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Abstract

Two quantum control systems that are driven by an external field are said to be
input-output equivalent if, for any control field, the measured value of a given observ-
able is the same. Equivalent models cannot be distinguished by experiments involving
state evolutions and measurements. In this paper, we characterize the equivalent mod-
els of networks of spin %’s driven by electro-magnetic fields for which the expectation
value of the total magnetization is measured. Extending previous results and defi-
nitions that only dealt with the case of a single measurement, we describe the class
of equivalent models under a sequence of Von Neumann measurements. The results
are motivated by the problem of parameter identification for Heisenberg spin systems
modeling molecular magnets.

Keywords: Modeling of Quantum Mechanical Systems, Control of Quantum Systems,

Quantum Measurement, Particles with Spin.
AMS subject classifications. 93B30, 17B45, 17B81.

1 Input-output equivalence of quantum systems

In recent years, there has been a large amount of interest in studying quantum systems from
the point of view of control theory. Quantum control systems are quantum systems whose
dynamics depends on one or more functions of time that can be chosen. Physically these
functions often represent externally applied electro-magnetic fields. They are the inputs or
controls of the system. Measurements performed on the system return the expectation value
of a given observable. They are the outputs of the system. Different types of measurements
modify the state in different ways (see e.g. [6]). In modeling quantum systems, we can ask
the question of whether using experiments involving evolutions and measurements we can
identify the parameters of the model. In this context, two models are said to be input-output
equivalent if, for any choice of the input field, they give the same output at any measurement.
Equivalent models cannot be distinguished.
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Let us restrict ourselves to the case of closed systems under Von Neumann measurements.
The dynamics is described by the Liouville’s equation for the density matrix p:

o = [H(u(), o] 1)

The Hermitian operator H(u(t)) is the Hamiltonian depending on the control function(s)
u(t). If the operator S represents the measured observable, the output y(¢) at time ¢ is given
by

y(t) :==Tr (Sp(t)) - (2)
After a measurement, the state is modified. In the case of Von Neumann measurement, if

II} is the projection onto the eigenspace corresponding to the eigenvalue )\, of the observable
S, then the state is modified as

p— Plp), (3)
where the map P is defined as
i

This measurement scheme is often referred to as non-selective Von Neumann measure-
ment of the expectation value of S (see e.g. [6]).

Given an initial condition py and a control u, we denote by p(t;u, po), the density matrix
solution of Liouville’s equation (1) with control v and initial condition py. Given a sequence
of times 0 < t; < --- < t;, and a corresponding sequence of control function v/, defined for
j=1,...,k on [0,;), we denote by y/(t1,...,t;,ul,...,u?, py), the corresponding output
after the j-th measurement. Thus we have

y'(t,u',po) = Tr(Sp(ti;u', po))
y2(t17t27u17u27p0) = T'r’(Sp(tg,uQ,P(p(tl,ul,po))))

yk(tla "7tk7 Ul, "7ukap0) Tr (Sp(tk7 ukap(p(tkflﬂ uk_177)(' ’ P(la(tlv ul?po)) ’ )))))

(5)

There are various definitions of input-output equivalence of two models that can be given.
We shall adopt the following one in which we assume that the initial state py as well as the
parameters of the model are unknown and have to be detected by a sequence of evolutions

and measurements. Therefore, if we denote by X the (unknown) model, we shall be concerned
with the equivalence of pairs (X, pp).

Definition 1.1 Consider two pairs model-initial state (3, pg) and (¥, p). We mark with a
prime " all the symbols concerning system ¥’. We say that the two pairs (3, pg) and (¥, pf)
are input-output equivalent and we write

(Ea Po) ~ (Ela /0{))7



if for any sequence of times 0 < t; < --- < t; and any corresponding sequence of controls
u?, defined on [0,;), for j = 1,..., k, we have

yj(tl,...,tj,ul,...,uj,po) = y,j(tl,...,tj,ul,...,uj,pg),

where 3/ (and y7) are defined as in equation (5)

For the trivial case where all the eigenstates of S have the same probability namely
the ensemble is a perfect mix of subsystems in the different states, the density matrix is a
multiple of the identity operator and Tr(Sp(t)) = Tr(Sp/'(t)) = +Tr(S), independently of
the model (n is the dimension of the system). We shall exclude this degenerate case in the
following. From a practical viewpoint the initial state py may be considered different from
the totally mixed state if pg := %I + A with A # 0 and the measurement apparatus is able
to detect a signal of the magnitude maxycgy(m) Tr(SXAX™).

The contribution of this paper is a description of the equivalent pairs for the special
but important case of Heisenberg spin % systems. These systems are a model for molecular
magnets (see e.g. [4], [5], [7]) and the problem of parameter identification is motivated by
the results of [13]. In the latter paper, it was shown that standard thermodynamic methods,
such as measurements of the magnetic susceptibility, may fail to determine the parameters
of the Hamiltonian for these systems. In fact these methods are based on the assumption
that spin systems with different (coupling) parameters will have different spectra which was
proved in [13] not to be always the case. This raises the question of whether by driving
the system with an appropriate field and detecting the value of the total magnetization
it is possible to determine the parameters. This naturally leads to investigate the input-
output equivalence above described. The input-output and control theoretic properties of
Heisenberg spin systems where studied in [2] and [3]. In particular the latter paper contains
the equivalence result for the case of a single measurement. The technical contribution of
the present paper is an extension of this result to the case of multiple measurements.

The rest of the paper is organized as follows. In the next section, we describe Heisenberg
spin networks from the view point of control theory and give the statement of our main result.
In Section 3 we give the proof of our main result which is based on a lemma describing the
properties of the map P in (4). The proof of this lemma is the main technical part of the
present paper and it is given in sub-section 3.1. In Section 4, we present a discussion of the
mathematical results and their practical significance.

2 Input-output equivalence of spin networks; State-
ment of the main result

An Heisenberg spin Hamiltonian, for n spin %’s, can be written as
H(u(t)) := (A+ Byuy(t) + Byuy(t) + B,u,(t)), (6)
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with
A = k=t Tkee + Tryay + Tiziz),
(7)

B, = iy wlkw), for v=uz,y, or z.

Here the matrix Iy, (I 1) is the Kronecker product of n matrices equal to the 2 x 2 identity
except in the k—th (&, l-th) position(s) occupied by the Pauli matrix o,, v = z,¥, z. Recall
(see e.g. [12]) that the Pauli matrices are defined as

a '1<O 1) o ‘1(0 —i) 0.1(1 O) (8)
oo\l 0/ vooo9\i 0 ) =9\ 0 -1/

Jy is the coupling constant between the k—th and the [—th particle. We assume that it
is possible to observe the expectation value of the total magnetization in the z, y, and z
direction. Thus, we let the three observable matrices S;, Sy, and S, be

Sy =Y I, for v=uz,y,z. (9)
k=1

The system has three outputs given by T7r(S,p), v = x,y,z. We study the possibility of
distinguishing the parameters of the Hamiltonian by multiple measurements of these outputs.
Models that are equivalent with respect to these outputs are also equivalent with respect to
any linear combination of them. Therefore, they always give the same total magnetization
along any direction in space.

We can visualize the spin network with a graph whose vertices represent the particles. An
edge in the graph connects the vertices representing the particles k£ and [ if and only if Jy; is
different from zero. If this graph is connected and the particles have different gyromagnetic
ratios the system is controllable [2] namely it is possible to find a control which drives
the unitary propagator to any matrix in the special unitary group SU(2"). Controllability
implies observability of the quantum system [8] in a single measurement. It is reasonable to
assume observability in problems of identification of the initial state since the unobservable
dynamics does not contribute to the output which is our tool to identify the state. In the
following we shall assume that we know a priori that, for the models under consideration,
all the gyromagnetic ratios are different and the associated graph is connected and therefore
we have controllability and observability. While, as mentioned above, the observability
assumption is natural in our context, the assumption of different gyromagnetic ratios is
mostly a technical one which was used in some of the proofs in [3] and that we need here
as we will use the results of [3] (and only for this reason). This assumption is not directly
related to the equivalence of two models as there may be two nonequivalent models and
each of them having (possibly) gyromagnetic ratios with the same value. Alternatively, we
could assume that it is possible to address each spin independently, as it is done in selective
Nuclear Magnetic Resonance, and the arguments in the following will go through.

Before stating our main result, we introduce some useful notations. Given a permutation
7 of the set {1,...,n}, we denote by P, the matrix which transforms Kronecker products of
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n, 2 X 2, matrices according to the permutation 7 (cfr. [9] pg. 260), namely for every n—ple
of 2 x 2 matrices K1, ..., K, we have

PrKi @Ko ® - @ K, P = K1) ® Kri) @ - © K. (10)

We denote by Z, ( Z.) the subspace of Hermitian matrices of dimension 2" generated by
Kronecker products that contain an odd (even) number of Pauli matrices and the rest identity
matrices.

Now we state our main result.

Theorem 1 Let (X, po) = (X(n, i, V), po) and (X', p4) = (X'(n', Ji, 1), p4) be two fized
Heisenberg spin models (equations (6), (7), and (9)). Assume that in both models all the vy
and vy, are different from each other and that the associated graphs are connected. Then, the
following are equivalent:

(a) (X, p0) ~ (X, pp), namely the two pairs are input-output equivalent,
(b) n=n' and there exists a permutation 7w of the set {1,...,n} such that

1y, = %lr(k:):
2. denoting by 7}, = min{x (1), 7(k)}, and 73, = max{n(l),7(k)}, for 1 <1 < k < n,
then either:

imTim (11)

{Jlk:'];.l 2 V1§l<k§n,

or

imTim (]_2)
po=p, and pe=—p;
where p, and p (resp. p., and pl,) are the components of py (resp. PrpyPyr) in Z,,
Z., respectively.

{Jlk:_'];rl 2 V1§l<k§n,

Theorem 1 reads as the main result in [3] (see also next section, equation (13)). This
is due to the fact that the classes of equivalent models do not vary by allowing more than
one measurement. The difference between the two results is in the different definition of
equivalent pairs. Theorem 1 implies, in particular, that models that have the same input
output behavior after one measurement will have the same input-output behavior even if we
allow several Von Neumann measurements.

3 Proof of Theorem 1

In this section we give the proof of Theorem 1. First, we state precisely the equivalence
result when we allow only a single measurement. This result is proved in [3]. We need to
define equivalence in a weaker sense (by allowing only one measurement).



Definition 3.1 We say that the two pairs (X, pg) and (X', pj) are I-input-output equivalent
and we write

(27 pO) T (E/a p6)7
if for any ¢t > 0 and any control u, defined on [0, t], we have
yl (tv u, pO) = yll(tv u, p())’
where y' (and y'!) are defined as in equation (5)

Notice that if two models are equivalent then they are also 1-equivalent. But, in general,
since after one measurement the state is modified, equivalence is stronger than 1-equivalence.
However, for Heisenberg spin networks, Theorem 1 says that the two notions are indeed
equivalent, since both of them are equivalent to condition (b) of Theorem 1. The equivalence
result for 1—equivalence is a weaker version of Theorem 1. It can be stated as [3]:

(%, 00) 7 (X', 05) « (b) of Theorem 1 holds . (13)
Now we begin to prove Theorem 1.
e (a) = (b).

As observed before, models that have the same input-output behavior with several mea-
surements have the same input-output behavior for one measurement, i.e. equivalent models
are also 1-equivalent. Therefore this implication simply follows from (13).

° (b) = (&)

Assume that condition (b) holds. To make notations simpler, we assume, without loss of
generality, that we have already performed a change of coordinates in the second model so
that the permutation 7 in (b) is the identity. Thus statement 1. of (b) becomes:

,}/k:’yllm Vk/’E{l,...,n}, (14)

and equations (11) and (12) now read as:

=J < <
{ J/,k_ Jl.k Vi<Il<k<n, (15)
Po = Pos
or
Jlk:_Jl,k V1§l<k§n,
{ po=p, and pe=—p; (16)

where p, and p. (resp. p, and p.) are the components of py (resp. py) in Z,, Z., respectively.
It is clear that, if equation (15) holds, than the two models, together with their initial
states, are the same, and so they are obviously equivalent.



Thus we assume that (16) holds. We need to show that, for every sequence of controls, the
outputs (see (5)) of the two models are always the same. Notice that we allow measurements
of possibly different quantities Tr(S,p), v = x,y, z at each step. Accordingly, the state will
be modified (see (4)) by an automorphism P,, v = z,y, 2z, as p — P,(p) corresponding to
the output Tr(S,p). By (13), we know that the two pairs give the same outputs at the first
measurement (at time ¢1). Moreover, if we let p,(t) and p.(t) (resp. pl(t) and p.(t)) the
components of p(t;u', po) (resp. p'(t;u', py)) in Z,, Z., under the action of the first control
u', it is proved in [3] that if (b) holds then, for all 0 < ¢ < ¢;, we have:

{ po(t) = p:)<t> (17)

pe(t) = —pe(t).

After the first measurement, the state is modified according to equation (4). More pre-
cisely, we have that p(t;u', pg) (vesp. p'(t;u',ph)) is changed into P,(p(t;u', py)) (resp.
Po(p'(t;ul, po))). Now if we are able to prove that P,(Z,) C Z, and P,(Z.) C Z., then
the components of the state p(t) in Z, and Z, after the measurement will be P,(p,(t)) and
P, (pe(t)), respectively. The components of the state p'(t) in Z, and Z, after the measurement
will be P, (pl(t)) and P,(p.(t)), respectively. Therefore, if (17) holds before the measurement
it also holds after the measurement. Thus we can apply again (13), with the initial condition
equal to the state after the first measurement, and conclude that the second measurement
will give the same value for any control. It is clear now that we can use the same argument
for the following measurements and conclude the input-output equivalence of the two pairs.

In view of the above all we are left with is to prove the following lemma.

Lemma 3.2 Let P, be the automorphism defined by equation (4) and corresponding to the
matrix S, = Y1 Iry, v =z, y, and z. Then, for each Hermitian matrix F', it holds:

if FeZ, = P,(F)el, (18)
it FeZ, = P,(F)el

3.1 Proof of Lemma 3.2

We give the proof of Lemma 3.2 in the case v = z. The other two cases follow easily from
this one. First we need to decompose S, into its projection matrices. The matrix S, has
n + 1 different eigenvalues. Each eigenvalue corresponds to the number of spins that are in
the ‘down’ state. In particular we can have all the spin up, one down and the remaining
ones up, two down and the remaining ones up and so on. The corresponding n + 1 values of
the total magnetization in the z direction which are the eigenvalues of S, will be denoted by

Ao, - - -y An. The eigenvalue A\, corresponds to the case in which k& spins are down and n — k
are up. We define
1 0
NI _
U = lid+o, (o o>’
0 0
1o
D := 3id—o, (O 1).



U and D are the two dimensional projections onto the subspaces spanned by the spin up
and spin down eigenstates, respectively. Let H" be the set of matrices of the form G =
G1®---® G, where G; = U or G; = D. Moreover, for j = 0,...,n, denote by H} the
subset of H™ of those matrices G = G; ® --- ® G,, with [{k |Gy = D}| = j. Notice that

‘Hﬂ = ( ;L > Then, we let

= Y G (19)

GeH?
We have .
S, =3 AL
j=0
Thus, for each matrix F', we have
j=0 j=0 G,G'eH™

Each matrix F' can be written as F' = Zj-:l 1ioi1 @ -+ ® 0j, where oj; € {04, 0y, 0, 1d.}.
By linearity, it is sufficient to prove the lemma for matrices of the type M" =0, ® --- ® g,
where 0; € {0y, 0y, 0., 1d, }, for j =1,...,n. Foreach [ =0,...,n, we define

AMM =33 Y amra. (20)
k=l GeEH}_, éEHZ

Notice that
(f(M™)* = i > (GMnG) = i GM"G. (21)

Moreover, it holds
Jo(M™) = P.(M"). (22)

We will prove, by induction on n > 1, that:
if M"eZ; (vesp. ZS) = VI=0,...,n, fi(M")e€ZS (resp. I?), (23)

where Z¢ and Z¢ are the complexifications of the vector spaces Z, and Z., respectively. In
view of equality (22), and the fact that fy maps Hermitian matrices into Hermitian matrices,
(23) implies Lemma 3.2.

To prove (23) we will use the following equalities that can be easily verified by direct
calculation.

UidU:%id—i—az UUZU:%UZ—Fi’id Uo,U=0 Uo,U =0

DidD = %id —o0, Do,D= %az — iid Do,D =0 Do,D =0 (24)
UidD =0 Uo.D =0 UoyD = 1o, + 20, UoyD = 30, — t0,

DidU =0 Do, U=0 Do, U = %UJC — %O'y Do,U = %ay + %0'95
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If n =1, we have:
fo(MY) = P.(M") = UM'U + DM'D,
AMY= > Y GM'G=UM'D.
GeH) GeHl
Using the equalities given in (24), we can verify (23) for a basis of values of M, namely all
the values in {id, 0,,0,,0.}.
Let n > 1, and write an element of the basis of ZC®Z¢ as M" = 01 ®---®0, = o @ N" 1.
We first obtain an expression for f;(M") for { =0,...,n—1 and then for the case [ = n. We
notice that for j =0,...,n:

i) G=U®G, with Gy eH} ",
G e H}l = or (25)
i) G=D®G, with Gy eH] ],

where if 7 = 0 then necessarily we are in case ), while if j = n then necessarily we are in
case 11). )

Now we rewrite f;(M™) by using the decomposition given by (25) both for G and G, and
we get:

A=Y ( Y ¥ UaUeGN"'G+ Y Y DoDeGN"'G+

k=l GeM;~| Gen} ™" GeMy~)} | GeMy]
+ > Y UaD@GN"'G+ > Y DaUeGN"'G).
GeM}~) GeHp~! GeMy~) | Genp !
In this formula, sets of the type H® which have not been defined ((a > b) or a < 0) have to
be considered empty. We can rewrite the previous equation as:

SiM™) =

= U U)® Zn: > Y GN"'G| +(DoD)® Zn: GN™ G

k=l genp=| Geny~! k=l gen}=|  Gewp~!

+UnDe > Y Y GN'G+ DU Y. Y Y GNG

k=l geny=| Geny~| k=l geny=| | Genp™!

In the above formula, the coefficients of Uo1U and Doy D are the same. In order to see this,
notice that

Y OYOY ey Y Y envid

k=t geny—| Genp! k=l Geny—| Genp"

since H"~! is the empty set. Moreover this is the same as the coefficient of Doy D if we
notice that the part of the sum corresponding to & = [ is zero and make a change of index

9



k — h := k — 1. Neglecting terms in the sum that are zero one can simplify the coefficient
of DoyU as well. In conclusion, one can rewrite fj(M™) as

f(M™) = (Uo\U + Doy D) @ (nzl DS GNMG) + (26)

k=l geny—} Gery™

n n—1
+Uo D@ | > GN"'G|+DoU® | > > > GN''G
k=l+1 GGHZ:(ll o) GeRT!

Notice that

I
\‘O
=

|

—_

S Y GN"IG = f(NTTY, VI

k=l genp=} Genp!

(27)

Moreover

(2:22111 ZGEH"—l Zéeﬁz—l GNn_lé) = flfl(Nn_l)

k—(1—1)

Z Z NG — Vl—l,...,n—% *
=l Geny ) GeryZ) ( o1 Zaerrt Laer-! GN"_IG) = (fi(N"71))
[ =0,
(29)
where, in the second equation, we have used (21). Also
n—1
>y > GN"'G = fia(N"Y) VI=0,...,n—2 (29)
k=141 Geng(lHl) Genp!

Thus, by using equations (27), (28), and (29), we can rewrite (26) as follows.
(a)
fo(M™) = (Uo\U + Doy D) @ fo(N"™) + Ui D @ (f(N"™))" + DoyU @ fi(N"™),
(b) forl=1,...,n—2,

filtM™) = (UoyU + DoyD) @ fy( N+ Uo D ® fi_y(N" ')+ DoyU @ f (N1,

()
foo1(M™) = (UoU 4+ DoyD) @ frot (N + U D @ fru_o(N™7H).

To complete the picture, we consider the case [ = n, which is particularly simple. In this
case, from the definition of f,(M™) in (20), we have
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(d)
fuM™) =UcD® - @ Uc,D.

Now, assume M"™ € ZS. Then for fo(M™) we consider the three elements in the sum
(a) above. If oy is the identity, then N"~! is in Z¢ and so are by the inductive assumption
So(N™™ 1), fi(N™1) and fi(N"1)*. Moreover it follows from (24) that Uc,U + Doy D = id
and UoyD = DoU = 0, which shows that fo(M™) € Z¢. If 0y is a Pauli matrix, then,
from the inductive assumption fo(N"7!), fi(N""!) and fi(N""!)* are in Z¢ while from (24)
Uo,U + Do D is either zero or o, and UoyD and Do,U are linear combinations of Pauli
matrices. Analogously, using the inductive assumption and (24), one can verify fo(M™) € Z¢
if M™ e Z¢. Analogously one can verify (23) for n > [ > 0, using (b), (¢) and (d) above.
The crucial fact, beside the inductive assumption, is that UcD, DoU and UcU + Do D are
in ¢ it 0 = 04, 0y, or 0., while they are in Z¢ if 0 = id. This completes the proof of the
Lemma.

4 Discussion

The notion of input-output equivalence for quantum control systems is relevant to modelling
and parameter identification. This notion can be extended to consider cases where we per-
form several evolutions and measurements. In these cases, the dynamics have to be modified
to incorporate the effect of the measurement on the state. Motivated by problems of model
identification for molecular magnets, we have considered in the input-output equivalence
of networks of spin % where the total magnetization is measured. According to the main
result of [3] if we drive a spin network with an electromagnetic field and measure the total
magnetization the results will always be the same for networks with parameters and initial
states related by equations (11) or (12). This raised the question of whether it is possible to
distinguish the cases (11) and (12) by performing several Von Neumann measurements and
this paper has given a negative answer to this question.

As a simple example of the situation (12) described in Theorem 1, consider an Heisenberg
network of two spins % and consider the two initial states

1 1
po=7id®id—0.@ 0., p) = id@id+0. D 0. (30)

These are both physically admissible density matrices as they are Hermitian, trace one and
positive semidefinite. In particular p, represents a mixture with equal weights of two pure
states representing respectively spin 1 up and spin 2 down and spin one down and spin 2
up, i.e. in Dirac notation

1 1
po =gl TI><TL |+ Sl T><IT]. (31)
With the same notation pj represent the mixture
1 1
ph = 51 1T><11 |4 5] LI><UL | (32
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These two states are related as in (12). From, the results of this paper it follows that by
driving the system with an electro-magnetic field and measuring the total magnetization, it
is not possible to decide whether we are in the initial state (31) and the coupling constant is
positive or we started from an initial state (32) and the coupling constant is negative. And
this is not possible even if we allow multiple Von Neumann measurements.

The results presented here concern the input output behavior of different models and
are preliminary to algorithms for state and model identifications. These algorithms might
simplify if we assume preliminary knowledge. For example, if the model is known, they
are just algorithms for quantum state determination, which are currently under intensive
research. Some references and analysis from a control theoretic perspective can be found in
[8]. Tt should be mentioned that, opposite to classical systems, identification algorithms for
quantum systems will require several copies of the same system, as the measurement will in
general modify the state.

The fact that input-output equivalence under one measurement or multiple measure-
ments are the same for Heisenberg spin systems is a special property of the class of models
considered here and it is not true for other class of models. For example, if we consider
a class of pairs model-initial state where the model is the same and the initial states can
possibly change the notion of input-output equivalence is the same as the notion of indis-
tinguishability for states. According to the results of [8] states are indistinguishable in k
measurements if and only if they have the same components on the observability space Vj
(defined in [8] in terms of commutators depending on the output and the model). As the
sequence of observability spaces V is typically strictly increasing (for small k) there exists
states that are indistinguishable in one measurement but can be distinguished in be distin-
guished in more than one measurement. More examples of systems where 1-equivalence is
not the same as multiple equivalence can be constructed by considering generalized measure-
ment i.e. measurement not necessarily of the Von Neumann type [6]. In these cases the state
will be modified according to

p—Flp)= Y Pulp), (33)
meM

where M is the set of possible outcomes and ®,, is a set of positive linear operators which take
different form according to the measurement we are considering (e.g. unsharp measurements,
indirect measurements). The operation F is a generalization of P in (3) (4) and does not in
general satisfy the property of Lemma (3.2).

Input-output equivalence will be investigated for different models and for open systems
in future research.
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