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Abstract. In orderto modelthebehaviour of openconcurrentsystemsby means
of Petrinets,weintroduceopenPetri nets, ageneralizationof theordinarymodel
wheresomeplaces,designatedasopen, representan interfaceof thesystemto-
wardsthe environment.Besidesgeneralizingthe token gameto reflect this ex-
tension,we definea truly concurrentsemanticsfor opennetsby extendingthe
Goltz-Reisigprocesssemanticsof Petri nets.We introducea compositionoper-
ation over opennets,characterizedasa pushoutin the correspondingcategory,
suitableto model both interactionthroughopenplacesandsynchronizationof
transitions.Theprocesssemanticsis shown to becompositionalwith respectto
suchcompositionoperation.Technically, ourresultis similarto theamalgamation
theoremfor data-typesin the framework of algebraicspecifications.A possible
applicationfield of theproposedconstructionsandresultsis themodelingof in-
terorganizationalworkflows, recentlystudiedin the literature.This is illustrated
by a runningexample.

1 Intr oduction

Among the variousmodelsof concurrentanddistributedsystems,Petri nets[16] are
certainlynot the mostexpressive or the best-behaved.However, dueto their intuitive
graphicalrepresentation,Petrinetsarewidely usedboth in theoreticalandappliedre-
searchto specifyandvisualizethe behaviour of systems.Especiallywhenexplaining
theconcurrentbehaviour of a net to non-experts,oneimportantfeatureof Petrinetsis
thepossibilityto describetheir executionwithin thesamevisualnotation,i.e., in terms
of processes[5].

However, whenmodelingreactivesystems, i.e.,concurrentsystemswith interacting
subsystems,Petrinetsforceusto take a globalperspective. In fact,ordinaryPetrinets
arenotadequateto modelopensystemswhichcaninteractwith theirenvironmentor, in
a differentview, which areonly partially specified.This contradictsthecommonprac-
tice, e.g.,in softwareengineering,wherea largesystemis usuallybuilt out of smaller
components.�
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Fig.1. Samplenetmodelinganinterorganizationalworkflow.

Let us explain this problemin more detail by meansof a typical applicationof
Petri nets,the specificationof workflows. A workflowdescribesa businessprocessin
termsof tasksandsharedresources,asneeded,for example,whenthe integrationof
differentorganizationsis an issue.A workflownet [17] is a Petri net satisfyingsome
structuralconstraints,like theexistenceof oneinitial andonefinal place,anda corre-
spondingsoundnesscondition: from eachmarkingreachablefrom the initial one(one
tokenon theinitial place)wecanreachthefinal marking(onetokenonthefinal place).
An interorganizationalworkflow [18] is modeledasa setof suchworkflow netscon-
nectedthroughadditionalplacesfor asynchronouscommunicationandsynchronization
requirementson transitions.

For instance,Fig. 1 shows aninterorganizationalworkflow consistingof two local
workflow netsTraveler andAgency relatedthroughcommunicationplacescan, ack, bill,
payment and ticket anda synchronizationrequirementbetweenthe two reserve tran-
sitions,modeledby a dashedline. Theexampledescribesthebookingof a flight by a
traveler in cooperationwith a travel agency. After someinitial negotiations(which is
not modeled),both sidessynchronizein the reservationof a flight. Then,the traveler
mayeitheracknowledge or cancel andre-enterthe initial state.In bothcasesanasyn-
chronousnotification(e.g.,a fax), modeledby theplacesack andcan, respectively, is
sentto thetravel agency. Next thelocalworkflow of thetravelerforks into two concur-
rentthreads,thebookingof ahotelandthepaymentof thebill. Thetrip canstartwhen
bothtasksarecompletedandthetickethasbeenprovidedby thetravel agency.

The overall net in Fig. 1 describesthe systemfrom a global perspective. Hence,
theclassicalnotionof behaviour (described,e.g.,in termsof processes)is completely
adequate.However, for a local subnetin isolation(like Traveler) which will only ex-
hibit a meaningfulbehaviour wheninteractingwith othersubnets,this semanticsis not
appropriatebecauseit doesnot take into accountthepossibleinteractions.
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To overcometheselimitations of ordinary Petri nets,we extend the basicmodel
introducingopennets. An opennetis a P/T Petrinetwith a distinguishedsetof places
which are intendedto representthe interfaceof the net towardsthe external world.
Somesimilarities exist with other approachesto net composition,like the Petri box
calculus[2, 9,8], thePetri netswith interface[12,15] andthePetri netcomponents[7],
which will bediscussedin theconclusions.As a consequenceof the(hidden,implicit)
interactionbetweenthe net andthe environment,sometokenscan“freely” appearin
or disappearfrom theopenplaces.Besidesgeneralizingthe tokengameto reflectthis
changes,we provide a truly concurrentsemanticsby extendingthe ordinaryprocess
semantics[5] to opennets.

The embeddingof an opennet in a context is formally describedby a morphism
in a suitablecategory of opennets.Intuitively, in the targetnetnew transitionscanbe
attachedto openplacesand,moreover, the interfacetowardsthe environmentcanbe
reducedby “closing” openplaces.Therefore,opennetmorphismsdo not preserve but
reflect the behaviour, i.e., any computationof the target (larger) net canbe projected
backto a computationin thesource(smaller)net.

A compositionoperation is introducedover opennets.Two opennetsZ1 andZ2

canbecomposedby specifyinga commonsubnetZ0 which embedsbothin Z1 andZ2,
andgluing thetwo netsalongthecommonpart.This is permittedonly if theprescribed
compositionis consistentwith theinterfaces,i.e.,only if theplacesof Z1 andZ2 which
areusedwhenconnectingthe two netsareactuallyopen.The compositionoperation
is characterizedasa pushoutin thecategory of opennets,wheretheconditionsfor the
existenceof thepushoutnicely fit with thementionedconditionover interfaces.

Basedon theseconcepts,the representationof the systemof Fig. 1 in termsof
two interactingopennetsis given by the top part of Fig. 2, which comprisesthe two
componentnetsTraveler and Agency, and the net Common which embedsinto both
componentsby meansof opennetmorphisms.Placeswith incoming/outgoingdangling
arcsareopen.Observe that the commonsubnetCommon of the componentsTraveler
and Agency closely correspondsto the dasheditems of Fig. 1, which representthe
“glue” betweenthetwo components.Thenetresultingfrom thecompositionof Traveler
andAgency over thesharedsubnetCommon is shown in thebottompartof Fig. 2.

Obviously, onewould like to have a clearrelationshipbetweenthe behaviours of
thecomponentnets(netsTraveler andAgency in theexample)andthebehaviour of the
composition(net Global in the example).We show that indeed,the behaviour of the
lattercanbeconstructed“compositionally”out of thebehavioursof theformer, in the
sensethat two deterministicprocesseswhich “agree” on the sharedpart, canbe syn-
chronizedto producea deterministicprocessover the composednet.Vice versa,any
deterministicprocessof theglobalnetcanbedecomposedinto processesof thecompo-
nentnets,which, in turn,canbesynchronizedto give theoriginal processagain.Fig. 3
shows two processesof thenetsTraveler andAgency, thecorrespondingcommonpro-
jectionsovernetCommon andtheprocessof Global arisingfrom theirsynchronization.

Thesynchronizationof processesresemblestheamalgamationof data-typesin the
framework of algebraicspecifications,andthereforewewill speakof amalgamationof
processes. In analogywith theamalgamationtheoremfor algebraicspecifications[4],
themainresultof thispapershowsthattheamalgamationanddecompositionconstruc-
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Fig.2. Interorganizationalworkflow ascompositionof opennetsTraveler andAgency.
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tionsmentionedaboveareinverseto eachother, establishinga bijectionbetweenpairs
of processesof two netswhich agreeon the commonsubnetandprocessesof the net
resultingfrom theircomposition.

The restof the paperis organizedasfollows. Section2 introducesthe openPetri
netmodelandthecorrespondingcategory. Section3 extendsthenotionof processfrom
ordinaryto opennetsanddefinestheoperationof behaviour projection.Section4 intro-
ducesthecompositionoperationfor opennets.Section5 presentsthecompositionality
resultfor theprocesssemanticsof opennets.Finally, Section6 discussessomerelated
work in theliteratureandoutlinespossibledirectionsof futureinvestigation.Theproofs
of theresultspresentedin this papercanbefoundin [1].

2 Open nets

An opennet is an ordinaryP/T Petri net with a distinguishedsetof placeswhich are
intendedto representtheinterfaceof thenettowardstheexternalworld (environment).
As aconsequenceof the(hidden,implicit) interactionbetweenthenetandtheenviron-
ment,sometokenscanfreelyappearin anddisappearfrom theopenplaces.Concretely,
an openplacecan be eitheran input or an output place(or both), meaningthat the
environmentcanput or removetokensfrom thatplace.

Givena setX we denoteby X � the freecommutative monoidgeneratedby X and
by 2X its powerset.Moreover for a functionh : X � Y we denoteby h� : X ��� Y � its
monoidalextensionandby thesamesymbolh : 2X � 2Y theextensionof h to sets.

Definition 1 (P/T Petri net). A P/T Petri net is a tupleN �	� S
 T 
 σ 
 τ � where S is the
setof places,T is thesetof transitions(S � T � /0) andσ 
 τ : T � S� are thefunctions
assigningto each transitionits pre-andpost-set.

In thefollowingwewill denoteby 
���� � and ��� ��
 themonoidalextensionsof thefunctions
σ andτ to functionsfrom T � to S� . Furthermore,givenaplaces � S, thepre-andpost-
setof saredefinedby 
 s ��� t � T � s � t 
�� ands
���� t � T � s ��
 t � .
Definition 2 (Petri net category).Let N0 andN1 bePetri nets.A Petrinetmorphism
f : N0 � N1 is a pair of total functionsf ��� fT 
 fS� with fT : T0 � T1 and fS : S0 � S1,
such that for all t0 � T0, 
 fT � t0 ��� fS� ��
 t0 � and fT � t0 ��
�� fS� � t0 
 � . Thecategory of
P/T Petri netsandPetri netmorphismsis denotedbyNet.

Category Net is a subcategory of the category Petri of [10]. The latter hasthe same
objects,but moregeneralmorphismswhich canmapaplaceinto a multisetof places.

Definition 3 (open net). An open net is a pair Z �!� NZ 
 OZ � , where NZ �� SZ 
 TZ 
 σZ 
 τZ � is an ordinary P/T Petri net and OZ �"� O#Z 
 O$Z �%� 2SZ & 2SZ are the
inputandoutputopenplacesof thenet.

Thenotionof enablednessfor transitionsis theusualone,but, besidesthechanges
producedby the firing of the transitionsof the net,oneconsidersalsothe interaction
with theenvironment,modelledby akind of invisibleactionsproducing/consumingto-
kensin theinput/outputplacesof thenet.Theactionsof theenvironmentwhichproduce
andconsumetokensin anopenplacesaredenotedby ' s and ( s, respectively.
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Definition 4 (firing). Let Z bean opennet.A sequentialmove canbe(i) thefiring of
a transitionm )*
 t + t � m ) t 
 , with m � SZ � , t � TZ; (ii) thecreationof a tokenby the
environmentm + ' s � m ) s, with s � O#Z , m � SZ � ; (iii) the deletionof a token by the
environmentm ) s +,( s � m,with m � SZ � , s � O$Z . A parallelmove is of theform

m )�
 A ) m$ + A� m ) A
-) m# ,

with m � SZ � , A � TZ � , m# �.� O#Z � � , m$ �/� O$Z � � .

Example. The opennetsfor the local workflows Traveler and Agency of Fig. 1 are
shown in themiddleof Fig. 2. Ingoingandoutgoingarcswithout sourceor targetdes-
ignatetheinputandoutputplaces,respectively. Thesynchronizationtransitionreserve
is commonto bothnetsandthecommunicationplaces,likecan, becomeopenplaces.

Definition 5 (open net category). An opennet morphism f : Z1 � Z2 is a Petri net
morphismf : NZ1 � NZ2 such that, if wedefine021�� f �3�4� s � S1 : 
 fS � s�-( fT �5
 s�%6� /0 �
and 798;:<� f �=�4� s � S1 : fS � s� 
 ( fT � s
 ��6� /0 � then

(i) f $ 1
S � O#2 ��>?021@� f ��A O#1 and (ii) f $ 1

S � O$2 ��>B798;:C� f ��A O$1 .

Themorphismf is called an opennet embeddingif both fT and fS are injective. We
will denoteby ONet thecategoryof opennetsandopennetmorphisms.

Hereafter, to lightenthenotation,we will omit thesubscripts“S” and“T” in theplace
andtransitioncomponentsof morphisms,writing f � s� for fS � s� and f � t � for fT � t � .

A morphismf : Z1 � Z2 canbeseenasan“insertion” of netZ1 into a largernetZ2,
extendingZ1. In otherwords,Z2 canbethoughtof asaninstantiationof Z1, wherepart
of theunknownenvironmentgetsspecified.Conditions(i) and(ii) first requirethatopen
placesarereflectedandhencethatplaceswhichare“internal” in Z1 cannotbepromoted
to openplacesin Z2. Furthermore,thecontext in which Z1 is insertedcaninteractwith
Z1 only throughtheopenplaces.To understandhow this is formalized,observethatfor
eachplaces in 021@� f � , its image f � s� is in thepost-setof a transitionoutsidethe image
of 
 s. Hencewe canthink that in Z2 new transitionsareattachedto s andcanproduce
tokensin suchplace.This is the reasonwhy condition(i) alsoasksany placein 021D� f �
to beaninputopenplaceof Z1. Condition(ii) is analogousfor outputplaces.

The above intuition betterfits with opennet embeddings,and indeedmostof the
constructionsin the paperwill be definedfor this subclassof opennet morphisms.
However, for technicalreasons(e.g.,to characterizethecompositionof opennetsasa
pushout)themoregeneralnotionof morphismis useful.

Example. As an exampleof opennet morphism,consider, in Fig. 2, the embedding
of net Traveler into net Global. Observe that the constraintscharacterizingopennets
morphismshaveanintuitivegraphicalinterpretation:

– the connectionsof transitionsto their pre-setandpost-sethave to be preserved.
New connectionscannotbeadded;

– in the larger net, a new arc may be attachedto a placeonly if the corresponding
placeof thesubnethasa danglingarcin thesamedirection.Danglingarcsmaybe
removed,but cannotbeaddedin thelargernet.E.g.,without theoutgoingdangling
arcfrom placecan in netTraveler, i.e., if placecan werenot outputopen,themap-
ping in from Traveler into Global would havenot beena legalopennetmorphism.
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We said that open net morphismsare designedto capture the idea of “in-
sertion” of a net into a larger one. Hence it is natural to expect that they “re-
flect” the behaviour in the sensethat given f : Z0 � Z1, the behaviour of Z1

can be projected along the morphism to the behaviour of Z0 (this fact will be
formalized later, in Construction9). Instead, differently from most of the mor-
phisms consideredover Petri nets, open net morphismscannot be thought of as
simulationssince they do not preserve the behaviour. For instance,consider the
open nets Z0 and Z1 below and the obvious open net morphism betweenthem.

tt tt

ss ss

ZZ
00

ZZ
11

Thenthefiring sequence0 +E' s� s + t � 0 in Z0 is not mappedto a firing sequencein Z1.

3 Processesof opennets

Similarly to what happensfor ordinarynets,a processof an opennet, representinga
concurrentcomputationof the net, is an opennet itself, satisfyingsuitableacyclicity
andconflict freenessrequirements,togetherwith a mappingto theoriginalnet.

Theopennet underlyinga processis anopenoccurrencenet,namelyan opennet
K suchthatNK is anordinaryoccurrencenetandsatisfyingsomeadditionalconditions
over openplaces.The openplacesin K are intendedto representtokenswhich are
produced/consumedby theenvironmentin theconsideredcomputation.Consequently,
every input openplaceis requiredto have an emptypre-set,i.e., to be minimal with
respectto thecausalorder. In fact,aninputopenplacein thepost-setof sometransition
wouldcorrespondto akind of generalizedbackwardconflict:atokenonthisplacecould
begeneratedin two differentwaysandthiswouldpreventoneto interprettheplaceasa
tokenoccurrence.Similarly, to avoid generalizedforwardconflicts,outputopenplaces
arerequiredto bemaximal.

Definition 6 (open (deterministic) occurrencenet). An open(deterministic)occur-
rencenet is an opennetK such that

1. NK isanordinary(deterministic)occurrencenet,namely(i) for anyt � TK , 
 t andt 

aresets,ratherthanpropermultisets;(ii) for anyt 
 t FG� TK , if t 6� t F then 
 t �H
 t F�� /0
andt 
-� t F2
I� /0; (iii) thecausalrelation J K definedastheleasttransitiverelation
such that x J K y if y � x
 , for x 
 y � SK > TK , is a finitary strict partial order.

2. each inputopenplaceis minimalandeach outputopenplaceis maximalw.r.t. J K ,
i.e., K s � O#K L 
 s � /0 and K s � O$K L s
�� /0.

Definition 7 (opennet process).A (deterministic)processof an opennetZ is a map-
ping π : K � Z where K is an openoccurrencenet and π : NK � NZ is a Petri net
morphism,such that πS � O#K ��A O#Z andπS � O$K �3A O$Z .
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Notethat theprocessmappingπ is not, in general,anopennetmorphism.In fact,the
processmappingmustbea simulation,i.e., it mustpreserve thebehaviour. Moreover,
the imageof an openplace in K must be an openplace in Z, since tokenscan be
produced(consumed)by theenvironmentonly in input (output)openplacesof Z.

Example. A processfor theopennetTraveler canbefoundin theleft partof Fig. 3. The
morphismbackto theoriginal netTraveler is implicitly representedby thelabeling(an
item : x is mappedto x). Observe that the requirementsof minimality for input places
andof maximalityfor outputplacesof aprocesshaveanaturalgraphicalinterpretation:
the absenceof backward andforward conflictsextendsto danglingarcs,i.e., in total,
eachplacemayhaveat mostoneingoingandoneoutgoingarc.

Definition 8 (category of processes).We denoteby Proc the category where objects
are processesand, given two processesπ0 : K0 � Z0 and π1 : K1 � Z1, an arrow
ψ : π0 � π1 is a pair of opennetmorphismsψ �	� ψZ : Z0 � Z1 
 ψK : K0 � K1 � such
that thefollowing diagram(indeedtheunderlyingdiagramin Net) commutes

K0

π0

ψK
K1

π1
ψ

Z0 ψZ
Z1

Let f : Z0 � Z1 be an opennet morphism.As mentionedbefore,it is naturalto
expectthateachcomputationin Z1 canbe “projected” to Z0, by consideringonly the
partof thecomputationof the largernetwhich is visible in thesmallernet.Theabove
intuition is formalized,in thecaseof anopennetembeddingf : Z0 � Z1, by showing
how aprocessof Z1 canbeprojectedalong f giving a processof Z0.

Construction 9 (processprojection). Let f : Z0 � Z1 beanopennetembeddingand
let π1 : K1 � Z1 bea processof Z1. A projectionof π1 along f is a pair � π0 
 ψ � where
π0 : K0 � Z0 is a processof Z0 andψ : π0 � π1 is an arrow in Proc, constructedas
follows.Take thepullbackof π1 and f in Net, obtainingthenetmorphismsπ0 andψK .

NK0

π0

ψK NK1

π1

NZ0 f
NZ1

ThenK0 is obtainedby taking NK0 with the smallestsetsof openplaceswhich make
ψK : NK0 � NK1 anopennetmorphism,namelyO#K0

� ψK $ 1 � O#K1
�M>B021�� ψK � andO$K0

�
ψK $ 1 � O$K1

��>N7-8�: � ψK � , andψ ��� ψK 
 f � .
Example. Theembeddingof Traveler into Global in Fig. 2 inducesaprojectionof open
netprocessesin theoppositedirection.For instance,thebottompartof Fig. 3 shows a
processof Global. Itsprojectionalongtheembeddingof Traveler into Global is shownon
the left partof thesamefigure.Noticehow transitionacknowledged, which consumes
a tokenin placeack, is replacedin theprojectionby a danglingoutputarc:aninternal
actionin thelargernetbecomesaninteractionwith theenvironmentin thesmallerone.
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4 Composingopennets

We introducea basicmechanismfor composingopennets,characterizedasa pushout
constructionin thecategoryof opennets.Intuitively, two opennetsZ1 andZ2 arecom-
posedby specifyinga commonsubnetZ0, andthenby joining the two netsalongZ0.
For instance,theopennetsfor thelocalworkflowsTraveler andAgency in themiddleof
Fig.2sharethesubnetCommon, depictedin thetopof thesamefigure,whichrepresents
the“glue” betweenthetwo components.ThenetGlobal resultingfrom thecomposition
of Traveler andAgency over the sharedsubnetCommon is shown in the bottompart
of Fig. 2. This compositionis only definedif the embeddingsof the componentsinto
theresultingnetsatisfytheconstraintsof opennetmorphisms.For example,if we re-
move the ingoingdanglingarcof theplaceticket in thenetTraveler, theembeddingof
Common into Traveler wouldstill representa legalopennetmorphism.However, in this
casetheembeddingof Traveler into Global wouldbecomeillegalbecauseof thenew arc
from issueTicket (seecondition(i) of Definition 5).

Formally, giventwo netsZ1 andZ2 anda span f1 : Z0 � Z1 and f2 : Z0 � Z2, the
compositionoperationconstructsthecorrespondingpushoutin ONet. Category ONet
doesnot have all pushouts,while category Net does.This correspondsto the intuition
that the compositionoperationcanbe performedin Net andthenlifted to ONet, but
only whenit respectsthe interfacesspecifiedby the variouscomponents,e.g.,a new
transitioncanbeattachedto a placeonly if suchplaceis open(seealso[1]).

We startby recallingthat for any spanN1
f1O N0

f2� N2 in Net the pushoutalways

exists.It canbedefinedasN1
α1� N3

α2O N2, wherethesetsof placesandtransitionsof N3

arecomputedasthepushoutin Setof thecorrespondingcomponents,i.e.,S3 � S1 ' S0 S2

andT3 � T1 ' T0 T2. The sourceand target functionsaredefinedby: for all t � T3, if
t � αi � ti � with ti � Ti and i �P� 1 
 2 � then 
 t � αi ���Q
 ti � and t 
R� αi �S� ti 
 � . Next we
formalizetheconditionwhichensuresthecomposabilityof a spanin ONet.

Definition 10 (composablespan).LetZ1
f1O Z0

f2� Z2 bea spanof opennetmorphisms.
We saythat f1 and f2 are composableif

1. f2 �T021�� f1 ����A O#Z2
and f2 �U798;:<� f1 ����A O$Z2

;

2. f1 �T021�� f2 ����A O#Z1
and f1 �U798;:<� f2 ����A O$Z1

.

In words, f1 and f2 arecomposableif the placeswhich areusedas interfacesby f1,
namelytheplaces021@� f1 � and 798;: � f1 � , aremappedby f2 to inputandoutputopenplaces
in Z2, andalsothesymmetricconditionholds.If, andonly if, this conditionis satisfied
thepushoutof f1 and f2 canbecomputedin Net andthenlifted to ONet.

Proposition11 (pushouts in ONet). Let Z1
f1O Z0

f2� Z2 be a spanin ONet (seethe
diagramin Fig. 4). Computethepushoutof thecorrespondingdiagramin thecategory
Net obtainingthenetNZ3 andthemorphismsα1 andα2, andthentakeasopenplaces,
for x �/�G'?
�(V� , Ox

Z3
�W� s3 � S3 � α $ 1

1 � s3 �SA Ox
Z1 X α $ 1

2 � s3 ��A Ox
Z2

� . Then � α1 
 Z3 
 α2 �
is thepushoutin ONet of f1 and f2 iff f1 and f2 arecomposable.
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Z0 f2f1

Z1
α1

Z2
α2Z3

Fig.4. Pushoutin ONet.

5 Amalgamating processesof opennets

Let f1 : Z0 � Z1 and f2 : Z0 � Z2 bea composablespanof opennetembeddingsand
considerthecorrespondingcomposition,i.e.,thepushoutin ONet, asdepictedin Fig.4.
We would like to establisha clearrelationshipamongthe behaviours of the involved
nets.Roughlyspeaking,we would like that the behaviour of Z3 could be constructed
“compositionally”outof thebehavioursof Z1 andZ2.

In thissectionweshow how thiscanbedonefor processes.Giventwo processesπ1

of Z1 andπ2 of Z2 which“agree”onZ0, weconstructaprocessπ3 of Z3 by “amalgamat-
ing” π1 andπ2. Vice versa,eachprocessπ3 of Z3 canbeprojectedover two processes
π1 andπ2 of Z1 andZ2, respectively, which canbeamalgamatedto produceπ3 again.
Hence,all andonly theprocessesof Z3 canbeobtainedby amalgamatingtheprocesses
of thecomponentsZ1 andZ2. This is formalizedby showing that,workingupto isomor-
phism,theamalgamationanddecompositionoperationsareinverseto eachother. This
leadsto a bijective correspondencebetweentheprocessesof Z3 andpair of processes
of thecomponentsZ1 andZ2 which agreeon thecommonsubnetZ0.

As a first steptowardstheamalgamationof processeswe identify a suitablecondi-
tion which ensuresthat thepushoutof occurrenceopennetsexistsandproducesa net
in the sameclass.This conditionwill be usedlater to formalize the intuitive ideaof
processesof differentnetswhich “agree”on acommonpart.

For a given spanK1
f1O K0

f2� K2 we introducethe notion of causalityrelationin-
ducedbyK1 andK2 overK0. Whenthetwo netsarecomposedthecorrespondingcausal-
ity relationsget“fused”. Hence,to avoid thecreationof cyclic causaldependenciesin
theresultingnet,theinducedcausalitywill berequiredto bea partialorder.

Definition 12 (inducedcausalityand consistentspan).LetK1
f1O K0

f2� K2 bea span
in ONet, where Ki (i �Y� 0 
 1 
 2 � ) are occurrenceopennets.Therelation of causalityJ 1 Z 2 inducedover K0 by K1 and K2, through f1 and f2 is the leasttransitiverelation
such that for anyx0 
 y0 in K0, if f1 � x0 �3J 1 f1 � y0 � or f2 � x0 �3J 2 f2 � y0 � thenx0 J 1 Z 2 y0.

We saythat thespanis consistent, written f1 [ f2, if f1 and f2 are composableand
theinducedcausality J 1 Z 2 is a finitary strict partial order.

Thenext propositionshows that thecompositionoperationin ONet, whenapplied
to a consistentspanof occurrencenets,producesanoccurrencenet.

Proposition13. Let K1
f1O K0

f2� K2 be a composablespanin ONet, where Ki (i �� 0 
 1 
 2 � ) are occurrenceopennetsand let K1
α1� K3

α2O K2 be the pushoutin ONet.
Thenf1 [ f2 if andonly if thepushoutobjectK3 is a occurrenceopennet.
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Fig.5. Amalgamationof opennetprocesses.

Two processesπ1 of Z1 andπ2 of Z2 canbe amalgamatedonly when they agree
on the commonsubnetZ0, an ideawhich is formalizedby resortingto the notion of
consistentspanof occurrenceopennets.In therestof thissectionwewill referto afixed
pushoutdiagramin ONet, asrepresentedin Fig. 4, where f1 and f2 area composable
spanof opennetembeddings.

Definition 14 (agreementof processes).Theprocessesπ1 : K1 � Z1 andπ2 : K2 � Z2

agreeon Z0 if there exist projections � π0 
 ψi � along fi of πi for i �\� 1 
 2 � such that

ψ1
K [ ψ2

K (i.e., thespanK1
ψ1

KO K0
ψ2

K� K2 is consistent).In thiscase� π0 
 ψ1 � and � π0 
 ψ2 �
arecalledagreementprojectionsfor π1 andπ2.

Definition 15 (amalgamationof processes).Let πi : Ki � Zi (i �.� 0 
 1 
 2 
 3 � ) bepro-
cessesand let � π0 
 ψ1 � and � π0 
 ψ2 � be agreementprojectionsof π1 and π2 along
f1 and f2 (seeFig. 5). We say that π3 is an amalgamationof π1 and π2, written
π3 � π1 ' ψ1 Z ψ2 π2, if there exist projections � π1 
 φ1 � and � π2 
 φ2 � of π3 over Z1 and
Z2, respectively, such that theuppersquare is a pushoutin ONet.

We next givea moreconstructivecharacterizationof processamalgamation,which
alsoprovesthattheresultis uniqueup to isomorphism.

Proposition16 (amalgamationconstruction). Let π1 : K1 � Z1 andπ2 : K2 � Z2 be
processesthat agreeon Z0, and let � π0 
 ψ1 � and � π0 
 ψ2 � becorrespondingagreement
projections.Thentheamalgamationπ1 ' ψ1 Z ψ2 π2 is a processπ3 : K3 � Z3, where the

netK3 is obtainedasthepushoutin ONet of ψ1
K : K0 � K1 andψ2

K : K0 � K2 andthe
processmappingπ3 : K3 � Z3 is determinedbytheuniversalpropertyof theunderlying
pushoutdiagramin Net (seeFig. 5). Henceπ1 ' ψ1 Z ψ2 π2 is uniqueup to isomorphism.

The amalgamationconstructioncan be given a more elegant (but lessconstructive)
characterization.In fact, processπ3 (and the processmorphismsφ1 and φ2) can be
obtainedby takingthepushoutin Procof thearrowsψ1 : π0 � π1 andψ2 : π0 � π2.

The next resultshows how eachprocessof a composednet canbe constructedas
theamalgamationof processesof thecomponents.

Proposition17 (decompositionof processes).Let π3 : K3 � Z3 be a processof Z3

and, for i �P� 1 
 2 � , let � πi 
 φi � be projectionsof π3 along αi . Thenprocessπ3 can be
recoveredasa suitableamalgamationof π1 andπ2.

12



The amalgamationanddecompositionresultsfor opennet processesaresumma-
rizedin a theoremwhich establishesa bijectivecorrespondencebetweentheprocesses
of Z1 andZ2 which agreeon Z0 and the processesof Z3. Let Z be an opennet and
let π : K � Z be a process.We denoteby + π ] the setof processesof Z isomorphicto
π andby DProc� Z � the setof (isomorphismclassesof) processesof Z. Given a span

Z1
f1O Z0

f2� Z2 in ONet, theisomorphismclassesof processesof Z1 andZ2 whichagree

on Z0, denotedby DProc� Z1
f1O Z0

f2� Z2 � , is theset

�@+ π1
ψ1O π0

ψ2� π2 ]^� ψ1 
 ψ2 agreementprojectionsfor π1 
 π2 along f1 
 f2 � ,
whereisomorphismof processspansis definedin theobviousway.

Theorem18 (amalgamation theorem). Let Z0 
 Z1 
 Z2 
 Z3 beas in Fig. 4 andassume
that thesquare is a pushoutof two composableopennetembeddingsf1 and f2. Then
there are compositionanddecompositionfunctionsestablishinga bijectivecorrespon-

dencebetweenDProc� Z3 � andDProc� Z1
f1O Z0

f2� Z2 � .
Example. The amalgamationtheoremis exemplifiedin Fig. 3. Two processesfor the
componentnetsTraveler andAgency which agreeon the sharedsubnetCommon, i.e.,
suchthat their projectionsover Common coincide,canbe amalgamatedto producea
processfor thecomposednetGlobal. Vice versa,eachprocessof thenetGlobal canbe
reconstructedasamalgamationof compatibleprocessesof thecomponentnets.

6 Conclusionsand relatedwork

The compositionalityresultfor the processsemantics(Theorem18) appearsto be re-
latedto theamalgamationtheoremfor data-typesin the framework of algebraicspec-
ifications[4]. There,an amalgamationconstructionallows oneto “combine” any two
algebrasA1 andA2 of algebraicspecificationsSPEC1 andSPEC2 having a common
subspecificationSPEC0, if andonly if therestrictionsof A1 andA2 to SPEC0 coincide.
Theamalgamationconstructionproducesa uniquealgebraA3 of specificationSPEC3,
unionof SPEC1 andSPEC2. Thefactthattheamalgamationof algebrasis apushoutin
theGrothendick’scategoryof generalizedalgebrassuggeststhepossibilityof having a
similar characterizationfor processamalgamationusingfibredcategories.

Opennetshave beenpartly inspiredby the notion of opengraph transformation
system[6], an extensionof graphtransformationfor specifyingreactive systems.In
fact,P/T Petri netscanbe seenasa specialcaseof graphtransformationsystems[3]
andthis correspondenceextendsto opennetsandopengraphtransformationsystems.
However, a compositionalityresultcorrespondingto Theorem18 is still lackingin this
moregeneralsetting.

In the field of Petri nets,several other approachesto net compositionhave been
proposedin theliterature.Mostof themcanbeclassifiedasalgebraicapproaches.A first
family considersa categoryof Petrinetswheremorphismsariseby viewing a Petrinet
asthesignatureof amultisortedalgebra,thesortsbeingtheplaces.Thenthesemantics
is expressedasa categoricaladjunction,a factwhich ensureits compositionalitywith
respectto operationson netsdefinedin termsof universalconstructions[19,10].

13



A second,morerecentclassof approachesto Petrinetcompositionaimsatdefining
a “calculusof nets”,wherea setof processalgebra-likeoperatorsallows to build com-
plex netsstartingfrom a suitablesetof basicnetcomponents.For instance,in thePetri
Box calculus[2, 9,8] a specialclassof nets,calledplain boxes(safeandcleannets),
providesthebasiccomponents.Plainboxesarethencombinedby meansof operations
whichcanall beseenasaninstanceof refinementoversuitablenets.Moreprecisely, the
authorsidentify a specialfamily of nets,calledoperator boxes. Oncea setof operator
boxesis fixed, the compositionis realizedby refining suchoperatorboxeswith plain
boxes,anoperationwhichproducesanetstill identifiablewith aplainbox.Thecalculus
is givena compositionalsemantics(bothinterleaving andconcurrent).Althoughbased
on somecommonideas,like theuseof interfaceplaces,thisapproachis quitedifferent
from ours,sinceit mainly relieson refinementandit focuseson a specialclassof nets
andon the possibilityof defininga kind of processalgebraover suchnets,with plain
boxesasconstantsandoperatorboxesasoperators.

Anotherrelevantapproachin the secondfamily, closerto ours,is presentedin the
papers[12,15], which introducea notion of Petri net with interface. The interfaceis
partitionedinto an input part, consistingof places,andan output part, consistingof
transitions,and it is usedto combinedifferent nets,the most basiccompositionop-
erationconsistingof connectingthe outputsof one net to the inputs of anothernet.
Thentheauthorsintroduceasetof basiccombinatorswhichcanbeusedto build terms
correspondingto netswith an interface.Thepomsetsemanticsof netswith interfaces,
definedby usinga notionof universalcontext for a net, is shown to becompositional
with respectto the net combinators[15]. Despitesometechnicaldifferencesandthe
differentfocus,which in thesepapersis moreon thesyntacticalaspectsof thePetrinet
algebra,Petrinetswith interfaceappearto have severalanalogieswith opennets,and
their relationshipsurelydeservesadeeperinvestigation.

Finally we recall thework in [7] which introducesPetri netcomponents, a kind of
Petrinetswith distinguishedinputandoutputplaces.Componentscanbecombinedby
meansof an operationwhich connectsthe input placesof a componentto the output
placesof theother, andvice versa.A processsemanticsis introducedfor components
andit is provedto becompositional.Componentscanbe viewedasspecialopennets
andthecompositionoperationon componentscanbedefinedin termsof thecomposi-
tion operationon opennets.A very interestingideain [7], which we intendto explore
alsofor opennets,is thedefinitionof atemporallogic, interpretedoverprocesses,which
is usedfor reasoningin amodularwayoverdistributedsystems.

The notionsof projectionand of amalgamationof processescan be extendedto
general,possiblynondeterministic,processes.We areworking on thegeneralizationof
theamalgamationtheoremto nondeterministicprocesses,which couldrepresenta first
steptowardsanunfoldingsemanticsfor opennets,in thestyleof Winskel [11,19], still
compositionalwith respectto ourcompositionoperation.

It would bealsointerestingto extendtheconstructionsandresultsin this paperto
openhighlevelnets, whichhavebeenalreadystudiedonaconceptuallevel in [14]. Part
of thetechnicalbackgroundisalreadyavailable— for instanceit hasbeenshown in [13]
how to constructpushoutsof algebraichigh level nets— but asuitableformalizationof
high level processesis still missing.
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