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INTRODUCTION
We propose two methods to approximate

Hω
p (f, t) =

∫ +∞

0

f(x)eiωx

(x− t)p+1
u(x) dx, (1)

where t > 0, p ∈ N, i2 = −1, ω � 1 and
u(x) = xγe−

x
2 , γ ≥ 0, is a generalized Laguerre

weight. The integral is understood in the Cauchy
principal value sense if p = 0 and in the finite part
Hadamard sense if p > 0.
Integrals (1) frequently appear in boundary ele-
ment methods (BEMs) and the efficiency of BEMs
often depends upon the efficiency of the numeri-
cal evaluation of such hypersingular integrals.

BASIC DEFINITION

Sobolev-type space function
Let r ∈ N, r ≥ 1 and ϕ(x) =

√
x

Wr(u)=
{
f ∈ Cu :f (r−1) ∈ AC(R+), ‖f (r)ϕru‖ < +∞

}
equipped with ‖f‖Wr(u) := ‖fu‖+ ‖f (r)ϕru‖.

Truncated Lagrange polynomial [1]
Let wα(x) = xαe−x the Laguerre weight, α >
−1, and pm the corresponding m−th orthonormal
polynomial. The truncated Lagrange polynomial
is

Lm+1(wα, f) :=

j∑
k=1

f(zk)`m+1,k(x),

where zk, k = 1, . . . , j, are the zeros of pm,
j = min

k=1,...,m
{k : zk ≥ 4θm}, 0 < θ < 1 is fixed and

`m+1,k(x) =
(4m− x)pm(x)

p′m(zk)(x− zk)(4m− zk)
.

Dilation rule
We recall the dilation rule introduced in [2]

Iωb (f) =

∫ b

0

f(x)eiωxxγ dx =
1

ωγ+1

∫ ωb

0

f
( x
ω

)
eixxγ dx

=
1

ωγ+1

(∫ d

0

+

S−1∑
k=1

∫ (k+1)d

kd

+

∫ ωb

Sd

)
f
( x
ω

)
eixxγdx,

with S = bωbd c. Transforming the intervals Ak =
[kd, (k + 1)d], k = 0, . . . , S − 1, and AS = [Sd, ωb]
into [−1, 1], we approximate the first integral by
a Gauss-Jacobi quadrature rule w.r.t. the Jacobi
weight v0,γ and the remaining integrals by a
Gauss-Legendre quadrature rule. Then, we obtain

Iωb (f) = Ψω
m(f) + rm(f).

PRODUCT RULE
We replace f in (1) by Lm+1(wα, f) obtaining

Hω
p (f, t) =

j∑
k=1

f(zk)λm,k
4m− zk

m−1∑
i=0

pi(zk)Ai(t)+ep,m(f, t)

=: Hω
p,m(f, t) + ep,m(f, t),

where, using the recurrence relation for Laguerre
polynomials,

Ai(t) =

∫ +∞

0

(4m− x)pi(x)eiωx

(x− t)p+1
u(x) dx

=: (4m− t)M (p)
i (t)−M (p−1)

i (t),

with M (p)
i (t) = Hω

p (pi, t), i = 0, . . . ,m− 1, and

M
(0)
1 (t) =

d0 + (t− b0)M
(0)
0 (t)

a1
,

M
(0)
i+1(t) =

di + (t− bi)M (0)
i − aiM (0)

i−1

ai+1
,

M
(p)
1 =

M
(p−1)
0 (t) + (t− b0)M

(p)
0 (t)

a1
,

M
(p)
i+1(t) =

M
(p−1)
i (t) + (t− bi)M (p)

i (t)− aiM (p)
i−1(t)

ai+1
,

di =

∫ +∞

0

pi(x)eiωx−
x
2 dx

,

The starting moments are

M
(0)
0 (t)= p0

{
−ebtEi (−bt), γ = 0,

ebttγ
[
iπ + γeiγπΓ(γ)Γ (−γ, bt)

]
, γ 6= 0,

M
(p)
0 (t) =

1

p

d

dt
M

(p−1)
0 (t) =

1

p!

dp

dtp
M

(0)
0 (t),

with p0 = 1√
Γ(α+1)

and b = iω − 1
2 .

Stability and convergence

Theorem 1 Let p ≥ 0 and r ∈ N, r ≥ 1. For any f ∈
Wp+r(u) with γ, α satisfying the following condition

max

{
−1, 2γ − 5

2

}
< α ≤ 2γ − 1

2

and for any t > 0 we get

tp|Hω
p,m(f, t)‖ ≤ C

(
‖f‖Wp+r(u) + ‖f‖Wp(u)

)
logm,

tp|ep,m(f, t)| = O
(
m−

r
2 logm

)
,

where C 6= C(m, f).

DILATION TYPE RULE
We suppose that ∃M > 0 s.t.∣∣∣∣ f(x)u(x)

(x− t)p+1

∣∣∣∣ < ε ∀x > M. (2)

• If t < M , with Tp(f, x, t) =

p∑
k=0

f (k)(t)

k!
(x − t)k,

we write

Hω
p (f, t) =

∫ M

0

f(x)− Tp(f, x, t)
(x− t)p+1

eiωxu(x)dx

+

∫ +∞

M

f(x)− Tp(f, x, t)
(x− t)p+1

eiωxu(x)dx

+

p∑
k=0

f (k)(t)

k!

∫ +∞

0

eiωxu(x)

(x− t)p+1
dx

=: Hω
p,M (f − Tp(f), t)+Hω

p,∞(f − Tp(f), t)+B(t),

where B(t) =

p∑
k=0

f (k)(t)

k!
p0M

(p−k)
0 (t).

Under (2) we neglect Hω
p,∞(f − Tp(f)) and we ap-

proximate only Hω
p,M (f − Tp(f)) as follows

Hω
p (f − Tp(f), t) = Ψω

m(F ) + rm(F ),

with F (x, t) :=
f(x)−Tp(f,x,t)

(x−t)p+1 e−
x
2 .

Let k̄ ∈ {0, . . . , S} s.t. t ∈ Ak̄. To avoid the numeri-
cal cancellation occurring when t is close to one of
the quadrature knots, we use a control algorithm
(see [3]).

• If t > M , writing

Hω
p (f, t) = Hω

p,M (f, t) +Hω
p,∞(f, t)

and recalling (2), we approximate directly

Hω
p,M (f, t) = Ψω

m(F̃ ) + rm(F̃ ),

with F̃ (x, t) := f(x)
(x−t)p+1 e

− x
2 .

Stability and convergence

Theorem 2 Let f ∈ Cp+1+r((0,+∞)), p ≥ 0, r ∈
N, r ≥ 1. Then

|Ψω
m(F )| ≤ C‖F‖, |Ψω

m(F̃ )| ≤ C‖F̃‖,
|rm(F )| = O (m−r) , |rm(F̃ )| = O (m−r) ,

where C 6= C(m, f).

EXAMPLES

Example 1

Hω
0 (f, t) =

∫
−

+∞

0

e−x

x− t
eiωx dx,

f(x) = e−
x
2 , u(x) = e−

x
2 , p = 0, t = 0.02.

Hω
0,m(f, t)

m ω = 10 ω = 320 ω = 5000
8 4.45 e−6 6.80 e−5 7.29 e−5

16 7.02 e−9 4.42 e−9 4.97 e−9

32 2.32 e−16 1.70 e−17 9.77 e−18

Ψω
m(F )

m ω = 10 ω = 320 ω = 5000
4 8.42 e−9 2.61 e−10 1.66 e−11

8 1.59 e−17 4.73e−19 3.02 e−20

Example 2

Hω
1 (f, t) =

∫
=

+∞

0

cos(x− 3)

(x− t)2
eiωxx

3
5 e−

x
2 dx,

f(x) = cos(x− 3), u(x) = x
3
5 e−

x
2 , p = 1, t = 3.01.

Hω
1,m(f, t)

m ω = 20 ω = 200 ω = 2000
32 2.46 e−4 2.43 e−2 2.43 e−2

64 1.56 e−9 3.01 e−8 3.01 e−7

128 2.85 e−17 1.20 e−16 7.75 e−16

Ψω
m(F )

m ω = 10 ω = 320 ω = 5000
4 1.14 e−9 2.83 e−11 7.11 e−13

8 1.83 e−17 4.62 e−19 1.16 e−20
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