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Introduction

In this talk we report some recent methods to perform
numerical cubature over polygons and polyhedra.
We start our description introducing algorithms that compute
low-cardinality quadrature rules with a given degree of
polynomial exactness, using triangulations of the domains.
Later we show how we can bypass this assumptions by means
of meshfree methods, that have theoretical bases on
Tchakaloff and Davis-Wilhelmsen theorem.
Time permitting, we conclude the talk by showing a new
technique named Orthocub that is implemented via
orthogonal polynomial moments and auxiliary near-minimal
algebraic cubature in a bounding box of the domain, with no
conditioning issue since no matrix inversion or factorization is
needed.
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Purpose

We intend to numerically approximate

∫
Ω
f (x)dΩ ≈

Nδ∑
i=1

wif (Pi).

where
Ω is a domain, e.g. an interval, a polygon or a polyhedron,
f ∈ C(Ω).

by a formula that has algebraic degree of exactness δ, that is∫
Ω
f (x)dΩ =

Nδ∑
i=1

wif (Pi), f ∈ Pδ

Pδ being the set of algebraic polynomials of total degree at most δ.

The points Pi , i = 1, . . . ,Nδ are the nodes, while wi are the weights.

Remark
Later, ADE is the algebraic degree of exactness δ of the formula. 3/50



Some considerations

In the formula ∫
Ω
f (x)dΩ ≈

Nδ∑
i=1

wif (Pi)

depending on the applications one may require that
the nodes Pi , i = 1, . . . ,Nδ are all internal to the domain Ω
since the function f can be evaluated only in Ω;
some of the nodes Pi , i = 1, . . . ,Nδ can be external to the
domain Ω since the function f can be evaluated also outside Ω
(e.g. f is a polynomial);
all the weights wi , i = 1, . . . ,Nδ are positive so that the r.h.s.
can be seen as an integral w.r.t. a discrete positive measure;
some of the weights can be negative, since independently of
the theoretical view this assumption does not hurt numerically.
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Some considerations

In general for numerical issues, if the rule has the algebraic degree
of exactness ADE at least δ = 0 (the formula integrates exactly the
constants) the index of stability named conditioning of the
cubature formula

cond({wi}) :=
∑Nδ

i=1 |wi |∑Nδ
i=1 wi

is required to be close to 1.

The optimal value of cond({wi}) is obtained by rules with
positive weights and is equal to 1.
In case the rule has negative weights, then cond({wi}) is
strictly larger than 1. In general one requires that cond({wi}) is
not too large (say smaller than 2 or 3).
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Interval: Newton-Cotes and Composite rules

Numerical integration over intervals has a long history, from
the Newton-Cotes rules on bounded intervals, to their
composite versions.

Particularly interesting are those Newton-Cotes rules with 2
points (trapezoidal rule) and 3 points (Cavalieri-Simpson rule).

In general the Newton-Cotes rules have ADE at least equal to
Nδ − 1, where Nδ is the number of nodes and for stability
issues it is not suggested to choose Nδ ≥ 7, while alternatively
composite versions of trapezoidal or Cavalieri-Simpson rule
are very used in practice (see e.g. the paper by Trefethen The
Exponentially Convergent Trapezoidal Rule).
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https://people.maths.ox.ac.uk/trefethen/sirev56-3_385.pdf
https://people.maths.ox.ac.uk/trefethen/sirev56-3_385.pdf


Historical note

Figure: Problem 80, at p.445 of Centuria di varii problemi by Cavalieri. 7/50



Historical note

The same rule is available at Mathematical dissertations On A
Variety of Physical and Analytical subjects by Thomas Simpson,
adding a path towards composite rules.

Figure: Dal testo di Simpson Mathematical dissertations On A Variety of Physical
and Analytical subjects.
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https://ia601000.us.archive.org/12/items/RMSE006367_TO0324_PNI-3156_000000/RMSE006367_TO0324_PNI-3156_000000.pdf
https://ia601000.us.archive.org/12/items/RMSE006367_TO0324_PNI-3156_000000/RMSE006367_TO0324_PNI-3156_000000.pdf


Historical note

Figure: A note by Peano on the work of Cavalieri.

9/50



Interval: Gaussian rules

A great discovery has been that of Gaussian rules that allow
the approximation of∫ b

a
f (x)w(x)dx ≈

n∑
i=1

wif (xi)

for a weight function w, even on unbounded intervals (a, b).

The nodes {xi} are all internal to the interval (a, b), the
weights wi are positive and the ADE δ is equal to 2n− 1, that
turns out to be maximum possible with n nodes.

In general numerical routines must compute the nodes and
the weights. This purpose in the sixties made available these
quantities for low/mild n but now one can compute them for
several thousands to even millions, very rapidly.
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Historical note

Figure: A comment about Gauss rules.
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Historical note

Figure: Gaussian rules in (0, 1) listed by Heine.
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Multivariate domains

One aims to get similar rules for more general multivariate Ω as
triangles,
disks,
squares,
cubes,
spheres,
tori,

or even more general 2D and 3D regions.

The typical request is that these rules must have few nodes, high
ADE (better if almost-minimal!), to be at hand very quickly, with
small values of the conditioning of the cond({wi}).

See Approximation pointsets and quadrature rules for a list of rules
on these domains.

We intend to investigate the case of polygons and polyhedra, in
view of their interest in applications, e.g. the solution of PDE via
FEM and VEM.
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Example: quadrature over polygons (meshfree approach)

Paper
Product Gauss cubature over polygons based on Green’s integration
formula (2007)

Purpose: cubature formula over convex, nonconvex Ω.
ADE: the formula has algebraic degree of exactness ADE equal
to 2n− 1, i.e. denoting by P2n−1 the space of polynomials of
total degree 2n− 1,∫

Ω
p(x, y)dxdy =

N2n−1∑
k=1

wkp(xk , yk), for all p ∈ P2n−1,

with N2n−1 ≈ mn2, where “m” is the number of sides that are
not orthogonal to a given line, and not lying on it.
Preprocessing: it does not need any preprocessing like
triangulation of the domain, but relies directly on univariate
Gauss-Legendre quadrature via Green’s integral formula.
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https://link.springer.com/article/10.1007/s10543-007-0131-2
https://link.springer.com/article/10.1007/s10543-007-0131-2


Example: quadrature over polygons (meshfree approach)

Figure: Examples of polygonal domains (ADE=9).
Left: a convex domain with 6 sides (180 nodes), Right: a non-convex
domain with 9 sides (255 nodes).

Red dots: nodes with negative weights. Blue dots: nodes with positive
weights.
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Example: quadrature over polygons (meshfree approach)

Pros: meshfree approach.
Cons: In general these rules may have external nodes as well
as negative weights.
Pros: With some trick based on roto-translations we can
compute rules over convex domains of PI-type (positive
weights and internal nodes).
Cons: Similarly, by rototanslations with we can compute rules
with internal nodes even over some non-convex domains but
in general this is not always possible.
Cons: Rule may have high cardinality if the polygon has many
sides.

We prefer rules with
positive weights (more numerical stability and application to
hyperinterpolation),
internal nodes (integrand may not be defined outside the
domain),

i.e. of PI-type.

Furthermore, we look for rules with low cardinality (few nodes,
hence few samples of the function).
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Example: quadrature over polygons (triang. based approach)

Paper
Compressed cubature over polygons with applications to optical
design (2020)

Purpose: cubature formula over convex, nonconvex or even
multiply connected polygons Ω.
Strategy: once a minimal triangulation is available (see Matlab
polyshape toolbox), we obtain the rule by applying an
almost-minimal rule of PI-type on each triangle with the
wanted ADE, summing the contributions.

Some remarks
minimal triangulation: one can triangulate a general M-sides
polygon via M − 2 triangles (easy task in a convex polygon, not
trivial for a general one),
almost-minimal rule the number of its nodes is almost
minimal between those having a certain ADE and requirement
on the nodes (e.g. internal) and weights (e.g. positive).
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https://www.sciencedirect.com/science/article/abs/pii/S0377042719306636
https://www.sciencedirect.com/science/article/abs/pii/S0377042719306636


Example: quadrature over polygons (triang. based approach)

Figure: Examples of polygonal domains (ADE is δ = 9).
Left: a convex domain with 6 sides (77 nodes, the previous rule had 180
nodes), Right: a non-convex domain with 9 sides (133 nodes, the previous
rule had 255 nodes).
Note: all the weights are positive.
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Example: quadrature over polygons (triang. based approach)

Cons: requires triangulation.
Pros: In general these rules always have internal nodes as well
as positive weights.
Cons: Rule still may have high cardinality if the polygon has
many sides.

Observe that in the examples above ADE is δ = 9
convex domain: the rule has 77 nodes,
not convex domain: the rule has 133 nodes.

Remark
In both cases the number of nodes is higher than the dimension of the
polynomial space P9 that is equal to (9 + 1)(9 + 2)/2 = 55.

Our project is to quickly extract from the previous one, another rule of
PI-type with the same degree of precision but with a number of nodes
at most equal to dim(P9) (i.e. a rule compression).
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Carathéodory-Tchakaloff Subsampling

Tchakaloff theorem asserts that:

For every compactly supported measure there exists a positive
algebraic quadrature formula of ADE δ with cardinality not exceeding
the dimension νδ of Pδ (restricted to the measure support)

In a variant it has been proved that

If PI-type cubature rule has
ADE equal to δ,
cardinality Nδ > dim(Pδ(Ω))

then we can extract one of PI-type with ADE equal to δ and cardinality
at most νδ = dim(Pδ(Ω)).

Paper
M. Putinar, A Note on Tchakaloff’s Theorem, Proceedings of the
American Mathematical Society Vol. 125, No. 8 (Aug., 1997), pp.
2409–2414. 20/50

https://www.jstor.org/stable/2162136


Carathéodory-Tchakaloff Subsampling

Given
a formula of PI-type with ADE equal to δ, nodes {xk}k=1,...,Nδ
and weights {wk}k=1,...,Nδ ,
a basis {ϕ1, . . . , ϕνδ} of Pδ(Ω),

let
Vi,j = (ϕj(xi)) the Vandermonde matrix at the nodes,
γ = (γj)j=1,...,νδ where γj =

∫
Ω ϕjdµ =

∑Nδ
i=1 wiϕj(xi), the

vector of the moments (w.r.t. µ).
The problem mentioned above can be rephrased into computing a
nonnegative solution with at most νδ = dim(Pδ(Ω)) nonvanishing
components to the underdetermined linear system

VTw = γ.

This can be accomplished by Lawson-Hanson active set method for
NonNegative Least Squares (NNLS), implemented by the Matlab
built-in routine lsqnonneg or in Python by nnls.
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Carathéodory-Tchakaloff Subsampling

By this algorithm,
adopting as basis {ψj} the total-degree product Chebyshev
basis of the smallest Cartesian rectangle [a1, b1]× [a2, b2]
containing Ω, with the graded lexicographical ordering,
from the PI-rules with ADE 9 obtained via triangulation,

we get the PI-rules below with cardinality 55 = dim(P9).

Figure: Examples of polygonal domains (ADE=9).
Left: a convex domain with 6 sides (55 nodes, the previous rule had 77
nodes), Right: a non-convex domain with 9 sides (55 nodes, the previous
rule had 133 nodes). 22/50



Carathéodory-Tchakaloff Subsampling

Remark (When do not apply this technique)
Note that this approach is useful only when the initial rule of PI-type
with ADE δ has cardinality higher than the dimension νδ of Pδ(Ω).

Thus it is worthless in the case of classical domains as the interval,
the disk, simplex, cube, sphere, where there are explicit rules of
PI-type with cardinality inferior to L.

Remark (Cputimes on the previous domains)
For mild ADE the computation of these compressed rules is fast.
Running Matlab R2022a, on a computer with an Apple M1 processor
and 16GB of RAM, we had average cputimes as in the table below:

Domain tri. rule compress.
Convex domain 1.1-3s 1.7-2s

Non-convex domain 5.2-3s 1.1-2s

Table: Average cputime for computing rules with ADE=9 in the polygonal
domains used in the tests.
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The Davis-Wilhelmsen theorem

In the paper

D. R. Wilhelmsen, A Nearest Point Algorithm for Convex Polyhedral
Cones and Applications to Positive Linear approximation, Math.
Comp., (30) 1976, pp. 48–57,

the author proves a result that can be so summarized

a sufficiently dense pointset of the compact domain Ω con-
tains the nodes of a PI-type rule with algebraic degree of pre-
cision ADE equal to δ.
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https://www.jstor.org/stable/2005429
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The Davis-Wilhelmsen approach

Algorithm (sketch)

Moment computation: determine {γk}k=1,...,νδ of a certain
polynomial basis {ϕk}k=1,...,νδ of Pδ(Ω);
Pointset: using an in-domain routine on a mesh in a domain R
containing Ω, determine a sufficient number of points
{P̃l}l=1,...,Nδ inside Ω so that the overdetermined linear system

VTw = γ, Vl,k = (ϕk(P̃l))

has a nonnegative solution w with at most dim(Pδ) positive
components.
Rule extraction: solve VTw = γ via Lawson-Hanson algorithm.
The non zero components of w determine the points and the
weights of the wanted rule.
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The Davis-Wilhelmsen approach

In spite of the simplicity of this approach there are many aspects
that deserve explanations, on the implementation side as well as
on the theoretical one.

Choice of the polynomial basis {ϕk}k=1,...,νδ of Pm is not trivial.
It must

provide Vandermonde matrices not too badly conditioned,
allow a fast computation of the moments

γk =

∫
Ω

ϕk(x) dµ, k = 1, . . . , νδ.

Availability of the in-domain routine (e.g. Matlab inpolygon).
Moment computation, e.g. by Gauss-Green approach in
bivariate domains, or a divergence theorem based in trivariate
domains;
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The Davis-Wilhelmsen approach

This approach is meshless, after some not trivial efforts can be
generalized to curvilinear polygons whose boundary is tracked
parametrically by NURBS.

Figure: Example of NURBS type domain. A non-convex and not simply
connected domain and the 28 nodes of a PI type rule with ADE=6.

Paper
A. Sommariva and M. Vianello, Low cardinality Positive Interior
cubature on NURBS-shaped domains, BIT Numer. Math. 63, 22 (2023).
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https://www.math.unipd.it/~marcov/pdf/nurbscatch.pdf
https://www.math.unipd.it/~marcov/pdf/nurbscatch.pdf


Polygonal regions and cubature: summary

Summarizing, we saw 4 approaches to determine rule with ADE
equal to δ.

Meshfree NO/PI type rules: algorithm quickly provides rules
that may have external points, negative weights and cardinality
higher than the dimension of the polynomial space
νδ = (δ + 1)(δ + 2)/2;
triangulation based PI type rules: algorithm based on
triangulation that rapidly provides rules that may have
cardinality higher than the dimension of the polynomial space
νδ = (δ + 1)(δ + 2)/2;
PI type rules compression rules: algorithm based on a variant
of Tchakaloff theorem that from PI rules with cardinality higher
than (n+ 1)(n+ 2)/2 gives a PI rule with cardinality
νδ = (δ + 1)δ + 2)/2;
meshfree PI type rules: algorithm that provides PI rules with
cardinality νδ = (δ + 1)(δ + 2)/2 (even on a large family
curvilinear polygons).
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Cubature over polyhedra

We now present an algorithm that computes an algebraic cubature
rule ∫

Ω
f (x, y, z)dxdydz ≈

η∑
j=1

wjf (Qj)

over general polyhedra Ω ⊂ R3.

Lack for open-source routines in Matlab.
The intention is to provide algorithms with and without
tetrahedralization.
Mild algebraic degree of exactness ADE mild (say less than 10).
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Cubature over polyhedra via tetrahedralization

This approach via tetrahedralization is well-known in literature.
Determine a tetrahedralization T = {Tk}k=1,...,M of the
polyhedron Ω, i.e. Ω = ∪Mk=1Tk and the intersection of the
interior of two distinct tetrahedrons Tk is empty.

Compute the integral Q(k)
δ (f ) =

∑Nδ
j=1 w

(k)
j f (P(k)j ) by a rule with

algebraic degree of exactness δ on each Tk , k = 1, . . . ,M.
In view of the additivity of the integration operator we get a
rule of degree δ on Ω, i.e.

IΩ(f ) ≈
M∑
k=1

Q(k)
δ (f ) =

M∑
k=1

Nδ∑
j=1

w(k)
j f (P(k)j ).
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Cubature over polyhedra via tetrahedralization (considerations)

Some considerations about the triangulation.
If the polyhedron Ω is not convex/star shaped (knowing a
center!), the determination of the tetrahedralization may not
be straightforward.
If Ω is obtained by alphashape from a point cloud of vertices,
the Matlab command alphaTriangulation returns a
tetrahedralization of Ω. Similar routines are available in
Python.
Note that by varying the alphashape parameter, the obtained
domain can be very different.
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Algorithms with tetrahedralization: rules on tetrahedron

Some considerations about the rules on the tetrahedra with
internal nodes and positive weights.

For ADE = 0, 1, . . . , 20, there are in literature several pointsets that
are exact for all the polynomials of total degree δ on the reference
tetrahedron T∗ with vertices [1,0,0], [0, 1,0], [0,0,0], [0,0, 1] and
have almost-minimal cardinality.

All these rules have internal nodes and positive weights.
For ADE > 20, one can use a the well-established Stroud rule,
that in general has a not minimal cardinality but it is easy to
be implemented.
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Algorithms with tetrahedralization: rules on tetrahedron

Once a rule with ADE equal to δ is available on the reference
tetrahedron T∗, it can be easily obtained on each tetrahedron
Tk of the triangulation by barycentric coordinates and the
computation of Tk volume.
If the cardinality L of the rule on the wanted polyhedron Ω is
higher than

νδ = dim(Pδ) = (δ + 1)(δ + 2)(δ + 3)/6

then one can extract a Tchakaloff rule with at most L̃n internal
nodes and positive weights by means of Lawson-Hanson
algorithm. This process is fast for mild δ.

Remark (B plan)
Alternatively one can apply a QR approach, that is faster but does not
guarantee the positiveness of the weights.

33/50



Meshfree algorithm

The procedure for determining a rule with ADE equal to δ works
essentially as follows:

we compute the moments {γk}k=1,...,νδ of a certain polynomial
basis {ϕk}k=1,...,νδ of tensorial type by means of cubature
rules with ADE equal to δ + 1 on the polyhedron facets
{Fi}i=1,...,M , in virtue of the divergence theorem;
using an inpolygon routine we consider a sufficient number
of points {P̃l}l=1,...,L inside Ω so that the overdetermined linear
system V ′w = γ, with Vl,k = (ϕk(P̃l)), has a nonnegative
solution w with at most νδ ≤ L positive components;
extract a rule with positive weights and internal nodes via fast
Lawson-Hanson algorithm.
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Algorithms without tetrahedralization: moment computation

In spite of the simplicity of this approach there are many aspects
that deserve explanations, on the implementation side as well as
on the theoretical one.

For all these details see:

Paper
TetraFreeQ: tetrahedra-free quadrature on polyhedral elements (2024)

Remark (Software)
The Matlab routines are available as open-source codes as
Approximation pointsets and quadrature rules
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Algorithms without tetrahedralization: PI rule computation

Thus we can compute a cubature formula with positive weights
and internal nodes as follows.

1 generate a sufficiently dense set of random-points
P(1) = {Pi}k1

i=1 in the smallest parallelepiped
[a1, b1]× [a2, b2]× [a3, b3] containing Ω (k1 well-choosen!);

2 determine those points P(2) = {P(2)j }k2
j=1 ⊆ P(1) belonging to Ω

(e.g. by open-source routine inpolyhedron);
3 by a procedure of Lawson-Hanson type, for instance using

Matlab routine lsqnonneg or Python procedure nnls,
extract a set of nodes Q(1) = {Qj}k3

j=1 ⊆ P(2),
compute the relative (positive) weights {wj}k3

j=1 ⊆ R+,

Important.
Wilhelmsen’s theorem says that in theory this procedure will have
success for sufficiently dense data.
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Numerical experiments: domains

Figure: Examples of polyhedral domains.

Left: non convex, Center: convex, Right: non convex with hole.
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Numerical experiments: domain 1
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Figure: Domain 1 (30 facets):
Left: Integration errors over 100 polynomial integrands of the form
(c1 + k1 · x + k2 · y + k3 · z)δ where c1, k1, k2, k3 ∈ [0, 1] are random,
Center: average cputime;
Right: cardinality.

Triangulation cputime: 5e− 3 seconds.
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Numerical experiments: domain 1, integration of some functions
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Figure: Domain 1 (30 facets): Relative errors integrating
• f1(x, y, z) = exp(−x2 − y2 − z2),
• f2(x, y, z) = ((x − x0)

2 + (y − y0)
2 + (z − z0)

2)5/2,
• f3(x, y, z) = ((x − x0)

2 + (y − y0)
2 + (z − z0)

2)1/2, where
(x0, y0, z0) = (1.5, 1.5, 1.5).
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Numerical experiments: domain 2
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Figure: Domain 2 (760 facets, sphere like):
Left: Integration errors over 100 polynomial integrands of the form
(c1 + k1 · x + k2 · y + k3 · z)δ where c1, k1, k2, k3 ∈ [0, 1] are random,
Center: average cputime;
Right: cardinality.

Triangulation cputime: 8e− 2 seconds. The indomain is fast since the
domain is convex.
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Numerical experiments: domain 2, integration of some functions

1 2 3 4 5 6 7 8 9 10
10

-15

10
-10

10
-5

10
0

Relative errors f1

Full

FullC

Free

1 2 3 4 5 6 7 8 9 10
10

-8

10
-6

10
-4

10
-2

10
0

10
2

Relative errors f2

Full

FullC

Free

1 2 3 4 5 6 7 8 9 10

10
-6

10
-4

10
-2

10
0

Relative errors f3

Full

FullC

Free

Figure: Domain 2 (760 facets, sphere like): Relative errors integrating
• f1(x, y, z) = exp(−x2 − y2 − z2),
• f2(x, y, z) = ((x − x0)

2 + (y − y0)
2 + (z − z0)

2)5/2,
• f3(x, y, z) = ((x − x0)

2 + (y − y0)
2 + (z − z0)

2)1/2, where
(x0, y0, z0) = (1.5, 1.5, 1.5).
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Numerical experiments: domain 3
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Figure: Domain 3 (20 facets, hole): Integration errors over 100 polynomial
integrands of the form (c1 + k1 · x + k2 · y + k3 · z)δ where
c1, k1, k2, k3 ∈ [0, 1] are random,
Center: average cputime;
Right: cardinality.

Triangulation cputime: 5e− 3 seconds.
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Numerical experiments: domain 2, integration of some functions
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Figure: Domain 3 (20 facets, hole): • f1(x, y, z) = exp(−x2 − y2 − z2),
• f2(x, y, z) = ((x − x0)

2 + (y − y0)
2 + (z − z0)

2)5/2,
• f3(x, y, z) = ((x − x0)

2 + (y − y0)
2 + (z − z0)

2)1/2, where
(x0, y0, z0) = (1.5, 1.5, 1.5).
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Purpose

Let
Ω be a domain of R2 or R3,
f ∈ C(Ω).

What we have done so far is to numerically approximate the
integration functional

L(f ) :=
∫
Ω
f (x)dΩ

by a discrete one

Lδ(f ) :=
Nδ∑
i=1

wif (Pi)

so that the degree of exactness ADE is δ, i.e.

L(p) = Lδ(p), p ∈ Pδ,

being Pδ the set of polynomials over Ω, of total degree δ.
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Key ideas

Suppose that

Ω ⊆ B ⊂ Rd , where B is a parallelepiped (usually named
bounding box),
f ∈ C(B);
{ϕk}k=1,...,νδ is an orthonormal basis of Pδ , w.r.t. some
absolutely continuous measure µ on B.

One can approximate f in B by the polynomial hyperinterpolant

Hδ(f ) =
νδ∑
k=1

(f , ϕk)ϕk

where

(f , ϕk) =
Nδ∑
i=1

ui f (Pi)ϕk(Pi)

in which the r.h.s. is a cubature formula with positive weights ui ,
{Pi} ⊂ B, with ADE = 2δ.
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Key ideas

Our approach to obtain such Lδ is essentially the following:

compute a polynomial hyperinterpolant Hδ(f ) of f on a
hypercube B containing the domain Ω;
apply the integration functional L to the hyperinterpolant Hδ , i.e.

L(f ) ≈ L(Hδ(f )) = Lδ(Hδ(f )) =
νδ∑
k=1

(f , ϕk)Lδ(ϕk).

that is ∫
Ω
f (x)dΩ ≈

νδ∑
k=1

(f , ϕk)
Nδ∑
i=1

ui f (Pi)ϕk(Pi)

As in the similar case of classical interpolatory rules, these ideas
can be converted in determining nodes and weights in the
bounding box so that the rule has degree of exactness M on the
integration domain Ω.
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Example: implementation on polyhedra

Suppose that the integration domain Ω is a polyhedron. Determine:
1 a Cartesian bounding box for the polyhedron;
2 the nodes {Pi} and weights u = {ui}, 1 ≤ i ≤ Nδ , of a cubature

formula exact for P2δ for a given absolutely continuous
measure dµ = σ(P)dP on the bounding box;

3 an orthonormal basis {ϕ1, . . . , ϕν} of Pδ with respect to dµ,
4 the corresponding moments γ = {γ1, . . . , γδ} on Ω,
mj =

∫
Ω ϕj(P) dP, e.g. by the divergence theorem;

5 the Vandermonde-like matrix

V = Vn({Pi}) = [ϕj(Pi)] ∈ RNδ×ν

6 compute the weights as

w = diag(u)Vγ ,

or in a Matlab-like notation w = u. ∗ Vγ .
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Example
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On the left: quadrature nodes of the cheap rule on the nonconvex polyhedral element
Ω1 for degree 4, as red dots if the pertinent weight is negative, as green dots
otherwise. The size of the dots is visually proportional to the weight magnitude.
On the right, distribution of the weights in increasing order (in red: negative weights,
in green: positive weights). We report that the smaller weight is wmin ≈ −3.6 · 10−3,
the larger is wmax ≈ 2.1 · 10−2, and the smaller size is |w|min ≈ 2.6 · 10−5.
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Pro and cons

Pros:
Application to polytopal FEM (fast and stable computation of
the integrals of products of polynomials naturally arising on
arbitrary polyhedral elements, avoiding sub-tessellation into
tetrahedra);
moment computation does not require polyhedral tesselation;
many computations can be done just once and repeated on
different integration domains;
w.r.t. similar recent techniques

cubature stability is ensured;
no QR factorization or linear system solution is involved.

Cons:
Though stability is ensured some weights may be negative;
the integrands require in general evaluations outside the
integration domain.
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