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This is a collection of exam exercises, roughly organised by thematic areas. The exercises often
come along with a solution, which is sometimes fully detailed and in some other cases only sketched.

The exercises that can be used for the preparation of the intermediate test are marked by a
“(p)”.

Please report any mistake you might find.

1 URM machine

Exercise 1.1(p). Consider a variant, denoted URM´, of the URM machine obtained replacing
the successor instruction Spnq with a predecessor instruction P pnq. Executing P pnq replaces the
content rn of register n with rn 9́ 1. Determine the relation between the set C´ of the functions
computable by a URM´ machine and the set C of functions computable by a standard URM
machine. Is one contained in the other? Is the inclusion strict? Justify your answer.

Exercise 1.2(p). Consider a variant of the URM machine where the jump and successor in-
structions are replaced by the instruction JIpm,n, tq which compare the content rm and rn of of
registers Rm and Rn and then:

• if rm “ rn, increment register Rm and jump to the address t (it is intended that if t is outside
the program, the execution of the program halts).

• otherwise, continue with the next instruction.

Describe the relation between the set C1 of the functions computable by the new machine and
the set C of the functions that can be computed by a standard URM machine. Is one included in
the other? Is the inclusion strict? Justify your answers.

Exercise 1.3(p). Consider a variant URMs of URM machine obtained by removing the successor
Spnq and jump Jpm,n, tq instructions, and inserting the instruction JSpm,n, tq, which compares
the contents of register m and n, and if they coincide, it jumps to instruction t, otherwise it
increments the m-th register and executes the next instruction. Determine the relation between
the set Cs of functions computable by a URMs machine and the set C of functions computable by a
standard URM machine. Is one included in the other? Is the inclusion strict? Justify your answers.

Exercise 1.4(p). Consider the subclass of URM programs where, if the i-th instruction is a
jump instruction Jpm,n, tq, then t ą i. Prove that the functions computable by programs in such
subclass are all total.
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Exercise 1.5. Consider a variant of the URM machine, which includes the jump and transfer
instructions and two new instructions

• A(m, n) which adds to register m the content of register n, i.e., rm Ð rm ` rn;

• C(n) which replaces the value in register n by its sign, i.e., rn Ð sgprnq.

Determine the relation between the set C1 of the functions computable with the new machine
and the set C of the functions that can be computed with the URM machine. Is one included in
the other? Is the inclusion strict? Justify your answers.

Exercise 1.6(p). Consider a variant URMm of the URM machine obtained by removing the
successor instruction Spnq and adding the instruction Mpnq, which stores in the nth register the
value 1 ` mintri | i ď nu, i.e., the successor of the least value contained in registers with index
less than or equal to n. Determine the relation between the set Cm of functions computable by the
URMm machine and the set C of the functions computable by the ordinary URM machine. Is one
included in the other? Is the inclusion strict? Justify your answers.

Exercise 1.7(p). Define the operation of primitive recursion and prove that the set C of URM-
computable functions is closed with respect to this operation.

2 Primitive Recursive Functions

Exercise 2.1(p). Give the definition of the set PR of recursive primitive functions and, using
only the definition, prove that the function pow2 : N Ñ N, defined by pow2pyq “ 2y, is primitive
recursive.

Exercise 2.2(p). Give the definition of the set PR of primitive recursive functions and, using
only the definition, prove that the the characteristic function χA of the set A “ t2n ´ 1 : n P Nu is
primitive recursive. You can assume, without proving it, that sum, product, sg and sg are in PR.

Exercise 2.3(p). Give the definition of the set PR of primitive recursive functions and, using
only the definition, prove that the χP, the characteristic function of the set of even numbers P is
primitive recursive.

Exercise 2.4(p). Give the definition of the set PR of primitive recursive functions and, using only
the definition, prove the function half : N Ñ N, defined by half pxq “ x{2, is primitive recursive.

Exercise 2.5(p). Give the definition of the set PR of primitive recursive functions and, using
only the definition, prove that p2 : N Ñ N defined by p2pyq “ |y ´ 2| is primitive recursive.
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3 SMN Theorem

Exercise 3.1(p). State the smn theorem and prove it (it is sufficient to provide the informal
argument using encode/decode functions).

Exercise 3.2(p). State the theorem s-m-n and use it to prove that it exists a total computable
function s : N Ñ N such that |Wspxq| “ 2x and |Espxq| “ x.

Exercise 3.3. State the smn theorem and use it to prove that there exists a total computable
function s : N2 Ñ N such that Wspx,yq “ tz : x ˚ z “ yu

Exercise 3.4(p). Prove that there is a total computable function k : N Ñ N such that for each
n P N it holds that Wkpnq “ P “ tx P N | x evenu and Ekpnq “ tx P N | x ě nu.

Exercise 3.5. State the smn theorem. Use it to prove it exists a total computable function k :
N Ñ N such that Wkpnq “ tx P N | x ě nu e Ekpnq “ ty P N | y evenu for all n P N.

4 Decidability and Semidecidability

Exercise 4.1. Prove the “structure theorem” of semidecidable predicates, i.e., show that a pred-
icate P px⃗q is semidecidable if and only if there exists a decidable predicate Qpx⃗, yq such that
P px⃗q ” Dy. Qpx⃗, yq.

Exercise 4.2. Prove the “projection theorem”, i.e., show that if the predicate P px, y⃗q is semide-
cidable then also Dx. P px, y⃗q is semi-decidable. Does the converse implication hold? Is it the case
that if P px, y⃗q is decidable then also Dx. P px, y⃗q is decidable? Give a proof or a counterexample.

5 Numerability and diagonalization

Exercise 5.1(p). Consider the set F0 of functions f : N Ñ N, possibly partial, such that codpfq Ď

t0u. Is the set F0 countable? Justify your answer.

Exercise 5.2(p). A function f : N Ñ N is called total increasing when it is total and for each
x, y P N, if x ă y then fpxq ă fpyq. Prove that the set of total increasing functions is not countable.

Exercise 5.3(p). A function f : N Ñ N is called total increasing when it is total and for each
x, y P N, if x ď y then fpxq ď fpyq. It is called binary if codpfq Ď t0, 1u. Is the set of binary total
increasing functions countable? Justify your answer.
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6 Functions and Computability

Exercise 6.1(p). Define a function f : N Ñ N total and not computable such that fpxq “ x for
infinite arguments x P N or prove that such a function cannot exist.

Exercise 6.2(p). Say that a ffunction : N Ñ N is increasing if it is total and for each x, y P N,
if x ď y then fpxq ď fpyq. Is there an increasing function which is not computable? Justify your
answer.

Exercise 6.3(p). Are there two functions f, g : N Ñ N with g not computable such that the
composition f ˝ g (defined by pf ˝ gqpxq “ fpgpxqq) is computable? And requiring that f is also
not computable, can the composition f ˝ g be computable? Justify your answer, giving examples
or proving non-existence.

Exercise 6.4(p). Is there a function f : N Ñ N with finite range, total and increasing (i.e.
fpxq ď fpyq for x ď y) and not computable? Justify your answer with an example or a proof of
non-existence. What if we relax the requirement of totality?

Exercise 6.5(p). Say that a function f : N Ñ N is decreasing if it is total and for each x, y P N,
if x ď y then fpxq ě fpyq. Is there a decreasing function which is not computable? Justify your
answer.

Exercise 6.6(p). Say if there can be a non-computable function f : N Ñ N such that for any
other non-computable function g : N Ñ N the function f ` g defined by pf ` gqpxq “ fpxq ` gpxq

is computable. Justify your answer (providing an example of such f , if it exists, or proving that
cannot exist).

Exercise 6.7. Say if there can be a non-computable function f : N Ñ N such that there exists a
non-computable function g : N Ñ N for which the function f`g (defined by pf`gqpxq “ fpxq`gpxq)
is computable. Justify your answer (providing an example of such f , if it exists, or proving that
cannot exist).

Exercise 6.8(p). Say if there can be a non-computable function f : N Ñ N such that dompfq X

imgpfq is finite. Justify your answer (providing an example of such f , if it exists, or proving that
cannot exist).

Exercise 6.9. Is there non-computable function f : N Ñ N such that dompfq X imgpfq is empty?
Justify your answer (providing an example of such f , if it exists, or proving that cannot exist).

Exercise 6.10. Is there a total non-computable function f : N Ñ N, such that its image codpfq “

ty | Dx P N. fpxq “ yu is finite? Provide an example or show that such a function does not exists.

Paolo Baldan Master in Computer Science - University of Padua



5 Computability - 2024/2025

Exercise 6.11(p). Prove that the function f : N Ñ N, defined as

fpxq “

"

φxpxq if x P Wx

x otherwise

is not computable.

Exercise 6.12(p). Say if there is a total non-computable function f : N Ñ N such that, for infinite
x P N it holds

fpxq “ φxpxq

If the answer is negative, provide a proof, if the answer is positive, provide an example of such a
function.

Exercise 6.13. Say if there is a total non-computable function f : N Ñ N such that

fpxq ‰ φxpxq

only on a single argument x P N. If the answer is negative provide a proof, if the answer is positive
give an example of such a function.

Exercise 6.14. Is there non-computable function f : N Ñ N such that

fpxq ‰ φxpxq

only on a single x P N? If the answer is negative provide a proof of non-existence, otherwise give
an example of such a function.

Exercise 6.15. Is there a total non-computable function f : N Ñ N such that codpfq is the set
P of even numbers? Justify your answer response (providing an example of such f , if it exists, or
proving that it does not exist).

Exercise 6.16. Say if there is a non-computable function f : N Ñ N such that the set D “ tx P

N | fpxq ‰ ϕxpxqu is finite. Justify your answer.

Exercise 6.17. Say if there are total computable functions f, g : N Ñ N such that fpxq ‰ φxpxq

for each x P K and gpxq ‰ φxpxq for each x R K. Justify your answer by providing a example or
by proving non-existence.

Exercise 6.18. Consider the function f : N Ñ N defined by

fpxq “

#

2x ` 1 if φxpxq Ó

2x 9́ 1 otherwise

Is it computable? Justify your answer.

Exercise 6.19(p). Consider the function f : N Ñ N defined by
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fpxq “

#

x sg @y ď x. φytotal

0 otherwise

Is it computable? Justify your answer.

Exercise 6.20. Consider the function f : N Ñ N defined by

fpxq “

#

x ` 2 if φxpxq Ó

x 9́ 1 otherwise

Is it computable? Justify your answer.

Exercise 6.21. Consider the function f : N Ñ N defined by

fpxq “

#

φxpx ` 1q ` 1 if φxpx ` 1q Ó

Ò otherwise

Is it computable? Justify your answer.

Exercise 6.22. Consider the function f : N Ñ N defined by

fpxq “

#

φxpxq ` 1 if φypyq Ó for each y ď x

0 otherwise

Is it computable? Justify your answer.

Exercise 6.23. Consider the function f : N Ñ N defined by

fpxq “

"

x2 if φxpxq Ó

x ` 1 otherwise

Is it computable? Justify your answer.

Exercise 6.24. A function f : N Ñ N is called almost total if it is undefined on a finite set of
points. Is there an almost total and computable function f : N Ñ N such that f Ď χK? Justify
your answer by giving an example of such a function in case it exists or a proof of non-existence,
otherwise.

Exercise 6.25. Say that a function f : N Ñ N is almost constant if there is a value k P N such
that the set tx | fpxq ‰ ku is finite. Is there an almost constant function which is not computable?
Adequately motivate your answer.

Exercise 6.26. Is there a total non-computable function f : N Ñ N with the property that
fpxq “ x2 for all x P N such that φxpxq Ó? Justify your answer by providing an example of such
function, if it exists, or by proving that it does not exist, otherwise.

Exercise 6.27(p). Is there a non-computable function f : N Ñ N such that for any non-
computable function g : N Ñ N the function f ˚g (defined as pf ˚gqpxq “ fpxq¨gpxq) is computable?
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Justify your answer (providing an example of such f , if it exists, or proving that it does not exist).

Exercise 6.28(p). Define a function f : N Ñ N total and not computable such that fpxq “ x{2
for each even x P N or prove that such a function does not exist.

Exercise 6.29. Is there a total non-computable function f : N Ñ N such that the function
g : N Ñ N defined, for each x P N, by gpxq “ fpxq ´x is computable? Provide an example or prove
that such a function does not exist.

Exercise 6.30(p). Is there may be a non-computable function f : N Ñ N such that for each
non-computable function g : N Ñ N the function f ` g (defined by pf ` gqpxq “ fpxq ` gpxq)
is computable? Justify your answer (providing an example of such f , if it exists, or proving that
cannot exist).

Exercise 6.31. Is there a computable function f : N Ñ N such that dompfq “ K and codpfq “ N?
Justify your answer.

Exercise 6.32. Let A be a recursive set and let f1, f2 : N Ñ N be computable functions. Prove
that the function f : N Ñ N defined below is computable:

fpxq “

"

f1pxq if x P A
f2pxq if x R A

Does the result hold if we weaken the hypotheses and assume A only r.e.? Explain how the proof
can be adapted, if the answer is positive, or provide a counterexample, otherwise.

Exercise 6.33(p). Is there a total, non-computable function such that imgpfq “ tfpxq | x P Nu

is the set Pr of Prime numbers? Justify your answer.

7 Reduction, Recursiveness and Recursive Enumerability

Exercise 7.1. Prove that a set A is recursive if and only if there is a total computable function
f : N Ñ N such that x P A if and only if fpxq ą x.

Exercise 7.2. Prove that a set A is recursive if and only if there are two total computable functions
f, g : N Ñ N such that for each x P N

x P A if and only if fpxq ą gpxq.

Exercise 7.3. Prove that a set A is recursive if and only if A ďm t0u.
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Exercise 7.4. Let A Ď N be a set and let f : N Ñ N be a computable function. Prove that if A
is r.e. then fpAq “ ty P N | Dx P A. y “ fpxqu is r.e. Is the converse also true? That is, from fpAq

r.e. can we deduce that A is r.e.?

Exercise 7.5. Let A be a recursive set and f : N Ñ N be a total computable function. Is it true,
in general, that fpAq is r.e.? Is it true that fpAq is recursive? Justify your answers with a proof or
counterexample.

Exercise 7.6. Let A Ď N be a set and let f : N Ñ N be a computable function. Prove that if A is
recursive then f´1pAq “ tx P N | fpxq P Au is r.e. Is the set f´1pAq also recursive? For the latter
give a proof or provide a counterexample.

Exercise 7.7. Prove that a set A is r.e. if and only if A ďm K.

Exercise 7.8. Prove that a set A is r.e. if and only if there is a computable function f : N Ñ N
such that A “ imgpfq (remember that imgpfq “ ty : Dz. y “ fpzqu).

Exercise 7.9. Given a function f : N Ñ N, define the predicate Pf px, yq ” “fpxq “ y2, i.e.,
Pf px, yq is true if x P dompfq and fpxq “ y. Prove that f is computable if and only if the predicate
Pf px, yq is semi-decidable.

Exercise 7.10. Let A Ď N. Prove that A is recursive and infinite if and only if it is the image of
a function f : N Ñ N computable, total and strictly increasing (i.e., such that for each x, y P N, if
x ă y then fpxq ă fpyq).

Exercise 7.11. Let π : N2 Ñ N be the function encoding pairs of natural numbers into the natural
numbers. Prove that a function f : N Ñ N is computable if and only if the set Af “ tπpx, fpxqq x P

Nu is recursively enumerable.

Exercise 7.12. Prove that a set A Ď N is recursive if and only if A ďm t0u.

Exercise 7.13. Let A Ď N be a non-empty set. Prove that A is recursively enumerable if and only
if there exists a function f : N Ñ N such that dompfq is the set of prime numbers and imgpfq “ A.

Exercise 7.14. Let A Ď C be a set of computable functions such that, denoted by 0 and 1 the
constant functions 0 and1, respectively, we have 0 R A and 1 P A. Define A “ tx : φx P Au and
show that either A is not or Ā is not r.e.

Exercise 7.15. Establish whether an index x P N can exist such that K̄ “ t2y ´ 1 : y P Exu.
Justify your answer.
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Exercise 7.16. Given two sets A,B Ď N what A ďm B means. Prove that given A,B,C Ď N the
following hold:

a. if A ďm B and B ďm C then A ďm C;

b. if A ‰ N then H ďm A.

Exercise 7.17. Given two sets A,B Ď N define what A ďm B means. Is it the case that A ďm

A Y t0u for all sets A? If the answer is positive, provide a proof, otherwise, a counterexample. In
the second case, identify a condition (specifying whether it is only sufficient or also necessary) that
make A ďm A Y t0u true.

Exercise 7.18. Given two sets A,B Ď N define what A ďm B means. Prove that, given any
A Ď N, we have A r.e. iff A ďm K.

Exercise 7.19. Prove that a set A Ď N is recursive if and only if A and Ā are r.e.

Exercise 7.20. State and prove Rice’s theorem(without using the second recursion theorem).

Exercise 7.21. Define what it means for a set A Ď N to be saturated and prove that K is not is
saturated.

Exercise 7.22. LetA Ď Cbe a set of functions computable and letf P A such that for any function
overθ Ď f is worth θ R A. Prove that A “ tx P N | φx P Au is not r.e.

8 Characterization of sets

Exercise 8.1. Study the recursiveness of the set A “ tx P N : |Wx| ě 2u, i.e., establish if A and Ā
are recursive/recursively enumerable.

Exercise 8.2. Study the recursiveness of the set A “ tx P N : x P Wx X Exu, i.e., establish if A
and Ā are recursive/recursively enumerable.

Exercise 8.3. Study the recursiveness of the set

B “ tx | x P Wx Y Exu,

i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.4. Study the recursiveness of the set A “ tx P N : Wx Ď Pu, where P is the set of even
numbers, i.e. establish whether A and Ā are recursive/recursively enumerable.
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Exercise 8.5. Study the recursiveness of the set A “ tx P N : Dy, z P N. z ą 1 ^ x “ yzu, i.e.,
establish if A and Ā are recursive/recursively enumerable.

Exercise 8.6. Study the recursiveness of the set A “ tx P N : ϕxpyq “ y for infinitely many yu,
i.e., establish if A and Ā are recursive/recursive enumerable.

Exercise 8.7. Study the recursiveness of the set A “ tx P N : Wx Ď Exu, i.e., establish if A and
Ā are recursive/recursively enumerable.

Exercise 8.8. Study the recursiveness of the set A “ tx P N : |Wx| ą |Ex|u, i.e. establish whether
A and Ā are recursive/recursively enumerable.

Exercise 8.9. Study the recursiveness of the set A “ tx P N | φxpyq “ x ˚ y per some yu, that is
to say if A e Āare recursive/recursively enumerable.

Exercise 8.10. Study the recursiveness of the set A “ tx P N | |Wx XEx| “ 1u, i.e., establish if A
e Āare recursive/recursively enumerable.

Exercise 8.11. Say that a function f : N Ñ N is strictly increasing when for each y, z P dompfq,
if y ă z then fpyq ă fpzq. Study the recursiveness of the set A “ tx | φx sharply increasingu, i.e.,
establish whether A and Ā are recursive/recursively enumerable.

Exercise 8.12. Say that a function f : N Ñ N is almost total if it is undefined on a finite set of
points. Study the recursiveness of the set A “ tx | φx almost totalu, i.e., establish if A and Ā are
recursive/recursively enumerable.

Exercise 8.13. Study the recursiveness of the set A “ tx P N : Wx X Ex “ Hu, i.e., establish
whether A and Ā are recursive/recursively enumerable.

Exercise 8.14. Given a set X Ď N, we define X ` 1 “ tx ` 1 : x P Xu. Study the recursiveness of
the set A “ tx P N : Ex “ Wx ` 1u, i.e., establish if A and Ā are recursive/recursively enumerable.

Exercise 8.15. Let P be the set of even numbers. Prove that indicated with A “ tx P N : Ex “ Pu,
we have K̄ ďm A.

Exercise 8.16. Study the recursiveness of the set A “ tx P N : φxpxq Ó ^ φxpxq ă x ` 1u, i.e.,
establish if A and Ā are recursive/recursive enumerable.
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Exercise 8.17. Study the recursion of the set A “ tx P N : x P Wx ^ φxpxq “ x2u, i.e., establish
if A and Ā are recursive/recursive enumerable.

Exercise 8.18. Study the recursiveness of the set A “ tx P N : Dk P N. φxpx`3kq Òu, i.e., establish
if A and Ā are recursive/recursive enumerable.

Exercise 8.19. Study the recursiveness of the set A “ tx P N : Wx “ Exu, i.e., establish if A and
Ā are recursive/recursively enumerable.

Exercise 8.20. Study the recursiveness of the set

B “ tπpx, yq Pxpxq Ó in less than ystepsu,

i.e., establish whether B and B̄ are recursive/recursively enumerable.

Exercise 8.21. Given A “ tx | φx is totalu, show that K̄ ďm A.

Exercise 8.22. Study the recursiveness of the set A “ tx P N : φxpyq “ yfor infinitiesyu, that is,
say if A and Ā are recursive/recursive enumerable.

Exercise 8.23. Given a subset X Ď N define F pXq “ t0u Y ty, y ` 1 | y P Xu. Studying recur-
siveness of the set A “ tx P N : Wx “ F pExqu, i.e., establish if A and Ā are recursive/recursively
enumerable.

Exercise 8.24. Study the recursiveness of the set

B “ tx | k ¨ px ` 1q P Wx X Exfor each k P Nu,

i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.25. Let H be the always undefined function. Study the recursiveness of the set A “

tx | φx “ Hu, i.e., establish if A and Ā are recursive/recursive enumerable.

Exercise 8.26. Study the recursiveness of the set A “ tx @y. if y ` x P Wx then y ď φxpy ` xqu,
i.e., establish whether A and Ā are recursive/recursive enumerable.

Exercise 8.27. Study the recursiveness of the set A “ tx | φxpy ` xq Ó for some y ě 0u, i.e.,
establish if A and Ā are recursive/recursively enumerable.

Exercise 8.28. Let X Ď N be finite, X ‰ H and define AX “ tx P N : Wx “ Ex Y Xu. Study the
recursiveness of A, i.e., say if AX and ĀX are recursive/recursively enumerable.
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Exercise 8.29. Let A “ tx P N : Wx X Ex ‰ Hu. Study the recursiveness of A, i.e., say if A and
Ā are recursive/recursively enumerable.

Exercise 8.30. Study the recursiveness of the set A “ tx P N : @k P N. x` k P Wxu, i.e., establish
if A and Ā are recursive/recursively enumerable.

Exercise 8.31. A partial function f : N Ñ N is called injective when for each x, y P dompfq, if
fpxq “ fpyq then x “ y. Study the recursiveness of the set A “ tx φx injectiveu, i.e., establish if
A and Ā are recursive/recursive enumerable.

Exercise 8.32. Study the recursiveness of the set A “ tx P N : Dy P Ex.Dz P Wx. x “ y ˚ zu, i.e.,
establish if A and Ā are recursive/recursive enumerable.

Exercise 8.33. Study the recursiveness of the set A “ tx P N : x P Wx ^ φxpxq ą xu, i.e.,
establish if A and Ā are recursive/recursive enumerable.

Exercise 8.34. Let f be a total computable function such that imgpfq “ tfpxq : x P Nu is infinite.
Study the recursiveness of the set

A “ tx Dy P Wx. x ă fpyqu,

i.e., establish if A e Ā are recursive/recursively enumerable.

Exercise 8.35. Study the recursiveness of the set B “ tx P N : x P Exu, i.e., establish if B and B̄
are recursive/recursively enumerable.

Exercise 8.36. Study the recursiveness of the set V “ tx P N : Wx infinityu, i.e., establish if V
and V are recursive/recursively enumerable.

Exercise 8.37. Study the recursiveness of the set V “ tx P N : Dy P Wx. Dk P N. y “ k ¨ xu, i.e.,
establish if V and V are recursive/recursive enumerable.

Exercise 8.38. Study the recursiveness of the set V “ tx P N : |Wx| ą 1u, i.e., establish if V and
V are recursive/recursive enumerable.

Exercise 8.39. Let P be the set of even numbers and Pr the set of prime numbers. Show that
P ďm Pr and Pr ďm P .

Exercise 8.40. Let f : N Ñ N be a fixed total computable function. Study the recursiveness of
the set B “ tx P N fpxq P Exu, i.e., establish if B and B̄ are recursive/recursively enumerable.
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Exercise 8.41. Let f : N Ñ N be a fixed total computable function. Study the recursiveness of the
set B “ tx P N imgpfq XEx ‰ Hu, i.e., establish if B and B̄ are recursive/recursively enumerable.
Please note that imgpfq “ tfpxq | x P Nu.

Exercise 8.42. Study the recursiveness of the set B “ tx P N Ex Ğ Wxu, i.e., establish if B e
B̄are recursive/recursively enumerable.

Exercise 8.43. Let B “ tx | @m P N. m ¨ x P Wxu. Study the recursiveness of the B set, that is
to say if B and B̄ are recursive/recursively enumerable.

Exercise 8.44. Given A “ tx | φx is totalu, show that K̄ ďm A.

Exercise 8.45. Study the recursiveness of the set B “ tx P N Dy ą x. y P Exu, i.e., establish ifB
and B̄ are recursive/recursively enumerable.

Exercise 8.46. Study the recursiveness of the set B “ tx P N @y ą x. 2y P Wxu, i.e., establish if
B and B̄ are recursive/recursively enumerable.

Exercise 8.47. Study the recursiveness of the set B “ tx P N : 1 ď |Ex| ď 2u, i.e., establish if B
e B̄ are recursive/recursively enumerable.

Exercise 8.48. Study the recursiveness of the set A “ tx P N | P Ď Wxu, i.e., establish ifA and Ā
are recursive/recursively enumerable.

Exercise 8.49. Study the recursiveness of the set B “ tx P N φxpyq “ y2 for infinitive yu, i.e.,
establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.50. Given X Ď N, indicate by 2X the set 2X “ t2x : x P Xu. Study the recursiveness
of the set B “ tx P N 2Wx Ď Exu, i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.51. Study the recursiveness of the set B “ tx P N Wx Ě Pru, where Pr Ď Nis the set
of the prime numbers, i.e., establish if B and B̄ are recursive/recursively enumerable.

Exercise 8.52. Classify the following set from the point of view of recursiveness

B “ tπpx, yq Px stops on input x in more than y stepsu,

where π : N2 Ñ N is the pair encoding function, i.e., establish if B and B̄ are recursive/recursively
enumerable.

Exercise 8.53. Say that a function f : N Ñ N is symmetric in the interval r0, 2ks if dompfq Ě
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r0, 2ks and for each y P r0, ks we have fpyq “ fp2k ´ yq. Study the recursiveness of the set

A “ tx P N : Dk ą 0. φx symmetric in r0, 2ksu,

i.e., establish if A and Ā are recursive/recursively enumerable.

Exercise 8.54. Given X Ď N define incpXq “ X Y tx ` 1 : x P Xu. Classify the following set
from the point of view of recursiveness B “ tx P N : incpWxq “ Exu, i.e. say if B and B̄ are
recursive/recursively enumerable.

Exercise 8.55. Classify the following set from the point of view of recursiveness

B “ tx φxp0q Ò _ φxp0q “ 0u,

i.e., establish if B and B̄are recursive/recursively enumerable.

Exercise 8.56. A function f : N Ñ N is said increasing when for each x, y P dompfq, if x ă y
then fpxq ă fpyq. Define B “ tx P N : φx increasingu and show that K ďm B.

Exercise 8.57. Say that a function f : N Ñ N is k-bounded if @x P dompfq we have fpxq ă k.
For each k P N, study the recursiveness of the set

Ak “ tx P N : φx k- boundedu,

i.e., establish if A and Ā are recursive/recursively enumerable.

Exercise 8.58. Classify the following set from the point of view of recursiveness B “ tx ` y :
x, y P N ^ φxpyq Òu, i.e., establish whether B and B̄ are recursive/recursively enumerable.

Exercise 8.59. Let f be a total computable function. Classify the following set from the point of
view of recursiveness Bf “ tx P N φxpyq “ fpyq for infinitivesyu, i.e., establish if B and B̄ are
recursive/recursive enumerable.

Exercise 8.60. Let f be a total computable function, different from the identity. Classify the
following set from the point of view of recursiveness Bf “ tx P N φx “ f ˝ φxu, i.e., establish if
Bf and B̄f are recursive/recursively enumerable.

Exercise 8.61. Study the recursiveness of the set B “ tx P N : Dk P N. k ¨ x P Wxu, i.e. establish
whether B and B are recursive/recursively enumerable.

Exercise 8.62. Classify from the point of view of recursiveness the set B “ tx P N : @k P N. k`x P

Wxu, i.e., establish if B and B are recursive/recursively enumerable.

Exercise 8.63. Classify from the point of view of recursiveness the set V “ tx P N : Ex infiniteu,
i.e., establish if V and V are recursive/recursively enumerable.
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Exercise 8.64. Classify the following set from the point of view of recursiveness B “ tx P N x P

Wxzt0uu, i.e. establish if B and B̄ are recursive/recursively enumerable.

Exercise 8.65. Classify the following set from the point of view of recursiveness

A “ tx | WxzEx infiniteu,

i.e., establish if A and Ā are recursive/recursively enumerable.

Exercise 8.66. Classify the following set from the point of view of recursiveness B “ tx P N :
|WxzEx| ě 2u, i.e., establish if B e B̄ are recursive/recursively enumerable.

Exercise 8.67. Classify the following set from the point of view of recursiveness B “ tx P N :
Dk P N. @y ě k. φxpyq Óu, i.e., establish if B and B̄ are recursive/recursively enumerable.

Exercise 8.68. Classify the following set from the point of view of recursiveness B “ tx P N x ą

0 ^ x{2 R Exu, i.e., establish if B and B̄ are recursive/recursively enumerable.

Exercise 8.69. Classify the following set from the point of view of recursiveness

B “ tx P N : @y P Wx. Dz P Wx. py ă zq ^ pφxpyq ą φxpzqqu,

i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.70. Classify the following set from the point of view of recursiveness

B “ tx P N : @y P Wx. Dz P Wx. py ă zq ^ pφxpyq ă φxpzqqu,

i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.71. Classify the following set from the point of view of recursiveness

A “ tx | Wx Y Ex “ Nu,

i.e., establish if A and Ā are recursive/recursive enumerable.

Exercise 8.72. Classify the following set from the point of view of recursiveness

B “ tx | Dk P N. kx P Wxu,

i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.73. Given X,Y Ď N define X `Y “ tx`y | x P X ^ y P Y u. Study the recursiveness
of the set

B “ tx | x P Wx ` Exu,
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i.e., establish if B and B̄ are recursive/recursive enumerable.

Exercise 8.74. Classify from the point of view of recursiveness the set A “ tx P N : WxXEx “ Nu,
i.e., say if A and Ā are recursive/recursively enumerable.

9 Second recursion theorem

Exercise 9.1. State and prove the second recursion theorem.

Exercise 9.2. State the second recursion theorem and use it to prove that K is not is recursive.

Exercise 9.3. State the Second Recursion Theorem and use it for proving that there exists x P N
such that φxpyq “ yx, for each y P N.

Exercise 9.4. State the Second Recursion Theorem and use it for proving that there exists n P N
such that Wn “ En “ tx ¨ n : x P Nu.

Exercise 9.5. State the Second Recursion Theorem and use it for proving that x P Nexists such
that φxpyq “ x ` y.

Exercise 9.6. State the Second Recursion Theorem and use it for proving that there exists x P N
such that φxpyq “ x ´ y.

Exercise 9.7. State the second recursion theorem and use it for proving that there exists a n P N
such that φn is total and |En| “ n.

Exercise 9.8. State the second recursion theorem and use it for proving that the function ∆ :
N Ñ N, defined by ∆pxq “ minty : φy ‰ φxu, is not computable.

Exercise 9.9. State the second recursion theorem and use it for proving that, if we indicate by
e0 an index of the function always undefined H and by e1 an index of the identity function, the
function h : N Ñ N, defined by

hpxq “

"

e0 if φx is total
e1 otherwise

is not computable.

Exercise 9.10. State the Second Recursion Theorem and use it for proving that there exists an
index x P N such that
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φxpyq “

"

y2 if x ď y ď x ` 2
Ò otherwise

Exercise 9.11. State the second recursion theorem and use it for proving that the set C “ tx :
2x P Wx X Exu is not saturated.

Exercise 9.12. State the second recursion theorem. Use it for proving that the set C “ tx P N |

x P Exu not saturated.

Exercise 9.13. Let e0 and e1 be indices for the function always undefined H and the constant 1,
respectively. State the Second Recursion Theorem and use it to prove that the function g : N Ñ N
defined as below, is not computable:

gpxq “

"

e0 φx total
e1 otherwise

Exercise 9.14. State the second recursion theorem. Prove that, given a function f : N Ñ N total
computable injective, the set Cf “ tx : fpxq P Wxu is not saturated.

Exercise 9.15. State the second recursion theorem. Use it for proving that if C is a set such that
C ďm C, then C is not saturated.

Exercise 9.16. State the Second Recursion Theorem and use it for proving that there is an
indexand P N such that

φepyq “

"

y ` e if y multiple ofe
Ò otherwise

Exercise 9.17. State the second recursion theorem. Use it for proving that every function f which
is not total, but undefined only on a single point, i.e. dompfq “ Nztku for some k P N, admits a
fixed point, i.e., there is x ‰ k such that φx “ φfpxq.

Exercise 9.18. State the Second Recursion Theorem and use it for proving that there is n P N
such that Wn “ En “ tx ¨ n : x P Nu.

Exercise 9.19. Prove that there exists n P N such that φn “ φn`1 and also m P N such that
φm ‰ φm`1.

Exercise 9.20. State the second recursion theorem. Use it for proving that the set B “ tx P N :
Dk P N. k ¨ x P Wxu is not saturated.
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Exercise 9.21. State the second recursion theorem. Use it for proving that the set C “ tx P N :
φxpxq “ x2u is not saturated.

Exercise 9.22. State the second recursion theorem and use it for proving that there is an index
k such that Wk “ tk ˚ i | i P Nu.

Exercise 9.23. State the second recursion theorem. Use it for proving that the set C “ tx P N :
r0, xs Ď Wxu is not saturated.

Exercise 9.24. State the second recursion theorem and use it for proving that there is an index
n P N such that φpn “ φn, where pn is the n-th prime number.

Exercise 9.25. State the second recursion theorem. Use it for proving that there is an index x
such that Wx “ tkx | k P Nu.

Exercise 9.26. State the second recursion theorem. Use it for prove that there is an index e P N
such that We “ ten : n P Nu.

Exercise 9.27. Use the second recursion theorem to prove that the following set is not saturated

C “ tx | Wx “ N ^ φxp0q “ xu.
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