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Abstract

We show that discrete-time, partially observed, risk-sensitive control problems over an infinite time horizon
converge, in the small noise limit, to deterministic dynamic games, in the sense of uniform convergence of the
value function on compact subsets of its domain. We make use of new results concerning Large Deviations and
existence of value functions.
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1 Introduction

Risk-sensitive control is a branch of stochastic control dealing with performance indexes having the form of the
expectation of the exponential of a cost function. More explicitly, in risk-sensitive control one aims at minimizing
an index of the form

() = 5 1og Eexpluk (a" (), u(-) (1.1)

where K is a given real valued function acting on the paths of a controlled stochastic process % and on the applied
control w. In the limit as 1 — 0 one recovers the standard performance index in stochastic control

Jo(u) = BIK (z"(-), u(-)]- (1.2)

By increasing p in (1.1), one penalizes large values of K (2%, u), modeling controller’s aversion to risk; for this reason
w is commonly called the risk parameter.
When 2% = (2¥),en is a (discrete-time) controlled Markov process, and K (x*, u) is of the form

N
K(z* u) = Z gn(xt,u,)  (finite time horizon cost) (1.3)
n=0

an optimal control for (1.1) can in principle be obtained by Dynamic Programming. To our knowledge, Dynamic
Programming for risk-sensitive control has been first introduced in [15], and then subsequently developed by several
authors [4, 18, 12, 13, 16, 10, 11, 5, 3]. The partially observed case, i.e. when admissible controls are nonanticipative
functions of a noisy output signal rather than of the state of the system, has been first treated in [4], where the
notion of information state is introduced. Extension to more general models can be found in [16] (see also [5] for
results in continuous time).

A case of special interest is when the process x* is driven by a ”small” noise of magnitude, say, ¢, and the risk
parameter scales as e 1. In this situation, the big weight that (1.1) gives to paths that make K (2%, u) large may be
balanced by their small probability. The behavior of the system in the limit as e — 0 is usually referred to as the
small noise limit. As shown in [12, 13, 16, 6, 10, 11, 1], finite time horizon, risk-sensitive control problems collapse



to zero-sum deterministic differential games in the small noise limit, in the sense of convergence of the corresponding
value functions.

In this paper we deal with risk-sensitive control in an infinite time horizon. Here, the performance index is taken
to be of the form

N—-1
1
Ju(u) = lizrvnjilop N log Eexp | 7;) 9(Tn, un) (1.4)

Infinite time horizon risk-sensitive control is much less understood, both in terms of Dynamic Programming and
of small noise limit. The existence of the value function has been proved under rather severe conditions. To our
knowledge, the small noise limit has been treated rigorously only in the special case of finite state systems ([11]),
and even in that case the convergence of the value function for partially observed problems has not been proved.

Here we consider partially observed models that are considerably more general than the ones in [11], and we
prove convergence of the value function in the small noise limit. In comparison to [11], we introduce the following
three ingredients, that play a fundamental role in the proof.

1. We use the Large Deviations framework developed in [1].

2. We take advantage of recent results ([8, 9]) on existence and concavity of the value function for partially
observed systems.

3. We choose to define a value function that acts on a space of sequences (information vectors) rather than on
a space of measures (information states). Although both spaces are infinite-dimensional, the first has a nicer
topology and it is conceptually simpler.

The structure of this paper is as follows. In Section 2 we introduce the problem and state our main results. In
Section 3 we recall recent results on ergodic control and Large Deviations, that are used in Section 4 to prove the
results stated in Section 2. In Section 5 we discuss separately the case of complete observation.

The results that are proved in this paper have been announced in [2]

2 Model and Main Results

Let (Q,F, P) be a given probability space. Moreover let X', W be metric spaces, and U be a compact metric space.
We will construct a family of controlled, partially observed stochastic systems evolving in discrete time (n € IN),
with state space X, control space U, and observation space RY. For each € > 0, assume we are given two sequences
of i.i.d. random variables (W), ~¢, (Vif),,~owith values on W and R respectively. We denote by u€ the distribution

of W¢ and by v¢ the distribution of V,¢. Let f: X x U x W — X and h : X x R — R be two given measurable
functions. We consider, for each € > 0, the controlled stochastic process defined recursively by:

{ Xn+1 = f(Xnvunvwn)v

Yn = h(XmVn)a (2.1)

together with the initial condition Xy = £ € X deterministic and independent on e. For simplicity of notation, we
also assume the first observation to be deterministic and independent on ¢, i.e. Yy =17 € IR?. The assumption that
the outputs are in IR? is for notational convenience; R¢ could be replaced by any Riemannian manifold.

Definition 2.1 An infinite sequence u = (u, )n>0 of U-valued random variables is said to be an admissible control

if uy = dn(Y1,...,Yn) = ¢n(Y") for some measurable function ¢, : R — U. We will denote by Ad(U) the set of
admissible controls.

Let ¢: X x U — R be a given measurable map called cost function. For each u € Ad(U) we define the index:

1

e ! i o( Xk, uk)

k=0

J(u) = limsup < log E exp

2.2
imsup (2.2)

The stochastic control problem we deal with consists in minimizing over Ad(U) the index J¢(u), i.e. finding
JE = inf{J(u); u € Ad(U)}, and computing u € Ad(U) such that J¢(us) = J¢.
We now introduce the classical notions of Large Deviation Principle (LDP) and exponential tightness.



Definition 2.2 Let X be a metric space and {P€ : € > 0} be a family of probability measures defined on its
Borel o-field. The family {P€ : € > 0} is said to satisfy a Large Deviation Principle (LDP) with rate function
Hp : X — [0, +o0] if

i) Hp is lower semicontinuous and {z : Hp(z) <1} is compact for every I > 0.

ii) For every A C X measurable

— inf Hp(z) <lim iélf elog P(A) <limsupelog P°(A) < — inf Hp(x)
zeA - e—0 €A

where A, A denote respectively the interior and the closure of A.

Definition 2.3 Let X be a metric space, and {P€: ¢ > 0} be a family of probability measures defined on its Borel
o-field. The family {P€: € > 0} is called exponentially tight if, for every L > 0, there exists C C X compact such
that )

P(C¢) <ec F (2.3)

for all e sufficiently small, where C'° is the complement of C'.

Now we state the main assumptions on the model (equations (2.1) and (2.2)) which are needed in the rest of the
paper.

H1) The function f: X x U x W — X is continuous.
H2) The family of distributions (u¢).>¢ is exponentially tight and satisfies a LDP with rate function H(-).
H3) For each A C X measurable, x € X, and (Z,u) € X x U fixed, define:

CAL) — clog M (71 (A z,u))
P = s T A

where f~1(A;z,u) = {w € W | f(z,u,w) € A} (we use the convention 0/0 = 1).
The set of functions {(be*A le>0,AC X,z e X } is uniformly bounded and equicontinuous.

H4) The function h : X x R? — R? is continuous, and for each fixed x € X the function v — h(z,v) is a
diffeomorphism of R%. The inverse map h~!(z,y) and its Jacobian D,h~'(z,y) are continuous on X x R%;
moreover the continuity in the y variable of the inverse map h~!(z,y) is uniform in z. For each K C R?
compact, the map log [ det (Dylfl(z, y))] is bounded on X x K.

H5) The family of distributions (<)o is exponentially tight and satisfy a LDP with rate function K(-). Moreover
we assume that the map K(-) is finite valued and continuous.

H6) The measure v¢ admits a strictly positive density p¢ w.r.t. the Lebesgue measure. The family of functions
{elog pc} is equicontinuous, uniformly bounded from below when restricted to any compact subset of R¢ and
uniformly bounded from above on all RY.

H7) the cost function ¢ : X x U — IR which appears in J¢(u) (equation (2.2)) is uniformly continuous and bounded
(we will denote by ||¢||oo its sup-norm).

Remark 2.4 1. Assumptions H1, H2, H4-HT7 are similar but slightly stronger than Assumptions B in [1] (see
Section 4.3). A possible example in which these assumptions hold, may be constructed as follows. Assume W
is a Riemannian manifold, with dw denoting the Lebesgue measure on it. Let f : X x U x W — X be any
continuous function and ¢ : X x U — R be any uniformly continuous and bounded function. Suppose we are
given two continuous functions H : W — R, K : R? — IR such that

i) H and K have compact level sets;

ii) e‘ﬁ, e K are integrable w.r.t. the Lebesgue measures on W and R respectively;
Then define ~ B
e~ HW) gy e—¢ K@) gy

€ d = € d = ="
e (dw) fe—G’lH(w)dw’ v(dw) fe—G’lK(v)dv



Then €, v¢ satisfy assumptions H2, H5 and H6, with corresponding rate functions H(w) = H(w) — inf H,
K(v) = K(v) —inf K. To complete the description of the model we have to assign an output function h which
satisfies assumption H4. Such examples are provided by functions of type

h(z,v) = B(z) + y(x)v

where 3 : X — R and v : X — E(]Rd,IRd) are continuous functions and, for all v € IR?, the inequality
|v(z)v||? > 6||v]|? holds for a constant § > 0 independent of z € X. Note that no boundedness or growth
assumptions on 3 are required.

2. Assumption H3 is the most restrictive one . If X and U are both finite (as in [11]), then H3 is a trivial
requirement. It can be verified that the example given in 1. satisfies H3 if we also require that X = W is
compact and that the map w — f(z,u,w) is a diffeomorphism for any pair (x, u).

3. All these assumptions can be easily adapted to the case treated in [11], where X and U are finite and RY is
replaced by a finite set.

Now we introduce the notion of information space which is very useful when studying the small parameter limit.
Let () be a special symbol. Define the set:

z ::LQQ%[ORdsz) x{m}“}.
Let z = (2, 2® ) be an element of Z. Then either z = (0,0,0,...) or

z = ((ynaun—l)a (yn—la un—2) ey (91, UO), @7 (Z)a .. ')7
—_—— —o— ——
z(1) 2(2) z(n)

and in this case z represents a finite sequence of outputs and controls.

Remark 2.5 The partially observed dynamics (2.1) induce the following completely observed dynamics on Z:

Zn+1 = (Yn-l—l; Un, Zn) P
{zb@ﬂpq. (24)

Notice that an admissible control u,, at time n can be thought as a function of Z,,. In the first equation of (2.4), we
may interpret Z as the state variable, u as the control variable, and Y as the disturbance.

Definition 2.6 For each z € Z let:
n(z) = min{n|z% =9 Vk>n}.
According to this definition we have:

n(z)=0 =
n(z) >0 =

©,0,...),
((y,u), Az), with Az e Z, and n(Az) =n(z)— 1.

z =
z

Now we will define a metric on Z. Denote by da, dy metrics on R and U respectively. It is not restrictive to
assume that these metrics are bounded above by 1. Let z; = (zi(l), zi(Q), ...), i =1,2, be two elements of Z. Then

we let:
21,22 Zd (k) (k) , (25)

k>1

where

if z§k) =2 =9,
1 if 7®3@€B@xa
1 it 2P =9, erxU,

(97, 87) + o (7, 8] it 2020 €YU

0, 49) =

1
2

Notice that the sum in (2.5) is always finite. It is easily checked that d(-,-) is a metric on Z.



Remark 2.7 Although the explicit form of the metric d(-,-) will not be used, the following properties of d(-, -) will
play a key role in the proofs.

(a) Let (2;)i>0 be a sequence of elements of Z and assume that this sequence converges to z € Z with respect to
the metric d(-,-) defined above. Then there exists k € IN such that n(z;) = n(z) for all i > k.

(b) Let C C Z be a compact set; then there exists 72 > 0 such that n(z) < 7 for all z € C.
For each x € X and € > 0, we define the following probability measure on R
Q°(A;z) =v{v: h(z,v) € A}. (2.6)
Assumption H4 and H6 imply, in particular, that this measure Q¢(-;z) has a density ¢(y;x) w.r.t. the Lebesgue
measure given by ¢°(y; z) = p*(h (2, y))| Det (Dyh~1(z,y)) |. Now, for (z,u) € X x U, we consider the probability
measure I1¢(d€; z,u) on X defined by
(A z,u) = pf(f (A 2,u) = p{w | fz,u,w) € A}.

Moreover, for (y,u) € R? x U, let T<(y,u) be the operator, acting on probability measures of X, defined by:

Sy @ [ [ g (ys @) (da; @ w)] pa(da’)

0N ) = s T ] ) D
For z = ((yn, un—-1),---, (y1,u0),0,0,...) € Z, we let P*(dz; z) be the probability measure on X defined by:
Pe(dz;z) = T (Yns tn-1) - T*(y1,u0)e, (2.8)
and
Pe(dz; (0,0,...)) = . (2.9)

Finally, we define the following measure on R?

R(A; z,u) :/ [/ / eeilc(ml’“)qe(y;x)He(dz;z’,u)PE(dz’;z) dy. (2.10)
AlJxJx

Next proposition proves the existence of a value function W€, and of an optimal control map u$ in terms of the
information state, for the problem described by equations (2.1), (2.2). This result is a consequence of Theorem 2 in
[9], as we will show in Section 4. If z = (21, 2 .. ) € Z and (y,u) € R? x U, we denote by (y, u, z) the element
of Z given by ((y,u), 21,22 ).

Proposition 2.8 Assume that for each € > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions
H1-H7. Then there is a bounded and continuous function W€ : Z — IR, and a real number \¢ that solve the following
equation:

We(z) + X = inf [elog/ eeflwe(y’“’z)Re(dy;z,u) (2.11)
ueclU R
and W¢(0,0,...) =0. We also have:
A= inf  J(u). (2.12)
ueAd(U)

Moreover there is a feedback uS = uS(z) at which the infimum in (2.11) is attained. This feedback is an optimal
control in the following sense:

for z = (Yn,un—1,---,Y1,u0,0,0,...), the control us = {(us)n}n>0 given by (u)n(Yn,Un—1,-..,Yy1,u0) = us(z)
is optimal, i.e. J¢(u) = A°.

Before stating our main results we need some other definitions. Recall that H(-) and K(-) are the rate functions of
the families (1€)eso and (v)eso respectively, and c(z,u) is the cost function. Let H® : X x X x U — [0, +-00] given
by:

H(z;2',u) = inf{H(w) : f(z',u,w) = x}, (2.13)

and H? : Y x X — [0, +0o0] given by:

HO (y; ) = inf{ K (v) : h(z,v) = y}. (2.14)



These two functions H® and H© represent the rate functions for the two parameterized families of measure
10¢(d¢; z,u) and Q°(dy; ) defined above (see Section 3 for the definition of rate function for a family of param-
eterized measures). Now let H : X x Z — [0, +00] be the function defined by induction on n = n(z) as follows:

- (0 ifa=¢
H(w; (0,...)) = { +oo  otherwise (2.15)
H(z;(y,u,2)) = HO(y;z) +infoex [ff(w’;Z) —c(2',u) +Hs(w;x’,U)}— (2.16)
— infy prex {Ho(y;x) + ﬁ(m';z) — (', u) + Hs(x;x’,u)}. .
Finally, let: ~
H:Y xZxU—|[0,+00],
A(y; 2,0) = iy e { HO (i) = (o', ) + HO (2! ) + H(2'52) ) (217

We are now ready to state our main result.

Theorem 1 Assume that for each € > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions H1-
H7. For each € > 0, let W€ and A\ be the solutions of equation (2.11). Then the sets {\°: e >0} and {W€¢:e> 0}
have at least a limit point X and W respectively in R and C(Z), the last space being provided with the topology of
uniform convergence on compact sets. Fach limit point is a solution of the equation:

W(z)+ A= inf sup {W(y, u, z) — H(y; z,u)} (2.18)
ueUyele

Now we introduce a deterministic, partially observed dynamic game to give a proper interpretation to equation (2.18).
Formally, the equations of dynamics are the same as in (2.1), where now w, € W and v, € IR? are interpreted
as deterministic disturbances. Thus we consider the deterministic, partially-observed, discrete-time system defined
by:
Tnp+1 = f(znvunvwn)v
2.19
{ Yn = h(ﬂ?n,’l)n), ( )

together with initial conditions 2o = ¢ € X and yo = 1 € R?. Admissible controls are those such that u,, is a function
of the observations up to time n. Again, we denote by Ad(U) the set of admissible controls, even if measurability
issues are unimportant in this contest. The aim is to minimize over Ad(U) the index:

n—1
. 1
J(u) =limsup — sup [Z (e(xk, ur) — H(wg) — K(vg+1))| - (2.20)
n=te g, wp—1 Lk=0
V1y.-.yUn

Theorem 2 Assume that we are given the model in equation (2.19). Moreover, assume that there exists a constant
X € R and a bounded function W € C(Z) which are a solution of equation (2.18). Then

A= inf J(u),
weAd(U)

where J(u) is the cost functional given by (2.20). Moreover there exists a feedback w. = wu.(z) which realizes the
infimum in (2.18). This feedback provides and optimal control for the dynamic game given by equation (2.19), in
the same sense as in Proposition 2.8.

3 Preliminaries
The results in Subsection 3.1 and 3.2 are taken from [1] and [9] respectively.

3.1 Large Deviations

In this section X and © are metric spaces. All measures on X are intended to be defined on its Borel o-field. We
first generalize Definitions 2.2 and 2.3 to the case of parameterized families of measures.



Definition 3.1 A family {P<(dz;0) : € > 0,6 € ©} of positive finite measures on X is called a Weakly Uniform
Large Deviation Family (WULDF) with rate function Hp : X X © — (—o0, +0o0] if

i) For every fixed 6 € ©, Hp(-,0) is lower semicontinuous and {z : Hp(x,6) < [} is compact for every [ € R.

ii) The map 6 — inf,cx Hp(x,0) is real valued, and is bounded on the compact subsets of ©.

iii) For every F': X — IR bounded and continuous

1irr(1)elog/e€71F($)’P€(dx;9) = sup |F(x) — Hp(x,e)} (3.1)
e— zeX

uniformly for € in the compact subsets of O.

Definition 3.2 A family {P¢(dx;0) : ¢ > 0,0 € O} of positive finite measures on X is called exponentially tight if,
for every L > 0 and every K C © compact, there exists C C X compact such that

PC0) <e b (3.2)
for all 6 € K and e sufficiently small, where C¢ is the complement of C.

Remarks 3.3 1. Note that we allow P¢ in Definitions 3.1 and 3.2 to be a positive finite measure, not necessarily
a probability measure.

2. When all the measures {P¢}.~¢ in Definition 3.2 are probability measures and © is a singleton, Definition 3.2
reduces to Definition 2.3.

3. Condition ii) in Definition 3.1 roughly says that P¢(X’; 6) does not either go to zero or grow too fast as e — 0.
Indeed, by using ii) and letting F' = 0 in iii) the following statement is easy to prove: for each K C © compact,
there exists M (K) > 0 such that, for e sufficiently small,

e € M(K) < 7)6()(,9) < eﬁilM(K) (33)

for all § € K. If all P¢(dz;0) are probability measures, then condition ii) is automatically satisfied, since
infyex Hp(z,0) =0 (see [7]).

4. Suppose that {P¢(dz;0) : ¢ > 0, 0 € O} is a WULDF of probability measures on X. Then, under the further
assumption of exponential tightness, for every fixed 6 € © the family {P¢(dx;0) : € > 0} satisfies a LDP with
rate function Hp(x;0) (Bryc Theorem, see [7]). This pointwise LDP does not imply uniform convergence in
(3.1), but only pointwise convergence. On the other hand, (3.1) for all F' continuous and bounded, does not
imply any uniformity in 6 of the Large Deviations bounds for {P¢(dx;0) : € > 0} (see [1] for a counterexample).

Next proposition establishes the fact that a family of probability measures that satisfies a LDP transforms into
a WULDF under a continuous, parameter dependent mapping.

Proposition 3.4 Let W be a metric space, f : © x W — X a continuous map, and {u€ : € > 0} a family of
probability measures on W that satisfy a LDP with rate function h(w). Define P¢(dx;0), a probability measure on
X, by

P(A;0) = pA{w: f(O,w) € A}. (3.4)

Then {P<(dx;0) : € > 0,0 € ©} is a WULDF with rate function
Hp(w30) = inf{h(w) : (6, w) = z}. (3.5)
Moreover, if {u€: e > 0} is exponentially tight, then so is {P(dz;0) : ¢ > 0,0 € ©}.
The notion of WULDF is normally used in the form given in next lemma, that is a slight modification of (3.1).

Lemma 3.5 Suppose that {P(dx;0) : € > 0, 0 € ©} is a WULDF with rate function Hp, and it is exponentially
tight. Let F° : X — IR, € > 0 be such that sup g ||F¢||oc < 00, F¢ — F° as € — 0 uniformly on the compact subsets
of X and F° is continuous. Then

1in%elog/eElee(m)PE(dx;H) = sup [Fo(ac) — Hp(z,0)) (3.6)

reEX

uniformly on the compact subsets of ©.



Next three propositions form the core of the theory of WULDF’s. They state that, under suitable assumptions, the
notion of WULDF is preserved by three operations on families of finite positive measures: composition, contraction,
and conditioning. The reason for studying these operations is that they appear in the recursive equation giving the
information state for a partially observed, risk-sensitive control problem.

In the rest of this section, X, Y and © are metric spaces.

Proposition 3.6 (Composition). Let {P¢(dz;y,0) : € > 0,(y,0) € ¥ x O} and {Q°(dy;0) : € > 0,0 € O} be two
exponentially tight WULDF’s in X and Y respectively with rate functions Hp(x;y,0) and Ho(y;0). Assume that the
measures P are all probability measures. Moreover, assume that the rate function Hp(x;y,0) satisfies the following
regularity conditions

(i) Let A = {(x,y,0) : Hp(z;y,0) < +oo}. Then for every (x,y,0) € A and every sequence (yn,0,) — (y,0)
there exists a sequence x, — x such that Hp(Zpn;yn,0n) — Hp(x;y,0),

(i) Hp is lower semicontinuous as a function of (xz,y,0).

Then {R¢(dx,dy;0) : € > 0,0 € ©} defined by:

[ searetanaro) = [ | [ se.pas.o)| oo,
is an exponentially tight WULDEF with rate function:
Hr(x,y;0) = Hp(x;y,0) + Ho(y: 0).

Proposition 3.7 (Contraction) Let R¢(dx,dy;0) be an exponentially tight WULDF on X x ) with rate function
Hg(z,y;0). Then the family P¢(dx;0), defined by:

P(A;0) = RE(AxY;0),
is, an exponentially tight WULDF on X with rate function:
Hp(z;0) = inf H :6).
P(2;6) = inf Hr(z,y;6)
Proposition 3.8 (Conditioning). Let {P¢(dz;0) : ¢ > 0,0 € O} and {Q°(dy;x) : € > 0,z € X'} be two exponentially
tight WULDF’s on X and Y respectively, with rate functions Hp(x;6) and Hg(y;x). Assume that the measures

Q¢(dy; x) are all probability measures, and that both families of kernels are exponentially tight. Moreover assume
that the rate function Hg(y; ) is always finite and continuous, and that the following properties hold:

1. the measure Q°(dy; x) is of the form:
Q(dy; ) = ¢“(y; x)a(dy).
where ¢¢(y;x) > 0 and the measure a(dy) satisfies

inf o (B 0;
;gKa( (y,7)) > 0;

for every K C'Y compact and v > 0, where B(y,~y) is the ball centered at y with radius .

2. for any compact sets K CY, C C X, and any § > 0 there exists §1 > 0 and €(8) such that:
lelog q“(y1;2) — elogq®(y2; )| < 6,

for all y1, yo € K such that d(y1,y2) < 61, for all e < €(9), and for all x € C;

3. for any compact sets K C Y, C C X there exists ng.c > 0 such that:
elogq“(y; ) > —nrk,c;

forallye K, x € C, and e >0

4. for any compact set K C Y, there exists Nx > 0 such that:
elogq®(y;z) < Nk;
for ally € K, for all x € X, and for all € > 0.

Then the measures on X
S(dz;y,0) = q“(y; 2)P*(du; 0)
form an exponentially tight WULDF with rate function

Hs(x;y,0) = Ho(y;x) + Hp(x;0).



3.2 Ergodic, risk-sensitive control under partial state observation

In this subsection we consider the risk-sensitive control problem given by the dynamics (2.1) and the cost function
(2.2). The parameter € > 0 is assumed to be fixed; for later use, we keep it in all notations.

In Section 2 we introduced the probability kernels I1¢(d¢; z,u) and Q¢(dy, ) = ¢°(y; x)dy corresponding to the
dynamics and the observation respectively. Denote by M;j(X) the space of probablhty measures on X', provided
with the weak topology. For u € M;(X) we introduce the probability measure pZ(dy; u) on R given by

< (A;u) /[// el ) g (g )T (das o, w)p(da’) | dy. (3.7)

Pe(dx; 2) = T (Yn, un—1) - - T(y1, 10)0¢

We also recall the notation

where z = (Yn, Un—1,---,Y1,u0,0,0,...) € Z.

Theorem 3 Under assumptions H1, H3, Hj, HG6, H7, there exists a solution (V€ A) € C(M1(X)) x R of the
equation

V() + A° = inf {elog / eV T I ey ) (3.8)
uelU R4
such that V¢ is bounded, continuous and e 'V is concave. We also have:
A= inf  J(u). 3.9
B (u) (3.9)

Moreover, there exists a feedback u* = u*(u) at which the infimum in (3.8) is attained. Finally, the control u =
(Un)n>0 given by
Up = Un (Y1, -« Yns U0y - - -, Un—1) = u*(P(dx; 2))

with 2 = (Yn, Un—1,---,Y1,U0,0,0,...) is an optimal control for the risk-sensitive control problem (2.1)-(2.2).
Theorem 3 is just a reformulation, in slightly different terms, of Theorem 2 in [9]. It is not hard to check that

our assumptions imply those in [9]. Perhaps not totally obvious, it is to check that the following condition, required
in [9], is actually implied by H1, H3, H4, H6, HT: if u, — u weakly in M;(X), then

/He(-;x,u),un(da:) — /HE(-;x,u)u(da:)
in total variation, uniformly in v € U. This is equivalent to

lim sup = 0. (3.10)
n—=x acx

uelU

[ e ) - [ 100,000

If (3.10) fails to hold, then there exist 6 > 0, a subsequence {,, } of {u,} and corresponding sequences A, C X,
ug € U such that

‘/HE(Ak;z,uk)unk(dx) f/HC(Ak;z,uk)u(dz) >6 (3.11)

for all k£ > 0. Using assumption H3, it is easy to see that the functions {g;} from X to [0, 1] given by

gr(z) =1 (Ag; x, ug)

form an equicontinuous family. By the Theorem of Ascoli-Arzela, there exists a limit point g of {gx} in the topology
of uniform convergence on compact subsets of X. Therefore, we can assume that the subsequence {uy, } previously
chosen, is such that the corresponding sequence {gi} converges to g. By using exponential tightness of {uy, }, it

follows that
/ (Ag; , uk) fon,, (dzx) H/ w(dx)

/ (A 2, up)p(de) —>/ u(dz)

which contradicts (3.11).



4 Proofs

In this section we prove the results stated in Section 2. Throughout this section we assume that for each € > 0, a
model as in (2.1) and (2.2), which satisfies assumptions HI1-H7, is given.

Proof of Proposition 2.8
Let, for each z € Z:
We(z) =V (P(:2)), (4.1)

where V€ is the function given by Theorem 3 and P€(-; z) is the probability measure defined by equation (2.8). Since
V€ is defined up to an additive constant, we may assume V¢(d¢) = 0 for all € > 0, i.e. W¢(0,0,...) =0 for all € > 0.
Moreover let A be the constant given, again, by Theorem 3.

From the boundedness of the maps V¢, we have that also the maps W€ are bounded. Continuity of the maps W€
follows from continuity of V¢ and weak continuity of the map z — P¢(-;z). This last fact can be proved as follows.
Suppose zr — z. If n(z) = 0, then n(z;) = 0 for k large enough, so obviously P¢(-;z;) = P¢(-;z). Otherwise we
proceed by induction. Suppose z is of the form z = (y,u, Az) and assume z — z. Then, for k sufficiently large,
zr = (Yk, uk, Azg), with yr, — y, ur — v and Azp — Az. From (2.7) and (2.8), it follows that all we have to show
is that for all f: X — IR bounded and continuous

i [ e | g s oD s )P’ Az =

_ / eal )] / F(@)q (s )€ (da; o, w)| PE(da'; Az). (42)

By inductive assumption and the fact that c(z’, ur) — c(2’,w) uniformly, it is enough to show that

/f (yx; o)1 (dw; 2’ uy) —>/ f(z 2)[1(dz; 2’ u) (4.3)

uniformly on 2’ in any compact subset of X, and that maps in the Lh.s. of (4.3) are uniformly bounded in ' € X.
These last two facts follow readily from weak continuity of I1¢(dx; 2’,u) and Assumption H4.
Now, notice that:
Wy, u, 2) = V(P (39,u,2) = V(T (y, u) P (-1 2)),
R° (A7 2, u) = p;e(»;z)(Aa u)
(see (3.7) for the definition of pf,). From the previous equalities it is clear that equations (2.11), (2.12) and the

existence on an optimal feedback law follow directly from equations (3.8), (3.9) and the existence of an optimal
strategy given in Theorem 3. [ |

Now we will prove that the set of functions {W¢(-)}e>0 has limit points. To see this we will show that for any
sequence €,, with €, — 0 as n — 400, the maps {W ()} are equibounded and equicontinuous. The conclusion
then will follow by Ascoli-Arzela’s Theorem.

For each (y,u) € Y x U and each € > 0, let T¢(y, u) be the operator acting on finite measures of X defined by:

T (y, ) (1) (4) = /

X

e @) [/ q“(y; )11 (dx; 2’ u) | p(dz'). (4.4)
A

Notice that T¢(y, u) is an unnormalized version of T(y,u); in fact, if x is a probability measure on X then:

Ty, u) () (A)

Te(y, u)(p)(X)

Denote by bB(M; (X)) (resp. bB(M(X))) the set of measurable, bounded and positive-real valued functions acting
on probability (resp. finite) measure of X. Define:

S bB(Ml(X)) bB(M(X)) (4.5)
(5 = n0f (7t) |

Ty, u)(n)(A) =

Lemma 2 of [9] establishes the following fact:



Fact 1 If f € bB(M;(X)) is concave then also (Sf) € bB(M (X)) is concave.
Next proposition shows that the set of functions {W€(-)}cs0 is equibounded.

Proposition 4.1 Assume that for each € > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions
H1-H7. Let {W¢(-)}eso0 be the set of functions that solve equation (2.11). Then there exists A > 0 such that:

[We(z)| < A Ve >0, Vz € Z. (4.6)

Proof. Since the functions {W¢(-)}¢>o have a common zero (W€(0,0,...) = 0, Ve > 0) to get equation (4.6) it
suffices to prove that
(We(z) = W) <A Ve>0, Vz,2 € Z. (4.7)

Let M > 0 be the uniform bound for the functions ¢$“(u) given by Assumption H3. In particular it holds that:
(A2, u) > e MIT(A; 2!, 0)), (4.8)

for all z, ' € X, A C X measurable, and u, v’ € U.
Given z € X and u € U, the following simple fact is easily established:

eeflc(z,u) > inf eeflc(g,u) > 6—2671“6“00 sup eeflc(g,u). (49)
£ex fex

Moreover by (4.8), we have, for every A C X measurable and (y,u) € Y x U,

/qe(y;x’)He(dx’;w,U)Z inf/qﬁ(y;m')ﬂﬁ(dm’;ﬁw)Ze‘(lMsup/qe(y;x’)ﬂﬁ(dx’;&U)- (4.10)
4 cex J, cexJa

From (4.9) and (4.10), for z,2’ € Z, A C X measurable, and (y,u) € Y x U, we have:

T (y,u)P(4; 2) =/ g€ cla’w) [/ qe(y;m)HE(dx;x’,u)] Pe(da'; 2) >
X A

<gg{eelc(gu)) (ggiAqﬁ(y;w)He(dx;E,U)) >

e¢ CllelloctM) [ gup ge ™ elEw) Sup/qe(y;x)ﬂe(dw;é,w >
fex Eex JA

el B ] R e VRO SR
X A
Let A = 2||¢||oc + M, and consider the measure m¢ on X defined by:

me(A; z, 2, y,u) = T¢(y, u) P (A; 2) — e‘EflAfe(y, u)Pe(A; 2").

From the previous inequalities, we have that m® is positive for all 2,2’ € Z and all (y,u) € Y x U. Therefore
T<(y,u)P<(-; 2) may be written as convex combination of positive measures as follows:

(.. /
T(y, ) Pe(52) = e~ AT )P ) 4 (1 om0 PEEZ ),
— 66

If S denote the operator defined by (4.5), then since e 'V is concave (see Theorem 3), Fact 1 implies that also the

maps § (e<"'V") are concave. Thus;
(V) (T wP(s2)) =
e 'AS (ee*ve) (Te(y,u)Pf(-;z')) + (1 - e*f”A) S (ef”vs) (W) > (4.11)
e 'Ag (eeflve) (Te(y,u)PE(-;z’)) .
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Now we are ready to prove (4.7). Using equation (2.11), we may write:

[We(2) = W= = |[W(z) + A — (W(2") + X9)| < |sup elog

uelU

< Jiga € W ) Re(dy; 2, u)
i .

ra € W@ R(dy; 2, u)

Noticing that:

Eflve( TE(y,u) P (-;2)

e W A Re(dy; 2,0y = oV (FER ) (T, ) P(X52) dy = 5 (e V°) (T, 0) P(52) ) dy,

we may write:

[We(z) — We(2')| < sup |elog fmd S (ef Ve) (Tg(y,u)Pe(.;Z) dy

)
uel fIR'i S (eeflve) (Te(y, u)Pe(:; Z’)) dy .

Now, using equation (4.11), we have:

) W < sup e o S L) (FlwP2)) dy

- = A.
uwelU e—e—lA fle S (ee*IVe) (T‘(y, ’U,)PE('; Z)) dy

So inequality (4.7) holds, as desired. |

Next lemma proves a continuity property of the probability measures P¢(+; z) which will be crucial for getting
equicontinuity of the functions {W¢(-)}eso.

Lemma 4.2 Assume that for each ¢ > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions
H1-H7. Then there exists a map K : Z x Z — [0, 4+o00]such that

(a) for each C C Z compact, there is a map O : C x C — R such that O — 0 uniformly as € — 0, and
P(21) — 6—6*1[K(Z1,ZQ)+O‘C(Z1,Z2)]p6(.; 22) >0 (4.12)
for every z1, z9 € C;
(b) lim,_; K(2,2) =0, and K(z,z) < +o0 if n(z) = n(z).

Proof. Before proving (a) and (b) we state some useful inequalities which are implied by our Assumptions H1-H7.
Assumption H7 implies, in particular, that there exists a map K. : U x U — R such that lim, ., K.(u,u’) = 0,
and

c(z,u) — c(z,u') > —K.(u,u’), (4.13)

for all z € X and all u,u’ € U.

Since the function ¢¢“(u) are equicontinuous (by Assumption H3) we have that there exists a function K :
U x U — IR such that lim, . Kn(u,u’) =0 and

¢ (; 2, u) > e—SflKn(u,u/)He(,;.%u'), (4.14)

for all z € X and all u,u’ € U.
From the equicontinuity of the maps elog p¢ (Assumption H6) and from the continuity in y uniformly in z of the
map h~'(z,y) (Assumption H4), we get that there exists a function K, : R x R — IR, such that:

s (h_l(x,y)) > e—efqu(yJ/)pe (h_l(:ﬁ,y’)) ’

with lim,_,,» K,(y,y') = 0.
Assumption H4 says, in particular, that for each I € R% compact, the map log | Det Dyh=(z,y)| is bounded

on X x I. From this fact and the previous inequality we also have that for each compact set I C R there exists
M7 > 0 such that:

¢ (ysw) > e (Kol DHeMn) ge(y ). (4.15)

forall z € X and y,y’ € I.
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We are now ready to construct the maps K and Og. Note that we are allowed to define K (z1,22) = 4
and O (z1,22) = 0 for n(z1) # n(z2), and any compact C' containing z1, 2z2. For n = n(z1) = n(z2) = 0, let
K(z1, z2) = 0. Inductively, we define, for n = n(z1) = n(z2) > 0,

K(Zl, 22) =2 [K(Azl, AZQ) + Kn(ul, ’U,Q) + Kc(ul, ’U,Q) + Kq(yl,yg)] . (416)

It is easily shown by induction that statement (b) holds for this K(-,-). Now let C' C Z compact. By the properties
of the metric on Z, it easily follows that there exists a compact set I C IR such that for every z = (z(l), 22 .. JecC
and any n > 1, either z(® = () or 2(™ = (y,u) with y € Ic. Let M, be the corresponding constant in equation
(4.15). We inductively define O& (21, z2) for z1, 22 € C, n = n(z1) = n(z2) by:

Oec(zl, 22) = O,

for n =0, and, for n > 0:
OGC(Zl, ZQ) = QOE(Azl, AZQ) + QEMIC. (417)

Since there exists 7 > 0 such that if z € C then n(z) < i (see Remark 2.7 (b)), it is easy to prove that Of — 0
uniformly as € — 0.

We now show that (4.12) holds. For n(z1) # n(z2), (4.12) is obvious. So we may prove (4.12) by induction on
n =n(z1) = n(z2). For n = 0 there is nothing to prove. For n > 0 we have:

eflc(z/,ul) € . 1€ (dzx: / P<(d A
PF(d: 20) = T¥( ) P(A; Ary) = S & s a oo (s o? )| P A) g
Sy e e ) [[qf(yns )T (da 2, un ) | Pe(da’; Azy)

By inductive assumption the above expression is greater or equal than:

ez, un €(n) - € . € .
—2¢ K (Az1,A22)+0& (Az1,A%27)] IX et clwu) [qu (y1;2)I1 (dx,x’,mﬂ Pe(da’; Azs)

N fX e te(@ur) UX q<(y1; o) 1Ie (d; ul)] Pe(da'; Azg)’ (4.19)
Then by (4.13), (4.14), and (4.15),
P(A;z) > 6—2(1[K(Azl,AzQ)JrKH(ul,uQ)+Kc(u1,uQ)+Kq(y1,y2)+og(Az1,AZZ)+5M,C]P€(A;22)7
that, by (4.16) and (4.17), completes the proof. |

Proposition 4.3 Assume that for each € > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions
Hi-H7. Let {W€(-)}eso be the set of functions that solve equation (2.11). Then, for any sequence €, — 0, as
n — 400, the set of function {We ()} >0 is equicontinuous.

Proof. The idea of the proof is very similar to the one used to get equiboundedness of same set of functions (see
Proposition 4.1). Fix any C C Z compact and any z, z’ € Z. Then, by using Lemma 4.2, we have:

TP (Az) = [ et [ / qﬁ(y;zmﬁ(daz;x’,w] Pe(da';2) >
X A

e—efl(K(z,zl)-i-OEc (z,z')) /

X

_ 67571(K(z,z')JrOeC,(z,z'))Te(y’u)Pe(A; Z/)

efele’w) [/ qﬁ(y;x)He(dm;m',u)] P(da';2") =
A

From this, and using the same arguments used in Proposition 4.1, we have, for z, 2’ € C:

e Ja 8 (V) (ot ) Pe(52) dy
[We(z) = We(2')| < uGIU) 1 gf]RdS(eeflve) (Tg(y,u)pe(.;zl)) dy

e~ lve Te e(..
< sup |elog S 5 (6 ) (T ikl ’Z)) W = K(z,2") + O&(z,2).
=L TR s ) (TP dy | |
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Thus we have
[We(z) = W) < K(z,2')+ 0&(2,2"), Vz 2 €C. (4.20)

Next we show that continuity of the maps {WW¢(-)}eso together with equation (4.20) implies equicontinuity of any
sequence of functions {W (-)},~0. Fix a sequence €, — 0. Let Z € Z, and 6 > 0 be arbitrary. It is possible to
choose a compact neighborhood Vz C Z of Z such that:

|

it zeVz = K(z,2)<

Moreover, since Of, (Z, z) goes to zero uniformly on Vz, there exists 7 > 0 such that for all z € Vz, and for all ¢,
with n > n we have:
[Wen(z) = Wen(z)] < 6. (4.21)

Equicontinuity of the set {We ()} ,>0 follows from (4.21) by elementary arguments. |

Proposition 4.4 Assume that for each € > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions
HI-H7. Then the family {P<(-;2)} of probability measures on X, given by equation (2.8), is an exponentially tight

WULDF with rate function H(x;z) (see equation (2.16)).

Proof. Since the maps f: X x U x W — X and h : X x R? — R? are continuous (assumptions H1 and H4), by
Proposition 3.4, we get that the families of probability measures I1¢(dz; z’, u) and Q¢(dy;x) are exponentially tight
WULDF with rate functions H*(x; 2, u) (see (2.13)) and HO(y;x) (see (2.14)) respectively.

Remark 2.7 (b) implies, in particular, that to get our thesis, it suffices to prove that P€(-; z) is an exponentially
tight WULDF with rate function H(z;z) when restricted to any Z, = {z € Z|n(z) < n}. We will prove this by
induction on n. For n = 0 the statement is true by definition (see (2.9) and (2.15)). Assume that it holds for n > 0,
and let z € Z,41. Then z = ((y,u), Az) with n(Az) =n, and

Pe(dx; z) = T(y,u)P(dx; Az).

Since, by inductive assumption, the family P¢(-; Az), with Az € Z,, is an exponentially tight WULDF with rate
function H(x; Az), it is easy to see that the family of positive measures:

af(dx; Az, u) = eﬁilc(m’“)PE(das;Az), (Az,u) € Z, x U,
is again an exponentially tight WULDF with rate function H, (x; Az, u) = H(x; Az) — c(z,u).
Now we apply Proposition 3.6 (Composition) to the two families of measures I1¢(dx; 2’,u) and a(dz; Az, u).
Notice that the II¢ are families of probability measures. For the proof that their rate function H®(x;2’,u) satisfy

both requirements (i) and (ii) of Proposition 3.6, we refer to Proposition 4.3 of [1]. Thus we have that the family
B¢(da’, dx; Az, u) defined by:

/f(x’, x)B(da’, dx; Az, u) = / {/ f@ )0 (dz; o' u) | a (do; Az, u), (4.22)
is an exponentially tight WULDF with rate function:
Hp (2!, 2; Az, u) = Ho(z; Az, u) + HS (z;2),u) = H(x; Az) — (@, u) + H (232, u).

Now we apply Proposition 3.7 (Contraction) to the family (3¢, to get that also the family:

0°(A; Az u) = / B(dx’, dx; Az, u) = / e el u) [/ Hﬁ(dz;z',u)] Pe(;Az), (Az,u) € Z, xU,
X XA X A
is an exponentially tight WULDF with rate function:

) _ . _ T (e _ S ot
Hs(z; Az, u) = z1/r€1fXH5(Jc ,x; Azyu) = Il/IéfX (H(m,Az) c(x,u) + H? (z;x ,u))

Next step is to apply Proposition 3.8 (Conditioning) to the two families §¢(dx; Az, u) (defined above) and
Q¢(dy; x) (defined by (2.6)). Notice that Q¢(dy;x) are all probability measures. Moreover it is easy to show
that their rate function H?(y;z) is always finite and continuous by assumption H5. For the proof that assumptions
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H4, H5, and H6 imply that also requirement 1,2,3 and 4 of Proposition 3.8 hold, we refer to Proposition 4.3 of [1].
Thus, we conclude that the family of measures:

/

T(y, u)P(A; Az) = ¢(y; 2)0(A; Az, u) = / e ela’u) [/ qe(y;x)l'[e(da:;a:’,u)} Pe(d’; Az, u), (4.23)
x A

is an exponentially tight WULDF (for (y,u, Az) € R? x U x 2,) with rate function:

HO(y;2) + nf, (ﬁ(x;Az) —c(w,u) + Hs(x?ml’“)) '

Now, since, for z = ((y,u), Az) € Z,41, we have:

T<(y, u)P(dz; Az)
Te(y,u)Pe(X; Az)’

Pé(dx;z) = T(y,u)P(dx; Az) =

it is easy to see that also the family P¢(dx;z) for z € Z,,41 is an exponentially tight WULDF with rate function:

HO(y;z) + 1/IéfX (f{(m, Az) — c(z,u) + Hs(x;x’,u)) — igix (Ho(y;x) + H(z; Az) — c(z,u) + Hs(x;x’,u)) :

which coincides with the one in (2.16), as desired. n
Proposition 4.5 Assume that for each € > 0, we are given a model as in (2.1) and (2.2) which satisfies assumptions

HI-H7. Then the family of measures on RY, R(+; z,u) given by equation (2.10), is an exponentially tight WULDF
with rate function H(y; z,u) defined in (2.17).

Proof. Let B¢(da’, dx; z,u) be the parameterized family of measures given by (4.22). We have seen in the proof of
Proposition 4.4 that §¢(d2’, dz; z,u) is an exponentially tight WULDF with rate function:

Hp(2',xz;2,u) = H(x;2) — c(z,u) + H (x; 27, u).

Now we apply Proposition 3.6 (Composition) to the two families of measures 3¢(da’, dz; z,u) and Q¢(dy;x)
(defined in (2.6)). Notice that Q¢(dy; ) is a probability measure for all €, . Moreover, by assumption H5, the rate
function HO(y;x) is always finite and continuous. Thus both requirements (i) and (ii) of Proposition 3.6 hold, and
we obtain that the family of measures 6¢(dz’, dx, dy; z, u) defined by:

[ 1@ ot o) = [ | [ 16 )@ )| 5 des ),
is an exponentially tight WULDF with rate function:
Hj(a' 2,y 2,u) = HO(y;2) + H(w; 2) — e(x,u) + H (232", ).

To conclude our proof, it remains to apply Proposition 3.7 (Contraction) to this family. In fact:

RG(A;Z,U)/A{/X/Xée(dx’,dz,dy;z,u)}

So, the family R¢(dy; z,u) is an exponentially tight WULDF with rate function:

ian Hs(z',x,y;2,u) = ian [HO(y;x) + H(z;2) — c(z,u) + H (z;2',u)] .
z/ x€ x',xEe

Since this last function is exactly H(y; z,u), we are done. |

Proof of Theorem 1
Let, for each € > 0, W€, A° be, respectively, the map and the constant that satisfy equation (2.11), i.e.:

We(z) +A° = inf {elog/ eElWE(y’“’z)Re(dy;z,u)].
uelU R4
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First notice that A = inf, e 4q(v) J(u) < |[c|[o. Thus {A°: € > 0} admits limit points. Now, applying Propositions
4.1 and 4.3, we have that for each sequence €, — 0 as n — 400, the set W is equibounded and equicontinuous,
and therefore by Ascoli-Arzela’s Theorem it admits limit points.

Denote by (W(+), \) any limit point of (W€, A¢). Since the family of measures R¢(+; z,u) is an exponentially tight
WULDF with rate function H(y;z,u), using Lemma 3.5, we have:

inf lim [elog/ eElW((y’“’Z)RE(dy;z,u)] = inf sup [W(y,u,z) — H(y; z,u)].
uelU e—0 Rd “eUye]Rd

To conclude the proof, we need to interchange, in the left hand side of the previous equation, the two operations of
inf and lim. To see that this is possible we refer to Lemma 4.6 of [1]. So, we have:

W(z)4+ A = lim inf {elog/ eElW((y’“’z)Re(dy;z,u)] = inf sup [W(y,u,z)— H(y; z,u)],
e—0uelU R4 UEUyGIRd

as desired. B

Before proving Theorem 2, we need some preliminary lemmas, and a general result on totally observed dynamic
games.

Lemma 4.6 Let H(x;z) be the function defined in (2.16). For alln > 1, if

Zn = ((ynvunfl)v Zn*l) = ((ynvunfl)v (ynfla ’U,n72>, ceey (y17u0)7 @, @, .. ')7

then we have:

H(%p:Yn,Un—1,2n-1) = info o, Zl;é [HO (Yh41; 1) — (i, up) + HS (Tpq1; zh, wi)| (4.24)

— infay e, Yopco [HO Wkt1; Trg1) — c(@n, uk) + HY (Tps1; 2r, ur)]
with xg = &.

Proof. We will prove equation (4.24) by induction on n. For n = 1, we have:

H@yiyiuo,0.0,...) = HO(ysio) +inta, [HS (@130, u0) = el(zo,uo) + H(wo: 0,0, ..
— infyg ., [Ho(yl;xl) + HS (215 20, u0) — c(x0,uo) —l—f{(xo;@,@,...)}

From this equality (4.24) easily follows, since, by definition of H(z:0,0,...) the infimum is obtained when xq = &
and H(&;0,0,...) =0. Assume that equation (4.24) holds for n. We have:

H(szrl;ynJrlaunazn) - lnf:nn [Ho(yn+1;xn+1) - C(In;un) +Hs(zn+1;zn7un) +H(zn,zn):|

e {Ho(yn+1; Tnt1) — (Tn, up) + Hs(xn+1; Ty Un) + ﬁ(xn, zn)} .
To simplify notation we let:
(k) = [H (k15 2n41) — c(@n, up) + HS (w15 2p, up)]
Using the inductive assumption, we get:

n—1 n—1
H ; = inf inf — inf
(Tn413 Yn+1, Uny 2n) = in {l(”)‘*‘ml mn Zl(k) Lot Zl(k)}

Tn

— inf {l(n)—&—g61 inf nz_:l(k)—m infz nil(k:)} =

B U R B
n—1 n—1
= inf{l(n)+ inf Zl(k)} — inf {l(n)+ inf Zl(k)}.
Tn L1y Tn—1 =0 Tn s Tn+1 L1y Tn—1 =0
Thus (4.24) holds also for n + 1, as desired. |
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Lemma 4.7 Let H(y;z,u) be the function defined in (2.17). If, for allm > 1,

Zn = ((ynaun—1)7 Zn—l) = ((ynaun—1)7 (yn—la un—Z); ey (yI,UO)7 (Z), @7 .. ~),

then we have:

n—1 n—1
H(ypi1;21,up) = inf E [Ho(ykJrl;karl) — c(xg, uk) + Hs(zk+1;zk,uk)] , (4.25)
Llyenny Tn
k=0 k=0

with xg = €.

Proof. We will prove (4.25) by induction on n. The case n = 1 is trivial. For n > 1, we have:

. _
> H(Ykyr; 2k, uk) = H(Yns1; 2n, tn) + ZH Ykt1; 2k Uk) =
k=0 k=0

(using the inductive assumption and the definition of H)

= inf {Ho(ynJrl; Tpt1) — (T, un) + Hs(anrl;xna Un) + H(xn» Zn)} +

Tn+1,Tn

o nf Z O (yrr1s i) — can, u) + H (w415 0p, up)] -
1, n

Now by (4.24),

|
=
g,

Zk 0 (yk-i-ly ks ’U/k) = Tp41,Tn Ho(yn-l—l; :En-i-l) - C(.’L‘n, Un) + H (xn-i—la Tn, un

n—1

+ infay ey Doneo [HO Wra1 Tre1) — c(@r, wn) + HS (Thg1; e, wk)

n—1

— infay e, Sopo [HO Wikt Trs1) — (@, ur) + HY (Tpg1; T, w)| }

n—

+infay ey Sopco [HO Wr1s Thir) — c(@n, ur) + HS (215 20, ur)]

Now we present a general result on totally observed deterministic dynamic games. Assume we are given X', W
metric spaces, U a compact metric space, and a discrete-time model, whose dynamics are described by:

Int+1 = l(zn,un,wn),
{ e (4.26)

where z,, € X, u, € U, and w,, € W and [ is a fixed continuous function. In this case, admissible controls are those
such that u,, is a function of the states up to time n. Again, we denote by Ad(U) the set of admissible controls; our
aim is to minimize over Ad(U) the following performance index:

1
J(u) = limsup —  sup Z Mg, wg, wg), (4.27)

n—+oo M wo,...,wn—1 P
where h is a given continuous map.

Theorem 4 Assume we are given a model as in equation (4.26) with performance index as in (4.27). Moreover,
assume that there exists a constant A € R, and a continuous bounded function W : X — IR which satisfy the
equation:
W(z)+ X = inf sup {W(l(z,u,w)) + h(z,u,w)}, (4.28)
uel wew
for all x € X. Then for all u € Ad(U), we have
A < J(a).

Moreover there exists a feedback u. = u.(x) which realizes the infimum in (4.28). This feedback provides and optimal
control for the given dynamic game, in the same sense as in Proposition 2.8.
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Proof. Fix a control @ = (ug, u1,...) € Ad(U). We first prove, by induction on n, that

A< 1 sup {"z: h(zg, uk, wy) + W(a:n)} . (4.29)

T wo,.wn—1 k=0
Using (4.28) and the fact that it is not restrictive to assume W (zo) = W (&) = 0, we have:

X = inf sup {W (Lo, u, wo)) + (w0, u, we)} < sup {W (1) + h(zo, uo, wo).}
wo

u wo

So (4.29) holds for n = 1. Now observe that, by (4.28), for n > 0, we have:
W) < [sp (Vi) + o)) = A

that, together with the inductive assumptions, yields

n—1
1
A< —  sup {Z h(xk,uk,wk)JrW(zn)}

k=0

Wn

{Z h(zg, ug, wg) + {sup{W(szﬂ) + W@, U, wy)} — /\} }
k=0

1

n

sup {Z h(zk, uk, wi) +W(a:n+1)} — )\] )

wo,-Wn | 120

Thus we have obtained (4.29) for n + 1.
Since W is bounded, there exists a constant M > 0 such that W (z) < M for all x € X. Thus, by (4.29), we get:

M wo,...,wn—1 n

1 — M
A< —  sup {Zh(xk,uk,wk)}Jr—, Vn > 1,
k=0

and therefore

= J(a).

n—+oo |1 wo,...,wn—1

1 ol M
A < lim — h -
< lim sup [ sup {kg_o (zk,uk,wk)} + -

The second part of this theorem (i.e. the existence of an optimal feedback) is proved similarly. First one uses the
compactness assumption on U to find the value u, = u.(x) which realizes the infimum in (4.28). Then, it is possible
to repeat all the previous steps changing all the inequalities into equalities, and thus obtaining optimality of the
feedback. n

Proof of Theorem 2
The idea of this proof is to find a totally-observed dynamic game which is equivalent to the one given by equations
(2.19) and (2.20), and then to use Theorem 4. Assume given the dynamic game

Tn+1 — f(mn,un,wn),
Yn = h(zn,vn),

together with initial conditions zo = ¢ € X and yo = n € RY, and:

n—1
. 1
J(u) = limsup — sup [Z (c(zg,ug) — H(wy) — K(vkt1))
n—+too T Wy« vy Wn—1 k=0
V1y.-.yUn

To this partially observed dynamic game, we associate a totally observed one with state space Z, control space U,
disturbance space RY, with dynamics
{ Zn+l = (yn-i-l; Up, zn); (4 30)
20 =(0,0,...), y1 =, '
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and performance index:

n—1
- 1 _
J(u) = limsup — sup [Z —H (yk+t1; 2k, uk)‘| , (4.31)

n—+o0 Myr,yn |1
where H is the function defined in (2.17). If we prove that:
I(u) = J(u), (4.32)

for all sequences of controls u € Ad(U), then Theorem 2 follow. In fact, if A € R and W € C(Z) solve

1% A= inf w — H(y;
() + ilelUyS;nEd{ (Y, u, 2) (y,z,U)},

then, by Theorem 4, we get A = inf, J(u) = inf, J(u). Moreover there exists a feedback u. = u.(z) which realizes
the infimum in the previous equation and that is admissible for both models. This feedback provides and optimal
control for both dynamic games defined above.

Thus, it remains to prove (4.32). By using (4.25) we have:

n—1
sup [ZH(ka;Zk,Uk)] =

n—1
= sup — { inf Z [Ho(yk+1;zk+1) — c(xg, uk) + Hs(karl;:ck,uk)}} =
L1y--e3Tn =0

= sup sup Z [7Ho(yk+1; Tp+1) + c(zp, ug) — Hs(xk+1;:ck, uk)}

Now, by using the definition of H® and H* we have:

n—1
sup lz—ﬁ(ykﬂ;zk,wc)] = sup sup

YioYn | p—o Yi5--0Yn T1y..:Tn

5 { sup | (e, u) = H(we) = K (ve)) | £ (0w, ) = T, b, ve) = v | }

k=0 Ve+1,Wk

From the previous equality, it is easy to get:

n—1 n—1
sup lz —H (Y115 2k, Uk)] = sup lz (c(@k, ue) — H(wy) — K(”kﬂ))] )
Yirees¥n | p—o WOy ooy Wn—1 k=0
V1y.-.,Un

from which (4.32) follows. ]

5 The completely observed case

Assumptions H4, H5 and H6, that we have assumed throughout this paper, clearly do not cover the completely
observed case h(x,v) = x. However by using the results in [8] on the existence of the value function for totally
observed models, and by making straightforward modifications to the proofs above (for details see [17]), the following
theorem can be established.

Theorem 5 Assume that for each ¢ > 0 we are given a model as in (2.1) and (2.2), with the output function
h(z,v) = x. Suppose also that assumptions H1, H2, H3, H7 are satisfied. Then for each ¢ >0

1) there exist a bounded continuous function V¢ : X — IR and a real number ¢ such that the equation
Ve(z) +1° = in[fj {c(m,u) +elog/eeflvﬁ(f(l’“’w))uﬁ(dw) . (5.1)
ue

The infimum in (5.1) is attained and gives rise to a feedback optimal control, I representing the corresponding
optimal cost.

19



ii) The family {V<,1°: e > 0} admits limit points (V,1), each one being a solution of the equation

Viz)+1= infU sup [c(z,u) + V(f(z,u,w)) — H(w)]. (5.2)
uel ywew

The infimum in (5.2) is attained and gives rise to a feedback optimal control for the deterministic dynamic
game

Tn4+1 = f(xnauna Wy)

n—1

J(u) = lim sup 1 sup Z(c(mk, ug) — H(wg)) | ,

n—+oo T we,...,wp_1 =0

for which [ is the optimal cost.
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