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Abstract

The mathematical problem behind Web search is the computation of the nonnegative left eigenvector of a stochasticP

corresponding to the dominant eigenvalue 1. This vector is called the PAGERANK vector. Since the matrixP is ill-conditioned,
the computation of PAGERANK is difficult and the matrixP is replaced byP(c) = cP + (1− c)E, whereE is a rank one matrix
andc a parameter. The dominant left eigenvector ofP(c) is denoted by PAGERANK (c). This vector can be computed for seve
values ofc and then extrapolated at the pointc = 1. In this Note, we construct special extrapolation methods for this prob
They are based on the mathematical analysis of the vector PAGERANK (c). To cite this article: C. Brezinski et al., C. R. Acad.
Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Méthodes d’extrapolation pour les calculs de PageRank. Le problème mathématique qui est sous-jacent à la reche
sur le Web est le calcul du vecteur propre gauche non négatif d’une matrice stochastiqueP correspondant à la valeur prop
dominante 1. Ce vecteur s’appelle PAGERANK. Puisque la matriceP est mal conditionnée, le calcul de PAGERANK est difficile
et la matriceP est remplacée parP(c) = cP + (1− c)E, oùE est une matrice de rang 1 etc un paramètre. Le vecteur prop
gauche dominant deP(c) est dénoté PAGERANK (c). On le calcule pour plusieurs valeurs dec et ensuite on l’extrapole e
c = 1. Dans cette Note, on construit des méthodes spéciales d’extrapolation pour ce problème. Elles sont basées su
mathématique du vecteur PAGERANK (c). Pour citer cet article : C. Brezinski et al., C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Le problème mathématique qui est sous-jacent à la recherche sur le Web est le calcul du vecteur prop
non négatif d’une matrice stochastiqueP correspondant à la valeur propre dominante 1. Ce vecteur s’ap
PAGERANK. Puisque la matriceP est mal conditionnée, le calcul de PAGERANK est difficile et la matriceP est
remplacée parP(c) = cP + (1− c)E, oùE est une matrice de rang 1 etc un paramètre. Le vecteur propre gauc
dominant deP(c) est dénoté PAGERANK (c). NaturellementP(1) = P .

Une stratégie consiste à calculer ce vecteur pour plusieurs valeurs dec et ensuite à extrapoler les vecteurs ai
obtenus enc = 1. Naturellement cette stratégie ne pourra donner de bons résultats que si la fonction sur
est basée l’extrapolation est bien choisie, c’est-à-dire si elle est suffisamment proche du comportement
vecteurs PAGERANK (c) en fonction dec. Ce comportement à été étudié dans [6] où il est montré que ces ve
sont des fractions rationnelles du paramètrec. Dans cet Note, on commence par discuter et approfondir cer
aspects de ce résultat. On discute également quelle est la limite quandc tend vers 1 du vecteur PAGERANK (c).
Ensuite, à partir de ce résultat, on bâtit deux méthodes d’extrapolation spécialement adaptées.

La première de ces méthodes est une méthode scalaire appliquée séparément sur chaque composan
teurs PAGERANK (c). On effectue le changement de variabled = 1/(1 − c) et l’on utilise le�-algorithme pour
effectuer une extrapolation à l’infini composante à composante par des fractions rationnelles dont numé
dénominateur sont de degrék � n, oùn est la dimension de PAGERANK.

La seconde procédure est vectorielle. On interpole les vecteurs PAGERANK (c) par une fraction rationnell
dont le numérateur est un polyôme de degrék à coefficients vectoriels et le dénominateur un polynôme de d
k à coefficients scalaires. Les coefficients de ces polynômes sont obtenus grâce à la formule d’interpo
Lagrange et à la résolution d’un système d’équations linéaires de dimensionk + 1.

Ces deux procédures sont complètement justifiées par les résultats théoriques à partir desquelles ell
bâties.

1. Introduction

In Web search, in order to determine the importance of each page, one has to compute a left domina
negative) eigenvector of ann × n row stochastic matrixP (called theexact Google matrix), that is an eigenvecto
associated to the eigenvalue 1. A vector satisfying these requirements is called PAGERANK. Here when we write
thatx is a right eigenvector of a matrixP we mean thatx is nonzero and thatP x = λx for some scalarλ; when we
write thaty is a left eigenvector of a matrixP we mean thaty is nonzero and thatyTP = λyT for some scalarλ
(see e.g. [4]).

In fact, for some modelistic and computational reasons explained in [5] (see also [2]), the matrixP is replaced
by theparametric Google matrix

P(c) = cP + (1− c)E, E = evT,

wheree = (1, . . . ,1)T andv is a positive vector with‖v‖1 = 1. The parameterc belongs to[0,1) and the unique
nonnegative left dominant eigenvector with unitaryl1 norm of this matrix is denoted by PAGERANK (c). Procedures
for its computation, based on the power method, were given in [5], and interpreted and extended in [2]. H
whenc approaches 1, the convergence of these procedures becomes unacceptably slow, and, moreover,
P(c) becomes ill-conditioned (as(1 − c)−1); as a consequence, the PAGERANK (c) vectors cannot be compute
accurately in a reasonable time. We also have to emphasize that forc = 1 we lose the uniqueness of the nonnega
left dominant eigenvector with unitaryl1 norm, that is of the vector PAGERANK. So, among these normalize
vectors, we decide to choose the vectorȳ1 computed as limc→1PAGERANK (c).

A possible strategy for PAGERANK consists in computing PAGERANK (c) for different values ofc, and then
extrapolating these vectors at the pointc = 1. Obviously, the same extrapolation idea could be used if one n
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to compute PAGERANK (c) for a value ofc �= 1, but arbitrarily close to 1. This strategy will only be able to deli
good approximations of PAGERANK if the extrapolation function is well chosen, that is if it is as close as possib
the exact behavior of the vectors PAGERANK (c) with respect toc. This behavior was analyzed by Serra-Capizz
in [6], where the following results were proved:

Theorem 1.1. Let e,x2, . . . ,xn be the right eigenvectors of the matrix P , and y1,y2, . . . ,yn its left eigenvectors
corresponding to the eigenvalues 1, λ2, . . . , λn with 1� |λ2| � · · · � |λn|.

If P is diagonalizable

PAGERANK(c) = y1 + (1− c)

n∑

i=2

αi

1− cλi

yi , (1)

with αi = vTxi , and where y1 is the basic PAGERANK vector (i.e. when c = 1).
In the general case

PAGERANK(c) = y1 +
n∑

i=2

wi(c)yi (2)

with

w2(c) = (1− c)α2/(1− cλ2),

wi(c) = [
(1− c)αi + cβiwi−1(c)

]
/(1− cλi), i = 3, . . . , n,

and βi equal to 0 or 1.

So, the coefficientswi(c) are rational expressions inc which tend to 0 whenc tends to 1.
Let us now discuss in more details the nonuniqueness of the nonnegative left dominant eigenvector with

l1 norm PAGERANK(1). The exact Google matrixP is reducible. Thus its left nonnegative dominating eigenve
with unitary l1 norm is not unique. On the contrary, the left nonnegative dominating eigenvector PAGERANK (c)

with unitary l1 norm ofP(c) with c ∈ [0,1) is not only unique, but it is strictly positive.
Moreover, since PAGERANK (c) is a rational expression without poles atc = 1 (see Theorem 1.1), there exis

a limit of PAGERANK (c) asc tends to 1. Clearly this vector is unique and, consequently, we are solving a s
PAGERANK problem. So, we have to characterize the limit vector we are looking for, and to know if this s
PAGERANK vector (defined in the convex set of all the possible PAGERANK vectors) has a specific meaning.

A careful study of the set of all normalized PAGERANK (1) vectors was carried out in [6], and, by using Cor
lary 2.4 of [6], it was proved that formula (2) (corresponding to formula (2.10) in [6]) can be written as

PAGERANK(c) = y1 + α2y2 + · · · + αtyt +
n∑

i=t+1

wi(c)yi ,

with limc→1 wi(c) = 0 for i = t + 1, . . . , n, and wheret denotes the algebraic and geometric multiplicity of
eigenvalueλ = 1 for the matrixP .

Therefore the unique vectorȳ1 = PAGERANK(1) = y1 + (vTx2)y2 + · · · + (vTxt )yt that we will compute as
limc→1PAGERRANK (c) is only one of the nonnegative normalized dominating eigenvectors of the exact G
matrix. Moreover, this vector depends onv, a configuration which is correct since the personalization vectv
decides which PAGERANK vector is chosen.

Now we are convinced that our formulae concern a vector which is worth computing and therefore the n
is to build extrapolation methods based on the preceding results. The idea of the extrapolation procedure
from values of PAGERANK (c) for different values ofc (possibly far away from 1), then to compute the unknow
appearing in (1) or (2), and finally to computeȳ1. In practice, since the dimensionn is huge, the expressions
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Theorem 1.1 are simplified by replacingn in the summations by a much smaller valuek + 1. Hence, the precedin
strategy will produce approximations ofȳ1 depending onk. This procedure is based on an idea quite similar to
approach followed in [3] for solving ill-conditioned linear systems.

2. Extrapolation methods

Let us first treat the diagonalizable case. Replacingn by k + 1 in (1) and reducing to the same denominator,
see that we obtain a rational function with a denominator of degreek in c, and a numerator of degreek in c, with
vector coefficients. An approximation ofȳ1 will be obtained by interpolating values of PAGERANK (c) by such
a rational function and then computing its value at the pointc = 1. A similar result holds by making the chan
of variabled = 1/(1 − c) and extrapolating at infinity. An algorithm which performs such an extrapolation i
�-algorithm (see [1] for more details and aFORTRAN subroutine).

Let (cn) be a sequence of values ofc. We setdn = 1/(1− cn) and�
(n)
0 = PAGERANK(cn). We also set�(n)

−1 = 0

for all n. The vector�-algorithm consists in computing the vectors�
(n)
k , component by component, by the relati

(�
(n)
k+1)i = (�

(n+1)
k−1 )i + dn+k+1 − dn

(�
(n+1)
k )i − (�

(n)
k )i

, k = 0,1, . . . , andn = 0,1, . . . ,

where(�
(n)
k )i is theith component of the vector�(n)

k . The vectors with an odd lower index are intermediate com

tations without an interesting meaning, while the vector�
(n)
2k is the value at infinity of the vector rational functio

with a numerator and a denominator of degreek which interpolates PAGERANK(cn), . . . , PAGERANK(cn+2k). Thus
the vectors�(n)

2k are approximations of̄y1.
Let us now describe another algorithm for vector rational extrapolation. We will interpolate PAGERANK (c) by

the vector rational functionp(c) = Pk(c)/Qk(c), wherePk andQk are polynomials of degreek. The coefficients
of Pk are vectors, while those ofQk are scalars.

Thus, we have to solve the interpolation problem

Qk(ci)pi = Pk(ci), i = 0, . . . , k,

with pi = PAGERANK(ci). The polynomialsPk andQk can be computed by the Lagrange’s formula

Pk(c) =
k∑

i=0

Li(c)Pk(ci)

Qk(c) =
k∑

i=0

Li(c)Qk(ci)

with

Li(c) =
k∏

j=0
j �=i

c − cj

ci − cj

, i = 0, . . . , k.

We have

Pk(c) =
k∑

Li(c)Qk(ci)pi .
i=0
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Let c �= ci for i = 0, . . . , k. It holds

p(c) = PAGERANK(c) =
k∑

i=0

Li(c)aipi ,

with ai = Qk(ci)/Qk(c).
Let nows0, . . . , sk be linearly independent vectors. The coefficientsai can be computed by solving the syste

k + 1 of linear equations ink + 1 unknowns

k∑

i=0

Li(c)(pi , sj )ai = (
PAGERANK(c), sj

)
, j = 0, . . . , k.

Then an approximation of̄y1 is obtained by computing the value at the pointc = 1 of our interpolating vecto
rational function, that is

ȳ1 �
k∑

i=0

Li(1)aipi .

In the general case, formula (2) also justifies these two procedures withk = 1.
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