are differentiable for any
t € (t,t + €). Since equation (62) holds for all t € (0, + €), we have, for all t € (£, + €),

. . ~ -1 ~ 2
Hlxilu(t) + Hg:pgu(t) = H12,(t) + Hax,, (1),

Now, by taking the limit as t — T, we get (63), as desired. |

Lemma 3.5.3 If (¥, ny, Z0) ~ (imﬁz,ig), then, for all 1 > 0, we have:
(a) CQ(AQQ)lBQ — 62(A22)ZB2;
(b) |Ié‘2(A22)lA21| = |Ié~2(;122)z,421 |, and for alli € I8 p22y1 gz there exists (i) € 12,2(1422)%21

and (i) = £1, such that:

)

(CQ(Am)lAﬂ) = B8() (CN’Q(/PQ)Z/PI)

ji Jgm (i)
forall je{l,...,p};
(c1) for continuous time models, for all w : [0,Ty,] — R™, and for all t € [0, €,), we have:
02(A22)ZA21x111}(t) + 02(A22)l+11’2w(t) — 62(A22)IA21§3%U(15) + 62(A22)l+1a~:i}(t);
c2) for discrete time models, for all r > 0, for all uy,...,u, € R™, we have:
(c2) f
C2 (AP A uy, .. up) + CHAPH T a2 [y, .. uy] =
CHAPY AR 3wy, . . uy] + CHARY 22wy, .. uy).
(When r = 0, it is meant that the previous equality holds for the two initial states.)

Proof. Assume that we are dealing with continuous time MN’s. We first prove, by induction
on [ > 0, statements (a) and (cl). Assume [ = 0. Since (X, n,,Z0) ~ (X5, 7, Z0), then for
all w: [0,T,] — IR™, and for all t € [0, ¢,), we have:

Cla, () + C?2 (1) = Yo, () = Ju, (1) = C1 2, () + C2F5,(1).
From Lemma 3.5.2 this implies:

CL& (ANzL () + A1222 (t) + Blu) + C2A2gl (1) + C2A%222 (t) + C?B2u =

O (ANEL(E) + A28, (1) + Blu) + C2A%aL, (1) + C2A2E, (1) + C2 B (66)



34 CHAPTER 3. MIXED NETWORKS

Now, by (66) and by applying Lemma 3.5.1 (parts (a) and (b)) we immediately get conclu-
sions (a) and (c1) when [ = 0. The proof of the inductive step follows the same lines. By
inductive assumption, we have:

CZ(A22)IA21x%U(t) + CZ(AQQ)I+1x%U(t) — C«Z(AQQ)IAZlCE%U(t) + 02(A22)l+1:1~712u(t),
for all t € [0, €,). By applying again Lemma 3.5.2, we get:

CQ(AQQ)lAmE (Anxiu(t) + Amwfu(t) + Blu) + CQ(AQ?)“rl (Awa(t) + Bzu) =
02(A22)IA215 (Alli,llu(t) + 1[112:%12”@)) + _1_02(/122)1“ (flzi"w(t) + B’Zu) ‘

By applying Lemma 3.5.1 (part (a) and (b)), the previous equation gives both (a) and (cl)
for the case [ + 1. Moreover, from part (c) of the same Lemma 3.5.1, also (b) must holds.

The proof for the discrete time dynamics is very similar and simpler. The idea is to
establish, again by induction on [ > 0, statement (a) and (c2) first. We only sketch the case

[ = 0. Since (X, ny, 20) ~ (X5, 7, T0), given any sequence uy, ..., u,, u, we must have:
y[“b s 7u7'7u] = g[uh SRR UT,U],

which is the same as:

C'¢ (A'z[uy, ..., u] + Blu) + C?A%zuy, ... ,u,] + C2B*u =
Cc'e (Ali[ul, ce U] Blu) + C?A%E[uy, . .. ,u,] + C?B?u

Again, since the previous holds for every u € R™, Lemma 3.5.1 gives conclusion (a) and
(c2) for the case [ = 0. |

We omit the proof of the next Lemma, whose conclusions may be established by induc-
tion, using the same arguments as in the previous proof.

Lemma 3.5.4 Assume that (Sn, ny, T0) ~ (Siy g, F0), and that there existsi € {1,...,n1},
B(i) = £1, and (i) € {1,...,71} such that:

e for the continuous time dynamics, for all w(-) € [0,T,] — IR™, for all t € [0,¢€,) the
following holds

[ AVl (1) + AlefU(t)L = A(i) [A”@}U(t) + Al%zi,(t)h(i)

e for discrete time dynamics, for all r > 1, for all uq,...,u, € R™, the following holds:

[Allxl[ul, o] F AP, ,ur]} = 0(3) {flniﬁl[ul, )+ AR g, ,ur]}

(2

(i)
Then, for all 1 > 0, we have:

(a) [Alz(Am)leLj

= (i) [AH(AH)IB?LW jedl,...,m},

(b1) for continuous time dynamics, for all w(-) € [0,Ty] — R™, for allt € [0, €y):
{Alz(Am)lAma:%u(t) + AIQ(A”)l“xfu(t)} =
B(5) [A12(A22)1A213~711U(t) + AlQ(A22)l+1i,z2U(t)}

)

7 (3)
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(b2) for discrete time dynamics, for all v > 1, for all uy,...,u, € R™:
A2(A2) A2 ] 4 AR(AZ) 2y, w]] =

(]

B0 [ARA) A& fun, ] + APA) Ry, ]|
Lemma 3.5.5 If (X, n,,%0) ~ (imm,i’o) and Vi = 0, then n1 < ny, and for all i €
{1,...,n1} there exists w(i) € {1,...,n1} and B(i) = £1 such that:

(a) Bj; = B(i) B wyg Jor allj €1, m;

(b) Cj; = B(i)C} in(y Jor allj el p;

(c1) for continuous time dynamics, for all w(-) € [0,T,] — R™, for all t € [0,€,) the
following holds

{A” 1) + A2y 2()]:5(@{1411 L) + A3 2()}

)

(%)
(c2) for discrete time dynamics, for all r > 1, for all u,...,u, € R™, the following holds:

[Anxl[ul, o)+ A2 g, 7u,,]} =

B(3) [Aﬂaél[ul, ]+ AR, ur]}m) .

Moreover the map 7 is injective.

Proof. Assume that we are dealing with continuous time MN’s (the proof for the discrete
time case is very similar and thus omitted). Since Vi = 0, then, letting J; to denote the
set of indexes defined in Section 3.2, we have that for any i € {1,...,n1} there exists d > 1
such that ¢ € J;. We first prove (a) and (c1) by induction on the first index d > 1 such that
i € Jy.

Assume that d = 1, i.e. ¢ € J;. Thus, by definition, there exists 1 < [ < p such
that Cf # 0. Since (X .ng,20) ~ (Xfy.s, F0), then for all w : [0,T,] — R™, and for all
t € [0, €y), we have:

Clagy (1) + C2a, (1) = Yo, (1) = G, (t) = Cli, () + C*E5(8),
from Lemma 3.5.2 this implies:
CG (A'wy(t) + B'u) +C2A%,(t) + C2B%u = C16 (A'3y (1) + Blu)+C2A%5, (1) +C* B2u.
(67)
Since C}; # 0, we have i € Ig,, thus, by Lemma 3.5.1, we know that there exist (i) €
{1,...,71}, and (i) = %1, such that:

1 _
B’ij = B( )BTI'(’L)
for all j € 1,...,m, and, for all w(-) € [0,T,] — IR™, for all t € [0, ¢,):

[AH L) + A2 2()]:5@{1411 L) + A% 2()}

(%)

Now suppose that i € Jyy1, for d > 0. If ¢ € Jy, then there is nothing to prove; otherwise
we are in one of the following three cases:
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1. there exists j € Jg, and A;zl # 0;

2. there exists 1 < j <pand 0 <[ <d— 1 such that (CQ(A22)IA21) #£0
Ji
3. there exists j € J,, for 1 < s < d — 1 such that <A12(A22)d*5*1A21) 0.
ji

We will prove the three cases separately.

1. Since j € Jg, then, in particular, (c1) holds for this j. Thus we have, for all w(-) €
[0,T,] — R™, for all t € [0, €):

ANl (6) + AP ()] = 0) [AME, () + APE W]
J m(j
Now, by applying Lemma 3.5.2 to this equation, we get, that for all u € R™:

[A1G (A'ay(t) + Blu) + A2 A%, () + A2 %) =
B(j) [A1G (Alzy(t) + Blu) + A12423,(t) + A2B2] "
7(j

Now, since A]lz1 # 0, we have 7 € I9.;; by applying Lemma 3.5.1 to the previous equation,
we get that there exists (i) € {1,...,n1}, and ((i) = £1, such that (a) and (c1) holds for
this index 1.

2. From Lemma 3.5.3 (cl), we have that for all w : [0,T},] — IR™, and for all ¢ € [0, ¢,),
the following equality holds:

02(A22)lA21.73%U(t) + C2(A22)l+1xzu(t) — 62(1422)114215}”(75) + 02(A22)l+12i12v(t).
By applying Lemma 3.5.2 to the previous equation we get:

CAZ) ANG (Al (1) + Blu) C2(A2)H1 (A22,,(t) + B2u) =

C2(A2) A% (Alfw(t) + Blu) + C2(A22)H (Azjw(t) + B2u) ) (68)

Since <CQ(A22)IA21) _ # 0, again by applying Lemma 3.5.1, we get that there exist (i) €
ji
{1,...,71}, and (i) = %1, such that (a) and (c1) holds for this index i.

3. Since j € Js, then, in particular, (c1) holds for this j. Thus we have, for all w(-) €
[0,T] — R™, for all t € [0, €y):

At () + Alefu(t)L = 5(3) [AM 2, (1) + A%?’J(tﬂw(a‘) '

Thus Lemma 3.5.4 applies, and from conclusion (b1) of this Lemma we get, for all [ > 0:
[Alz(A22)lA21$110<t) + A12(A22)l+1a:12”(t)} =
J

B [AR(AR) AT, (1) + AP (A 0]

Now, letting [ = d — s — 1, since (AlQ(AZQ)lAm) %% 0, we may proceed as before and by
ji
applying first lemma 3.5.2, and then Lemma 3.5.1, (a) and (c1) follows also for this index 1.

To conclude the proof, we need to establish (b). Using (a) and (cl), we may rewrite, for
each j € {1,...,p}, equation (67) as:

2?211 (lel - ﬁ(l)é]lﬂ(z)) o) ((A1$w(t))i + (Blu)i) + (C2A2xw(t))j =

Siiniy O ((A'(0)1 + (Blu)) + (C2 A2, (1)),
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Since o is admissible, the previous equality implies (b).
Notice that the injectivity of 7 is an obvious consequence of the injectivity of the corre-
sponding map in Lemma 3.5.1. |

Given two matrices M € RPV*P* and N € IRP2*P' we say that the pair (M, N) is
observable if it satisfied the linear Kalman observability condition, i.e.:

N

NM
rank . =p1.

NMm—l

Lemma 3.5.6 Let ¥, », = (0,4, B,C) be an admissible MN. If Vo = 0 then the pair
2
(%))

Proof. Assume, by contradiction, that the above pair is not observable. Then there would
exists a non-zero A%?-invariant subspace W, C IR™ which is also contained in ker C?, and
in ker A2, Thus, clearly Wy C V5 contradicting the assumption that V5 = 0. ]

is observable.

Now we are ready to prove the identification result.
Proof of Theorem 3.4.3

Let £,,, n, = (0, A, B,C) be an admissible MN.
Necessity We prove this part by contradiction.

First assume that 3, 5, is not observable. Then there exist two different states x1, x2 €
IR™ which give the same input/output behavior, thus the two initialized MN’s (2, n,, 1),
and (X, n,,z2) are input/output equivalent. Next we will see that they can’t be equivalent.
Assume that there is a matrix T € G,, (see Definition 3.4.1) such that:

A=T71AT, B=T"'B, C =CT, and z; =T .

Then, since B! is an admissible control matrix, one has that 7" must be of the type:

I 0
T_<OT2>.

On the other hand, the matrix 72, must satisfy:
A2 72412 02 72002 £22 — 14227
which, by Lemma 3.5.6, implies that also 72 = I. Thus 7' = I, and so we must have z1 = x,

which is a contradiction. So, in this case, ¥, », is not identifiable.

Now, if the pair (422, [B2, A%!]) is not controllable, we have already seen in Remark 3.4.8
that the MN %, ,,, is not minimal, since it is possible to perform a state space reduction,
and so, in particular, ¥, ,, is not identifiable.

Sufficiency We prove this part only for continuous time dynamics, the proof in discrete time
being the same after the obvious changes of notations.

Let g € IR™; consider another admissible initialized MN (im,ﬁg,fo), such that

(an,nwa) ~ (im,ﬁg?fO)-
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Since X, n, is observable, in particular, Vi = 0, thus, by Lemma 3.5.5, n1 < 721, and for all
i €{1,...,n1} there exists m(i) € {1,...,71} and B(i) = £1 such that the conclusions (a),
(b) and (cl) of Lemma 3.5.5 hold. Now let A : {0,...,7;} — {0,..., 71} be the permutation
given by A(i) = 7(i), if 1 <4 < ny, A(i) = i otherwise. Notice that the map A is indeed
a permutation since the map 7 is injective (see Lemma 3.5.5). Then, let T} = PD € Gj,,
where P is the permutation matrix representing A, and D = Diag(5(1),...,03(n1),1,...,1).
Then, (a), (b), and (c1) of Lemma 3.5.5 can be rephrased as:

c'ry = (¢ eM) (70)
and, for all w : [0, T3] — IR™, for all ¢t € [0, ¢€,), we also have:

Al (1) + A%?H(t)]i = [mAvaL ) + AR (@) e {l, . m) (T])

)

Thus, Lemma 3.5.4 applies and we get:

[AH(A”)ZB?]U = [T1A12(A22)ZB2]U, ie{l,...,m},je{l,....m}, (72)

and
(AlQ(Am)lAmx}ﬂ(t) + A12(A22)l+1x12”(t)>' _
(T11412(A22)1A21j111}(t) + T1[112(f~122)l“5:12ﬂ(t))‘
By applying Lemma 3.5.2, from equation (73), we get:
[A12(A22)lA215 (Alxw(t) +Blu) + A2(A22)H (Awa(t) + BQU)} _

(2

)

[T A2(A22) A2 G (Al () + Blu) + Ty A(A2) 4 (A23,(1) + BPu)| =

[Tlﬁlg(ﬁm)l[lleflE (Alxw(t) (Bljéll)Tu> T A2y (lefcw(t) n Bzu)]i7
where to get this last equality we have used equations (71) and (69). Now, since the function
o and the matrix B! are both admissible, by Lemma 3.5.1, we conclude:

(A12(A22)’A21)ij = (T1A12(A22)ZA21T;1)M  Vige{l,... ni}. (74)
By Lemma 3.5.3, we also get, for all [ > 0,:
C2(AZ)B? = C2(A22) B2, (75)

and
(CQ(AQQ)lAﬂ)“:(C’Q([lm)lﬁlefl) Vie{l,...,p}, Vie{l,...,m}. (76)

v

ij
Let:

where M2 € R™*™ | and
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where H'?2 € R™*™ Then equations (72), (74), (75), and (76), say that the two linear

models,
2 ~2 - e~
(( 312 ) ,AQQ, (BQ,A21>) , (( %12 ) ,A22, <B27M21)> : (77)

are input/output equivalent. Since ¥, p, is observable, we have V5 = 0. So, by Lemma 3.5.6,
2
the pair (( 312 ) ,A22> is observable. Moreover, the pair (422, (B2, A?!)) is controllable,

by assumption, and thus, by the linear theory (see Theorem 2.4.3), we get no < no.
So, in conclusion, n = nqy +ng < Ny + Ny = N.

Remark 3.5.7 Notice that, up to this point we have only used the i/o equivalence of the
two MN’s together with the facts that V4 = 0, V5 = 0, and the pair (A??, (B?, 4%1)) is
controllable.

Now, we must show that, if n = 7 then (X, n,, o) is equivalent to (X5, 7,,%0). Notice
that, from what we have seen before, necessarily, ny = 11 and ne = fis. Moreover, we must
have: _ _ N

Bl — Tlel AQlel — M21
(78)
ct = C'I TiA2 = H'™
On the other hand, by the linear theory (again Theorem 2.4.3), there must exists Th €
GL(ng), such that:

C? C? . _ - -
( ];]'12 > — ( A12 ) T2, A22 — T2 1A22T2, (BQM21> — T2 1 <B2A21) ] (79)

By applying Lemma 3.5.2 to equation (71) , we also have:
[AH& (Alxw(t) + Blu) + A2 (A2a:w(t) + B2u)} =
(2
{TlA”Tfl& (Alxw(t) + Blu) LT AR (A%w(t) T BQu)}
Clearly this equality implies:

)

AL = m AV (80)

(T oo
= ( 0 T» )
Clearly T € G, and by (78), (79), and (80), we have:
C=CT, A=T'AT, B=T"'B. (81)

Now let:

So, to complete the proof, we only need to show that &g = T 'xg. Let zy = T#. Since
(Znying T0) ~ (Xi, 70, Z0), and (81) holds, we get that z¢ is indistinguishable from z;. On
the other hand, since ¥,,, ,, is observable, we conclude T'Zy = 1 = x9, as desired.

Proof of Proposition 3.4.7
We have already seen in Remark 3.4.8 that the conditions in (54) are necessary for minimality.
On the other hand, the sufficiency follows directly from the previous proof. In fact, as
observed in Remark 3.5.7, to get that n < n one needs only the assumptions given by (54).

Remark 3.5.8 It is interesting to notice that the conditions in (54) guarantees, if n = 7,
the existence of a matrix T € G, which gives the similarity of the two set of matrices;
however, if we do not have the whole observability condition (i.e. if ker ANker C' # 0), then
TZo and zp may be different (see also Example 2.4.7).
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Chapter 4

Some Open Problems

Recurrent Neural Networks have proved to be a quite stimulating object for system theoretic
study. With the results of this work, we may say that minimality in both RNN’s and MN’s
is well understood, under the assumption of admissibility. On the other hand, there are still
many interesting questions concerning system theoretic properties of these networks that
remain open.

1. While admissibility of the activation function is an acceptable assumption, the admis-
sibility requirement on the control matrix appear to be an undesirable constrain. Is
it conceivable, for instance, to be able to reduce the dimension of a RNN by using a
non-admissible control matrix? First of all, by dropping the admissibility assumption
in the control matrix, the symmetry group of a RNN may considerably increase; this
is due to the fact that if B is not admissible then there are non-coordinate subspaces
that are stable for o o B.

It appears (we are presently working on this problem) that observability for a RNN can
be characterized without requiring admissibility of the control matrix. On the other
hand, identifiability seems to be much harder. For identifiability, in fact, we compare
two systems with control matrices By, By, so that the maps ¢ o By and ¢ o B may
have different stable subspaces.

2. Dropping the admissibility assumption for the control matrix B would allow to deal
with multiple layer neural networks. A multiple, layer neural network is a cascade of
neural networks such that the output of one network is the input of the successive one.
Thus, a double layer RNN would be a system of the type

(Eii_ = 5(./41561 + Blu)
ZL‘;r = O_"(AQ:L‘Q + BQClibl)
y = Cazg
that is still a RNN but with the non admissible control matrix Bol By anal-

ogy with what is known for feedforward networks (see [25]), we expect that double
layer RNN’s would better approximate certain nonlinear i/o behaviors than admissi-
ble RNN’s. The identifiability and minimality problem is particularly relevant in this
context.

3. As we mentioned earlier, complete controllability for continuous time RNN’s with
suitable activation functions has been recently proved. We believe that the techniques

41
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could be used to deal with MN’s in continuous time. It seems, however, that con-
trollability in discrete time is much harder, and makes a quite challenging theoretical
problem.

. Forward accessibility in discrete-time has been proved under strong assumptions on

the activation function and the control matrix; these assumptions are hard to check,
even for systems with relatively low dimension. Improvements in this direction are
quite desirable.

. It appears that some results in this work come from ”linear” properties of &: invariant

subspaces, linear transformations that commute with &, .... We believe it is worth-
while to investigate whether similar arguments can be applied to more general vector
fields, that are not produced by scalar functions applied componentwise.
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