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Acronymns and settings

c-L: Chebyshev Lobatto:;

m-C: mock-Chebyshev:

Cm-CLS: constrained m-C least squares:;
m-P: mock-Padua;

Xy =1z}, T3 =
m = |my/n /V2];
XCL = 12641 the C-L nodes of order m + 1;
X/ = {x.} the m-C nodes of order m + 1:

2t — z&| = I{)lin z; — 2P|, i=0,...,m;
11, polynomiails of ’degree < r;

II, C II, polynomials interpolating f on X/ :
B, ={u;(z)},=0... ., a basis of 1I,;

Xn, x Y, = {(%;,y;)} a uniform rectangular
erid on [—1,1]% of (ng + 1)(n, + 1) nodes;

II,, ®IL,. the tensor product of the spaces II,._,
11, of polynomials in x,y, respectively;

14+2i/n,i=0,...,n;

ﬂ(,,am,,qy) C II,, ® 11, polynomials interpolating

fon X, XY, .

Pad,,, the set of Padua nodes of degree m;
1=0,...,m

Pad,,, = {(x},y})} O, =0 if m
j=1,...,lm/2|+1+6;

is even or m is odd but ¢ is even, 0 = 1 if m 1s

Constrained mock-Chebyshev least squares interpolation

Given an analytic function f(x) in [—1,1], r € Ns.t. m <r <n, the Cm-CLS problem is

find Px_ € 1l, such that ||f — Px, ||2 = min ||f — P||2. (1)
Pell,

Px, (t) = Px: (t) + Qx

mn—m

(H)wm(t), where [|f = Qxr_ |5, = min  ||f-Q

2
2
QEHr—m—l 2,wm

with ||u]

pt, = ( X b)) ana jo = T

W (1)

Alternatively, we can use the Lagrange multipliers method |2| which requires the choice of a ba-
sis B,. Let be V = |uj(z;)];,; the interpolation matrix at the nodes of X, relative to B,,
b = [f(x0),..., f(z,)]! and we assume both that the first m + 1 points of X,, are those ones of
X! and that B, = {u;(z) : 7=0,...,m} spans Il,,,. Let be C = [¢} |;=1....m+1 the matrix formed
by the first m + 1 rows of V and d = [dy,...,d,,11]? the vector of the first m + 1 components of b.
Then

T

Px,(z) =) aui(z), where Ca=d and |[Va—b|[3= min [|[Va— b3

. aER’P—I—l
1=0

A\

solves problem (1). The coefficients a and the Lagrange multipliers Z, satisfying the optimality

odd and 7 is odd, the set of m-P nodes ot degree conditions for Lagrangian function of the problem, form the unique solution of the linear system

m, obtained from the m-C subset X, and Y, | ;;

I1,.(R?) bivariate polynomials of degree < r; ovTYy o7 (4 oV Tl |

I1,(R2?) c II,(R?) polynomials interpolating f C ollzl = | 4 (KKT matrix).

on Pad) ; - - =4k -

B, = {ui(x)u;(y)} i=o..r a basis of II.(R?). The unisolvence of the interpolation problem on X, by polynomials of II,, assures the invertibility

J=05.05m of the KKT matrix, since C' has linear independent rows and V' has linear independent columns.

Tensor product vs total degree interpolation

Tensor product interpolation. Given an analytic function f(z,y) in [—1,1]%, 74,7, € N s.t. my, < rp < ng, my, < r, < ny, the Cm-CLS tensor
product interpolation problem is

1f = Plf3. (2)

PeH(""a:a"“y)

The method proposed in [1]| to solve the univariate Cm-CLS problem is not applicable in this case. The Lagrange multipliers method instead can be used
in analogy with the univariate case with the settings and requirements there specified. We assume both that the nodes of X, x Y, and the elements
of B,, ® B, are reshaped into a sequence and that the first (m, + 1)(m, + 1) nodes of X, x Y, are those ones of X/ ~x Y and that the first

my, + 1)(m, + 1) elements of 5, ® B,. spans II,, ®II,, . We introduce the matrices V and C in analogy with the univaria%e Case.y The unisolvence of
Y 2 Y w Y

tensor product interpolation problem on X,, XY, by polynomials of II,,, ® Il, assures the invertibility of the KKT matrix in this case, since C' has
linear independent rows and V' has linear independent columns.

Total degree interpolation. The extension of the Cm-CLS problem in this case is based on the Padua points |3| and on the m-P points which mimic
their behavior [5]. Given an analytic function f(z,y) in [—1,1]%, r € N s.t. m < r < n, the constrained m-P least-squares problem is

find Px, xy, € 11.(R?) such that ||f — Px,xy,|[3 = min |[[f - P|f5. (3)

Peil,. (R2)

The problem (3) has a unique solution since ,, interpolates on Pad! [4] and B can be completed to the basis B, ® B,, interpolating on X,, x Y,.
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Numerical results

Condition number of the KKT matrices
Brc ={Ti(z):i=0,...,7},

To(z) =1, Ti(z) = z, Tiy1(z) = 22T5(x) — Tia(z), @>2
—— B ={z':i=0,...,r}
ﬁm:{Ei(x),i:0,...,m}U{wm(m)xk,k:0 ...... —m—1},
x (t) = D00 4i(t) f ()
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