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Abstract. In orderto modelthebehaiour of openconcurrensystemsy means
of Petrinets,weintroduceopenPetri nets ageneralizatiorof theordinarymodel
wheresomeplacesdesignatedisopen represenaninterfaceof the systemto-
wardsthe ervironment.Besidesgeneralizingthe token gameto reflectthis ex-
tension,we definea truly concurrentsemanticdor opennetsby extendingthe
Goltz-Reisigprocesssemanticof Petrinets.We introducea compositionoper
ation over opennets,characterize@sa pushoutin the correspondingategory,
suitableto model both interactionthroughopenplacesand synchronizatiorof
transitions.The processsemanticds shavn to be compositionalwith respecto
suchcompositioroperationTechnically ourresultis similarto theamalgamation
theoremfor data-typesn the framevork of algebraicspecificationsA possible
applicationfield of the proposecdtonstruction@ndresultsis the modelingof in-
teroiganizationaworkflows, recentlystudiedin the literature.This is illustrated
by arunningexample.

1 Intr oduction

Among the variousmodelsof concurrentand distributed systemspPetri nets[16] are
certainly not the mostexpressve or the best-behaed. However, dueto their intuitive
graphicalrepresentatiorRetrinetsarewidely usedbothin theoreticalandappliedre-
searchto specifyandvisualizethe behaiour of systemsEspeciallywhenexplaining
the concurrenbehaiour of a netto non-experts,oneimportantfeatureof Petrinetsis
the possibilityto describetheir executionwithin the samevisualnotation,i.e.,in terms
of processefb].

However, whenmodelingreactivesystemsi.e., concurrensystemawith interacting
subsystemsPetrinetsforce usto take a global perspectie. In fact,ordinaryPetrinets
arenotadequatéo modelopensystemavhich caninteractwith theirervironmentor, in
adifferentview, which areonly partially specified.This contradictshe commonprac-
tice, e.g.,in softwareengineeringwherea large systemis usuallybuilt out of smaller
components.
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Fig. 1. Samplenetmodelinganinteroiganizationalvorkflow.

Let us explain this problemin more detail by meansof a typical applicationof
Petri nets,the specificationof workflows. A workflowdescribes businesgrocessn
termsof tasksandsharedresourcesasneededfor example,whenthe integration of
differentorganizationds anissue.A workflownet[17] is a Petrinet satisfyingsome
structuralconstraints|ik e the existenceof oneinitial andonefinal place,anda corre-
spondingsoundnessonditiont from eachmarkingreachabldgrom the initial one(one
tokenontheinitial place)we canreachthefinal marking(onetokenonthefinal place).
An interorganizationalworkflow[18] is modeledasa setof suchworkflow netscon-
nectedhroughadditionalplacesfor asynchronousommunicatiorandsynchronization
requirement®n transitions.

For instance Fig. 1 shavs aninteromganizationalvorkflow consistingof two local
workflow netsTraveler andAgency relatedthroughcommunicatiorplacescan, ack, bill,
payment andticket and a synchronizatiorrequirementetweenthe two reserve tran-
sitions,modeledby a dashedine. The exampledescribeghe bookingof a flight by a
travelerin cooperatiorwith a travel ageng. After someinitial negotiations(which is
not modeled) both sidessynchronizan the resenation of a flight. Then,the traveler
may eitheracknowledge or cancel andre-entertheinitial state.ln both casesaanasyn-
chronousnotification(e.g.,a fax), modeledby the placesack andcan, respectiely, is
sentto thetravel ageng. Next thelocal workflow of thetravelerforks into two concur
rentthreadsthe bookingof a hotelandthe paymentof the bill. Thetrip canstartwhen
bothtasksarecompletedandtheticket hasbeenprovidedby thetravel ageng.

The overall netin Fig. 1 describeghe systemfrom a global perspectie. Hence,
the classicalnotion of behaiour (describedge.g.,in termsof processesis completely
adequateHowever, for a local subnetin isolation (like Traveler) which will only ex-
hibit a meaningfulbehaiour wheninteractingwith othersubnetsthis semanticss not
appropriatebecausdét doesnottake into accounthe possibleinteractions.



To overcometheselimitations of ordinary Petri nets,we extend the basicmodel
introducingopennets An opennetis a P/T Petrinetwith a distinguishedsetof places
which are intendedto representhe interface of the net towardsthe external world.
Somesimilarities exist with other approache$o net composition,like the Petri box
calculus[2, 9, 8], the Petri netswith interface[12, 15] andthe Petri netcomponent§7],
whichwill bediscussedn the conclusionsAs a consequencef the (hidden,implicit)
interactionbetweenthe netandthe ervironment,sometokenscan“freely” appeaiin
or disappeafrom the openplaces Besidesgeneralizinghe token gameto reflectthis
changeswe provide a truly concurrentsemanticdy extendingthe ordinary process
semanticg5] to opennets.

The embeddingof an opennetin a context is formally describedoy a morphism
in a suitablecateyory of opennets.Intuitively, in the targetnetnew transitionscanbe
attachedo openplacesand, moreorer, the interfacetowardsthe ervironmentcan be
reducedby “closing” openplaces.Therefore opennetmorphismsdo not presere but
reflectthe behaviour, i.e., ary computationof the target (larger) net can be projected
backto a computatiorin the source(smaller)net.

A compositionoperation is introducedover opennets. Two opennetsZ; and Z;
canbe composedy specifyingacommonsubneZy which embeddothin Z; andZ;,
andgluing thetwo netsalongthecommonpart. Thisis permittedonly if theprescribed
compositionis consistentvith theinterfacesj.e., only if the placesof Z; andZ; which
are usedwhenconnectingthe two netsare actually open.The compositionoperation
is characterizeésa pushoutn the category of opennets,wherethe conditionsfor the
existenceof the pushoumicely fit with the mentionedconditionover interfaces.

Basedon theseconceptsithe representatiorof the systemof Fig. 1 in termsof
two interactingopennetsis given by the top part of Fig. 2, which compriseghe two
componentnets Traveler and Agency, and the net Common which embedsinto both
componentdy meanf opennetmorphismsPlacesvith incoming/outgoinglangling
arcsareopen.Obsene that the commonsubnetCommon of the componentSraveler
and Agency closely correspondgo the dasheditems of Fig. 1, which representhe
“glue” betweerthetwo componentsThenetresultingfrom thecompositiorof Traveler
andAgency overthe sharedsubnetCommon is shavn in the bottompartof Fig. 2.

Obviously, onewould like to have a clearrelationshipbetweenthe behaiours of
thecomponenhets(netsTraveler andAgency in theexample)andthe behaiour of the
composition(net Global in the example).We show that indeed,the behaiour of the
latter canbe constructedcompositionally” out of the behaiours of the former, in the
sensehat two deterministicprocessesvhich “agree” on the sharedpart, canbe syn-
chronizedto producea deterministicprocessover the composedet. Vice versa,any
deterministiqproces®f theglobalnetcanbedecomposeihto processesf thecompo-
nentnets,which, in turn, canbe synchronizedo give the original processagain.Fig. 3
shaws two processesf the netsTraveler andAgency, the correspondingommonpro-
jectionsover netCommon andtheprocesf Global arisingfrom their synchronization.

The synchronizatiorof processesesembleshe amalgamatiorof data-typesn the
framawork of algebraicspecificationsandthereforewe will speakof amalgamatiorof
processesln analogywith the amalgamatiortheoremfor algebraicspecificationg4],
themainresultof this papershavsthattheamalgamatiomnddecompositiorconstruc-
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Fig. 2. Interoganizationalvorkflow ascompositionof opennetsTraveler andAgency.
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tionsmentionedabove areinverseto eachother, establishinga bijection betweerpairs
of processesf two netswhich agreeon the commonsubnetand processesf the net
resultingfrom their composition.

The restof the paperis organizedasfollows. Section2 introducesthe openPetri
netmodelandthecorrespondingategory. Section3 extendsthenotionof processrom
ordinaryto opennetsanddefinesheoperatiornof behaiour projection.Sectiord intro-
ducesthe compositionoperationfor opennets.Section5 presentthe compositionality
resultfor the processemantic®f opennets.Finally, Section6 discussesomerelated
work in theliteratureandoutlinespossibledirectionsof futureinvestigationThe proofs
of theresultspresentedn this papercanbefoundin [1].

2 Opennets

An opennetis an ordinary P/T Petrinetwith a distinguishedsetof placeswhich are
intendedto representheinterfaceof the nettowardsthe externalworld (ernvironment).
As aconsequencef the (hidden,implicit) interactionbetweerthenetandtheerviron-
ment,sometokenscanfreely appeain anddisappeafrom theopenplacesConcretely
an openplacecan be eitheran input or an output place (or both), meaningthat the
ervironmentcanput or remove tokensfrom thatplace.

Givena setX we denoteby X® the free commutatve monoidgeneratedy X and
by 2X its powersetMoreoverfor afunctionh: X — Y we denoteby h® : X® — Y® its
monoidalextensionandby the samesymbolh : 2X — 2¥ the extensionof h to sets.

Definition 1 (P/T Petri net). A P/T Petrinetis a tupleN = (S T,0,T) wher Sis the
setof places,T is thesetof transitions(SNT = 0) ando,T: T — SP are thefunctions
assigningto ead transitionits pre- and post-set.

In thefollowing wewill denoteby *(-) and(-)® themonoidalextension®f thefunctions
o andt to functionsfrom T® to S®. Furthermoregivenaplaces € S, the pre-andpost-
setof saredefinedby *s={t € T |set*}ands’={te T |s€ °t}.

Definition 2 (Petri net category).Let Ng andN; be Petri nets.A Petrinetmorphism
f : Np — Ny is a pair of total functionsf = (fr, fs) with ft : To > Ty and fs: S — S,
sud that for all to € To, *fr(to) = fs®(*to) and fr(to)* = fs®(tp*). Thecategory of
P/T Petri netsand Petri netmorphismsgs denotedoy Net.

Catagyory Net is a subcatgory of the category Petri of [10]. The latter hasthe same
objects but moregeneraimorphismsavhich canmapa placeinto a multisetof places.

Definition 3 (open net). An open net is a pair Z = (Nz,0z), whee Nz =
(Sz,Tz,02,7z) is an ordinary P/T Petri netand Oz = (OF,05) € 2% x 2% are the
inputand outputopenplacesof thenet.

Thenotion of enablednesfor transitionsis the usualone,but, besideghe changes
producedby the firing of the transitionsof the net, one considersalsothe interaction
with theervironment,modelledby a kind of invisible actionsproducing/consumingp-
kensin theinput/outputplaceof thenet. Theactionsof theervironmentwhich produce
andconsumeokensin anopenplaces aredenotedby +s and—g, respectiely.
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Definition 4 (firing). Let Z be an opennet. A sequentiamove canbe (i) thefiring of
atransitionme °t [t) mat®, with me S®,t € Tz; (i) the creationof a token by the
ernvironmentm [+s) ma@ s, with s € OF, me S; (iii) the deletionof a token by the
ervironmentm® s [—s) m,with me &%, se O7. A parallelmoveis of theform

mao *Adm™ [A) maA* o mT,
withme &%, Ae T2, mt € (03)®, m™ € (0;)®.

Example The opennetsfor the local workflows Traveler and Agency of Fig. 1 are
shaown in the middle of Fig. 2. Ingoingandoutgoingarcswithout sourceor targetdes-
ignatetheinputandoutputplacesrespectiely. The synchronizatioriransitionreserve
is commonto bothnetsandthe communicatiorplaceslik e can, becomeopenplaces.

Definition 5 (open net category). An opennetmorphismf : Z; — Z, is a Petri net
morphismf : Nz, = Nz, sud that, if wedefinein(f) = {s€ S : *fg(s) — fr(°s) # 0}
andout(f) ={se€ S : f5(s)* — fr(s") # 0} then

(i) fs1(OF) Uin(f) C OF and (i) fg1(05) Uout(f) C OF.

Themorphismf is called an opennetembeddingf both fr and fs are injective We
will denoteby ONet the category of opennetsand opennetmorphisms.

Hereafterto lightenthe notation,we will omit the subscripts'S’ and“T” in the place
andtransitioncomponent®f morphismsywriting f(s) for fs(s) and f (t) for fr(t).

A morphismf : Z; — Z, canbeseermasan‘“insertion” of netZ; into alargernetZ,,
extendingZ;. In otherwords,Z, canbethoughtof asaninstantiationof Z;, wherepart
of theunknowvn ervironmentgetsspecified Conditions(i) and(ii) first requirethatopen
placesarereflectecandhencethatplacesvhichare“internal” in Z; cannotbe promoted
to openplacesin Z,. Furthermorethe context in which Z; is insertedcaninteractwith
Z; only throughthe openplaces.To understandhow this is formalized,obsene thatfor
eachplacesin in(f), itsimagef(s) is in the post-sebf a transitionoutsidethe image
of *s. Hencewe canthink thatin Z, new transitionsareattachedo s andcanproduce
tokensin suchplace.This is the reasonwhy condition(i) alsoasksary placein in(f)
to beaninputopenplaceof Z;. Condition(ii) is analogougor outputplaces.

The above intuition betterfits with opennet embeddingsandindeedmostof the
constructiondgn the paperwill be definedfor this subclassof opennet morphisms.
However, for technicalreasonge.g.,to characterizeéhe compositionof opennetsasa
pushoutthe moregenerahotionof morphismis useful.

Example As anexampleof opennet morphism,considerin Fig. 2, the embedding
of net Traveler into net Global. Obsene that the constraintscharacterizingppennets
morphismshave anintuitive graphicalinterpretation:

— the connectionsof transitionsto their pre-setand post-sethave to be presered.
New connectiongannotbeadded;

— in the larger net, a new arc may be attachedo a placeonly if the corresponding
placeof the subnethasa danglingarcin the samedirection.Danglingarcsmaybe
removed,but cannotbeaddedn thelargernet.E.g.,without the outgoingdangling
arcfrom placecan in netTraveler, i.e.,if placecan werenot outputopen,the map-
ping in from Traveler into Global would have not beena legal opennetmorphism.



We said that open net morphismsare designedto capturethe idea of “in-
sertion” of a net into a larger one. Henceit is natural to expect that they “re-
flect” the behaiour in the sensethat given f : Zy — Z;, the behaiour of Z;
can be projected along the morphism to the behaiour of Zy (this fact will be
formalized later, in Construction9). Instead, differently from most of the mor-
phisms consideredover Petri nets, open net morphismscannot be thought of as
simulations since they do not presere the behaiour. For instance,considerthe
open nets Zy and Z; below and the obvious open net morphism betweenthem.

O s s

z 4

0 1

Thenthefiring sequenc® [+s) s[t) 0in Zg is notmappedo afiring sequencén Z;.

3 Processesf opennets

Similarly to what happendor ordinarynets,a processof an opennet, representing
concurrentcomputationof the net, is an opennetitself, satisfyingsuitableacgyclicity
andconflictfreenessequirementstogethemwith a mappingto the original net.

The opennetunderlyinga procesds an openoccurrencenet, namelyan opennet
K suchthatNk is anordinaryoccurrencanetandsatisfyingsomeadditionalconditions
over openplaces.The openplacesin K are intendedto representokenswhich are
produced/consumdal the environmentin the consideredcomputationConsequently
every input openplaceis requiredto have an empty pre-set,i.e., to be minimal with
respecto the causabrder In fact,aninput openplacein the post-sebf sometransition
would correspondo akind of generalizedackwardconflict: atokenonthis placecould
begeneratedh two differentwaysandthis would preventoneto interprettheplaceasa
tokenoccurrenceSimilarly, to avoid generalizedorward conflicts,outputopenplaces
arerequiredto be maximal.

Definition 6 (open (deterministic) occurrencenet). An open(deterministic)occur
rencenetis an opennetK sud that

1. Nk isanordinary (deterministicoccurrencenet,namely(i) for anyt € Tx, *t andt*®
aresetsyatherthanpropermultisetsiii) for anyt,t’ € Tg, if t Zt' then*tn*t’' =0
andt® Nt’* = @; (i) thecausalrelation <k definedastheleasttransitiverelation
sudthatx <k yif y € x*, for x,y € & U T, is a finitary strict partial order.

2. ead inputopenplaceis minimalandead outputopenplaceis maximalw.r.t. <k,
i.e,Vse Of. *s=0andVse Og.s* =0.

Definition 7 (opennet process)A (deterministic)procesof an opennetZ is a map-
ping t: K — Z wheee K is an openoccurrencenetand 1t: Nk — Nz is a Petri net
morphismsud that Tis(O}f ) € OF andms(Og) C O5.



Notethatthe processmappingrtis not, in generalan opennetmorphism.in fact,the
processmappingmustbe a simulation,i.e., it mustpresenre the behaiour. Moreover,
the image of an openplacein K mustbe an openplacein Z, sincetokenscan be
produced consumedpy the ervironmentonly in input (output)openplacesof Z.

Example A procesdor theopennetTraveler canbefoundin theleft partof Fig. 3. The
morphismbackto the original net Traveler is implicitly representetty thelabeling(an
item : x is mappedo x). Obsene thatthe requirement®f minimality for input places
andof maximalityfor outputplacesof a procesave anaturalgraphicalinterpretation:
the absenceof backward andforward conflicts extendsto danglingarcs,i.e., in total,
eachplacemay have at mostoneingoingandoneoutgoingarc.

Definition 8 (category of processes)\\e denoteby Proc the category wheee objects
are processesand, given two processesy : Ko — Zp and 1y : K1 — Z3, an arrow
W: Th — Ty is a pair of opennetmorphismsap = (Wz : Zo — Z3, Pk : Ko — K1) sudh
that thefollowing diagram (indeedthe underlyingdiagramin Net) commutes

Wk

Ko K1
N
o m
% Yz Zal

Let f : Zg — Z; be an opennet morphism.As mentionedbefore, it is naturalto
expectthat eachcomputationin Z; canbe “projected”to Zy, by consideringonly the
partof the computatiorof the largernetwhich is visible in the smallernet. The above
intuition is formalized,in the caseof anopennetembeddingf : Zy — Z;, by shaving
how aprocesof Z; canbeprojectedalong f giving a procesof Zg.

Construction 9 (processprojection). Let f : Zo — Z; beanopennetembeddingand
let m : K1 — Z; beaprocesf Z;. A projectionof Ty along f is a pair (T, Py where
Th : Ko = Zp is a processof Zg and : o — T4 is anarrow in Proc, constructedas
follows. Take the pullbackof Ty and f in Net, obtainingthe netmorphismst and k.

N 7> Ni,

o lﬂl

1
Nzy —— Nz,

ThenKgp is obtainedby taking Nk, with the smallestsetsof openplaceswhich make
Wk : N, = Nk, anopennetmorphismnamelyO = yx~*(O,) Uin(Wk) andOy | =

Wk (O, ) Uout(yx), andy = (W, f).

Example Theembeddingf Traveler into Global in Fig. 2 inducesa projectionof open
netprocesses the oppositedirection.For instancethe bottompartof Fig. 3 shavs a
proces®f Global. Its projectionalongtheembeddingf Traveler into Global is shovn on
theleft partof the samefigure. Notice how transitionacknowledged, which consumes
atokenin placeack, is replacedn the projectionby a danglingoutputarc: aninternal
actionin thelargernetbecomesninteractionwith theervironmentin thesmallerone.



4 Composingopennets

We introducea basicmechanisnfor composingopennets,characterizeésa pushout
constructionn the category of opennets.Intuitively, two opennetsZ; andZ, arecom-
posedby specifyinga commonsubnetZy, andthenby joining the two netsalong Zy.
Forinstancetheopennetsfor thelocal workflows Traveler andAgency in the middle of
Fig. 2 shareghesubnetCommon, depictedn thetop of thesamedigure,whichrepresents
the“glue” betweerthetwo componentsThenetGlobal resultingfrom thecomposition
of Traveler and Agency over the sharedsubnetCommon is shovn in the bottom part
of Fig. 2. This compositionis only definedif the embedding®f the componentsnto
theresultingnet satisfythe constraintof opennetmorphisms For example,if we re-
move the ingoing danglingarc of the placeticket in the netTraveler, the embeddingpf
Common into Traveler would still represenélegal opennetmorphism However, in this
caseheembeddingf Traveler into Global would becomeéllegal becausef thenew arc
from issueTicket (seecondition(i) of Definition 5).

Formally, giventwo netsZ; andZ; anda spanf; : Zg — Z; and fp : Zg — Z, the
compositionoperationconstructghe correspondingpushoutin ONet. Cateyory ONet
doesnot have all pushoutswhile category Net does.This correspondso the intuition
that the compositionoperationcanbe performedin Net andthenlifted to ONet, but
only whenit respectghe interfacesspecifiedby the variouscomponentse.g.,a new
transitioncanbe attachedo a placeonly if suchplaceis open(seealso[1]).

We startby recallingthatfor any spanN; <f—l No f—2> N2 in Net the pushoutalways
exists.It canbedefinedasN; 1 N3 & N2, wherethe setsof placesandtransitionsof N3
arecomputedasthepushouin Setof thecorrespondingomponents,e., =S +5, S
and Tz = Ty +7, T2. The sourceand target functionsare definedby: for all t € T, if
t = ai(t) with tj € Ti andi € {1,2} then *t = 0;®( *t;)) andt® = 0;®(t;*). Next we
formalizethe conditionwhich ensureshe composabilityof a spanin ONet.

Definition 10 (composablespan).LetZ; <f—l Zy L’} Z, beaspanof opennetmorphisms.
We saythat f; and fo are composabléf

1. fo(in(f1)) C OF, and f2(out(f1)) C O3;
2. fu(in(f)) C OZ, and f1(out(f2)) C Og,.

In words, f; and f, arecomposabléf the placeswhich are usedasinterfacesbhy fi,
namelytheplacesin(f1) andout(f1), aremappedy f, to inputandoutputopenplaces
in Zo, andalsothe symmetricconditionholds.If, andonly if, this conditionis satisfied
thepushoutof f; and f, canbecomputedn Net andthenlifted to ONet.

Proposition11 (pushoutsin ONet). Let Z; <f—l 7y f—2> Z; be a spanin ONet (seethe
diagramin Fig. 4). Computethe pushoutof the correspondingliagramin the category
Net obtainingthe netNz, andthe morphismsx; andas, andthentake asopenplaces,
for x € {+,—-}, 05, = {ss € S3| 07 *(ss) C O%, Aa;7(ss) € O%,}. Then(ai,Zs,02)

is the pushoutin ONet of f; and f; iff f; and f, are composable

10
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Fig. 4. Pushouin ONet.

5 Amalgamating processesf opennets

Let f1:Zop — Z3 and fy : Zyp — Z» be a composablespanof opennetembeddingsand
considetthecorrespondingompositionj.e.,thepushouin ONet, asdepictedn Fig. 4.
We would like to establisha clearrelationshipamongthe behaiours of the involved
nets.Roughly speakingwe would lik e that the behaiour of Z3 could be constructed
“compositionally” out of the behavioursof Z; andZ,.

In this sectionwe shav how this canbe donefor processesGiventwo processes;
of Z; andr of Z, which“agree”on Zy, we construct processts of Z3 by “amalgamat-
ing” Ty andT. Vice versa,eachprocesst of Zz canbe projectedover two processes
1y andty of Z; andZ,, respectiely, which canbe amalgamatetb produceri again.
Hence all andonly the processesf Z3 canbe obtainedoy amalgamatinghe processes
of thecomponent&; andZ,. Thisis formalizedby shaving that,working up toisomor
phism,the amalgamatiomnddecompositioroperationsareinverseto eachother This
leadsto a bijective correspondencbetweerthe processesf Zz andpair of processes
of thecomponent¥; andZ, which agreeonthe commonsubnetZy.

As afirst steptowardsthe amalgamatiorof processesve identify a suitablecondi-
tion which ensureghatthe pushoutof occurrenceopennetsexists andproduces net
in the sameclass.This conditionwill be usedlater to formalize the intuitive idea of
processesf differentnetswhich “agree”on acommonpart.

For a given spanK; (f—l Ko 3 K2 we introducethe notion of causalityrelationin-
ducedby K; andK; overKp. Whenthetwo netsarecomposedhecorrespondingausal-
ity relationsget“fused”. Hence to avoid the creationof cyclic causaldependencies
theresultingnet, theinducedcausalitywill berequiredto be a partialorder

Definition 12 (induced causality and consistentspan).LetKy <f—1 Ko 3 Kz beaspan
in ONet, whee K; (i € {0,1,2}) are occurrenceopennets. The relation of causality
<1,2 inducedover Ko by K1 and Ky, through f; and f» is the leasttransitiverelation
sud thatfor anyxo, o in Ko, if f1(X0) <1 f1(yo) or fa(xo) <2 f2(yo) thenxg <12 Yo.

We saythat the spanis consistentwritten f1 1 f, if f1 and f, are composableand
theinducedcausality< » is a finitary strict partial order.

The next propositionshaws thatthe compositionoperationin ONet, whenapplied
to aconsistenspanof occurrencenets,producesanoccurrencenet.

Proposition13. Let K3 (f—l Ko f—2> K> be a composablespanin ONet, whee K; (i €

{0,1,2}) are occurrenceopennetsand let Ky & Kz & K2 be the pushoutin ONet.
Thenfy 1 f2 if andonlyif the pushoutobjectKs is a occurrenceopennet.

11



Fig. 5. Amalgamatiorof opennetprocesses.

Two processesy of Z; andt of Z, canbe amalgamateanly whenthey agree
on the commonsubnetZy, anideawhich is formalizedby resortingto the notion of
consistenspanof occurrenc@pennets.In therestof thissectiorwe will referto afixed
pushoutdiagramin ONet, asrepresentech Fig. 4, where f; and f, area composable
spanof opennetembeddings

Definition 14 (agreementof processes)Theprocessesy : Ky — Z; andTi 1 Kz — Z;
agreeon Zy if there exist projections(mo, ') along f; of 1 for i € {1,2} sud that

1 2
Wk 1 Wz (i.e., thespanK; E ko % Kyis consistent)In this case(mo, Y!) and (1o, Y?)
are called agreemenprojectionsfor 1, and To.

Definition 15 (amalgamationof processes)LetT : K; — Z; (i € {0,1,2,3}) bepro-
cessesand let (1o, P!) and (1o, W?) be agreementprojectionsof Ty and T, along
f; and f, (seeFig. 5). We say that 13 is an amalgamatiorof Ty and 1o, written
Tg = Th +ya g2 T, if there exist projections {1y, @) and (T, ¢?) of T over Z; and
2y, respectlvel,ysuch thattheuppersquaeis a pushouin ONet.

We next give a moreconstructve characterizatiof processamalgamatioryvhich
alsoprovesthattheresultis uniqueup to isomorphism.

Proposition 16 (amalgamationconstruction). Letty : Ky — Z; and 1y : K; — Z, be
processeshat agreeon Zp, andlet (1o, W) and (1o, P?) be correspondingagreement
projections.Thenthe amalgamatiormy + 2 Tk is a processi : Kz — Z3, wheee the
netKs is obtainedasthe pushoutin ONet of gk : Ko — K1 and i : Ko — Kz andthe
processnappingri : Kz — Z3 is determinedytheuniversal propertyof theunderlying
pushoutdiagramin Net (seeFig. 5). Hencem + ;1 2 Tk is uniqueup to isomorphism.

The amalgamatiorconstructioncan be given a more elegant (but less constructve)
characterizationln fact, processrs (and the processmorphismsg' and ¢?) can be
obtainedby takingthe pushoutin Proc of thearrovs ! : g — 4 andy? : o — To.

The next resultshavs how eachprocessof a composechetcanbe constructedas
theamalgamatiof processesf thecomponents.

Proposition 17 (decompositionof processes)Let 1 : K3 — Z3 be a processof Z3
and, for i € {1,2}, let (15,¢) be projectionsof 13 along a;. Thenprocessrz can be
recoeredasa suitableamalgamatiorof 1 and .
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The amalgamatiorand decompositiorresultsfor opennet processesre summa-
rizedin atheoremwhich establishes bijective correspondencbetweerthe processes
of Z; and Z, which agreeon Zp andthe processe®f Z3. Let Z be an opennet and
let m: K — Z be a processWe denoteby [ the setof processesf Z isomorphicto
mandby DProc(Z) the setof (isomorphismclassef) processesf Z. Givena span

Z; <f—1 Zo 3 Z, in ONet, theisomorphisntlasse®f processesf Z; andZ, whichagree
on Zp, denotedby DProc(Z; <f—1 Zo 3 Z»), istheset

1 2
{[mu ¢ L1%) ¥, ] | W, W? agreemenprojectionsfor Ty, T, along f1, f2},
whereisomorphisnof processpansds definedin the obviousway.

Theorem 18 (amalgamationtheorem). Let Zy,Z1,Z,,Z3 beasin Fig. 4 and assume
that the squae is a pushoutof two composabl@pennetembeddings; and f,. Then
there are compositiorand decompositioriunctionsestablishinga bijectivecorrespon-

dencebetweerDProc(Z3) andDProc(Z; <f—l Zo f—2> Z5).

Example The amalgamatiortheoremis exemplifiedin Fig. 3. Two processe$or the
componennetsTraveler and Agency which agreeon the sharedsubnetCommon, i.e.,
suchthat their projectionsover Common coincide,canbe amalgamatedo producea
procesdor the composedetGlobal. Vice versaeachprocesf the netGlobal canbe
reconstructeédisamalgamatiorof compatibleprocessesf the componentets.

6 Conclusionsand relatedwork

The compositionalityresultfor the processsemantic{ Theorem18) appeardo bere-
latedto the amalgamationtheoremfor data-typesn the frameawork of algebraicspec-
ifications[4]. There,an amalgamatiorconstructionallows oneto “combine” any two
algebrasA; and A, of algebraicspecificationsSPEG and SPEG having a common
subspecificatiolsPEG, if andonly if therestrictionsof A; andA; to SPEG coincide.
The amalgamatiortonstructiorproducesa uniquealgebraAs of specificationSPEG,
unionof SPEG andSPEG. Thefactthattheamalgamatiomf algebrass a pushouin
the Grothendicks cateyory of generalizedlgebrasuggestshe possibility of having a
similar characterizatioffior processamalgamatiomsingfibred categories.

Opennetshave beenpartly inspiredby the notion of opengraph transformation
system[6], an extensionof graphtransformationfor specifyingreactve systems.in
fact, P/T Petrinetscanbe seenasa specialcaseof graphtransformatiorsystemgq3]
andthis correspondencextendsto opennetsandopengraphtransformatiorsystems.
However, a compositionalityresultcorrespondingo Theoreml8is still lackingin this
moregeneraketting.

In the field of Petri nets,several other approacheso net compositionhave been
proposedn theliterature Mostof themcanbeclassifiecasalgebraiapproacheA first
family considersa cateyory of Petrinetswheremorphismsariseby viewing a Petrinet
asthesignatureof a multisortedalgebrathe sortsbeingthe places.Thenthesemantics
is expressedasa cateyorical adjunction,a factwhich ensuredts compositionalitywith
respecto operation®n netsdefinedin termsof universalconstruction$19, 10].
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A secondmorerecentclassof approaches Petrinetcompositioraimsat defining
a“calculusof nets”,wherea setof processalgebra-lile operatorsallows to build com-
plex netsstartingfrom a suitablesetof basicnetcomponentskor instancejn the Petri
Box calculus[2, 9,8] a specialclassof nets,calledplain boxes(safeand cleannets),
providesthe basiccomponentsPlainboxesarethencombinedby meansof operations
whichcanall beseerasaninstanceof refinemenbversuitablenets.More preciselythe
authorsidentify a specialfamily of nets,calledoperator boxes Oncea setof operator
boxesis fixed, the compositionis realizedby refining suchoperatorboxeswith plain
boxes,anoperationwhich producesnetstill identifiablewith aplainbox. Thecalculus
is givena compositionakemanticgbothinterleaving andconcurrent) Althoughbased
onsomecommonideas lik e the useof interfaceplacesthis approachis quite different
from ours,sinceit mainly relieson refinementandit focuseson a specialclassof nets
andon the possibility of defininga kind of processalgebraover suchnets,with plain
boxesasconstant@ndoperatoboxesasoperators.

Anotherrelevantapproachin the secondfamily, closerto ours,is presentedn the
paperg[12,15], which introducea notion of Petri netwith interface The interfaceis
partitionedinto an input part, consistingof places,and an output part, consistingof
transitions,andit is usedto combinedifferent nets,the most basiccompositionop-
erationconsistingof connectingthe outputsof one netto the inputs of anothernet.
Thentheauthorsintroducea setof basiccombinatorsvhich canbeusedto build terms
correspondindo netswith aninterface.The pomsetsemantic®of netswith interfaces,
definedby usinga notion of universalcontext for a net, is shavn to be compositional
with respectto the net combinatorq15]. Despitesometechnicaldifferencesandthe
differentfocus,whichin thesepaperds moreonthe syntacticabspect®f the Petrinet
algebra,Petrinetswith interfaceappearo have seseralanalogieswith opennets,and
theirrelationshipsurelydeseresadeepeiinvestigation.

Finally we recallthework in [7] which introducesPetri netcomponentsa kind of
Petrinetswith distinguishednput andoutputplaces.Componentganbe combinedby
meansof an operationwhich connectghe input placesof a componento the output
placesof the other andvice versa.A processsemanticss introducedfor components
andit is provedto be compositional Componentganbe viewed asspecialopennets
andthe compositionoperationon componentganbe definedin termsof the composi-
tion operationon opennets.A very interestingideain [7], which we intendto explore
alsofor opennets,is thedefinitionof atemporalogic, interpretedverprocessesyhich
is usedfor reasoningn amodularway over distributedsystems.

The notionsof projectionand of amalgamatiorof processesan be extendedto
general possiblynondeterministicprocessesiVe areworking on the generalizatiorof
theamalgamatiotheoremto nondeterministigprocessesyhich couldrepresen first
steptowardsanunfoldingsemanticgor opennets,in the style of Winskel [11,19], still
compositionalvith respecto our compositionoperation.

It would be alsointerestingto extendthe constructionsaindresultsin this paperto
openhighlevel nets which have beenalreadystudiedon aconceptualevel in [14]. Part
of thetechnicabackgrounds alreadyavailable— for instancét hasbeenshovnin [13]
how to constructpushoutof algebraichigh level nets— but a suitableformalizationof
highlevel processess still missing.
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