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We study the model-checking problem for a logic for true concurrency, whose formulae predicate about
events in computations and their causal dependencies. The logic, which represents the logical counterpart of
history-preserving bisimilarity, is naturally interpreted over event structures or any formalism that can be
given a causal semantics, like Petri nets. It includes least and greatest fixpoint operators and thus it can express
properties of infinite computations. Since the event structure associated with a system is typically infinite
(even if the system is finite state), already the decidability of model-checking is non-trivial. We first develop
a local model-checking technique based on a tableau system, for which, over a class of event structures
satisfying a suitable regularity condition, referred to as strong regularity, we prove termination, soundness,
and completeness. The tableau system allows for a clean and intuitive proof of decidability, but a direct
implementation of the procedure can be extremely inefficient. For easing the development of a more efficient
model-checking technique, we move to an automata-theoretic framework. Given a formula and a strongly
regular event structure, we show how to construct a parity tree automaton whose language is non-empty
if and only if the event structure satisfies the formula. The automaton is usually infinite. We discuss how it
can be quotiented to an equivalent finite automaton, where emptiness can be checked effectively. To show
the applicability of the approach, we discuss how it instantiates to finite safe Petri nets, providing also a
corresponding proof-of-concept model-checking tool.
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1 INTRODUCTION

When dealing with concurrent and distributed systems, a partial order approach to the semantics
can be appropriate for providing a precise account of the computational steps and of their depen-
dencies, such as causality and concurrency. This is normally referred to as the true concurrent
approach to the semantics and opposed to the so-called interleaving approach where concurrency
of actions is reduced to the non-deterministic choice among their possible sequentializations.
True concurrent models can be convenient also because, thanks to an explicit representation of
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concurrency, they provide some relief to the so-called state-space explosion problem in the anal-
ysis of concurrent systems, which instead occurs more severely in interleaving approaches (see,
e.g., Reference [17]). A widely used foundational model in this class is given by Winskel’s event
structures [49]. They describe the behaviour of a system in terms of events in computations and
two dependency relations: a partial order modelling causality and an additional relation modelling
conflict. A survey on the use of such causal models can be found in Reference [50]. Recently they
have been used in the study of concurrency in weak memory models [24, 40], for process mining
and differencing [15], in the study of atomicity [18], and of information flow [3] properties.

Operational models can be abstracted by considering true concurrent equivalences that range
from hereditary history-preserving bisimilarity to the coarser pomset and step equivalences (see,
e.g., Reference [47]). On the logical side, various behavioural logics have been proposed capa-
ble of expressing causal properties of computations (see, e.g., References (7, 9, 13, 33, 36, 41, 42]
just to mention a few and References [2, 19-21, 28] for some related verification techniques). The
idea of having temporal and modal logics interpreted over event structures appears in some early
work [27, 31, 32, 35], where sound and complete axiomatisations are identified for suitable sub-
classes of event structures.

Recently, the logical characterisation of true concurrent behavioural equivalences has received
arenewed interest and corresponding event-based logics have been introduced [4, 39], interpreted
over event structures. Logic formulae include variables that can be bound to events in computa-
tions and describe their dependencies. The expressiveness of such logics is sufficient to provide a
logical characterisation of the main behavioural equivalences in the true concurrent spectrum [47].
Hereditary history-preserving (hhp-)bisimilarity [7], the finest equivalence in the spectrum, cor-
responds to the full logics, i.e., two systems are hhp-bisimilar if and only if they satisfy the same
logical formulae, and fragments can be identified corresponding to coarser behavioural equiva-
lences. While the relation between operational models, behavioural equivalences, and event-based
true concurrent logics is well understood, the corresponding model-checking problem has received
limited attention.

In this article, we focus on the logic referred to as £}, in Reference [4], corresponding to a clas-
sical equivalence in the spectrum, i.e., history-preserving (hp-)bisimilarity [8, 14, 43]. The logic
is endowed with least and greatest fixpoint operators, in mu-calculus style, to express interest-
ing properties of infinite computations. Hp-bisimilarity is known to be decidable for finite safe
Petri nets [23, 29, 48]. However, the question remains open on whether the corresponding model-
checking problem for L}, is decidable over some interesting class of systems. Note that the decid-
ability of model-checking is non-trivial, even for finite state systems, since event structure models
are typically infinite and the possibility of expressing properties that depends on the past often
leads to undecidability [25].

The article develops an extensive study of this problem. First, relying on a tableau-based tech-
nique, we prove the decidability of model-checking for L, over a class of event structures satis-
fying a suitable regularity condition. Then, on the way to a concrete implementation, we devise
an automata-theoretic technique for model-checking. Finally, we discuss how such technique can
be implemented in practice on Petri net models, providing a proof-of-concept tool.

More in detail, inspired by the work in References [12, 45] for the mu-calculus, to tackle the
decidability problem for L, we are naturally led to focus on local algorithms in the form of
tableau systems. For checking whether a system model satisfies a given formula, a set of proof
trees is constructed by applying a suitable set of rules that reduce the truth of a formula in a given
state to the truth of suitably generated subformulae. This “local” approach that explores the state
space “on demand” is particularly suited in our setting, characterised by the infiniteness of the
event structure model of any non-trivial system.
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The presence of fixpoint operators makes the issue of sound termination quite delicate and
non-trivial already in the original approach dealing with finite transition systems. In our setting,
where also the transition system is infinite, this is further complicated. A key choice that we take
is the restriction to a class of event structures having a finitary flavour, which we call strongly
regular event structures. Recall that regular event structures [46] are characterised by the fact
that the number of sub-structures arising as residuals of the original event structure after some
steps of computations is finite up to isomorphism. The intuition is that, after going sufficiently
in depth, the event structure starts repeating cyclically. For strongly regular event structures the
requirement is strengthened by asking the finiteness of the residuals extended with a bounded
number of events from the past. This is important in our setting, since £, formulae can express
history-based properties that depend not only on the future but also on events executed in the
past.

A direct implementation of the tableau-based procedure can be extremely inefficient. Roughly
speaking, the problem is that in the search of a successful tableau, branches that are, in some sense,
equivalent are explored several times.

For this reason, we also devise an automata-theoretic technique, in the style of Reference [16],
which reduces the truth of a formula in a model to the emptiness of the language accepted by
a suitable automaton. Given a formula of £}, and a strongly regular event structure, the proce-
dure generates a parity tree automaton. Truth is reduced to emptiness in the sense that the event
structure satisfies the formula if and only if the automaton accepts a non-empty language.

The result is not directly usable for practical purposes, since the automaton is infinite for any
non-trivial event structure. However an equivalence on states can be defined such that the quo-
tiented automaton accepts the same language as the original one. Whenever such equivalence is
of finite index the quotiented automaton is finite, so satisfaction of the formula can be checked
effectively on the quotient. We show that for all strongly regular event structures a canonical
equivalence always exists that is of finite index.

The model-checking procedures are developed abstractly on event structures. A concrete algo-
rithm on some formalism requires the effectiveness of the chosen equivalences on sequents/states
and of the transition relation.

We discuss a concrete instantiation of the automata-theoretic procedure on finite safe Petri
nets. It is implemented in a tool, wishfully called True Concurrency Workbench (TCWB), written in
Haskell. Roughly, the search of an accepting run in the automaton can be seen as an optimisation
of the procedure for building a successful tableau: The graph structure underlying the automaton
helps in the reuse of the information discovered. Indeed, some tests reveal that the TCWB is way
more efficient than the direct implementation of the tableau-based procedure (which could not
manage most of the (simple) examples in the TCWB repository).

The rest of the article is structured as follows: In Section 2, we review event structures, strong
regularity, and the logic -Ehp of interest in the article. In Section 3, we introduce the true concur-
rent logic Ly, and its fixpoint extension. In Section 4, we give the model-checking procedure as a
tableau system, and we prove its soundness, completeness and termination. In Section 5, we intro-
duce (infinite state) parity tree automata and we show how the model-checking problem for £,
on strongly regular PESs can be reduced to the non-emptiness of the language of such automata.
In Section 6, we discuss the instantiation of the approach to Petri nets. Finally, in Section 7, we dis-
cuss some related work and outline directions of future research. To streamline the presentation,
the proofs of some technical results are confined to an Appendix.

This article is a revised and extended version of the conference papers of References [5, 6]. The
results of Reference [5], originally restricted to the alternation-free fragment of £j,, are extended
here to the full logic. Moreover, full proofs, omitted in the conference versions, are provided. In
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particular, the proofs of the results for the automata-theoretic technique have been vastly reworked
to clarify and make formal the relation with the tableau system.

2 EVENT STRUCTURES AND REGULARITY

Prime event structures [49] are a widely known model of concurrency. They describe the behaviour
of a system in terms of events and dependency relations between such events. Throughout the
article, E is a fixed countable set of events from which all events are taken, A a finite set of labels
ranged over by a,b,c,...,and A : E — A alabelling function.

Definition 2.1 (Prime Event Structure). A (A-labelled) prime event structure (PES) is a tuple & =
(E, <,#), where E C E is the set of events and <, # are binary relations on E, called causality and
conflict, respectively, such that:

(1) <isapartial order and [e] = {e’ € E | ¢’ < e} is finite for all e € E;
(2) # is irreflexive, symmetric, and hereditary with respect to <, i.e., for all e,e’,e” € E, if
e#e’ < e’ then e#e” .

The PES &; = (E1, <1, #1), Ey = (Ea, <3, #3) are isomorphic, written &; ~ &;, when there is a
bijection ¢ : E; — E, such that for all ey, e] € Ey it holds e; <y e] iff i(e;) <5 1(e]) and e; #; e iff
1(e1) #2 1(e) and A(er) = A(u(er)).

In the following, we will assume that the components of an event structure & are named as in
the definition above, possibly with subscripts.

Definition 2.2 (Consistency, Concurrency). Let & be a PES. We say that e, e’ € E are consistent,
written e ~¢’, if —(e#e’). A subset X C E is called consistent if e ~ e’ for all e, e’ € X. We say that
e and e’ are concurrent, written e || e’, if e ~ e’ and —(e < e’), =(e’ < e).

Causality and concurrency will be sometimes used on set of events. Given X C E and e € E, by
X < e, we mean that for all e’ € X, e’ < e. Similarly X || e, respectively, X ~ e, means that for all
e’ € X, ¢’ || e, respectively, e’ ~e.

The concept of (concurrent) computation for event structures is captured by the notion of con-
figuration.

Definition 2.3 (Configuration). Let & be a PES. A configuration in & is a finite consistent subset

of events C C E closed w.r.t. causality (i.e., [e] € C for all e € C). The set of finite configurations
of & is denoted by C(8).

The empty set of events 0 is always a configuration, which can be interpreted as the initial state
of the computation. The evolution of a system can be represented by a transition system where
configurations are states.

Definition 2.4 (Transition System). Let & be a PES and let C_ € C(&E). Given e € E \ C such that

XY . -
CU{e} € C(E),and X,Y C CwithX < e, Y||e, we write C iu(e) C U {e}, possibly omitting
X, Y, or the label A(e).

Transitions are labelled by the executed event e. In addition, they can report its label A(e),

a subset of causes X, and a set of events Y C C concurrent with e. When X or Y are empty
. . X<e X,ﬁ< e e
they are normally omitted, e.g., we write C —— ,(¢) C” for C ———(¢) C" and C — ) C’ for

0,0

C =550 C.

Definition 2.5 (Branching). Let & be a PES. The set of enabled events at a configuration C is
defined as en(C) ={e€ E| C 5C'). We say that & is k-boundedly branching for some k € N if
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(@ En (b)N (© UN)

Fig. 1. (a) A PES & associated with the net NV in (b) via its unfolding (c).

len(C)| < k for all C € C(&E). We say that it is boundedly branching if it is k-boundedly branching
for some k € N.

We already mentioned that the PES associated with a non-trivial system exhibiting a cyclic
behaviour is infinite. We next introduce a class of PESs enjoying a finitary property that we call
strong regularity.

Definition 2.6 (Residual). Let & be a PES. For a configuration C € C(&), the residual of & after
C,isdefinedas E[C] ={e|e€ E\C A C~e}.

The residual can be seen as a PES, endowed with the restriction of causality and conflict of &.
Intuitively, it represents the PES that remains to be executed after the computation expressed by
C.

Given C € C(&) and X C C, we denote by §[C] U X the PES obtained from &[C] by adding the
events in X with the causal dependencies they had in the original PES &.

Definition 2.7 (Strong Regularity). APES & is called strongly regular when it is boundedly branch-
ing and for each k € N the set {E[C]U {e1,...,ex} | C € C(E) A ey,...,ex € C}is finite up to
isomorphism of PESs.

Strong regularity is obtained from the notion of regularity in Reference [46], by replacing resid-
uals with residuals extended with a bounded number of events from the past. Roughly, the require-
ment is that the PES has a finite number of extended residuals over which the computation cycles.
Intuitively, this is important, since we are interested in history-dependent properties. Clearly, each
strongly regular PES is regular, since the property in Definition 2.7 must hold, in particular, for
k = 0. We will later show in Section 6 that the PESs associated with finite safe Petri nets, i.e., the
regular trace PESs [46], are strongly regular.

A simple PES is depicted in Figure 1(a). Graphically, curly lines represent immediate conflicts
and the causal partial order proceeds upwards along the straight lines. Events are denoted by their
labels, possibly with superscripts. For instance, in &, the events a’ and b?, labelled by a and b,
respectively, are in conflict. Event c® causes the events a’ and it is concurrent with b’ for all i € N.
It is an infinite PES associated with the Petri net NV in Figure 1(b) in a way that will be discussed
in Section 6.1, hence, it is strongly regular by Corollary 6.5. For instance, it has six (equivalence
classes of) residuals extended with a single event from the past En [{c?}] U {c°}, En[{b°}] U {b°},
SN[ BT U (b7, Enlic®,a”}] U (%), En[{c®, %} ] U {a”), and En[{c?, b, a'}] U {bO}.
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3 A LOGIC FOR TRUE CONCURRENCY

In this section, we introduce the syntax and the semantics of the logic for concurrency of interest
in the article. Originally defined in Reference [4], the logic has formulae that predicate over exe-
cutability of events in computations and their dependency relations (causality and concurrency).

3.1 Syntax

Logic formulae include event variables, from a fixed denumerable set Var, denoted by x,y, . ... To
keep the notation simple, tuples of variables such as x, . . ., x, will be denoted by a corresponding
boldface letter x and, abusing the notation, tuples will be often used as sets; e.g., we will write x € x
instead of x = x; for some i € {1, ..., n}. The logic, in positive form, besides the standard propo-
sitional connectives A and V, includes diamond and box modalities. The formula {x,y < az] ¢
holds when in the current configuration an a-labelled event e is enabled that causally depends
on the events bound to the variables in x and is concurrent with those in y. Event e is executed
and bound to variable z, and then the formula ¢ must hold in the resulting configuration. Dually,
[x,y < az]] ¢ is satisfied when all a-labelled events causally dependent on x and concurrent with
y bring to a configuration where ¢ holds.

Fixpoint operators refer to propositional variables. To let them interact correctly with event
variables, whose values can be passed from an iteration to the next one in the recursion, we use
abstract propositions.

We fix a denumerable set of abstract propositions X* (where the superscript “a” stands for “ab-
stract”), ranged over by X, Y, ..., that are intended to represent formulae possibly containing
(unnamed) free event variables. Each abstract proposition has an arity ar(X), which indicates the
number of free event variables in X. An abstract proposition X can be turn into a formula by
specifying a name for its free variables. For x such that [x| = ar(X), we write X (x) to indicate the
abstract proposition X whose free event variables are named x. When ar(X) = 0, we will write
X instead of X (e) omitting the trailing empty tuple of variables. We call X (x) a proposition and
denote by X the set of all propositions.

Definition 3.1 (Syntax). The syntax of Ly, over the sets of event variables Var, abstract propo-
sitions X ¢, and labels A is defined as follows:

px=Xx [ Tlenre | dxy<azhe | (vX(x).0)(y)
[ Flove | [xy<azlle | (upX(x).0)(y).

The free event variables of a formula ¢ are denoted fv(¢) and defined in the obvious way. Just
note that the modalities act as binders for the variable representing the event executed, hence
x,y <azhe) = fu([x. ¥ < az]l¢) = (fv(p) \ {z}) Ux Uy. The free propositions in ¢, i.e., the
propositions not bound by y or v, are denoted by fp(¢). Formulae (X (x).¢)(y) for o € {u, v},
are referred to as a-formulae and hereafter a ranges over {v, u}. In such formulae, we require
that the tuple x does not include multiple occurrences of the same variable and, thus, it can be
seen as a set, which must correspond exactly to the free event variables of the inner formula ¢,
ie., fv(¢) = x. Intuitively, the fixpoint part aX(x).¢ defines a recursive formula X (x) whose free
variables are then instantiated with y. The formula (aX (x).¢)(x) will be abbreviated as aX(x).¢.
In References [4-6] only the simplified form of the fixpoint syntax was used. This slight extension
allows for a simpler treatment of substitutions. When both fv(¢) and fp(¢) are empty, we say that
¢ is closed. When x or y are empty, they are often omitted, e.g., we write {a z| ¢ for (0, 0< azlo.

Given a formula ¢ and variables x,y € Var, we denote by ¢[y/x] the formula obtained from ¢
via a (capture avoiding) substitution of the free occurrences of x in ¢ by y. A function o mapping
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free variables of ¢ to variables will be called a substitution, and we will denote by ¢o the formula
elo(fv(e))/fv(e)].

When defining the substitution of formulae for propositions some care is needed in the treat-
ment of variables. In fact, when replacing the proposition Z(x) in ¢ with some formula ¢, actually
each occurrence Z(y) of Z must be replaced by a formula obtained from i by renaming its free
event variables to y. Given a proposition Z(x) € X and a formula ¢ such that fv(y) C x, we denote
by ¢[Z(x) := /] the formula obtained from ¢ by replacing free occurrences of Z(y) by ¥/[¥/%].

Detailed definitions of free event variables and propositions and routine results about substitu-
tions can be found in Appendix A.1.

3.2 Abbreviations and Examples

In the logic, we can easily represent the possibility of performing concurrent events, each with its
own dependencies. Borrowing the notation from Reference [4], we will write

({(x,¥ <azh®(x",y’ <bz'D) e

for the formula (x,y < az)(x’,y’,z < bz’]e, which declares the existence of two concurrent
events, labelled by a and b, respectively, such that if we execute such events and bind them to
z and z’, respectively, then ¢ holds. In particular, the ability to perform a step consisting of two
concurrent events labelled by a and b is simply expressed by the formula ({ax) ® {by))T. This
notation can be easily generalised to the execution of any number of concurrent events. We can
dually define the formula ([x,y < az]] ® [x’,y’ < bz’]))¢ stating that after the execution of all
pairs of concurrent events, having the specified dependencies and labelled a and b, respectively,
the formula ¢ holds.

We will also use a wildcard operator to refer to an event with an arbitrary label. When the set
of labels A is finite, we write

{x.y < _zDo

to denote the formula \/,c7{x%, ¥ < az)@, and dually [x,¥ < _z]lp for A,cpl[X, ¥ < az]le. For in-
stance, the formula ([_y:]] ® [_y2]] ® [_ys]])F says that in the current state there are at most two
concurrently enabled events. A formula vX.(([_y:]1® ... [_yx)F A [_z]|X) states that the
level of parallelism will never exceed k — 1.

The formula {cxD({x < ay)T A {x < bz]T) requires that, after the execution of a c-labelled
event, one can choose between a causally dependent a-labelled event and a concurrent b-labelled
event. This is satisfied by & 5 in Figure 1(a). Instead {c x({x < ay)T A {x < bz)T) requiring both
events to be concurrent would be false.

As an example of property of infinite computations, consider the formula

[bxIvZ(x).({cwh®bzD)T A [x < byllZ(y)).

expressing that all non-empty causal chain of b-labelled events reach a state where it is possible
to execute two concurrent events labelled ¢ and b, respectively. Then the formula holds in .
Another formula satisfied by & is ({cx) ® (byD)vX(x,y).({y,x < bzDX(x, z)) requiring the ex-
istence of an infinite causal chain of b-labelled events, concurrent with a c-labelled event.

Now consider the formula pX.({_zDX V {bx){x < aypvY.{_z])Y). It requires the existence of
an infinite run containing a b-labelled event immediately followed by a causally dependent a-
labelled event, and it turns out to be false in the same PES. Intuitively, this is because any a-
labelled event causally dependent on a b-labelled event is in conflict with the rest of the infinite
chain of events, and then, after its execution, the computation is guaranteed to terminate. The
formula (b xpvX(x). pY (x).({x < byDpX(y) V {_z)Y(x)) states that there exists an infinite chain of
causally related, possibly non-consecutive, b-labelled events and it is satisfied by & in Figure 1(a).
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As a final example, consider the notion of atomicity based on causality presented in Refer-
ence [18]. The control flow of a program with threads is modelled as a Petri net that captures
the independence and interaction between threads. The causality between events in the partially
ordered executions of the Petri net is used to define the notion of causal atomicity for program
blocks. Roughly, a program block A is causally atomic if there are no events ej, e; from A and e
outside A such that e; < e < e,. If each event is labelled by the block it is in, the causal atomicity
property can be expressed in L, as

vX. [ wlX A [Ax]vY(x). A [x < Byl[y < Az]F A [[_w]]Y(x))).

BeA\{A}

3.3 Alternation

An order induced on propositions by the nesting of fixpoints and the notion of fixpoint alternation
in the formulae of £}, will play a role in the article (in particular for defining the acceptance con-
dition for the automaton in Section 5.2). We adapt some definition from Reference [16]. Hereafter,
we will assume that in every formula different bound propositions have different names, so we can
refer to the fixpoint subformula quantifying an abstract proposition. This requirement can always
be fulfilled by alpha-renaming. This will help us to keep the notation simpler.

Definition 3.2 (Active Subformula). Given an a-formula ¢ = (¢X(x).¢")(y), we say that a sub-
formula  of ¢ is a direct active subformula, written Ty ¢, if X € fp(y). When ¢ T, ¢, we say
that ¢ is an active subformula of ¢. We denote by sf(¢) the set of subformulae of a formula ¢ and
by asf, (¢) the set of active a-subformulae.

Note that £ is acyclic, since it refines the subformula relation, and thus £ is a partial order.

Ca

Definition 3.3 (Alternation Depth). The alternation depth of a formula ¢ in Ly, written ad(p),
is defined, for a v-formula ¢, as ad(¢) = max{1 + ad(y') | ¢ € asf,(¢)} and dually, for a y-formula
@, as ad(<p) max{1+ ad(y) | ¢ € asf, (¢)}. For any other formula ¢, ad(p) = max{ad(¥) | ¢ €
sf(p) \ {o

It is intended that max @) = 0; e.g., by the first clause above, the alternation depth of vX(x).¢ is
0 in absence of active p-subformulae.

As an example, consider the formula (b xl)vX( ). 1Y (x).(qx < byDpX(y) V {_zDY(x)) from Sec-
tion 3.2 and write it as (b x]¢, where ¢ = vX(x).y and Y =pY(x).(qx < byDX(y) vV {_zpY(x)).It
has alternation depth 1, since ¢ is a (direct) active subformula of ¢, given the fact that X € fp(y)).
It is not difficult to see that all other formulae in Section 3.2 have instead alternation depth 0;
e.g., uX.({_zDX v {bxP{x < aypvY.{_z)Y) has alternation depth 0 despite the nesting of a v-
subformula into a p-subformula, since X does not appear free in the v-subformula.

Hereafter, if X and X’ are abstract propositions quantified in a-subformulae (X (x).¢)(y) and
(o’ X’ (x").0")(y’), we will write ad(X) for ad((aX(x).¢)(y)) and X Ty X’ for (aX(x).¢)(y) Eq4
(@ X" (x).0)(¥).

3.4 Semantics

Since the logic L}, is interpreted over PESs, the satisfaction of a formula is defined with respect
to a configuration C, representing the state of the computation and a (total) function 5 : Var — E,
called an environment, that binds free variables in the formula to events in C. Namely, if Envg
denotes the set of environments, the semantics of a formula will be a set of pairs in C(&) X Envg.
Given a set of pairs S € C(E) X Envg and two tuples of variables x and y, with [x| = |y]|, we define
SV ={(C,n") | A(C,n) € S An(x) =n'(y)}. The semantics of Ly, also depends on a proposi-
tion environment providing a semantic interpretation for propositions.
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Definition 3.4 (Proposition Environment). Let & be a PES. A proposition environment is a func-
tion 7 : X — 26(EXEnve gych that for all tuples of variables x, y with |x| = |y| = ar(X) it holds
7(X(y)) = 7(X(x))[¥%]- The set of proposition environments, ranged by x, is denoted PEnvg.

The condition posed on proposition environments ensures that the semantics of a formula only
depends on the events that the environment associates with its free variables and that it does not
depend on the naming of the variables.

We can now give the semantics of the logic Lj,. Given an event environment 7 and an event
e, we write n[x > e] to indicate the updated environment that maps x to e. Similarly, for a propo-
sition environment 7 and S € C(E) X Envg, we write z[Z(x) — S] for the corresponding update
(see Appendix A.1 for the detailed definition). For a pair (C, n) € C(E) X Envg and variables x, y,
z, we define the (x,y < az)-successors of (C, n), as

Succy” () = ((Caplz o €]) | € 221055

a C'}

In words, Succ’quz(c, n) consists of the pairs (C’,n") where C’ is a configuration reachable

from C, by executing an event e satisfying the requirement expressed by x,y < az, namely, events
in n(x) are causes for e and events in 7(y) are concurrent with e. The environment 7’ is the update
of n where event e has been bound to variable z.

Definition 3.5 (Semantics). Let & be a PES. The denotation of a formula ¢ in £y, is given by the
function {-}€ : Lyy, — PEnvg — 2C(E)xEnve defined inductively as follows, where we write {I(pl}fr;
instead of {|¢|}® (x):

{The = C(&) x Envg {FR¢=0  {zy)e n(Z(y))

o1 A @28 loih N {28 o1 v @2l {loih8 U flg2he

10x.7 < azh @} = {(C.n) | Succy = (C.n) N {lghE # 0} :
I[x.5 < azl b = ((C.7) | Succy” " (C.n) < {ph€)
1(@Z).0)WVE = alfyp, 260.2) W]

where f,, 7(.x : 2C(E)xXEnve _y 9C(E)XEnve {4 the function defined by fo.zx),7(S) = {Iqol}f[Z(X)Hs],
which we refer to as the semantic function of ¢, Z(x), m. Moreover, v(f,, z(x), ) (respectively,
1(fp,z(x), ) denotes the corresponding greatest (respectively, least) fixpoint. When (C, n) € {lole,
we say that the PES & satisfies the formula ¢ in the configuration C and environments 7, 7. When
¢ is closed, hence the environments 7, 7 are irrelevant, and & satisfies the formula ¢ in the empty

configuration, we simply say that & satisfies ¢.

The semantics of Boolean operators is as usual. The formula (x,y < az] ¢ holds in (C, ) when
from configuration C there is an enabled a-labelled event e that is causally dependent on (at least)
the events bound to the variables in x and concurrent with (at least) those bound to the variables in
y and can be executed producing a new configuration C’ = C U {e} that, paired with the environ-
ment 1’ = nfz — e], satisfies ¢. Dually, [x,y < az]] ¢ holds when all a-labelled events executable
from C, caused by x, and concurrent with y bring to a configuration where ¢ is satisfied.

The fixpoints corresponding to the formulae (¢Z(y).¢)(y) are guaranteed to exist by Knaster-
Tarski theorem, since the set 2€(&)XE"ve ordered by subset inclusion is a complete lattice and the
functions, of which the fixpoints are calculated, are monotonic.

3.5 Pointed Configurations and Equisatisfaction

The satisfaction of a formula of L}, in a given configuration surely depends on the future of
the configuration, i.e., on the so-called residual of the event structure after the configuration.
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Additionally, since the formula can contain free event variables that refer to past events, satisfac-
tion also depends on how such past events are related (via concurrency and causality) with the
future.

This motivates the notion of pointed configuration introduced below.

Definition 3.6 (Pointed Configuration). Let & be a PES and let V be a set. A V -pointed configuration
is a pair (C, {) where C € C(&E) and { : V — C is a function.

The notion will be used in situations where V is a set of variables free in a formula, and { is the
(restriction to such variables of the) environment.

We say that two V-pointed configurations have isomorphic pointed residuals when their resid-
uals are related by a bijection ensuring that events corresponding to the same x € V have the same
causal relations with the future. The formal definition follows:

Definition 3.7 (Isomorphism of Pointed Residual). Let & be a PES, V aset, and let (C, {) and (C’, ")
be two V-pointed configurations of &. We say that (C, {), (C’, {’) have isomorphic residuals, writ-
ten (C, {) =, (C’, "), if there is an isomorphism of the residuals ; : §[C] — &[C’] such that for all
x € V,e € §[C], we have {(x) < e iff ' (x) < i(e).

We will show that pointed configurations with isomorphic residuals satisfy exactly the same
formulae when free event variables correspond to the pointed events. For properly stating such
property, since we will work with formulae containing free propositional variables, we need to
restrict to proposition environments that are well-behaved in the sense formalised below with
respect to the free propositions of the formulae of interest.

Definition 3.8 (Saturated Proposition Environment). Let & be a PES. Given a formula ¢ and a
proposition environment z € PEnvg, we say that n is saturated for ¢ when for all X € fp(¢p)
and (C,n), (C’,n") € C(E) X Envg, with (C,7lap)) =r (C’,1'lfu(e))» if (C, 1) € m(X(y)), for some
y, then (C’, 1) € m(X(y)).

In words, to be saturated for a formula ¢, a proposition environment must assign to each free
proposition in ¢ a semantics that respects the equivalence =, over fv(¢p)-pointed configurations.
Then, we have the desired result.

LEMMA 3.9 (EQUISATISFACTION IN POINTED CONFIGURATIONS WITH [SOMORPHIC RESIDUALS). Let
& be a PES, let ¢ be a formula of Ly, let m € PEnvg be a proposition environment saturated for

¢, and let (C1,m), (Cz2,m2) € C(8) X Enve. If (C1, 1)) *r (Ca 2lfu(e))» then (Ci,m1) € ol iff
(Ca,m2) € {loh€.

We finally observe that, for strongly regular PESs, the number of equivalence classes of pointed
configurations with respect to ~, is finite. The converse holds when the PES is boundedly branch-
ing, providing an alternative characterisation of strong regularity. This will play a basic role in the
proofs of finiteness of tableaux and automata.

LEMMA 3.10 (STRONG REGULARITY AND RESIDUALS OF POINTED CONFIGURATIONS). A PES & is
strongly regular iff it is boundedly branching and for any fixed finite set V, the equivalence =, is of
finite index over V -pointed configurations of &.

4 ATABLEAU SYSTEM FOR MODEL CHECKING

In this section, we present a tableau system for testing whether a formula of the logic £, is
satisfied by a semantic model given in the form of an event structure. We prove that the tableau
rules are sound and complete over strongly regular event structures.
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4.1 Tableau Rules

The tableau system works on a sort of sequents C, 7, A |=€ ¢, where ¢ is a formula, C € C(E) is a
configuration, 7 is an environment, and A is a finite set of definitions of the form X (x) = ¢, with x
atuple of (distinct) event variables and fv(/) € x. The tripleI' = (C, 5, A) is called the context and ¢
the consequent. In a tableaux built starting from a closed formula, in A each proposition X (x) will be
defined as the fixpoint subformula X (x). {y where X is quantified. For technical reasons, we also
allow A to bind propositions to general formulae. This will be used in the proofs of soundness and
completeness, where we will need to bind propositions to suitably defined fixpoint approximants.

When X (x) = ¢ is in A, we write X(x) € dom(A) and we denote the formula ¢ as A(X(x)).
We assume that for each abstract proposition there is at most one definition, i.e., if X(x) = ¢ and
X(x') =y arein A, thenx =x" and ¢ = ¢’.

We denote by A[X (x) + /] the updated definition set obtained from A by removing the previous
definition of X, if any, and adding X (x) = ¢.

We will work with a subclass of sequents where iterating the substitution of free propositions
in the formula ¢ with their definitions in A, we eventually obtain a formula without free propo-
sitions. More precisely, let C,7, A |=€ ¢ be a sequent. For formulae 1,1/’ write |/ —5 1" when
Y’ = Y[X(x) := A(X(x))] for some X (x) € dom(A). Then the class of sequents we will work with
can be defined as follows:

Definition 4.1 (Well-Formed Sequents). A sequent C, 5, A =€ ¢ is well-formedif ¢ —7 ¥ for some
¥ such that fp(y) = 0. In this case, we denote the formula i by (¢)a.

It is easy to realise that the formula (¢)s is well-defined, i.e., when it exists it is unique (up to
alpha-renaming of event variables).
The truth of a well-formed sequent can be now defined in the obvious way:

Definition 4.2 (Truth). A well-formed sequent C, 5, A =€ ¢ is true if (C,n) € {(¢)a}S, where
is any proposition environment.

Observe that in the definition above, the proposition environment s is irrelevant, since
C,n, A |=¢ ¢ is well-formed and thus the formula (¢)s does not include any free proposition.

The tableau rules will be of the form

ConA EY ¢
C1, 11, A1 = @1 - Cr, i, A = Pk
where k > 0 and § is a possible side condition required to hold. The intuition is that the truth of
the sequent in the premise reduces to the truth of those in the conclusion. In the following, the
index &, when clear from the context, will be dropped. Moreover, all sequents will be, sometimes
tacitly, assumed to be well-formed.

The tableau rules for the logic L, are reported in Table . The rules for propositional connec-
tives are straightforward. For instance, the truth of ¢ V ¢/ is reduced to the truth of either ¢ or .
The context is not altered.

Similarly, the truth of a modal formula is reduced to the truth of the subformula after the modal
operator in suitable contexts chosen according to the semantics. For the formula {x,y < a z|) ¢ the
rule (¢) prescribes the existence of at least one transition leading to a context where ¢ holds. The
rule (O) for [x,y < az]] ¢ requires that all transitions lead to contexts where ¢ holds. Observe
that, working with strongly regular PESs, which are boundedly branching, rule (O0) always has a
finite number of sequents in the conclusion.

Rule (Int) reduces the truth of a fixpoint formula (aZ(x).¢)(y) to that of the proposition Z(y)
in a context where the definition list A is extended by defining Z(x) as the corresponding fixpoint
subformula. We will say that the node C, 5, A |= (aZ(x).p)(y)introduces the abstract proposition Z.

)
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Table 1. The Tableau Rules for Logic L,

Cn,AlE o AN
Cn,AE o CnAEY

(N

Cn,A = o VY Cn,A = o VY

\Y Vv

(VL) CohE o (VR) CrAE Y
C,n A = Ly < 1Y) ,

() ,A E (x,y<az)ho ae.c"(")”(”“ac

Cnlz—=e]l,A = ¢

ConA E [[x,y<az]e

HCLT),s -+ s (Cos i)} = Succ™Y =2(C, )
Clanl’A |: Q... Cna’]n»A |: 4 e 1 & 1

(O)

C.n.A | (aZ(x).9)(y)
C.on. A = Z(y)

(Int) A = A[Z(x) - aZ(x).¢]

C,n. A E Z(2)
Cnlx—n(z)],A F ¢

(Unf,) -y and A(Z(x)) = aZ(x).¢

Rule (Unf,) is applied when the consequent is a proposition Z(z): It just unfolds the proposition
according to its definition in A. When starting from a closed formula, the proposition will be always
bound to a fixpoint formula. The component y in the side condition will be described in the next
section. It is called stop condition and, as suggested by its name, it is intended to prevent the
reduction to continue unboundedly.

The tableau rules satisfy backwards soundness, i.e., we can show that the premise is true when
all the sequents in the conclusion are. This property will play a basic role in Section 4.3 for proving
the soundness of the tableau system.

LEMMA 4.3 (BACKWARDS SOUNDNESS). Every rule of the tableau system is backwards sound.

4.2 The Stop Condition

The unfolding rule (Unf,), in absence of any countermeasure, makes the tableau construction
procedure non-terminating. To solve this problem, a side condition, called the stop condition, is
added that prevents the application of the rule when a context is reached that is equivalent, in a
suitable sense to be defined, to a context occurring in an ancestor of the current node, for the same
fixpoint formula.

The notion of equivalence between contexts has to be chosen carefully not to break the sound-
ness of the technique. Surely two contexts C, 5, A and C’, n’, A’ for a formula ¢, to be considered
equivalent, must have isomorphic futures, i.e., the residuals &[C] and E[C’] must be isomorphic
as PESs. This is not sufficient, though, since ¢ can express history-dependent properties that relate
the future with the past events. Hence, we additionally ask that event variables of ¢ are mapped to
events in C and C’, respectively, which have the same relations (causality and concurrency) with
the corresponding futures. More formally, we ask that C and C’, seen as configurations pointed by
fv(p), have isomorphic residuals (see Definition 3.7).

Given a tableau for a closed formula and a node labelled by C, n, A |= X(y), with X (x) = ¢ in A,
necessarily i/ = aX(x).¢ and the node has some ancestor introducing X. We will denote by AT(X)
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0.7,0 E (bxDe
(Int) ) bl L0
(Uny B2 = DL (XG0 = ¢) =X ()
(Int) (6%}, plx = b] {X(x) = 0} F ¥
(Unf,,) (b}, plx = bO), {X(x) = 0, Y(x) = ¥} £ Y(x)
V1) {b%}, plx = bO], {X(x) = ¢, Y(x) = ¢} E {x < by)X(y) vV {_z)Y(x)

{b%}, nlx > b] {X(x) = ¢, Y(x) = ¢} I {x < byDX(y)
{b%b'}, plx = b%y > b {X(x) = ¢, Y (x) =y} F X(y)
Fig. 2. A successful tableau for {bxpvX(x).uY (x).(dx < byDX(y) V {_zDY(x)) in Ep.

()

the closest of such ancestors. The notation is slightly abused, since AT(X ) is not determined by A,
still it is suggestive, since AT(X) is the node where the definition of X in A has been updated more
recently. More precisely, one can think that AT(.) is an additional component of the sequent.

Observe that, once it has been set, the definition X (x) = ¢ of a proposition remains unchanged
in the tableau and it will be referred as the definition of X in the tableau. Instead, the component
AT(X) changes at each application of rule (Int).

Definition 4.4 (Stop Condition). The stop condition y for rule (Unf,) in Table is as follows:

there is an ancestor of the premise C, 5, A |= Z(z) labelled C’,n’, A" |= Z(y), such that
AN(Z) = N'1(Z) and (C, n[x = n(z)]l) = (.0’ [x = 1" ()]x)-

Informally, the stop condition holds when in an ancestor node in the tableau an instance of the
abstract proposition X has been unfolded in an equivalent context, and between such ancestor and
the current node, X has not been reintroduced. This intuitively means that the two X’s refer to the
same fixpoint instance. In this case, we can safely avoid to continue along this path. Instead, when
the stop condition fails, it makes sense to further unfold the fixpoint, since the current context is
still “different enough” from those previously encountered. Note that the equivalence of contexts is
checked after renaming the variables to those associated with X in the fixpoint formula quantifying
the proposition.

In References [11, 12, 45], the finiteness of the model is an essential requirement for the finite-
ness of the tableaux. In our case, as already mentioned, the PES model is commonly infinite, even
for finite-state systems. However, working with strongly regular PESs, thanks to the fact that they
are boundedly branching, only a finite part of the model is used in every step of the tableau con-
struction. Moreover after going sufficiently in depth, thanks to the strong regularity property, the
PES starts “repeating” cyclically the same structure, something that will allow us to show that the
stop condition eventually holds. These facts will allow to conclude, later in Section 4.3, that the
satisfaction of a formula can be established by checking only a finite part of the PES.

As an example, consider the formula (b x]) vX(x). Y (x).({x < byDX(y) Vv {_zDY(x)) from Sec-
tion 3.2, which was claimed to be satisfied by &, in Figure 1(a). Write it as (b x]¢, where ¢ =
vX(x).y and ¥ = pY(x).({x < byDX(y) V {_zDY(x)). A tableau for the sequent 0,7,0 |= {bx)¢
is given in Figure 2. The unfolding rule cannot be applied to the bottom sequent {b’, b'}, n[x
b,y - bl], {X(x) = ¢, Y(x) = ¢} E X(y) because the stop condition holds. In fact, there is an an-
cestor, namely, {b°}, 7[x > b°], {X(x) = ¢} = X(x), having the same introduction node for the
abstract proposition X and such that ({b%, b}, n[x = b!]|x) =, ({b°}, n[x — b°]|,).
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4.3 Soundness and Completeness of the Tableau System

In this section, we show that the truth of a formula ¢ over a strongly regular event structure can
be reduced to the existence of a suitably defined successful tableau.

Definition 4.5 (Tableau for a Closed Formula). Let & be a PES. Given a closed formula ¢ in Ly,
a tableau for ¢ is a tableau for a sequent 0, 7,0 |= ¢, where € Envg.

Note that the environment 7 can be chosen arbitrarily: It is irrelevant, since the formula has no
free event variables.

A maximal tableau is a tableau where all leaves are labelled by sequents to which no rule applies.
We first clarify when a maximal tableau is considered successful.

Definition 4.6 (Successful Tableau). A successful tableau is a finite maximal tableau where every
leaf is labelled by a sequent C, 7, A |=€ ¢ such that one of the following holds:

(1) =T
(2 p=Ixy<az]y
(3) ¢ =Z(y) and A(Z(x)) = vZ(x).¥.

An example of successful tableau can be found in Figure 2.

Observe that the choice of the rule to be applied at a step of the construction of a tableau is
non-deterministic in the case of {x,y < az) ¢ and ¢ V . This means that there can be various
maximal tableaux for the same sequent. However, when we work on strongly regular PESs, the
fact that they are boundedly branching ensures that at each step the number of possible non-
deterministic choices is finite and bounded. This later plays a role for deducing that there can be
only a finite number of maximal tableaux for each given sequent.

We first focus on the finiteness issue and then move on to the soundness and completeness of
the technique.

4.3.1 Finiteness. We aim at proving that all tableaux for a sequent C, 5, A |=€ ¢ are finite. A
first basic observation is that an infinite tableau for a sequent C, 7, A |=€ ¢ necessarily includes a
path where the same proposition is unfolded infinitely many times without being reintroduced.
The proof relies on some properties of the order C; over propositions (see Definition 3.2).

LEMMA 4.7 (FIXPOINT INTRODUCTION). Let & be a PES and let t be a tableau for a closed formula
@. Let n be any node in the tableau labelled by C,n, A |= X (x) for some X (x) € X.

(1) Ifn has a descendant n’ labelled by C',n’, A" |= Y(y), for some Y(y) € X, andY is not intro-
duced between n and n’, then X E; Y.
(2) If n has a descendant n’ that introduces X, then there is a node n’’ between n and n’ with

consequent Y (y) such that X Tg Y (hence, X T Y and X # Y).

We already observed that the fact that strongly regular PESs are boundedly branching implies
that also the constructed tableaux are boundedly branching. Then, by Koénig’s lemma, an infinite
tableau necessarily includes an infinite path. Using Lemma 4.7, it is not difficult to show that such
path includes infinitely many repetitions of the same abstract proposition without introductions,
i.e., we get the following property:

LEMMA 4.8 (INFINITE OCCURRENCES OF PROPOSITIONS IN TABLEAUX). Let & be a finitely branch-
ing PES. An infinite tableau for a closed formula ¢ contains an infinite path where some abstract
proposition Z occurs (and thus is unfolded) infinitely often without being introduced.

We can finally deduce the finiteness of the tableaux for a sequent that in turn implies that the
number of tableaux is finite. This fact is essential for termination of the model-checking procedure.
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THEOREM 4.9 (TABLEAUX FINITENESS). For a strongly regular PES & and a closed formula ¢, every
tableau for a sequent C,n, A |=€ ¢ is finite. Hence, the number of tableaux for C,n, A =€ ¢ is finite.

Roughly the proof, detailed in the Appendix, proceeds as follows: An infinite tableau, by
Lemma 4.8, would contain an abstract proposition occurring infinitely often in a path, without
being reintroduced. By using Lemma 3.10, we would deduce that the proposition would occur
infinitely often within contexts with isomorphic pointed residuals. This would lead to a contra-
diction, since at the first repetition the stop condition (see Definition 4.4) would have prescribed
of terminating the branch. From the fact that all tableaux are finite and boundedly branching, we
conclude that there are finitely many of them.

4.3.2 Soundness and Completeness. We can now prove the soundness and completeness of the
tableau system. For this, we use the possibility of reducing the satisfaction of a formula to the
satisfaction of a finite approximant. While on finite models this is immediate, over event struc-
tures where the space of configurations is infinite, this does not work, in general. In fact, due to
alternation, the semantic function associated with a formula might be non-continuous, hence it is
not guaranteed that fixpoints will be reached in at most w steps. However, here, the result can be
obtained by exploiting the finiteness of pointed configurations up to =, in strongly regular PESs.

Definition 4.10 (Finite Approximant). Let ¢ = vZ(x).} be a fixpoint formula. The ith approximant
@', for i € N, is inductively defined by ¢° = T and ¢'*! = ¢[Z(x) := ¢']. Dually, if ¢ = pZ(x).y,
then we define ¢° = F and ¢'*! = ¢[Z(x) := ¢'].

We next observe that, as anticipated, despite the fact that the state space of configurations is
infinite, for strongly regular PESs, all formulae, even those with alternation, reach the fixpoint
after a finite number of steps.

LEMMA 4.11 (FINITE APPROXIMANTS PROPERTIES). Let & be a strongly regular PES, let & € PEnvg
be a saturated proposition environment, and let ¢ = aZ(x).{ be a fixpoint formula. Then there exists
i € N such that {|(p|},8r = {|<pi|},‘?. Hence, for any configuration C € C(E) and environmentn € Envg:

(1) ifo = vZ(x).¥ and (C,n) ¢ {olS, then (C,n) € {o" IS \ 9" )& for somen < i;
(2) ifp = pZ(x).y and (C,n) € {ph<, then (C.n) € {o"  }Z \ 9"} for somen < i.

We can now show that the model-checking problem reduces to the construction of a successful
tableau. We prove separately soundness and completeness by resorting to some variations of the
tableau system in Table that we call v-pseudo-tableau and p-pseudo-tableau systems, respectively.

Definition 4.12 (v-pseudo-tableaux). The v-pseudo-tableau system is obtained from that in Table,
by working with sequents C,n, A |= ¢ where the definition list A contains definitions Z(x) =
(vZ(x).¢)" and inserting the new unfolding rule below:

Cn,A = Z
(Unf) mAFE 2@ dAZK) = vZx).0)"

Conlx=n(2)],A F ¢
The notion of successful v-pseudo-tableau is as in Definition 4.6, but we additionally allow a

leaf to be labelled by C, 7, A =& Z(z) with A(Z(x)) = (vZ(x).¢)" and (C,7) € {(Z(2))al},, for 7 €
PEnv.

It can be easily seen that also rule (Unf?) is backwards sound. In fact, assume that the sequent
in the conclusion is true, ie., (C,n[x~ n(z)]) € (@)l = 1(p[Z(X) = (vZ(x).0)"DalE =
{|(VZ(X).(p)Z+1|},€;, for some 7 € PEnv. Now observe that (Z(x))a = (vZ(x).9)}. Hence, (C, n[x
n@)) € 1(vZx).03" 17 € 10Z®).0)507 = 1ZE)alT = 1Z@)17%%]. Thus, (C.n) €
1Z(z) I},‘?, which means that the sequent in the premise is true.
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Soundness will be an immediate consequence of the following technical result that implies that
there cannot be successful v-pseudo-tableaux with false leaves, that is, leaves labelled by sequents
that are not true.

LEMMA 4.13 (SHORTENING v-PSEUDO-TABLEAUX). Let & be a strongly regular PES and let T be
a successful v-pseudo-tableau. If T has a false leaf and for all false leaves C,n, A |= X(z), the node
AT(X) is in 7, then there exists a successful v-pseudo-tableaux t’, strictly smaller than t, with a false
leaf and where for all false leaves C,n, A |= X (z), the node AT(X) isin t’.

The above lemma immediately implies that a successful v-pseudo-tableau r where all false leaves
C,n, A |= X(z) are such that AT(X) is in 7 actually cannot include false leaves. Since a successful
tableau for a closed formula is a successful v-pseudo-tableau with the above property, we conclude
that it cannot have false leaves and thus, by backwards soundness, all nodes including the root must
be true, i.e., we have the following:

LEMMA 4.14 (SOUNDNESS). Let & be a strongly regular PES and ¢ be a closed formula of Ly,. If ¢
has a successful v-pseudo-tableau (hence, in particular, if it has a successful tableau), then & satisfies

®.
For completeness, we resort to a dual variation of basic tableaux, referred to as p-pseudo-
tableaux.

Definition 4.15 (u-Pseudo-Tableaux). The p-pseudo-tableau system is obtained from that in
Table , by working with sequents C, 7, A |= ¢ where A contains definitions Z(x) = (uZ(x).¢)" and
replacing (Unf,) by the new unfolding rule below:

C,n,A = Z(z)
Cn N E Y
where " = n[x - n(z)] and A’ = A[Z(x) + (uZ(x).1)*] with k € N such that

(C.1") ENWZ@) PR e M BZE)-YIR e (1)
for # € PEnv. Moreover, if A(Z(x)) = (uZ(x).1)", then it is required that k < n. The stop condition
y is the usual one (see Definition 4.4).

The notion of successful p-pseudo-tableau is exactly as in Definition 4.6.

(Unf3) ~y and A(Z(%) = pZ(x).4 or (4Z(x).9)",

Notice that in rule (Unf}) the requirement (1) posed on k is in fact a semantic condition. This
inclusion may seem strange in a tableau rule, however, it should not be worrisome, since u-pseudo-
tableaux are solely devoted to prove the correctness of the method.

An easy but crucial observation is that rule (Unf}) is applicable exactly in the situations in
which the premise is true (as detailed in the Appendix). Additionally, rule (Unf}) preserves the
well-formedness of the sequents when applied to a true premise, i.e., if the premise is well-formed
and true, then the conclusion is well-formed. This immediately follows from the observation that
for k < n it holds fp((1Z(x)-)¥) € fo((UZ(x).9)") € fp(uZ(x).9).

Theorem 4.9 can be easily extended to -pseudo-tableaux, i.e., we can prove that every p-pseudo-
tableau is finite. Moreover, notice that a successful py-pseudo-tableau can be transformed into a
successful tableau simply by replacing, in all sequents, the definition list A with A" where each ap-
proximant is substituted by the corresponding least fixpoint. More precisely, for all X (x) € dom(A),
we let A’ (X) = pX(x).y if A(X(x)) = (X (x).¥)", and A’ (X (x)) = A(X(x)), otherwise. Using this
fact one can prove completeness.

LEMMA 4.16 (COMPLETENESS). Let & be a strongly regular PES and let ¢ be a closed formula of
Ly, If & satisfies @, then ¢ has a successful p-pseudo tableau and thus a successful tableau.
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Combining the previous lemmata, we get to the desired result.

THEOREM 4.17 (SOUNDNESS AND COMPLETENESS OF THE TABLEAU SYSTEM). Given a strongly reg-
ular PES & and a closed formula ¢ of Ly, the formula ¢ has successful tableau if and only if &
satisfies ¢.

5 AUTOMATA-BASED MODEL CHECKING

On the way to a practical implementation of a model-checker for £}, in this section, we develop an
automata-theoretic approach to model checking Lj,. We show how the model-checking problem
for Ly, on strongly regular PESs can be reduced to the non-emptiness of the language of suitably
generated nondeterministic parity tree automata. The automaton that naturally arises from a PES
and a formula has an infinite number of states. We discuss how it can be quotiented to a finite
automaton accepting the same language, which can thus be used for model-checking purposes.

5.1 Infinite Parity Tree Automata and Their Quotient

Automata on infinite trees are a powerful tool for various problems in the setting of branching
temporal logics. Here, we focus on nondeterministic parity tree automata [30], with some non-
standard features. We work on k-trees (rather than on binary trees), a choice that will simplify the
presentation, and we allow for possibly infinite state automata.

When automata are used for model-checking it is standard to restrict to unlabelled trees. A
k-bounded branching tree or k-tree, for short, is a subset 7~ C [1, k]*, such that

(1) 7 is prefix closed, i.e.,ifuv € 7 thenu € 7
(2) ute 7 forallue T
(3) forallie [2,k]ifuie T thenu(i—1)e T .

Elements of 7~ are the nodes of the tree. The empty string e corresponds to the root. A string of
the form ui corresponds to the ith child of node u. Hence, by (2) each branch is infinite and by (3)
the presence of the ith child implies the presence of the jth children for j < i.

Definition 5.1 (Nondeterministic Parity Automaton). A k-bounded nondeterministic parity tree
automaton (NPA) is a tuple A = (Q,—, qo, F ) where Q is a (possibly infinite) set of states,—»C Q X
Ule Q' is the transition relation, qo € Q is the initial state, and F = (Fy, ..., Fp,) is the acceptance
condition, where F, ..., Fy € Q are mutually disjoint subsets of states.

Transitions are written as ¢ — (qi, . . ., ¢m) instead of (q, (q1,- - -,qm)) €—.

The acceptance condition F = (Fy, . . ., Fy) defines the priority of states of the automaton, where
a state q € F; is assigned priority i. Sets Fy, . . ., Fj, are required to be mutually disjoint, since every
state can have at most one priority.

Definition 5.2 ((Accepting) Runs). Given a k-tree 7, a run of A on 7 is a labelling of 7~ over
the states r : 7~ — Q consistent with the transition relation, i.e., such that r(e) = qo and for all
u € 7, with m children, there is a transition r(u) = (r(ul),...,r(um)) in A. A path in the run
r is an infinite sequence of states p = (qo, q1, - . .) labelling a complete path from the root in the
tree. It is called accepting if there exists an even number [ € [0, h] such that the set {j | ¢; € F;} is
infinite and the set {j | g; € U;<;<p Fi} is finite. In this case, we denote such I by 7 (p). The run
r is accepting if all paths in r are accepting.

In words, given a run r, a path p in r is accepting if there are indices i such that states in F;
occur infinitely often in the path p and the largest of such indices is even. The run is accepting if
all paths in it are.
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In the sequel, we will also refer to a path in an NPA A, meaning a possibly infinite sequence
P = (91, qz, - . .) such that for all i < |p| there is a transition g; — (g7, . . ., qi+1, - - - » qy,)- Note that,
given a run r of an automaton A, each path in r is also a path in A.

Definition 5.3 (Language of an NPA). Let A be an NPA. The language of A, denoted by L(A),
consists of the trees 7~ that admit an accepting run.

Observe that for a k-bounded NPA, the language L(A) consists of a set of k-trees.

The possibility of having an infinite number of states in an NPA and the associated acceptance
condition are non-standard. However, it is easy to see that whenever an NPA is finite, the accep-
tance condition coincides with the standard one requiring a single state with maximal even priority
to occur infinitely often in each path. In fact, for finite NPAs, all sets in the acceptance condition
J are finite and thus asking that for a path p = (qo, q1, . . .) the set {j | g; € F;} is infinite amounts
to asking that some state in F; repeats infinitely often in the path p.

The NPA naturally associated with a formula and event structure will be infinite. To have an
effective procedure for checking the satisfaction of a formula, we will build a suitable quotient of
the NPA, with respect to an equivalence that preserves emptiness.

For this reason, we next introduce a notion of bisimulation over NPAs and observe that bisim-
ulation equivalences preserve the language of NPAs (and thus in particular language emptiness).
An analogous notion is studied in Reference [1] in the setting of nondeterministic tree automata
over finite trees.

Definition 5.4 (Bisimulation). Given an NPA A, a symmetric relation R € Q X Q over the set of
states is a bisimulation whenever for all (¢,q’) € R

(1) foralli e [0,h],q € F;iff ¢’ € F;;
(2) ifg— (q1,-...qm), then ¢’ — (q},....q;,) with (g;,q;) € Rfori € [1,m].

Given an NPA A and an equivalence = on the set of states that is a bisimulation, we define the
quotient as A,- = (Q,-,— /-, [qo]-, F)=) where [q]l—,-([¢:1]-,....[qm]-) if g— (q1,....gm) and
= = (Fo,es - . ., Fp,=). Note that by condition (1) in Definition 5.4 above, the acceptance condition
is well-defined, i.e., all F;,_ are pairwise-disjoint. We can show that an NPA and its quotient accept
exactly the same language.

THEOREM 5.5 (LANGUAGE PRESERVATION). Let A be an NPA and let = be an equivalence on the
set of states, which is a bisimulation. Then L(A,-) = L(A).

Since NPAs are nondeterministic, different runs (possibly infinitely many) can exist for the same
input tree. Still, the non-emptiness problem, also for our k-ary variant, is decidable when the
number of states is finite (and solvable by a corresponding parity game [26]).

5.2 NPAs for Model Checking

We show how, given a PES and a closed formula of £},,,, we can build an NPA in a way that, for
strongly regular PESs, the satisfaction of ¢ in & reduces to the non-emptiness of the language of
the NPA. The construction is inspired by that in Reference [16] for the mu-calculus. The automaton
is typically infinite, but we discuss how an effective model-checking procedure can be obtained by
quotienting the infinite NPA to a finite one.

Definition 5.6 (NPA for a Formula). Let & be a (boundedly branching) PES and let ¢ be a
closed formula of L. The NPA for & and ¢ is Ag , = (Q,—, qo, ¥ ) defined as follows: The set
of states Q C C(E) X Envg x sf(@) is defined as Q = {(C,n,¢) | n(fv(¥)) € C}. The initial state
qo = (0,1, ¢), for some chosen environment 1 € Envg. The transition relation is defined, for any

state ¢ = (C,n,¢¥) € Q, by:
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o ify =Tory =F, theng— (q)

o if iy =Yy Ap, then g— (qi1,q2) where q; = (C,n,¥;), i € {1,2}

e if  =y1 Vi, theng— (q1) and g— (qz) where q; = (C,n,¥3), i € {1,2}

e if y=[xy<az]y’ and Succ’quz(c, n) ={(C1,m)s...,(Cnsnn)} # 0, then g— (qi,

..»qn) where q; = (C;,n;,y’) for i € [1,n], otherwise g — (q)

o if y=(x,y<azhy’ and Succ’éyqz(c, m) ={(Ci,m),....(Cusnn)} 0, then g— (q;)
where q; = (Ci,n;,y’) for i € [1,n], otherwise g — (q)

e ify = (aX(x).y’)(y), then g — (q') where ¢’ = (C, 1, X(y))

o if y = X(z) and ¢’ € sf(p) is the unique subformula such that ¢’ = (X (x).¢/"")(y), then
q— (q') where ¢" = (C,n[x = n(z)].¢").

The acceptance condition is F = (Fy, . .., Fy) where h = ad(¢) + 1 and the sets F; are as follows:
Consider Ay, ...,Ap C sf(p) such that for i € [0, k], if i is even (odd), then A; contains exactly
all propositions quantified in v-subformulae (y-subformulae) with alternation depth i or i — 1.
Then Fy = (C(E) X Envg X (Ag U {T})) UB where B = {(C, 1, [,V < az]¥) | succ’gY<”(c, n) =
0} is the set of all subformulae of ¢ in a context where they are trivially true, and F; = C(&) X
Envg X A;, fori € [1,h].

States of Ag, , are triples (C, 1, ¢) consisting of a configuration C, an environment 7, and a sub-
formula ¢ of the original formula ¢. (The environment 5 fixed for the initial state is irrelevant, since
formula ¢ is closed.) The intuition is that a transition reduces the truth of a formula in a state to that
of subformulae in possibly updated states. It can just decompose the formula, as it happens for A
or V, check the satisfaction of a modal operator, thus changing the state consequently, or unfold a
fixpoint. Whenever g = (C, n, ) with ¢ = (aX(x).¥’)(y) and thus g — (¢") with ¢’ = (C, n, X(y)),
we say that g introduces X. If = X(z) and thus g — (q’) where ¢’ = (C, n[x — 5(z)],¢""), with ¢’
the body of the fixpoint subformula quantifying X in ¢, we say that qunfolds X. The automaton
Ag, p is bounded (by the branching bound of the PES) but normally infinite (whenever the PES &
is infinite and the formula ¢ includes some non-trivial fixpoint).

We next show that for a strongly regular PES the truth of the formula ¢ on the PES & reduces
to the non-emptiness of the language of Ag ,. A basic ingredient is an equivalence that can be
defined on the NPA relying on the notion of residual of pointed configuration (Definition 3.7).

Definition 5.7 (Future Equivalence). Let & be a PES, ¢ be a formula, and let ¢; = (C, n;, ¥;3), i €
{1, 2} be two states of the NPA Ag ,. We say that q; and g are future-equivalent, written q; ~¢ g,
if there exists a formula i and substitutions o; : fv(¥) — fv(y;) such that yo; = ¢, for i € {1,2},
and the fv(i/)-pointed configurations (C;, n; o 0;) have isomorphic pointed residuals.

Intuitively, two states are equivalent if they involve the same subformula (up to renaming of
the event variables) and the configurations, pointed by the free variables in the formulae, have
isomorphic residuals. Future equivalence can be shown to be a bisimulation on the NPA Ag , in
the sense of Definition 5.4 and, whenever & is strongly regular, it is of finite index.

LEMMA 5.8 (~f Is A BISIMULATION). Let & be a strongly regular PES and let ¢ be a closed formula
of Lyp. Then the future equivalence =y on Ag , is a bisimulation and it is of finite index.

As an example, consider the formula (bx)¢ from Section 3.2, where ¢ = vX(x).{y and ¢ =
pY (x).(4x < bypX(y) vV {_z)Y(x)). The automaton Ag,,, (b x|, built for model-checking such for-
mula in the PES Ex of Figure 1(a) would be infinite. The automaton resulting as the quotient of
Agy.(bxpe With respect to the future equivalence ~ is finite. A fragment of such automaton is
reported in Figure 3. The two curly lines represent transitions that “appear” as an effect of the
quotient operation. For instance, in the infinite NPA, state gs would have had a single transition to
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90

start —> (b}, nlx = b1 o
4 {0 nlx o> bY), Gx < bydX(y) C Wbl = LX) D
as (B nl = B 4 < bydX() v (DY () Whl o By e

q7

€-- {b%} nlx = b1, 4_z)Y (x)

Fig. 3. Quotient automaton obtained from the infinite automaton Ag,, (b x)e via future equivalence.

{b°}, n[x — b1, Y(x) q4

state ({b%, b'}, n[x — b°, y = b'], X(y)). Since the latter is future-equivalent to g3, in the quotient
it is merged to ¢, and the transition from g instead loops back to the corresponding equivalence
class (represented by g,). From g7 there is also a transition, represented by a dashed line, to state
({b°, ¢}, x> b, z > ¢°], Y(x)). This state is not future-equivalent to any of the previous ones,
and it would lead to the rest of the reachable states of the automaton, not shown in the figure.
However, the states displayed are already sufficient to prove that the language of the NPA is non-
empty. Indeed, the sequence of states (qo, 91, (2, 93> 94, 45, 96) ™), where the loop q2, 3, q4, 45, qs» G2
repeats indefinitely, represents an accepting run. In fact, the state with maximal priority repeating
infinitely often is g, and its priority is even.

We already hinted at the similarity between tableau rules and transitions in the automaton asso-
ciated with a PES and a formula. We next formalise this relation by showing that future equivalence
can be used to prune runs of the automaton Ag , in a way that a suitably chosen accepting run,
after pruning, will correspond to a successful tableau.

Definition 5.9 (Pruned k-tree). Let & be a PES, let ¢ be a closed formula of £, and let r be a run
of the NPA Ag, , on a k-tree 7. Given a path p = (up, uy,...) in 7, we call a node u; a repetition
if one of the following conditions holds:

(1) the formula in r(u;) is of the kind T, F, or [[x,y <az]y’, {x,y <azpy’ with
Succ’ngZ(C, n) =0 (hence, starting from u; the path consists of the repetition of the
state r(u;));

(2) the formula in r(u;) is a proposition X(x) and there is i < j such that r(u;) ¢ r(u;) and
X is not introduced between u; and u;.

In case (1), we let Q(u;) = u;, while in case (2), we let Q(u;) = u; where i < j is the minimal index
such that u; satisfies the condition and we call Q(u;) the repetition witness for u;. If r(u;) € F; for
some [, we say that u; is a repetition of priority I. The pruned run 7 ) is the largest subtree of r
where repetitions have no successor.

The pruned run is obtained by cutting each path at the first repetition, hence in the pruned run
each leaf has a repetition witness.

An adaptation of the results developed for tableaux in Section 4.3.1 allows us to prove that the
pruning of a run is always finite. The details can be found in Appendix C.2.
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LEMMA 5.10 (PRUNED RUNS ARE FINITE). Let & be a strongly regular PES, let ¢ be a closed formula
of Lpp, and let Ag , be the corresponding NPA. For any runr of Ag, , on ak-tree T, the corresponding

pruned run T ) is finite.

Observe that by pruning an accepting run, we could still get something that does not correspond
to a successful tableau. The crux is that, even though a path is accepting, and thus it includes rep-
etitions over states of maximum priority that is even, it could also include, at the beginning, some
repetitions over least fixpoints. In this case, the pruned run will have the corresponding states, with
odd priority, at some leaves. For instance, consider the NPA in Figure 3. The run corresponding
to the sequence of states (qo, 91, 92, 43> 94, 45, 97> 44- G5 G6» (q2- 93- 94, G5, 46) ™) s accepting, since the
state g2 occurs infinitely often. However, the first repetition along this run is g4. Thus, the pruned
run would be the subsequence (qo, 91, 925 43, 945 45, 47, q4), and so it would terminate in g4, which
has odd priority.

To prove that whenever there is an accepting run, there is one without “useless” repetitions, we
formalise the corresponding notion:

Definition 5.11 (Noisy Repetition). Let & be a PES, let ¢ be a closed formula of £j,, and let Ag ,,
be the corresponding NPA. Let r be an accepting run on a k-tree 7. A repetition u in r is called
noisy if it has odd or no priority and no ancestor u” of u is a repetition of even priority.

We show that noisy repetitions can be removed still getting a valid run. We first observe that
in an accepting run, each infinite path p includes a repetition over a state whose priority is ¥ (p)
(hence, even; see Definition 5.2).

LEMMA 5.12 (MAXIMAL PRIORITY REPETITIONS). Let & be a PES, let ¢ be a closed formula of Ly,
and let r be an accepting run of the NPA Ag , on a k-tree T . For each infinite accepting path p =
(ug, uy, . . .) inr there exists a repetition u; of priority F (p).

The above lemma implies that an accepting run r over a k-tree 7 has a finite number of noisy
repetitions. In fact, it is immediate to see that each path in the run has a finite number of noisy
repetition, since they must precede the first repetition of priority ¥ (p). We conclude by the fact
that 7 has branching bounded by k.

We can now show that if an automaton has an accepting run, then it has an accepting run
without noisy repetitions.

LEMMA 5.13 (AvOIDING No1sy REPETITIONS). Let & be a PES and let ¢ be a closed formula of Lp,,.
IfL(Ag,y) # 0, then Ag, , has an accepting run r without noisy repetitions.

We thus reach the desired conclusion, i.e., when an automaton has a non-empty language, it has
an accepting run that, once pruned, has all leaves with even priority.

LEMMA 5.14 (PRUNED RUN wiTH EVEN LEAVES). Let & be a PES and let ¢ be a closed formula of
Ly If L(Ag,p) # 0, then Ag,, has an accepting runr on a k-tree T such that in T all leaves
have even priority.

Using the above lemma, it is easy to prove that if Ag , has a non-empty language, then &
satisfies ¢. The proof relies on the fact that an accepting run for Ag , whose pruning has all
leaves with even priority, can be easily transformed into a successful tableau for ¢, so Lemma 4.3
allows us to conclude.

LEMMA 5.15 (NON-EMPTINESS IMPLIES SATISFACTION). Let & be a strongly regular PES and let ¢
be a closed formula. If L(Ag, ) # 0, then & |= ¢.
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Conversely, given a run » whose pruning has all leaves with even priority, it could still be the
case that r is not accepting, because it does not take advantage of the possibility of cycling over
the leaves. For instance, consider again the NPA in Figure 3. The run corresponding to the se-
quence of states (qo, 91,92, 43> 94> 45- G6- 92> 43> (91> @5, q7)™) is not accepting, since the only state
with a priority that occurs infinitely often is g4 and, as already observed, g4 has odd priority. How-
ever, the first repetition along this run is g, and thus the pruned run would be the subsequence
(905 91> 925 43> 94> G55 96> q2), terminating in the state g,, which has even priority. Indeed, recognising
the presence of the loop g2, g3, 94, g5, g, g2, One can construct the run (qo, g1, (92, 435 94, 45, 46) ™),
which is accepting.

In general, we can prove that if there exists a run whose pruning has all leaves with even priority,
then there exists an accepting run.

LEMMA 5.16 (ACCEPTING RUN FOR PRUNED RUNS). Let & be a PES and let ¢ be a closed formula
of Lpp. If there exists a runr of the NPA Ag , on a k-tree T such that in 7 ) all leaves have even
priority, then there exists also an accepting run of Ag .

The above result allows us to conclude that if & satisfies ¢, then Ag , has a non-empty language.
Again, we rely on the results proven for tableaux. By Lemma 4.16, whenever & satisfies ¢ there is
a successful tableau for ¢. The proof then shows that a successful tableau for ¢ can be viewed as
the pruning of a run where all leaves have even priority. By Lemma 5.16 this can be transformed
into an accepting run for Ag .

LEMMA 5.17 (SATISFACTION IMPLIES NON-EMPTINESS). Let & be a strongly regular PES and let ¢
be a closed formula. If & |= ¢, then L(Ag 3) # 0.

Joining Lemmata 5.15 and 5.17, we have that the model-checking problem of a formula ¢ over
a strongly regular PES & reduces to non-emptiness of the language of the automaton Ag .

THEOREM 5.18 (MODEL CHECKING Via NON-EMPTINESS). Let & be a strongly regular PES and let
¢ be a closed formula of Ly,. Then L(Ag, ,) # 0 iff & satisfies ¢.

The above result, combined with a suitable bisimulation equivalence = of finite index, can be
exploited to obtain an effective procedure for checking the satisfaction of a formula. In fact, given
a bisimulation = over #Ag ,, of finite index, the quotient automaton Ag, , _ is finite and, exploiting
Theorems 5.18 and 5.5, we can verify whether & |= ¢ by checking the emptiness of the language
accepted by Ag,, _. Clearly a concrete algorithm will not first generate the infinite state NPA and
then take the quotient, but it rather performs the quotient on the fly: Whenever a new state would
be equivalent to one already generated, the transition loops back to the already existing state.

When & is strongly regular, a reference bisimulation equivalence of finite index on Ag ,, is
future equivalence. An obstacle towards the use of the quotiented NPA for model checking pur-
poses is the fact that the future equivalence could be hard to compute (or even undecidable). To
make the construction effective, we need a decidable bisimulation equivalence on the NPA and the
effectiveness of the set of successors of a state. This is further discussed in the next section.

6 MODEL CHECKING PETRI NETS

We show how the abstract automata-based model-checking approach outlined in the previous
section can be instantiated on finite safe Petri nets, a classical model of concurrency and distribu-
tion [38], by identifying a suitable effective bisimulation equivalence on the NPA.

6.1 Petri Nets and Their Event Structure Semantics

A Petrinetis atuple N = (P, T, F, M) where P, T are disjoint sets of places and transitions, respec-
tively, F: (P X T) U (T x P) — {0, 1} is the flow function, and M, : P — N is the initial marking,
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i.e., the initial state of the net. We assume that the set of transitions is a subset of a fixed set T
with a labelling Ay : T — A.

Places can be seen as abstract resources. The state of a net N is thus a so-called marking, i.e., a
function M : P — N, indicating for each place the number of instances, called tokens, available in
the place. Transitions are actions that, to be executed, require some instances of resources (one for
each place p € P such that F(p, t) = 1). The execution consumes such resources and produces some
new instances (one for each p € P such that F(¢,p) = 1). An example of Petri net can be found in
Figure 1(b). Graphically, places and transitions are drawn as circles and rectangles, respectively,
while the flow function is rendered by means of directed arcs connecting places and transitions.
Markings are represented by inserting tokens (black dots) in the corresponding places.

Formally, a transition ¢ € T is enabled at a marking M if M(p) > F(p,t) for all p € P. In this
case it can be fired leading to a new marking M’ defined by M’(p) = M(p) + F(t,p) — F(p, t) for all
places p € P. This is written M[t)M’. We denote by R(N') the set of markings reachable in N via a
sequence of firings starting from the initial marking. We say that a marking M is coverable if there
exists M’ € R(N) such that M < M’, pointwise. A net N is safe if for every reachable marking
M e R(N) and all p € P, we have M(p) < 1, i.e, each place contains at most one token. Hereafter,
we will consider only safe nets. Hence, a marking M will be often confused with the corresponding
subset of places {p | M(p) = 1} C P. For x € P UT the pre-set and post-set are defined °x = {y €
PUT | F(y,x)=1}andx* = {y € PUT | F(x,y) = 1}, respectively.

The concurrent behaviour of a Petri net can be represented by its unfolding U (N), defined
below as an acyclic net constructed inductively starting from the initial marking of N and then
adding, at each step, an occurrence of each enabled transition of N. In what follows, we indicate
by m; the projection over the first component of a pair, i.e., 7;(a, b) = a.

Definition 6.1 (Net Unfolding). Let N = (P, T, F, My) be a safe net. The unfolding is the least net
U(N) = (PY,TY, FY, M) such that

o M ={(p,L)|pe My} CPY where L isanew element, notin P, T or F;
e ift € T and X C PV is coverable with 7 (X) = °t, then (¢,X) € TY;
o foranye = (t,X) € TV, theset Z = {(p,e) | p € t*} C PY; moreover ®e = X and e® = Z.

Places and transitions in the unfolding represent instances of tokens and firing of transitions,
respectively, of the original net. The projection m; over the first component maps places and tran-
sitions of the unfolding to the corresponding items of the original net N. The second component
records the “causal history,” i.e., for places the transition that generated the token (or L for to-
kens in the initial marking that have not been generated by any transition) and for transitions
the set of tokens used for the firing. The initial marking M consists of the set of minimal places.
For historical reasons transitions and places in the unfolding are also called events and conditions,
respectively.

One can define causality <x over the unfolding as the reflexive and transitive closure of the flow
relation. Explicitly, <y is the smallest reflexive and transitive relation such that x <5 y whenever
x € *y. Conflictis the smallest relation such that e#ye’ if *e N ®¢’ # 0 (i.e., when e and e’ compete
for a common resource), and inherited along causality, namely, if x#xy and y <y z, then x#yz.
The events TV of the unfolding of a finite safe net, endowed with causality and conflict, form a
PES.

Definition 6.2 (PES for a net). Let N =(P,T,F,M;) be a safe net and let UN) =
(PY,TY,FY, M) be its unfolding. The PES associated with N is E(N) = (T, <y, #n).

As an example, the unfolding U (N') of the running example net A and the corresponding PES
can be found in Figures 1(c) and 1(a), respectively.
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The transitions of a configuration C € C(E(N)) can be fired in any order compatible with
causality, producing a marking C° = (Mg U U;ec t*) \ (U;ec °t) in U(N); in turn, this corre-
sponds to a reachable marking of N given by M(C) = 7;(C°).

6.2 Automata Model Checking for Petri Nets

The PES associated with a finite safe Petri net is known to be regular [46]. We next prove that it is
also strongly regular and, thus, we can apply the theory developed so far for model checking Ly,
over finite safe Petri nets.

Let N = (P, T, F, My) be a safe Petri net. A basic observation is that the residual of the PES E(N)
with respect to a configuration C € C(E(N)) is uniquely determined by the marking produced by
C. This correspondence can be extended to pointed configurations by considering markings that
additionally record, for the events of interest in the past, the places in the marking that are caused
by such events. This motivates the definition below.

Definition 6.3 (Pointed Marking). Let N = (P, T,F,M,) be a safe Petri net. Given a set V, a
V-pointed marking is a pair (M, r) where M C P is a safe marking and r : V — 2M,

A V-pointed configuration (C, {) of E(N) naturally induces a V-pointed marking M({C, {)) =
(M(C), r)y where r(x) = {m1(b) | b € C° A {(x) < b}. We next observe that pointed configurations
producing the same pointed marking have isomorphic pointed residuals.

PropPOSITION 6.4 (POINTED MARKINGS Vs Resipvats). Let N = (P,T,F, M,) be a safe Petri
net. Given a set V and two V-pointed configurations (C1, (1), {Ca2,{2) in E(N), if M({C1, (1)) =
M(Cy, (), then (C1, (1) = (C2, {2).

By the above result the PES associated with a finite safe Petri net is strongly regular. In fact,
the number of residuals of V-pointed configurations, up to isomorphism, by Proposition 6.4, is
smaller than the number of V-pointed markings, which is clearly finite, since the net is finite and
safe. Furthermore, we already know that the PES associated with a finite safe Petri net is regular,
thus it is boundedly branching. Hence, one can conclude by using Lemma 3.10.

COROLLARY 6.5 (STRONG REGULARITY). Let N be a finite safe Petri net. Then the corresponding
PES E(N) is strongly regular.

To instantiate the model-checking framework to finite safe Petri nets, the idea is to take an
equivalence over the infinite NPA that equates states whose (pointed) configurations induce the
same pointed marking.

Definition 6.6 (Pointed-Marking Equivalence on NPA). Let N be a finite safe Petri net and let ¢
be a closed formula of Lp,. Two states q;, g» in the NPA Ag(n),, are pointed-marking equiv-
alent, written q1 ~m q2, if qi = (Ci, n;,¥), i € {1, 2}, for some ¢ € sf(¢) and M((C1, 71 ,9))) =
M{Cz, 72 |fv(¢)>)'

Using Proposition 6.4, we can immediately prove that ~,, refines ~. Moreover, we can show
that ~,, is a bisimulation in the sense of Definition 5.4.

PROPOSITION 6.7 (POINTED MARKING EQUIVALENCE IS A BISIMULATION). Let N be a finite safe
Petri net and let ¢ be a closed formula of Ly,. The equivalence ~,, on the automaton Agy),, is a
bisimulation and it is of finite index.

Relying on Propositions 6.4 and 6.7, we can provide an explicit construction of the quotient au-
tomaton Ag(n),p, - We introduce a convenient notation for transitions between pointed mark-
ings. Given the tuples of variables x, y, a set V such that x Uy C V, and a V-pointed marking
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(M, r), we write (M, r) az M rYIEM[t)M', AN (t) = a,forall x € x, wehaver(x) N °t # 0,
for all y € y it holds r(y) N °t = 0, and r’ is defined by r’(z) = t* and r’(w) = (r(w) " M") U {s |
r(w)yn °t+#0 A s et®}, for w# z. In words, from the pointed marking (M, r), the transition ¢ is
fired and “pointed” by variable z. Transition ¢ is required to consume tokens caused by x and not
to consume tokens caused by y to be itself caused by x and independent from y. After the firing,
clearly, z causes t* and variables that were causes of some p € °t become causes of the places in
t°.

ConsTRUCTION 1 (QUOTIENT NPA). Let N be a finite safe Petri net and let ¢ be a closed formula
of Lup. The quotient NPA Ag(n),p,_ is defined as follows: The set of states Q = {(M,r, ) | M €
RN) A r: o) = 2M A ) € sf(p)}). The initial state gy = (M, 0, ¢). The transition relation is
defined, for any stateq = (M,r, ) € Q, by:

o ify =Tory =F, thenq— (q)

o ify =1 AYn, then q— (q1,q2) whereq; = (M, r,{;), {1,2}

o ify =1y Vi, thenq— (q:) and g— (q2) whereq; = (M ri), i€ {1,2)

o ify =[xF <azly letS = (M.l ) 1 M.r) 225, )
—if S={(M1,r1)s...,(Mp,rn)} #0, then q— (q1,...,qn) where q; = (M;,ri,y’) for

€ [1,n],

—otherwise, ¢ — (q) ~

o Y =0T <azby letS = (M1 ) | (M) =g (M 1))
—ifS = {(Mi1,1r1),...,(My, 1)} # 0, then q— (q;) where q; = (M;,r;, ") fori € [1,n],
—otherwise, ¢ — (q)

o ify = (aX(x).¥)(y), then g— (q') whereq’ = (M,r,X(y))

o ify =X(z) and Y’ € sf(p) is the unique subformula such that ' = (aX(x).¥"')(y), then
q— (q') whereq’ = (M, r[x = r(2)].y").

The acceptance condition is analogous to that in Definition 5.6.

The automaton Agn), ¢ - is finite for all finite safe Petri nets N. Thus, it can be used for
model-checking a formula ¢ of L, over a finite safe Petri net by means of a language emptiness
check. This is detailed in the next section.

6.3 A Prototype Tool

The algorithm for model-checking Petri nets outlined before is implemented in a prototype tool
called TCWB (True Concurrency Workbench) [34], written in Haskell. The tool inputs a safe Petri
net N and a closed formula ¢ of Ly, and outputs the truth value of the formula on the initial
marking of N. The truth of the formula is reduced to the non-emptiness of the language of the
automaton Ag(n), e o (Theorem 5.18). The algorithm builds the quotient NPA Agpy, . “on
demand,” i.e., the states of the automaton are generated when they are explored in the search for
an accepting run. A path is recognised as accepting when it includes a loop where a C;-maximal
subformula (see Definition 3.2) is T, a [[ ]]-subformula or a proposition quantified in a v-subformula.
In this way only a fragment of Ag(n),,_ relevant to decide the satisfaction of ¢ is actually built.

A loop is identified when a state is encountered that is pointed-marking equivalent to an ances-
tor state. According to Definition 6.3, to be pointed-marking equivalent two states must contain
the very same subformula. It is easy to see that this requirement could be relaxed, e.g., by allowing
different names for the free event variables (as it happens in Definition 5.7). In principle, a coarser
pointed-marking equivalence could reduce the size of the quotiented automaton and thus increase
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Table 2. Results of Tests Performed on TCWB, Compared with Those of CWB

Process name | Process states | Formula | Subformulae | TCWB (CPUs) | CWB (CPU s)
5 cyclers 1,024 Live 6 <1 <1
6 cyclers 4,096 Live 6 <1 1
7 cyclers 16,384 Live 6 8 5
8 cyclers 65,536 Live 6 247 28
9 cyclers 262,144 Live 6 - 570

efficiency. However, even with the advantages deriving from the reduction of size, in practice, the
cost of checking whether formulae are the same up-to variable renaming would lead to an over-
all less efficient procedure. The implementation adopts an intermediate approach, which tries to
rename event variables only in the case of propositions. Moreover, states are kept in an ordered
structure that allows for a binary search. Again, maintaining such structure has some cost, but
since the queries vastly outnumber the updates, this turns out to be convenient.

As a side remark, we tried a direct implementation of the tableau-based procedure. As antic-
ipated, it resulted to have very poor performances mainly because of the repeated exploration
of “equivalent” paths during the construction of a proof tree, which is avoided in the automata-
theoretic procedure.

Given anet N = (P, T, F, M) and a formula ¢, the number of states in the quotient automaton
ﬂg(N),(p/zm can be bounded as follows: Recall that a state consists of a triple (M, r, 1) where

i € sf(p), M is a reachable marking and r : fu(iy) — 2M is a function. This leads to an upper
bound O(|sf(¢)| - |R(N)| - 2!P1"?), where v = max{|fv(/)| : ¥ € sf(¢)} is the largest number of
event variables appearing free in a subformula of ¢. In turn, since |R(N)| < 2/P!, this is bounded
by O(|sf(¢)] - 2!P1"®*1). The size of the automaton is thus exponential in the size of the net and
linear in the size of the formula. Moving from the interleaving fragment of the logic (where v = 0)
to formulae capable of expressing true concurrent properties thus causes an exponential blow-up.
However, note that the worst-case scenario requires all transitions to be related by causality and
concurrency to all places in all possible ways, something that should be quite unlikely in prac-
tice. Indeed, despite the fact that the tool is very preliminary and more tweaks and optimisations
could improve its efficiency, for the practical tests we performed, the execution time seems to be
typically well below than the theoretical worst-case upper bound.

We performed some simple tests. Despite the absence of another tool with the same purpose to
compare with, they were useful to grasp some information. All tests were performed using Petri
nets representing processes made of a number, indicated in the process name, of parallel copies of
a cycler, which is a sequential loop always repeating the same four states.

o Absence of deadlock. This property can be expressed in the interleaving fragment of Ly,
via the formula Live = vX.({_xD)T A [_y]lX). Hence, we can compare with a classical tool
for model-checking formulae of the mu-calculus, i.e., Edinburgh Concurrency Workbench
(CWB). The CWB exploits a game-theoretical formalisation of the model-checking problem
and search for a winning strategy for one of two players. The results are reported in Table 2.
The symbol “-” in the CPU time column indicates an execution time exceeding 1,800 sec-
onds. The CWB is faster, as expected, since it is a well-optimised tool and the greater ex-
pressiveness of Ly, requires the maintenance of more complex data structures. Still, the
fact that the efficiency is comparable suggests that the overhead deriving by the need of
setting up the data structures needed to deal with pointed markings is acceptably small.
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Table 3. Results of Tests Performed on TCWB Using True Concurrent Properties

Process name | Process states | Formula | Subformulae | TCWB (CPU s)
5 cyclers 1,024 Atom 12 <1
6 cyclers 4,096 Atom 12 5
7 cyclers 16,384 Atom 12 97
8 cyclers 65,536 Atom 12 -
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e Causal atomicity [18] for a block labelled by a. We assume that every action of a process
is either labelled by a or b. Hence, the process has only one block, required to be atomic,
labelled by a; everything else is outside the block and is labelled by b. Then, as mentioned
in Section 3.2, causal atomicity can be expressed by the formula Atom = vX.([_w]X A
[axvY(x).([x < bylly < az]]F A [_w]Y(x))). Note that all transitions in the cyclers
are labelled by a. While this might seem strange for the task of interest, it has been chosen
since it produces the worst-case scenario. In fact, every pair of transitions must be checked
for the absence of an atomicity violation, since all transitions are in the same atomic block.
In this case the “true concurrent” operators of L}, are needed to express the property. Thus,
it cannot be tested on CWB. The results of the tests on TCWB are displayed in Table 3.

Interestingly, in the tests above, moving from the interleaving fragment of the logic to true
concurrent properties, the size of the automata does not grow exponentially, as the theoretical
bound would suggest. Indeed, as mentioned before, the worst case would require all transitions
to be related to all places in all possible ways, which is very unlikely in practice and surely not
happening in the processes used for the tests. In this particular case, the size of the automaton
grows by a factor n equal to the number of cyclers in the system. This is because every reachable
marking consists of n places and every transition causes exactly one of such places. Then, since the
largest number of event variables occurring free in a subformula of Atom is 1, the number of states
of the automaton up to pointed-marking equivalence grows by the factor n, with respect to the
interleaving case. So the upper bound to the size of the automaton for the true concurrent property
isjust O(|sf(Atom)| - [R(N)| - n), where N is the Petri net representing the n cyclers process, while
in the interleaving case, the size coincides with the theoretical bound, i.e., O(|sf(Live)| - |[R(N)|).

7 CONCLUSIONS

We studied the model-checking problem for the logic for true concurrency Lj,, representing the
logical counterpart of a classical true concurrent behavioural equivalence, i.e., history-preserving
bisimilarity. Resorting to a tableau-based technique, we showed that the problem is decidable for
the class of strongly regular PESs, which include regular trace PESs. We then devised an automata-
theoretic model-checking approach relying on parity tree automata, amenable to a more efficient
implementation. As an example of instantiation on a concrete formalism, we showed how the
technique can be implemented on finite safe Petri nets, also producing a proof-of-concept tool.

We proved that the class of regular trace PESs is included in that of strongly regular PESs, which
in turn is included in the class of regular PESs. The precise relation of strongly regular PESs with
the other two classes is still unclear and interesting in view of Reference [10], which recently
showed that regular trace PESs are strictly included in regular PESs, disproving Thiagarajan’s
conjecture.

Several other papers deal with model-checking for logics on event structures. In Reference [37] a
technique is proposed for model-checking a CTL-style logic with modalities for immediate causal-
ity and conflict on a subclass of PESs. The logic is quite different from ours, as formulae are satisfied
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by single events; the idea being that an event, with its causes, represents the local state of a compo-
nent. The procedure involves the construction of a finite representation of the PES associated with
a program that has some conceptual relation with our quotienting phase. In Reference [28] the au-
thor shows that first order logic and Monadic Trace Logic (MTL), a restricted form of Monadic
Second Order (MSO) logic are decidable on regular trace event structures. The possibility of di-
rectly observing conflicts in MTL and thus of distinguishing behaviourally equivalent PESs (e.g.,
the PESs consisting of a single or two conflicting copies of an event), and the presence in Ly, of
propositions that are non-monadic with respect to event variables, make these logics not immedi-
ate to compare. Still, a deeper investigation is worth to pursue, especially in view of the fact that,
in the propositional case, the mu-calculus corresponds to the bisimulation invariant fragment of
MSO logic [22]. Understanding which are the bisimulation invariant fragments of MSO over event
structures, with respect to the various concurrent bisimulations, is an interesting program in itself.

The work summarised in Reference [20] develops a game-theoretic approach for model-
checking a concurrent logic over partial order models. It has been observed in Reference [4]
that such logic is incomparable to Lj,. Preliminary investigations show that our model-checking
framework could be adapted to such a logic and, more generally, to a logic joining the expressive
power of the two. Moreover, further exploring the potentialities of a game-theoretic approach in
our setting represents an interesting venue of further research.

Another open issue concerns the possibility of generalising the results in this article to the
full logic £ in Reference [4]. This is quite challenging: The full logic £ induces a behavioural
equivalence—hhp-bisimilarity—which is undecidable already for finite state Petri nets [25]. Note
that this does not imply undecidability of the corresponding model-checking problem. On the se-
mantic side, relaxing the restriction to strongly regular PESs appears to be quite problematic unless
one is willing to deal with transfinite runs that, however, would be of very limited practical interest.

The tool is still preliminary. As suggested by its name (inspired to the Edinburgh Concurrency
Workbench [44]), we would like to bring the TCWB to a more mature stage, working on optimisa-
tions and adding an interface that gives access to a richer set of commands. In particular, the tool
is missing two main optimisations: a strategy for an efficient exploration of the automaton, and
efficient data structures and ways to maintain and update them. Both have been carefully consid-
ered in Reference [44] for CWB and shown to bring to great improvements in performances. For
instance, CWB uses so-called assumptions and decisions for choice-point during the exploration to
efficiently build the winning strategy for a player. Despite the fact that our procedure is based on
automata instead of games, we believe that similar techniques could be exploited also in the TCWB.

APPENDICES
A TECHNICALITIES AND PROOFS FOR SECTION 3
A.1 Free Variables and Substitutions

This section presents in detail some routine definitions and results about the logic, including the
notions of free event and propositional variable, the notions of substitutions and some technical
lemmata showing the independence of the semantics from the naming of the variables.

Definition A.1 (Free Variables). The free variables of a formula ¢ in Ly, are defined as:

=0, flx.y <azhe) = (fv(p) \ {z}) Ux Uy,
() =0, f(lxy <azllg) = (fv(p) \ {z}) Ux Uy,
ole AY) = fule) L fu(¥), frX(x)) =X,

fole V) = fule) U fu(¥), (X (x).0)(y)) =y  ac€{pv}

ACM Transactions on Computational Logic, Vol. 21, No. 4, Article 34. Publication date: October 2020.



Model Checking a Logic for True Concurrency 34:29

The fact that variables x are free in X (x), vX(x).¢ and pX(x).¢ is reflected in the definition of
free variable substitution. For instance, X (x)[y/x] = X(y) and (vX(x).¢)[y/x] = vX(y).(ply/x]).
Formulae are considered up to a-conversion of bound variables and substitution is assumed to be
capture-free. We next define the free abstract propositions of a formula.

Definition A.2 (Free Propositions). The free abstract propositions in a formula ¢, denoted by fp(¢),
are defined as:

Jp(T) =0, fplx,y <azhe) = fp(e),

Jp(F) =0, (x5 < azll¢) = fp(e),

fole1 A @2) = fple1) U fp(@2), ((vZ(x).0)(y) = fp(e) \ {Z},

fplo1 V @2) = fp(e1) U fp(e2), p(aZ(x).0)(y)) =fple) \{Z}  ae{pv}

Given an environment r : Var — E, a variable x € Var, and an event e € E, we denote by n[x —
e] the environment defined, for y € Var, by

e ify=x

nlx - e](y) = { n(y) otherwise.

Updates of a proposition environment must be properly defined to ensure that the semantics of a
formula does not depend on the naming of its free variables. For 7 € PEnvg and S € C(&E) X Envg,
we write 7[X (x) — S] for the proposition environment defined by

n[X(x) - SI(X(y)) {Cn) [ (Cm)eS A n'(y) =n(x)}
7[X(x) - SI(Y(y)) 7(Y(y)) for Y #X.

LEMMA A.3 (RENAMING VARIABLES AND PROPOSITIONS). Let & be a PES, let w a proposition envi-
ronments, and let ¢ be a formula of Lp,,.

(1) Given two tuples of variables x,y with |x| =|y| and fv(¢) Cx, then {o[Y 4%l =
{|qu|}f;[)7x], where _[Y/%] is the operation defined in Section 3.4.
(2) For all formula  and abstract proposition Z € X such that fv(y) = z and ar(Z) = |z|, it

holds {lo[Z(z) = Y10z = 10b% 0 1iner

Proor. Both items can be proved by routine inductions on ¢. O

From (1) above, it follows that the semantics of a formula ¢ in £}, only depends on the events
that the environment associates with the free variables x of the formula, i.e., if C € C(E) and n,n’
are environments such that 7(x) = r’(x) pointwise, then (C, 7) € {¢}® iff (C,n’) € {¢}®. Analo-
gously, from (2), we have that the semantics of ¢ only depends on the value of the proposition
environment 7 on the free propositions of ¢, while it is independent from the interpretation of
those that do not occur free in it. Point (2) also shows how substitutions of propositions in formu-
lae correspond to updates to proposition environments.

A.2 Proofs for Section 3.5

LEMMA 3.9 (EQUISATISFACTION IN POINTED CONFIGURATIONS WITH [SOMORPHIC RESIDUALS). Let
& be a PES, let ¢ be a formula of Ly, let © € PEnvg be a proposition environment saturated for
@, and let (Cy,11), (C2,12) € C(E) X Enve. If (C1, nilfng)) =r {Cas N2lfup))s then (C1,11) € {Igol},‘? iff
(Cau2) € {lghZ.

Proor. Assume (C1, 11lfv(p)) =r (Cz, N2lf(p))> Via an isomorphism ¢ : E[C1] — E[C;]. We prove
that if (Cy,m) € {|go|},‘§, then (Cy, 1) € {|(p|},‘?. Since the isomorphism : is bijective, the other
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implication follows by symmetry. The proof proceeds by induction on the formula ¢. We discuss
only some representative cases:

* ¢ =X(x)
Let (C1,1m1) € {X(x) I}f = (X (x)). Since x is saturated for X(x), by definition, we get
that also (Cz, 112) € 7 (X (x)), as desired.
* ¢=Y1 A
If (Cr,m) € {Ys AUl ¢, then by definition of the semantics (Ci,71) € {{yal}, and
(C1,m1) € {Y2l} ;. By inductive hypothesis, we obtain (Cz, 112) € {1}, and (Cz, 112) € {Y2l},
and thus (Cz, l]z) € {l(ﬂl A Iﬁzl}ﬂ.
o p={(x,y<azpy
Assume that (Cy,11) € {{x,y < az) ¥|},,. By definition of the semantics there exists an

event e € §[Cy] such that C; M C] and (Cy,n7) € (¢}, with n] = ni[z + e].

Since ¢ is an isomorphism of residuals of pointed configurations {C1, n:11f(p)) * (Cz, N2lfu(p))s

we readily deduce that i(e) is enabled at C, and

¢, BB <), o )
Consider the restriction of ¢ to §[C]] and call it 1" : E[C]] — &[C,]. Clearly /' is an iso-
morphism of PESs. Additionally, if we let 1, = n;[z + i(e)], then it is easy to see that
for all x € fu(y), e; € E[C]], it holds 77 (x) < e; iff n}(x) < i/(e;). Hence, (C{, n{lay)) =

(CJ mylfuy))- In fact, for all x € fu(y) € fu(p) U {2}

(1) if x € fv(¢p), then we can observe that e; € E[C]] € E[C1] and n;(x) = nj(x) for i €
{1, 2}. Then the desired property follows from the fact that 1 is an isomorphism of resid-
uals of the pointed configurations (C, n1|f(¢)) and (Cz, n2|fu(p))-

(2) ifx = z,thenn](z) = e € E[C1], n5(2) = 1(e) € E[C;]. Since 1 : E[C1] — E[Cz]isaniso-
morphism of PESs, 11 (x) < e iff n2(x) = 1(e) < 1(e]).

Since (C1, n7lp ) = {Cy. M3l(y))» by inductive hypothesis, (C;,7;) € {¢/]},. Recalling

(2), we conclude (Cz, 12) € {{x,y < azD ¢}, as desired.

o ¢ = (aX(x).¥)(y), for a € {v,p}
We know that {|(aX(x).¢)(y)l}, = aX(x).¥},[¥x]- Thus, it suffices to show that if

(Cio1) € 1aX ()], then (Ca, 12) € X ().}

We focus on the case a = p (the case a = v is perfectly dual). Observe that, by definition

of the semantics, we have

(X (x).¥l, = p(f)

where f = f} x(o.r - 2C@xEnve _, 9C(E)XEmve g defined by f(S) = {|¢|}S[Z(X)HS],
We know that u(f) = f¥(0) for some ordinal y. The thesis follows by showing that
for any ordinal g, if (Cy,n1) € f#(0), then (Cy,12) € fP(0). The proof is by induction
on f. The base case f =0 1s trivial, since f°(@) = 0. For a successor ordinal, if (Cy,7;) €
FEY0) = F(FP0)) = (o) A IZGm )] Observe that 7’ = 7[X(x) = f#(0)] is saturated
for ¢, as it easily follows from the fact that 7 is saturated for ¢ and free variables of ¢ are
fpW) € fp(p) U {X} and fv(p) = fv(¥) = x. Thus, the only doubt could concern the propo-
sition X, but the condition is satisfied also for X, by the inner inductive hypothesis ap-
plied to f#(0). Therefore, we can apply the outer inductive hypothesis to i to deduce that
(Co,1m2) € {I(pl}”[ ZeafFO)] = f 1(0). The case of a limit ordinal is straightforward. |

LEMMA 3.10 (STRONG REGULARITY AND RESIDUALS OF POINTED CONFIGURATIONS). A PES & is
strongly regular iff it is boundedly branching and for any fixed finite set V, the equivalence =, is of
finite index over V -pointed configurations of &.
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ProoF. (=) Assume that & is strongly regular. Then by definition it is boundedly branching.
Let V be a finite set and let Cy = {(C,{) | C € C(E) A { : V — C} be the set of V-pointed config-
urations.

By strong regularity, the set {E[CTU (V) | C € C(E) A { : V — C}is finite up to isomorphism
of PESs. This does not immediately imply that Cy is finite up to =,. In fact, given two V-pointed
configurations (C, ), (C’, {’), an isomorphism of PES 1 : E[C] U {(V) — E[C’] U {’(V) is not nec-
essarily an isomorphism of the corresponding pointed residuals. This is certainly the case if addi-
tionally it holds 1({(x)) = {’(x) forall x € V.

Assume, by contradiction, that Cy is not finite up to =~,. Then, we can find a sequence of V-
pointed configurations (C;, {* ), i € N such that the PESs 8 ]Ju { (V) are all 1somorphlc while
(C;, ') are pairwise non-equivalent with respect to ~,. Let ; : 8 JU V) = E[Cis] U V)
be PES isomorphisms for all i € N and denote by 1; ; : E[C;] U {* (V) — 8[C;] U (V) the isomor-
phism resulting as the composition tj_ o - -+ 0 1;11 0 1;.

The key observations are the following: Define the causal depth of an event as depth(e) =
max{depth(e’) | ¢’ < e}. Then

(1) the events in {*(V) have causal depth bounded by |V| in the PES E[C;] U {'(V);

(2) the PESs &[C;] U (V) have a finite number of events of causal depth bounded by |V,
since the PES & is strongly regular (hence, b-bounded for some b € N);

(3) each isomorphism of PESs 1; preserves the causal depth of events (i.e., depth(i;(e)) =
depth(e)).

By (1)-(3) above, we deduce that there are i,j € N, i < j such that for all x € V, we have
11,101 (x)) = {(x) and 11 ;({*(x)) = {/ (x). This implies that 1; ;({(x)) = {/(x) forall x € V.

Therefore, it is immediate to see that i; jlg[c,] : E[Ci] — E[C}] is an 1som0rphlsm of the resid-
uals of the pointed configurations (C;, {') and (C;, {’), contradlctmg the fact that the pointed con-
figurations in the sequence had all non-isomorphic residuals.

(&) Assume that & is boundedly branching and for all fixed finite set V, the equivalence =, is of
finite index over V-pointed configurations of &. We have to prove that & is strongly regular. Let k
be a fixed integer and let V = {vy, ..., vy} be a set of cardinality k. Each “extended” residual E[C] U
{e1,...,ex}, witheq, ..., ex € C can be trivially seen as the residual of a V-pointed configuration
(C, ¢y with {(v;) =e; forie{1,...,k}.

Again, from the fact that ~, is of finite index over V-pointed configurations, we cannot im-
mediately conclude. In fact, consider two extended residuals &[C] U {ey,...,er} and E[C']U
{ef,...,e.} such that the corresponding V-pointed configurations (C,{) and (C’,{’) are in the
same class, i.e., (C,{) =, (C’,{’"). Let 1 : §[C] — &E[C’] be the corresponding isomorphism such
that for all x € V, e € E[C], we have {(x) < eiff {’(x) < i(e). Observe that it is not necessarily the
case that

1 (v1) = (1), (o) B ()] E[CT U ey, ..., ex} = E[C'TUfef, ..., e}

is an isomorphism of PESs, since the mapping {(v;) + {’(v1),. .., (vx) — {’(vi) does not nec-
essarily respect causal dependencies. However, since, up to isomorphism, there are only finitely
many partial orders with k elements, and similarly only finitely many possible labelling, we con-
clude that each =,-class of V-pointed configurations splits in a finite number of classes of isomor-
phic extended residuals and thus we conclude. O
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B TECHNICALITIES AND PROOFS FOR SECTION 4
B.1 Proofs for Section 4.1

LEMMA B.1 (FIXED POINTS AND SUBSTITUTIONS). LetC,n, A =€ ¢ be a well-formed sequent and
assume that A(Z(x)) = aZ(x). ¢. Then {(p)allE = {(Z(x))alC.

Proor. Let {Y1,...,Y,} = fp(p) \ {Z} and let

0" = o[Y1(y1) = (Yi(y))al - - - [Ya(yn) == (Ya(yn))al-
Observe that

(Z&x)a = (MZX))a = (@Z(x).0)a = aZ(x).¢’ ®3)
and thus
(@)a = (@)a = ¢'[Z(x) := (Z(X))a] = ¢'[Z(x) = aZ(x).¢"]. (4)
Putting things together, we have

1ZE))ahE = flaZ(x).¢'}E [by (3)]

= {|¢'|}S[Z (O Zx).¢'] [by the semantics of fixpoints]

={¢'[Z(x) = aZ(x).¢'1}5 [by Lemma A.3 (2)]
= (ol [by (4)]. o

LEMMA 4.3 (BACKWARDS SOUNDNESS). Every rule of the tableau system is backwards sound.

Proor. For each rule, we have to show that if the sequents in the conclusion are true, then also
the sequent in the premise is true. The proof follows almost directly from the definition of the
semantics of the logic. We only inspect some cases:

e Consider the rule
) A E® ¢ Ay
Con,AEC ¢ Cop A EE ¢

Assume that the sequents in the conclusion are true, i.e., that (C,n) € {(¢)a I},‘? and (C,n) €
{(W)ale, for m € PEnv. Just observe that (¢ A 1/)a = (¢)a A (/)a. Then, we immediately
conclude that (C,n) € {|(¢ A lﬁ)AI},‘?, i.e., that the sequent C,n, A =8 @ A ¥ is true, as
desired.

e Consider the rule

Con A E® (x,y<azhe
Cnplzel,A EC ¢

where e € E[C] and C Ma C.

Assume that the sequent in the conclusion is true, ie., that (C’, 5[z + e]) € {(¢)al}%,
for 7 € PEnv. Then, by definition of the semantics, we immediately deduce that (C,n) €
dx,y < az) ((p)Al}f. Since ({x,y¥ < azD@)a = {x,y < az] (¢)a, this proves that the se-
quent C,7,A £ (x,¥ < az)) ¢ in the premise is true.

e Consider the rule:

b}

(©)

Cn,A Y (aZ(%)-9)(y)
(Int) =

C.n. A" = Z(y)
where A’ = A[Z(x)x — aZ(x).¢] and a € {v, u}.

Assume that the sequent in the conclusion is true, i.e., (C, 1) € {(Z(y))a’ |}f, for 7 € PEnv.
We just need to observe that (Z(y))a = ((eZ(x).¢)(y))a = ((@Z(x).¢)(y))a where the last
equality is motivated by the fact that A and A’ differ only on Z, which is not free in
(aZ(x).9)(y) (and neither is it in any formula ¢ such that («Z(x).¢)(y) —} ¥). Hence,
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1ZE)ahE = 1((@Z(x).0)(¥)ahE.

This immediately implies that the sequent C, 5, A |£€ (Z(x).p)(y) in the premise is true.
e Consider the rule:
Con A E¢ Z(z)
Con',A S ¢
where A(Z(x)) = aZ(x).¢, for a € {v, u} and ' = n[x — n(z)].
Assume that the sequent in the conclusion is true, i.e., (C,7’) € {|(@)al}E, for some 7 €
PEnv. By Lemma B.1, {(¢)a I},‘? = {(Z(x))a I},‘:’. Thus, we have

(Cn') =

(C.nlx - 1(2)]) € ((Z))alE
1Z@ % DalE

1Z @)A1 E
1Z@)abE1% 7).

Thus, (C,n) € {(Z(z))a I},‘?, which means that the sequent in the premise is true. O

(Unfy)

B.2 Proofs for Section 4.3

B.2.1 Finiteness.

LEmMA 4.7 (FIXPOINT INTRODUCTION). Let & be a PES and let T be a tableau for a closed formula
@. Let n be any node in the tableau labelled by C, n, A |= X (x) for some X (x) € X.

(1) Ifn has a descendant n’ labelled by C',n’, A" |= Y(y), for some Y(y) € X, andY is not intro-
duced between n and n’, then X E:} Y.
(2) If n has a descendant n’ that introduces X, then there is a node n'’ between n and n’ with

consequent Y (y) such that X Ty Y (hence, X T Y and X #Y).
Proor.

(1) We prove the property by induction on the number of sequents between n and n’ labelled
by a proposition. Let n; be such nodes, labelled by C;, n;, A; = Z;(z;) with i € {1,...,k}.
Moreover, let aX (x’).y be the definition of X in the tableau.

(k = 0) The only rule applicable to node n is (Unf,); hence, the successor of n will
have 1/ as consequent. Since between n and n’ there are no propositions and thus no other
applications of (Unf,) and Y is not introduced, necessarily Y € fp(y). Hence, either Y = X
or X C; Y.Inany case, X C7 Y.

(k > 0) Consider node n; labelled by the sequent Cy, 51, Ay |= Z1(z1). By inductive hy-
pothesis

ZC, Y. (5)
Since between n and n; there are no propositions and thus no applications of the (Unf,)
rule, there are two possibilities: either Z; € fp(y) or Z; is introduced between n and n;. In
the first case, by inductive hypothesis X T, Z; and thus, recalling (5), we conclude X C’; Y.
In the second case, if ¢ is the definition of Z; in the tableau, then ¢, is a subformula of ¢/,
a fact that together with (5), again, implies X EZ Y.

(2) Let aX(x’).y be the definition of X in the tableau. The only rule applicable to node n is
(Unfy), hence the successor of n will have i as consequent. Since all rules except (Unf,)
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reduce the size of the formula, there must be between n and n’ an occurrence of the un-
folding rule applied to some Y € fp(aX(x").y). By definition X E; Y as desired (hence,
X EZ Y and, clearly, X # Y, since Cy is irreflexive). m]

LEMMA 4.8 (INFINITE OCCURRENCES OF PROPOSITIONS IN TABLEAUX). Let & be a finitely branch-
ing PES. An infinite tableau for a closed formula ¢ contains an infinite path where some abstract
proposition Z occurs (and thus is unfolded) infinitely often without being introduced.

Proor. Let & be a finitely branching PES and let 7 be a an infinite tableau for ¢. Since the
transition system of the PES is finitely branching, also the tableau 7 is finitely branching. Hence,
by Kdenig’s lemma, it includes an infinite path p. Since all tableau rules (see Figure 1) apart from
(Unfy) reduce the size of the consequent, path p must include infinitely many applications of
(Unf,) and thus infinitely many sequents having a proposition as consequent.

Since the only abstract propositions that can appear are those in ¢, which are finitely many,
there are abstract propositions that occur infinitely often (possibly with different event variables).

Denote by P the set of such abstract propositions and consider the suffix p” of p, where only
abstract propositions in P occur.

Let X € P be maximal with respect to 7, and let p”” be a suffix of p” starting with an occurrence
of X. Then X is not introduced in p”’, otherwise, by Lemma 4.7(2), there would be a node n’ in p”’
with consequent Y (y) such that X C Y and X # Y, contradicting the maximality of X. O

THEOREM 4.9 (TABLEAUX FINITENESS). For a strongly regular PES & and a closed formula ¢, every
tableau for a sequent C,n, A |=€ ¢ is finite. Hence, the number of tableaux for C,n, A |=€ ¢ is finite.

Proor. The proof is by contradiction. Suppose that there is an infinite tableau r for the sequent
C,n, A =€ ¢. By Lemma 4.8, in 7 there is an infinite path 7 where a proposition X occurs infinitely
many times without being introduced. Let X (x) = aX(x). / be the definition of X in the tableau.

By Lemma 3.10 the set of x-pointed configurations of & is finite up to ~,. Since the proposition
X is unfolded infinitely many times along 7 without being introduced, there are infinitely many
sequents C’,5’, A’ =& X (x’) for which XT(A’) is the same node. Hence, the stop condition y is
necessarily satisfied at some point of the path, contradicting its infiniteness.

We next prove that also the number of tableaux is finite. Consider a tree where nodes are
tableaux rooted C, n, A I=6 ¢ and where the successors of each tableau 7 are the tableaux obtained
by extending 7 with the application of a rule. Since & is strongly regular, the tree is finitely branch-
ing. If it were infinite, there would be an infinite path and thus there would be an infinite sequence
of tableaux (7;);e, such that 7;,1 extends 7;. This in turn implies the existence of an infinite tableau,
which contradicts the first part. ]

B.2.2  Soundness and Completeness. The main result about soundness and completeness of the
tableau system requires a technical lemma about fixpoints interpreted as approximants. First, we
need to observe how the instantiation of a formula interact with the approximants.

LEMMA B.2 (GROUNDING, SUBSTITUTIONS, AND APPROXIMANTS). LetC,n, A |= ¢ be a well-formed
sequent where ¢ = aZ(x). Y is a fixpoint formula. Then (a) (¢)a is a fixpoint formula, (b) (p)a[Y/x] =
(¢l¥ %D, and (c) for any n € N, it holds ((¢)a)" = (¢")a-

Proor. Concerning point (a), reasoning as in the proof of Lemma B.1, it is easy to see that (¢)a
is a fixpoint formula. In fact, let {Yy,...,Y,} = fp(¢¥) \ {Z} and let

v =y[Yi(y1) == (i(y))al - .. [Ya(yn) == (Ya(yn))al.
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Then, observe that
(@) = (aZ(x).Y)a = aZ(x).y".
We now prove point (b) (¢[¥/x])a = (¢)a[¥ %] Using the fact that aZ(x).y = (aZ(x).¥)(x), this
is also almost immediate. In fact:

(¥ xDa = (@Z(x). )XV xDa = (@Z(x).9)())a
= (@Z(x).9")(y) = (@Z(x).¥" ) (O [Vx] = ()[4l

Finally, we prove point (c), i.e., for any n € N, (¢")a = ((¢)a)", by induction on n. We focus on the
case a = v (the proof is completely analogous when a = p).

(n = 0) Immediate, since (¢°)a = (T)a = T = ((¢)a)°.

(n > 0) Observe that

(" = WIZ(x) = ¢" " Da = P'[Z(%) = (9" )al,
where the last equality holds, since fp(¢"™') C fp(V[Z(x) := " ']) C fp(¥) \ {Z}, and

((@)a)" = (2Z(x).y")" =¥ [Z(x) = ((9)a)""].

Thus, we can conclude, since, by inductive hypothesis, we know that (¢" 1) = ((¢)a)""!. O

In words, the result above shows that the instantiation of the approximants of a fixed point
formula ¢ coincides with the approximants of the instantiation of ¢. For this reason, in the sequel,
we will abuse the notation and write ()1 for ((¢)a)" = (¢")a.

LEMMA 4.11 (FINITE APPROXIMANTS PROPERTIES). Let & be a strongly regular PES, let m € PEnvg
be a saturated proposition environment, and let ¢ = aZ(x).{ be a fixpoint formula. Then there exists
i € N such that {I(pl}‘S = {I(pil}s. Hence, for any configuration C € C(&) and environmentn € Envg:

(1) ifo =vZ(x).y and (C,n) ¢ loh® 7 then (C,n) € {o" |} \ {I(p"“l} forsomen <i;
(2) ifo = pZ(x).y and (C,n) € {h<, then (C.n) € o™} \ @™ }C for somen < i.

Proor. Let us first focus on the case ¢ = vZ(x).y. Clearly, foralli € N, {I(pl},r C {lo* |}”. Assume
by contradiction that the inclusion is always strict, i.e., {Iq)l}f;’ C ¢! I},‘:’ for all i € N. This implies
that "'} C {¢’}C foralli € N.

Therefore, there is an infinite sequence of pairs (C;, ;) € C(E) X Envg, for i € N, such that
(Civmi) € 19" hE \ 9" }E. We deduce that for each i, we have (Ci,n;) € {9’} and (Cj,7;) ¢
{|(pi|},‘? for all j < i. Then, by Lemma 3.9, we would have that (C;, njlf(ei)) #r (Ci,Nilppi)) for
alli € N andj < i. This would mean that there are infinitely many different equivalence classes of
fv(¢')-pointed configurations with respect to ~,. Since |fv(¢?)| < |fv(¢)| = |x| and & is strongly
regular, this fact contradicts Lemma 3.10. Therefore, there must exist i € N such that {I(pl}f; =
7 |},‘?. Point (1) then immediately follows.

If ¢ = pZ(x).¢/, then a dual reasoning proves that there is i € N such that {|¢'} = {¢"*'[} and
thus {|qo|},‘? = {¢ |}7‘§ and, again, point (2) immediately follows. |

LEMMA 4.13 (SHORTENING V-PSEUDO-TABLEAUX). Let & be a strongly regular PES and let T be
a successful v-pseudo-tableau. If T has a false leaf and for all false leaves C,n, A |= X(z), the node
AT(X ) is in t, then there exists a successful v-pseudo-tableaux t’, strictly smaller than t, with a false
leaf and where for all false leaves C, 5, A |= X (z), the node AT(X) is in7’.

Proor. Since 7 is successful its leaves are labelled by sequents C, n, A |= ¢, where ¢ is T, [x,y <
az]] ¢ or a proposition X(y) defined in 7 as a largest fixpoint or as some v-approximant. If ¢ = T,
then clearly the sequent is true. If ¢ = [[x,y < az]]¢, then the definition requires that the set

X,y<az

Succy (C,n) is empty, and thus, observing that (¢)a = [x,¥ < az]] ()a, we deduce that the
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leaf is vacuously true. Also leaves labelled by a proposition, defined as a v-approximant are true
by definition of successful tableau.

Therefore, the only possibly false leaves must have as consequent some proposition X (y) defined
as a largest fixpoint vX(x).y. Amongst such false leaves choose one, labelled C, 1, 2 |= X(y), say,
such that there is no other false leaf labelled C’, 7", %" |= X’(y’) with 2’T(X’) above 27(X) in 7.

Call w the node 3T(X). By definition of tableau the node w is labelled by a sequent with
consequent (vX(x).1)(y’). Let 7,, be the subtableau of 7 rooted in the successor of w, labelled
C.1,A = X(y), say.

Consider the other leaves in 7,, labelled by false sequents involving the same introduction of the
abstract proposition X, i.e., whose consequent is of the kind C, 5, 3 |= X (y”’) for suitable C, , 3, y”,
with 2T(X) = w. For each such leaf, the fact that the sequent is false means (C, ) ¢ {(X(y""))al®
for = € PEnv. Observe that by Lemma B.2(b)

X" Na = AXENY Ada = X4 Ada = vXE) 9D Al

Hence (C.1) ¢ [("X()9)al /4l = |(vX () 9)ah® /], by Lemma A3(1), and thus, we
have (C,n[x ~ n(y")]) ¢ {(vX(x).¥)al}®. In turn, by applying first Lemma B.2(a) and then
Lemma 4.11(1), this implies that there is n € N such that (C,n[x - n(y”)]) € {(vX(x).¥)xl, \
XY

Take one of such leaves [ such that the corresponding n is as small as possible. Let [ be la-
belled with the sequent C, 75, % |= X(z). Since [ is a leaf, the stop condition must be satisfied,
i.e., there is an ancestor k of I labelled C’,5’,3’ |= X(z') such that 2T(X) = 3'T(X) = w (hence,
k in 7,,) and (C,n[x  n(z)]lx) = (C’,n’[x — n’(z’)]lx). Furthermore, since (C,n[x > n(z)]) ¢
{(vX(x).¥)F ], and fu((vX(x).) ") € x, by Lemma 3.9, we have

(€ n'Ix = n'(2)]) & IvX&)- ()3 Dr- (6)

Now transform the tableau 7,, into a new tableau 7, by replacing each definition list A in a
sequent of 7,, with A’ defined as follows:

e if AT(X) = w, then A’ = A[X — (vX(x).9)"],
e otherwise A’ = A.

Clearly 7], is a well-defined v-pseudo-tableau. Moreover, 7,, is successful. The only doubt
could concern leaves that in 7,, were labelled C’,n’,A’ |= X(y’) with A’T(X) = w and thus in
7., become C’,n’,A” |= X(y') with A” = A'[X(x) = (vX(x).¢)"]. However, these leaves are
true in 7),. In fact, otherwise, we would have that (C’,n") ¢ {(X(y")a7l}, = (A" XF))al, =
{(vX ). = 1(vX(x).¥)1l,, where the last equality follows from the fact that X ¢
fp((vX(x).¢)"). Therefore, (C”,n"[x+— n"(y")]) ¢ {(vX(x)).¥)"},, which means that there
wouldbe m < nsuchthat (C”,n”[x = 1”(y')]) € {(vX(x). V), \ {|(VX(x).¢)Z“+1|}”, contradict-
ing the choice of n.

Additionally, after the transformation, the successor of the node k defined above is la-
belled C’,n’[x = n’(z’)],2" |E ¢y where 2" = ¥'[X — (vX(x).¢)"]. It is easy to see that () =
(X))t = (vX(x).9)*" where the last equality is motivated by the fact that X does not
occur free in (vX(x).y)"*!. Jointly with (6) this gives (C’,n’[x = n'(z)]) ¢ (vX(x).()) "], =
{{(¥)a~ ]}, namely, the sequent C’,n'[x — 1’(z)],2"” = ¢ is false, since (C’,n'[x = n’(z’)]) ¢
{¢} ... Therefore, by backwards soundness, some leaf of 7|, must be labelled by a false sequent.

Consider any such false leaf and the corresponding sequent C”, 5", A’ |= Y(y’). If the cor-
responding leaf of 7, is labelled C”,n"”,A |= Y(y’), we can have A’ = A[X — (vX(x).y)"] if
AT(X) = w, A’ = A otherwise. We analyse the two cases separately:
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o if A" =A[X — (vX(x).)"], thenY # X, because otherwise, by construction, the leaf would
be true, as observed above. Moreover, A’T(Y) = A’T(Y) = w’ must bein 7/, i.e., a descendant
of w, otherwise, it would contradict the choice of w.

e if A’ = A, and thus A'T(Y) = A’T(Y) = w’ # w, then again w’ must be after w, hence in 7,,,
otherwise, it would contradict the choice of w.

Therefore, we reduced to a strictly smaller subtableau 7/, of 7, which is successful, with a false
leaf and where all false leaves involve propositions introduced in 7,,, as desired. O

LEMMA 4.14 (SOUNDNESS). Let & be a strongly regular PES and ¢ be a closed formula of Ly,. If ¢
has a successful v-pseudo-tableau (hence, in particular, if it has a successful tableau), then & satisfies

@.

PROOF. Assume that the sequent C, 77,0 [=€ ¢ has a successful tableau 7. Then 7 is a successful v-
pseudo-tableau. For all leaves (and thus for all false leaves) C, 5, A |= X(z), AT(X) is in 7. Therefore,
if it had a false leaf, by Lemma 4.13, we could continue building strictly smaller v-pseudo-tableau
with the same properties, contradicting the finiteness of r. Hence, all the sequents labelling the
leaves of 7 must be true, a fact that, by Lemma 4.3, implies that all the nodes of 7 are true and thus,
in particular, the sequent C, 5,0 |=° ¢ labelling the root is true, as desired. O

LEMMA B.3 (UNFOLDING p-FIXPOINTS). Let C,n,A |= Z(z) be a sequent such that A(Z(x)) =
pZ(x).y or A(Z(x)) = (uZ(x).¢)". If C,n,A |= Z(z) is true and the stop condition y does not
hold, then rule (Unf}) is applicable and the conclusion is true.

Proor. Assume that the stop condition y does not hold. If the sequent C,n,A |= Z(z) is
true, ie. (C.n) € ((Z(2)all, for m € PEnv, then, by Lemma A3(1), (C.n') € |(Z(x)al}, and,
since (Z(x))a = (A(Z(x)))a, then (C,7n’) € {(A(Z(x)))al},,- When A(Z(x)) = pZ(x).y some k €
N such that condition (1) holds is guaranteed to exist by applying first Lemma B.2(a) and
then Lemma 4.11(2). When instead, A(Z(x)) = (uZ(x).¥)", we need only Lemma B.2(c). More-
over, in this case, we have k < n, since (C,7’) € {|(pZ(x).¥);l}, and (C,n’) € {|(pZ(X).¢)’A‘+1|}ﬂ \
I(HZ(x)-)5 -

Since Z ¢ fp((uZ(x).1)*) and A and the definition lists A’ differ only on Z, we have that (1/)x =
WZ(x) = (,uZ(x).gb)’AC])A = (,uZ(x).t//)gJr1 and thus (C,n") € {(¥)a ]}, ie., the successor sequent
C,n', A" = ¢ is true. O

LEMMA 4.16 (COMPLETENESS). Let & be a strongly regular PES and let ¢ be a closed formula of
Lpp. If € satisfies ¢, then ¢ has a successful p-pseudo tableau and thus a successful tableau.

Proor. We prove that each true sequent C, 5, A |= ¢ admits a successful p-pseudo-tableau. We
first construct the tableau inductively, showing which rule to apply and arguing that the conclusion
of the rule is again a true sequent. Then, we will show that it is successful. We distinguish various
cases according to the shape of ¢:

e p=T
The node has no successors.
* p=Y1 A

We apply rule (A), which produces two successors labelled C, n, A |= ¢; and C, 1, A |= .
Clearly (@)a = (¥1)a A (2)a, and, since (C,n) € {|(¢)al},;, by definition of the semantics
both sequents are true.

* 9=Y1 Vi
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Since (C, 1) € {(¢)al}, and clearly (¢)a = (1)a V (¥2)a, then by definition of the seman-
tics (C, 1) € |(¥i)all,, for some i € {1, 2}. We apply rule (V) or (VRr), accordingly, produc-
ing a single true successor labelled C, 1, A |= /.

e p=(x,y<az)y

Since (C, 1) € {{(@)all, and (@)a = {x,¥ < az]) (¥)a, by definition of the semantics there
exists an event e € E[C] such that C Ma C',n’ =nlz—e]and (C',n") € {(Y)all,-
Then, we can apply rule (&) producing a single true successor labelled C’,n’, A |= .

e p=[xy<az]y
Let the set of successor be Succ)ngZ (C,n) ={(C1,m1)s--.,(Cu,nn)}. Note that succes-

X, y<az

sors Succy (C, n) are finite, since the PES & is strongly regular and thus finitely branch-
ing. -

If Succy” ™ (C, ) is mot empty, since (C,7) € |(p)all; and (p)a = [x,5 < az] (),
by definition of the semantics, then we have that (C;, n;) € {{(¢)al}, for all i € [1,n]. Then
rule (O0) can be applied producing n true successors labelled C;, n;, A |= ¢, for i € [1,n].

X,y<az

Otherwise, if Succy (C, n) is empty, the node has no successor.

. 0= (@Z(x).9)(2)

We apply rule (Fix) that produces a single successor labelled C, n, A’ |= Z(z) where A’ =

A[Z(x) = aZ(x).y].
We show that the sequent C,n, A’ |= Z(z) is true, ie., (C,n) € {(Z(z))a}, for = €
PEnv. First note that (¢)a = (¢)a’, since Z ¢ fp(p) and A and A’ coincide on all propo-
sitions except Z. Therefore (Z(z))n = (A'(Z(2)))n = (@)a = (¢)a. Since (C,n) € {((@)all,;,
we have that (C,n) € {(Z(z))al},;, as desired.
° ¢=2Z(z)

We know that the sequent C,n, A |= ¢ is true, i.e., (C,n) € {(Z(2))al},, for 7 € PEnv. If y
holds, then the node has no successors. Otherwise, if y is false, we distinguish two cases
depending on the definition of Z in A:

(1) A(Z(x)) =vZ(x).¥
Since (C,n) € |{(Z(z))al},, we have that (C,n’) € {(Z(x))al}, where 1’ =[x +—
1n(z)]. By Lemma B.1{(Z(x))all, = {(¥)al},;, and thus (C,n") € {|(¥)al} ;- Therefore, by
using rule (Unf, ), we produce a single true successor labelled C,n’, A |= .
(2) AZ(x)) = pZ(x).y or (uZ(x).4)"
By Lemma B.3, since the sequent C, 7, A |= ¢ is true, we can apply rule (Unf}), thus
producing a true successor labelled

C; ’7/5 A |= ¢7

where n’ =[x  7(z)] and A’ = A[Z(x) = (uZ(x).1)¥], for some k € N such that
(C,n") (ﬂZ(X).gﬁ)]ACH e \ (;JZ(X).lﬁ)]AC I} ;» which is ensured to exist.

Note that we do not need to consider the case ¢ = F, since the sequent C, 5, A |= ¢ would be
false.

The inductive construction produces a p-pseudo-tableau where all sequents are true. The only
reason why it might not be successful could be the presence of a leaf labelled C, n, A |= X(z) where
A(X(x)) = (uX(x).1/)*. We next show that this would imply that C, 5, A |= X(z) is false, hence it
is not possible.

Assume that there is a leaf [ labelled C,7,A |= X(z) where A(X(x)) = (uX(x).1)*. We
prove that C, 5, A |= X(z) is false, namely, that (C,n) ¢ {{(X(z))al},, for = € PEnv. Observe that
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(X(2)a = ((,uX(x).gb)k[Z/x])A = (/lX(X).I//)g[Z/X], hence, by Lemma A.3(1), we can conclude by
proving that
(Cnlx = n(@)]) € (X (x).P);. (7)

Since [ is a leaf, it must satisfy the stop condition, i.e., it must have an ancestor v labelled
C’',n', N’ £ X(z') such that AT(X) = A’T(X) and (C, n[x = 1(z)]lx) = (C",n’[x = 1’ (z')]x). By
construction, the successor of v must be labelled C’,n'[x = n'(z’)],A” |= ¢, where A" =
N [X(x) - (pX(x).¥)"] for some ne N such that (C’,n'[x+ 5'(z)]) € { (,uX(x).tﬁ)X,Jrl ).\
{ ((,uX(x).lﬁ)Xf'l } . for m € PEnv. Recall that each time a proposition is unfolded using rule (Unf}),
the index of the approximant strictly decreases, hence k < n. Then, we have that (C’,n'[x —
n'(z")]) ¢ { (,uX(x).z,b)’A‘, I} ;. since { (,uX(x).lﬁ)]AC/ b, S 1(uX(x).¥)x I} ;. Therefore, by Lemma 3.9, we
deduce

(Cnlx - 1(2)]) & (X))
since 7 is vacuously saturated for (uX (X).lﬁ)g, that has no free propositions.

We then reach the desired conclusion (7) by showing that (uX(x).¢) ’A‘, = (uX (X).lﬁ)g. Note that,
since AT(X) = A’T(X), no proposition Y € fp(i/) \ {X} can be unfolded or introduced along the
path from v to [. Otherwise, if px and ¢y are the fixpoint formula binding X and Y, respectively,
then we would have gy T ¢y T ¢x, while C, is a partial order. Thus, since the definition list is
updated only when a proposition is unfolded or introduced, A and A’ coincide on all propositions in
F((uX(x).1)%) € fp(¥) \ {X}. Clearly this implies that (,uX(x).tﬁ)g, = (X (x).1)*)a, as desired.
Allin all, we can conclude that there is a successful p-pseudo-tableau (hence, a successful tableau)
for each true sequent. O

THEOREM 4.17 (SOUNDNESS AND COMPLETENESS OF THE TABLEAU SYSTEM). Given a strongly reg-
ular PES & and a closed formula ¢ of Ly, the formula ¢ has successful tableau if and only if &
satisfies ¢.

Proor. Corollary of Lemmata 4.14 and 4.16. O

C TECHNICALITIES AND PROOFS FOR SECTION 5
C.1 Proofs for Section 5.1

THEOREM 5.5 (LANGUAGE PRESERVATION). Let A be an NPA and let = be an equivalence on the set
of states, which is a bisimulation. Then L(A,_) = L(A).

Proor. Let A = (Q, qo, —, F) be an NPA and let = be an equivalence on Q, which is a bisimu-
lation. We prove the two inclusions separately.

Let us first show that L(A) € L(A,.). Let T € L(A) be a tree. Then there exists an accepting
runr: T — Q. It is easy to show that r’ : T — Q,. defined by r’(u) = [r(u)]- for all u € T is an
accepting run for T in A,_.

In fact, it is a run on T, since r’(e) = [qo]-, which is the initial state of A,.. Moreover,
for all u € T, if ul,...,un are its children, then r(u) — (r(ul),...,r(un)) in A, hence r’'(u) =
[rw))e— - ([rwl)]., ..., [r(un)]o) = (r'(ul),...,r'(un)), as desired.

Finally, r’ is accepting, since any path ([qol-,[q1]-,[g2)=,...) in r’ arises from a path
(0,91, g2, - - .) in r, which is accepting, and by construction [gq]- € 7. iff ¢ € F.

For the converse inclusion L(A,.) C L(A),let T € L(A,-) be a tree. Then there exists an accept-
ingrunr’ : T — Q,_. We can define a corresponding runr : T — Q in A as follows: For any node
u € T, we inductively define r(w) € Q in a way that r’(u) = [r(u)]-. For the root r(¢) = qo. For
any each node u € T with children ul,...,un, we know that there is a transition in the quotient
r’(u)—,-(r'(ul),...,r (un)). By construction this means that there is a transition g — (g1, ...,qn)
in A such that r’(u) = [q]- and r’(ui) = [q;]- for i € [1, n]. By induction, we have r(u) € Q such
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that r’(u) = [r(u)]-, hence r(u) = q. Since = is a bisimulation, there are g1, ..., q, € Q such that
r'(u) = (q1,...,qy,)and q; = q; for i € [1, n]. Therefore, for i € [1, n], we can define r(ui) = q; and
obtain [r(ui)]. = [q;]- = r’(ui), as desired.

Run r is accepting, as it follows from the fact that r’ is so and the way ¥,. is defined from . 0O

C.2 Proofs for Section 5.2

LEMMA 5.8 (% Is A BISIMULATION). Let & be a strongly regular PES and let ¢ be a closed formula
of Lyp. Then the future equivalence ~y on Ag,, is a bisimulation and it is of finite index.

Proor. Let g1 = (C1,11,V1),q2 = (C2, 112, 92) € Q be states of Agny,, such that q; =, ga.
Thus,

(i) there are a formula ¢ and substitutions o; : fv(¥) — fv(;), i € {1, 2}, such that yo = ¢;
and

(i) the fv())-pointed configurations (Cy, 51 o ay), (Cs, j2 © 03) have isomorphic pointed resid-
uals via some isomorphism ¢ : §[C;] — E[C,].

The first observation is that (i) and (ii) above imply that q; € F; iff ¢, € F;, for i € [0, ], i.e,
condition (1) of the definition of bisimulation (Definition 5.4).

In fact, by item (i), ¥4 and ¢ differ at most for the name of the event variables, hence
they have the same outer most operator and the same alternation depth. Moreover, if ¥

and hence i/, are modal formulae, e.g., ;1 = {x1,¥1 < azi)y] and 1y = (X2, 2 < azz)y,, then

X1,¥1<az;
Succs

vation that

(C1,m1) = 0 iff Succ’g’yi2<azz (Cs,1m2) = 0. This follows from the more general obser-

o n(x1),n(y1) < e . C{ iy, 1(x2),1(y2) < 1(e1) . Cé. ®)

il < . . . . .
In fact, let C;, Mﬁ C1 for some event e;. Since e; is enabled in &[C;] and ¢ is an isomor-

phism of §[C;] and E[C;], the image i(e;) is enabled in &[C;]. Moreover, for all x; € x1,n1(x1) < €4
and for all y; € y1, =(n1(y1) < e1). Since Yoy = 1, we get that for all x € x, 7 0 01(x) < e; and for
ally €y, =(1 0 01(y) < e1). Using the fact that i is an isomorphism of residuals of pointed con-
figurations, we deduce that for all x € x, 52 0 02(x) < i(e7) and for all y € y, =(12 © 02(y) < i(eq1)).
Thus, we get that for all x, € x5, 72(x2) < 1(eg) and for all y, € y2, =(12(y2) < i(e1)), which means

Cs, Ma C,, as desired. The converse implication is immediate by symmetry.

From the above, recalling that the priority of a formula depends on the shape, the alterna-
tion depth, and for modal formulae, on the successor configurations, we conclude that condition
(1) holds.

Now, let us focus on the condition (2). We proceed by cases, on the form of the formula ¢,
(which, as observed, is of the same shape as ¢/») and we show only that all transitions of g; are
simulated by g, since the other direction follows by symmetry.

e yy=Tory; =F
Trivial, since the only transitions of g; and gsare q; — (q1) and g2 — (g2), and g1 = qa.

° Yi=y Ay
The only transition of gq; is q; — (g7, q}") where ¢} = (C,n,¥/) and g}’ = (C,n,¥]’). By
item (i), we immediately get that = ' A¢/" and ¢ = ¢y A, with¢)'o; = ¢/ and " 0; =
Yl fori € {1,2}.

We can thus consider the only transition of ¢, ie, ¢2— (q}.q)) where

gy = (Co,m2, ;) and  q) = (Ca,12,1,"). Since we already knew that (Ci,(n;0
o)) ®r (Cas (2 © 02)|fuy)), just observing that fv(y’), fv(y”) € fu(y), we deduce
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(C1, (111 0 01) gy =r {Ca, (92 © 02)|(yr)) and (Cy, (11 © 01) |a(y)) =r (Cas (12 © 02) |py))-
Thus, we conclude that q; ~¢ g; and q;" = g3, as desired.
o Y1 =y Vi ¢ = (aXi(x1).¥7)(y), and Y1 = Xi(x1).
Analogous to the previous case.
o Uy ={x1,¥1 < az Dy .
There are two possibilities. If Succ’g’yl “#1(C1, 1) = 0, then the only transition of q; is g; —

X2,Y2<azy

(q1)- We already observed that in this case also Succ; (Ca,12) = 0. and thus, we can

take the only transition of q; i.e., g2 — (g2) and conclude, since q; =f 3.
X1,y1<az;

s (C1,m1) =0, then the transitions of ¢; are g;— (q;) with
q; = (Cl.nlz1 ¥ ei],¢) for Cl,wa C{. We observed that, in this case

Cy Ma C, and thus for g,, we can take the transition ¢, — (g;) with
g5 = (C3,n2[z2 + 1(e1)], ¥5). Since e; € E[C;], i € {1,2}, and 1 is an isomorphism, for all
e] € E[Cy], e; < e iff i(e;) < i(e]). Moreover, by (i), we get that ¢ = (x,y <az)y’
and observing that fv(y)) € fu(;) Ufz;} and fu(y’) € fu() U{z}, we have that
V'oilz > z;] =] for ie€({1,2}. Putting together the previous facts, we obtain
also that the pointed configurations (Ci,(n[z1 = ei]ooi[z = z1])|py,) and
(Cy, (n2[z2 = 1(e])] 0 02z = 2z2])|vyr)) have isomorphic pointed residuals, with an
isomorphism, which is the restriction of 1 to &[C]]. Hence, we conclude that q; ~f q;.
o y=[x7<azlh

Analogous to the previous case.

If instead Succ

To show that ~ is of finite index, observe that for a fixed subformula 1 € sf(¢), there is a finite
number of ~,-equivalence classes of fv(}/)-pointed configurations. Since the number of subformu-
lae in sf(¢) is itself finite, we conclude. O

We next observe some properties of paths in automata in relation to fixpoint formulae. These
are easy adaptations of similar results already proved for tableaux (Section 4.3).

LEmMA C.1 (FIXPOINT INTRODUCTION). Let & be a PES, let ¢ be a closed formula in Ly, and let
Ag, o be the corresponding automaton. For any path p in Ag,, and state g with formula X (X)

(1) if there exists a state q" after q, with formula Y(y) andY is not introduced between q and q’,
then X EZ Y;

(2) if there exists a state q’ after q that introduces X, then there is a state between q and q" with
formula Y(x) with X T, Y.

Proor. Straightforward adaptation of the proof of Lemma 4.7. O

LEmMA C.2 (PROPERTIES OF INFINITE PaTHS). Let & be a PES, let ¢ be a closed formula in Ly,
and let Ag,, be the corresponding NPA. Each infinite path in Ag , has a suffix p = (qo, q1, . . .) such
that one the following properties holds:

(1) for all j, qj = (C,n,¥), with ¥ of the kind T, F, or [x,y <az][y’, {x,y < azDy’ with
Succ’é’yqz(C, n) =0;
(2) the set of abstract propositions that occur infinitely often has a T, -largest element X (which

thus has the largest alternation depth) and X is never introduced in p.
Proor. Consider an infinite path in the automaton Ag ,. If from some point on g; = (C, n, ),

where ¢ of the kind T, F[[x,¥ < az]Jy’ or {x,¥ < az)y’ with Succ’gy<az(c, 1) = 0, we are done.
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Otherwise, inspecting Definition 5.6, we see that the remaining transitions reduce the size of the
formula associated with the state, the only exceptions being the unfolding transition. Therefore,
infinitely many transitions must be unfoldings, meaning that there are infinitely many states with
a proposition as formula.

Consider a suffix p = (qo, g1, . . .) of the path such that all propositions occur infinitely often and
let X one of these proposition that is C;-maximal. Consider a suffix p” = (g, q¢+1, - . .) starting with
a state g¢ having an occurrence of X as formula. Reasoning exactly as in Lemma 4.7, we can deduce
that X is never introduced in p’.

Moreover, X is a C);-maximum. In fact, let Y be another maximal abstract proposition occurring
infinitely often in p’. Then, we can consider states q; = (C;, 7:, X(x;)), q; = (Cj,1;,Y(y;)), and
qi = (Ck, i, X(xx)). If Y is not introduced between g; and g; then, by Lemma C.1(1), X C; Y,
hence, by maximality, X = Y. Similarly, if X is not introduced between g; and gx then Y T, X,
hence, by maximality, X = Y. Otherwise, it is easy to see that if /x and iy are the fixpoint formulae
binding X and Y, respectively, ¢y should be a strict subformula of x that, in turn, should be a

strict subformula of ¢y, leading to a contradiction. m]

LEMMA 5.10 (PRUNED RUNS ARE FINITE). Let & be a strongly regular PES, let ¢ be a closed formula
of Lpp, and let Ag , be the corresponding NPA. For any runr of Ag, , on ak-tree T, the corresponding
pruned run T ) is finite.

Proor. We proceed by contradiction. We assume that 7 (") is infinite and we prove that it in-
cludes a repetition, in contrast with its definition. Since 7" (") is boundedly branching, by Konig’s
lemma, there is an infinite path p = (up, ug,...) in 7 (") Hence, by Lemma C.2, there is a suffix
p’" = (up, Up+1, - - .) such that one of the following properties hold and in both cases we conclude.

(1) r(u;) =q=(C,n,¢)foralli > h,with isof thekind T, F, or {x,y < azDy’, [x,¥ < az]y’
with Succ’quz (C,n) = 0. Hence, u; is a repetition.

(2) There is an abstract proposition X that occurs infinitely often and X is never introduced
in p’. Since X occurs infinitely often in p’ and, by Lemma 5.8, the equivalence ~f is of
finite index, there are two nodes u;, u; in p’ with formulae X (x;) and X (x;), respectively,
such that r(u;) ~ r(u;). Therefore, u; is a repetition. O

LEMMA 5.12 (MAXIMAL PRIORITY REPETITIONS). Let & be a PES, let ¢ be a closed formula of L,
and let r be an accepting run of the NPA Ag , on a k-tree 7 . For each infinite accepting path p =
(uo, w1, . ..) inr there exists a repetition u; of priority F (p).

Proor. Let p = (ug, us, ...) be an infinite accepting path in r. By Lemma C.2, there is a suffix
p’ = (up, ups1, . . .) of p such that one of the following properties hold.

(1) r(ui) =q=(C,n,¢) for all i > h, with  the kind T, F, or {x,¥ < azDy’, [x,y < az]y’

. Ly <
with Succ’éy a

the possible shapes of / to T and [[x,y < az]|y’ with Succ’quz(c, n) = 0. Hence, u; is a
repetition. Moreover, ¥ (q) = 0 and, since, r(uy) = r(u;) = q € Fy for h > i, this is the only
priority repeating infinitely often, hence the largest.

(2) The set of abstract proposition that occurs infinitely often in p” has a T -largest element
X (which thus has the largest alternation depth) and X is never introduced in p’. Since
X occurs infinitely often in p’ and, by Lemma 5.8, the equivalence ~ is of finite index,
there are two nodes u;,u; in p” with formulae X(x;) and X(x;), respectively, such that
r(u;) = r(u;). We next observe that r(u;),r(u;) € F; with [ = F (p). In fact, recall that

(C,n) = 0. The fact that the run and thus the path are accepting reduces
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ad(X) is maximal among the propositions occurring infinitely often. Thus, if there were
I” > I such that r(u;) € Fy infinitely often, there should be some Y such that
e Y is quantified in a v-subformula and ad(Y) > ad(X), contradicting the maximality of
ad(X);
e Y isquantified in a p-subformula and ad(Y) > ad(X), contradicting the fact that the run
r is accepting.
Summing up, r(u;) ~f r(u;), state r(u;) has a proposition X(x;) as a formula, and X is
not introduced between u; and u;, hence u; is the desired repetition. O

LEMMA 5.13 (AvOIDING No1sy REPETITIONS). Let & be a PES and let ¢ be a closed formula of Lp,,.
IfL(Ag,p) # 0, then Ag , has an accepting run r without noisy repetitions.

ProoF. Assume by contradiction that L(Ag ,) # 0 but all accepting runs contain noisy repe-
titions. Let r be an accepting run on a k-tree 7~ that has a minimal number of repetitions (this is
finite, as already observed).

Let u be a noisy repetition in r. Since the run is accepting, the only possibility is that the formula
of r(u) is a proposition, say, X (x) quantified in a least fixpoint. Let u’ = Q(u), i.e.,, u’ is the closest
ancestor of u such that r(u) ~¢ r(u’) and X is not introduced between " and u, and let 7, and 7,/
be the subtrees of 7~ rooted in u and u’, respectively.

Since r(u) ~¢ r(u’) and ~¢ is an NPA bisimulation (see Lemma 5.8), we can replace 7, by 7,
and get a new valid run r’. It is accepting, since all paths in r” are obtained from paths in r by
removing finitely many nodes.

We argue r’ has strictly less repetitions than r, contradicting its minimality. In fact, u is no longer
arepetition. Moreover, no new noisy repetitions are created. In fact, nodes that were not repetitions
cannot become repetitions. Still, we could doubt that repetitions that were not noisy become so.
For repetitions that were not in 7, the ancestors are unchanged, hence they are noisy after the
transformation if and only if they were before. Repetitions in 7, but not in 7, are removed. Let us
thus focus on repetitions in 7;,. Let v be one of such repetitions. Assume that u has odd priority and
it is not noisy due to the presence of an ancestor w that is a repetition of even priority. Clearly, w
cannot be an ancestor of u, otherwise u would not be noisy. Hence, it must be between u and v. Still,
we could think that after the transformation u could become noisy, because w’ = Q(w) is between
u’ and u, hence it is removed and w ceases to be a repetition. However, if this were the case let
Y(y) and Y(y’) be the formulae associated with w and w’, respectively. Since X is not introduced
between u’ and u, hence between w’ and u, by Lemma 4.7(1), Y EZ X. Since Y is not introduced
between w’ = Q(w) and w, hence between u and w, again by Lemma 4.7(1), X EZ Y. Thus, X = Y,
but this is absurd, since X and Y are quantified in a least and greatest fixpoint, respectively. O

LEmMA C.3 (PRUNED RuUN WiTHOUT NoOISE). Let & be a PES, ¢ be a closed formula othp, and
letr be a run of the NPA Ag, , on a k-tree T . If r is without noisy repetitions, then all leaves in 7"
have even priority.

PRrOOF. By Definition 5.9, the leaves in 7~ (") are all repetitions. We conclude by observing that, in
an accepting run, non-noisy repetitions have necessarily even priority. In fact, let u be a repetition
in a certain path p and assume that u has no or odd priority. Since by Lemma 5.12 there is a
repetition in p of largest priority # (p), which is even, then u would be noisy. O

LEMMA 5.14 (PRUNED RUN wiTH EVEN LEAVES). Let & be a PES and let ¢ be a closed formula of
Ly If L(Ag,y) # 0, then Ag,, has an accepting runr on a k-tree T such that in 7 ) all leaves
have even priority.

Proor. Immediate corollary of Lemmata 5.13 and C.3. O
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LEMMA 5.16 (ACCEPTING RUN FOR PRUNED RUNs). Let & be a PES and let ¢ be a closed formula
of Lpp. If there exists a runr of the NPA Ag , on a k-tree T such that in 7 ) all leaves have even
priority, then there exists also an accepting run of Ag .

PROOF. Let r be a run such that all leaves in 7 (") have even priority. Consider the directed graph
obtained by adding to every leaf w of 7 (") a “back arc” in the following way: If r(w) = (C, 7, ¥)
where ¢ is T or [[x,y < az]]¢’, then add a self-loop. Otherwise, y must be a proposition Z(z)
quantified in a v-subformula, since all leaves have even priority. In this case the arc goes from [ to
the successor of its repetition witness Q(I).

Unfold such a directed graph, starting from the root € of 7 ("), thus obtaining a k-tree 7’
(different from 7, in general). More formally, 7 is the tree whose nodes are finite paths v =
(uo, u1, . . ., uy) in the graph and where each node v = (ug, u1, ..., u,) has v’ = (up, u1, ..., up—1)
as parent. Clearly, all complete paths in 7 are infinite, since every node of the graph has a suc-
cessor. Moreover, paths in 7/ will be sometimes confused with the corresponding paths in the
graph.

We show that r can be used to build an accepting run r’ of the quotient Ag,,  over 7. For
each node v = (ug, uy, ..., u,), define r'(v) = [r(un)]zf. Since for each node u of the original run,
r(u) =¢ r(Q(u)), it is not difficult to realise that r’ is a well-defined run of ﬂg,(p/zf on7"’.

We argue that the run r’ is accepting, that is, for any complete path p = (vg, vy, ...) inr’, if we
consider the set of priorities that repeat infinitely often

I(p) ={l € [0,h] | {i | r'(v;) € F;} is infinite},

then I(P) is non-empty and its maximum is even.

Since p is infinite, 7" is finite (by Lemma 5.10), and the back arcs have been added only to
the leaves, by construction some leaf w of 7°") must repeat infinitely many times in p (or, more
precisely, v; = v;_;w infinitely often). Since w has even priority, there are two possibilities:

o r(w)isTor [x,y < az]] ¢ with Succ’quz (C,n) =0, or
e r(w) is a proposition quantified in a v-subformula.

In the first case, from some point on, v; = v;_;w and r(w), hence r’(v;), have priority 0 and this
is the only priority repeating infinitely often. Hence, we are done.

In the second case, we know that I(p) # 0. To conclude that the maximum is even, we proceed
as follows: We show that for any proposition X quantified in a y-subformula such that X appears
infinitely many times along p, there is a proposition Y quantified in a v-subformula such that
ad(Y) > ad(X) and Y appears infinitely many times along p. Recalling how the priority is defined
based on the alternation depth, it is easy to see that this implies that for any node of odd priority
there is a descendant node of larger even priority, whence the desired property.

Thus, assume that the formula X (x), with X quantified in a p-subformula, occurs infinitely often
in p. Since 7 is finite, this implies that there is a node u of 7 ") such that the formula of r(u) is
X(x) and u is traversed infinitely often in p. Moreover, since all leaves of 7"(") have even priority,
u must be an inner node.

Now, let v;, v; be two consecutive occurrences of u in p,i.e., v; = v;_juand v; = v;_ju withi < j.
Note that, since u is an inner node of 7 (") and there is a path from v; to v}, i.e., from u to u in the
graph, there must be an index k with i < k < j such that u; corresponds to a leaf w of 7 ("), and
its repetition witness Q(w) is above u in 7). Assume that k is the smallest such index. Then w is
a descendant of  in 7 (otherwise there should be an “earlier” leaf of index uy,, withi < k’ < k
whose witness is a common ancestor of u and w, contradicting the minimality of k). Therefore,
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u is between Q(w) and w in 7). Let Y(y) be the formula in r(w). Note that Y is quantified in
a v-subformula, since v is a leaf. By definition of repetition witness, Y is not introduced Q(w)
and w. Thus, by Lemma C.1,(1) we have that X E(’; Y. Moreover X # Y, since X is quantified in a
p-subformula and Y in a v-subformula. Hence, by definition of alternation depth, ad(X) < ad(Y).

We proved that between any two consecutive occurrences of u there is a node with a formula
Y(y), quantified in a v-subformula, such that ad(X) < ad(Y). Since u occurs infinitely often in p,
the variable Y will be the same in infinitely many cases. This is what we aimed at.

Summing up, every complete path of r’ is accepting and thus the run r’ on the k-tree 7’ is an
accepting run for ﬂg,w/zf on 7, thus L(ﬂ&qo/zf) # (. Since ~ is a bisimulation on Ag 4, by

Theorem 5.5, L(Ag.,, ) = L(Ag,,), hence, we conclude. O
’GD/Nf > P

LEMMA 5.15 (NON-EMPTINESS IMPLIES SATISFACTION). Let & be a strongly regular PES and let ¢
be a closed formula. If L(Ag ) # 0, then & |= ¢.

Proor. Let & be a strongly regular PES, let ¢ in L, be a closed formula, and let Ag,  be the
corresponding automaton. Assume that L(Ag, ) # 0. By Lemma 5.14, for Ag ; there exists an
accepting run r on a k-tree 77, such that all leaves of 7"(") have even priority. We show that 7~(")
can be easily transformed into a successful tableau for the sequent 0, 7,0 |= ¢.

First, all nodes of 7~ ") can be labelled with sequents as follows: Recall that r maps each to node
u to a state r(u) = (C,n,¢). This is transformed into a sequent C,n, A, |= ¢/, with the definition
list A, defined inductively as follows: For the root €, we let A, = 0. For non-root nodes ui, if
r(u) = (C,n,¥) with ¢y = (X (x).¥’)(y), i.e., r(u) introduces X, then A,,; = Ay, [X(x) = aX(x).¥’].
In all other cases, A,; = A,,.

Since the leaves [ of 7" (") have even priority, the corresponding formulae are either:

(1) Tor [x,y < az]ly’ with Succ’é’yqz(C, n) =0 or
(2) X(x) with X bound in a v-subformula.

In the first case, by definition of the transition relation and of pruned k-tree, the predecessor
u of the leaf [ is such that r(u) = r(I) and I = u1 is its only successor. Call 7 the tree obtained by
removing such leaves.

Inspecting the automaton transitions and the tableau rules, it is immediate to realise that the
sequents labelling each internal node of 7 and its successors are the premise and the conclusions,
respectively, of a tableau rule. The stop condition y (see Definition 4.4) is not satisfied by inter-
nal nodes, since they are not repetitions. Moreover, no tableau rule applies to the sequents la-
belling the leaves of r. This is clearly the case for leaves in item (1) above. For the leaves in
item (2), the rule (Unf,) cannot be applied, since the stop condition y is guaranteed to hold by
Definition 5.9.

Therefore, 7 is a tableau, and it is clearly successful, since, as already observed, every leaf is as
required in Definition 4.6. O

LEMMA 5.17 (SATISFACTION IMPLIES NON-EMPTINESS). Let & be a strongly regular PES and let ¢
be a closed formula. If & |= ¢, then L(Ag 3) # 0.

Proor. Letqy = (0,1, ¢) be the initial state of Ag, ;. Let T be a successful tableau for the formula
¢, which is guaranteed to exist by Lemma 4.16.

The tableau 7 can be transformed into a run r of Ag 4 in the following way: A prefix of r
corresponds exactly to the tableau 7: each sequent C, n, A |= ¢ is transformed into a state (C, 1, ).
In particular, the root of 7, labelled by the sequent 0,7,0 |= ¢, corresponds to the initial state
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qo = (0,1, ). By an inspection of the tableau rules and the automaton transitions it is immediate
to realise that this is indeed an incomplete run of Ag ; starting from the initial state go.

Now, since by definition of Ag ;, every state has a successor, clearly r can be extended to a full
correct run r of Ag ;5 on some k-tree 7.

Note that » might not be accepting. Still, the prefix of r, corresponding to 7, does not contain
repetitions except for those associated with the leaves of 7 (in particular, the stop condition y
never holds in the inner nodes of 7). Since 7 is successful (Definition 4.6) leaves w are labelled by
proposition quantified in a v-subformula, T, or [x,y < az]  with Succ’ngz(C ,n) = 0.In the last
two cases, a path in r reaching w will cycle on indefinitely on the same formula. In the first case, a
path in r through w could possibly include repetitions after w, but these will not be noisy, thanks
to the presence of w. Hence, r has no noisy repetitions and thus, by Lemmata C.3 and 5.16, there
exists a run r’ of Ag 5, which is accepting. Therefore, L(Ag, ¢) # 0. |

THEOREM 5.18 (MODEL CHECKING VIA NON-EMPTINESS). Let & be a strongly regular PES and let
@ be a closed formula of Ly,. Then L(Ag, ,) # 0 iff & satisfies ¢.

Proor. Corollary of Lemmata 5.15 and 5.17. ]

C.3 Proofs for Section 6

Definition C.4 (Residual of the Unfolding). Let N = (P,T,F, M) be a safe Petri net and let
U(N) = (PY,TY,FY, M{/) be its unfolding. Given a configuration C € C(U(N)), we define the
residual of U(N') after Cas U (N)[C] = (PY, T, FY,C°), where PY = {b’ e PY | Ab e C°. b < D'},
TY ={eeTY |dbeC° b<e}, and F! is the restriction of FV to (PY X TY) U (T x P{).

The residual U (N)[C] is isomorphic to the unfolding of N with M(C) as initial marking. More-
over, the PES underlying U (N)[C] is isomorphic to the residual &(N)[C].

PropPOSITION 6.4 (POINTED MARKINGS Vs Resipvats). Let N = (P,T,F, M,) be a safe Petri
net. Given a set V and two V-pointed configurations (Cy, (1), {Cs,(2) in EN), if M((Cy, (1)) =
M(Cs, 5)), then (C1, (1) = (Ca, {2).

Proor. Let N = (P,T,F,M;) be a safe Petri net, consider its unfolding U(N) =
(PY,TY,FY,My) and two V-pointed configurations (Ci,{1), (Cs,{2) such that M({C1, (1)) =
M((Cs, ).

First note that, since, in particular, M(C;) = M(Cy), the residuals U (N)[C;] and U (N)[C,] are
isomorphic. Let 1 : U(N)[C;] = U (N)[C;] be the corresponding net isomorphism. Its restriction
to the underlying PESs, abusing the notation, is still denoted by 1 and it establishes an isomorphism
of the residuals E(N)[C;] and E(N)[C,]. We next prove that ¢ is also an isomorphism of residuals
of the pointed configurations (Cy, g1) and (C,, ¢2), i.e., that for all x € V and let e; € E(N)[C1], we
have g;(x) < e iff go(x) < 1(eq).

Let x € V and let e; € E(N)[Cy]. If g1 (x) < ey, then there is b; € C;° such that g;(x) < by < e;.
Thus, m1(by) €€ ri(x) = r2(x). Therefore, there is b, € C;° such that m;(b;) = m1(b1) and g2(x) <
b,.

Now, since the net is safe the isomorphism : must map b; to b,. Therefore, g (x) < by = 1(by) <
1(e1), where the last step is motivated by the fact that the isomorphism preserves causality. Hence,
g2(x) < 1(ey), as desired.

Conversely, if g»(x) < i1(e1), we can deduce that g; (x) < e; in an analogous way. O

PROPOSITION 6.7 (POINTED MARKING EQUIVALENCE IS A BISIMULATION). Let N be a finite safe
Petri net and let ¢ be a closed formula of Ly,. The equivalence ~,, on the automaton Agn),, is a
bisimulation and it is of finite index.
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Proor. Let g = (C,n,¥),q" = (C',n’,¥’) € Q be states of Ag(n),, such that g =, q’. This
means that M((C1, 71]p(y))) = M(Ca, n2lpv(p))) = (M, 7).

Concerning condition (1) of Definition 5.4, the fact that for all i € [0, h], q € F; iff ¢’ € F; imme-
diately follows from Lemma 5.8, recalling that ~,, refines future equivalence ~.

Let us focus on condition (2). Assume g — (qi,. .., qyn). To prove that g’ — (q7,...,q;) with
qi =m q; for i € [1,n], we distinguish various cases according to the shape of 1.
e y=Tory =F

Trivial, since the only transitions of ¢ and q" are ¢ — (gq) and ¢’ — (¢’).

s U= N
The only transition of q is g — (q1, g2) where g; = (C, 1, ¢4), i € {1, 2}. By construction also
q' — (q1,q;) where q; = (C’,n’,¥;), 1 € {1,2}. To conclude that ¢; ~p, q1i, for i € {1, 2}, just
observe that fv(y;) € fv() and thus such states are associated with the same pointed mark-
ing (M, rlf(y;))-

* =11 Vi = (aX(x).y)(y), ory = X(y)
These cases are analogous to the previous one.

o ¥ ={(x,y <azh

X, y<az
in this case, if Succ v

(C,n) # 0, then g— (q1) where g1 = (C1,n1,¢1) with (C1,m) €

Succx’y<az(C 1), which means that C Md Cyandn; =z el

Let t = m;(e) be the transition in N corresponding to the event e of U (N). For each x in
X, since 1(x) < e, there must be a condition b, € ®e such that n(x) < by and thus, in the
associated pointed marking (M, r), we have °t N r(x) # (. Dually, for each y in y, since
it is not the case that n(y) < e, for all conditions b € °e, we have —=(5(y) < b) and thus
‘tNr(y) =0.
Since, by hypothesis, ¢’ is associated with the same pointed marking (M, r) as g, there
is an event e’ such that m;(e’) =t and e’ € en(C’). Moreover, for all variables w € fv(y),
we have n'(w) < e’ iff ’(w) N e’ # 0 iff r(w) N °t # 0. Therefore, by the considerations
above, for each x in x, ’(x) < ¢’ and for no y in y, ’(y) < e’. This means that if we let
n1 = n'[z = €’], then there exists (C;,n]) € Succx’y<az(C' n’) and thus ¢’ — (q;) where
q; = (C{,n1,y1). Finally, q; =, q1, i.e., they are assomated with the same fv(¢;)-pointed
marking (M’,r’y where M’ = (M \ °t) U t°. Moreover, fv(y1) C fu(y) U {z} and for each
variable w € fv(¢1) \ {z}, we have r'(w) = (r(w) N M’)U{s|set* A r(w)Nn °t # 0} and
r'(z) = t°.

If instead Succ’éyqz (C,n) = 0, then g— (g). From the fact that q and ¢’ are associated
with the same pointed marking, reasoning as in the previous case, we deduce that also

Succzyqz(c’, n’) = 0 and thus ¢’ — (q’). Hence, we conclude

* ¥ =[xy <azlh

Analogous to the previous case.

The fact that ~,, is of finite index immediately follows from the observation that the number
of fv(y)-pointed markings of N, where i/ € sf(¢), is finite. In fact both sf(¢) and R(N') are finite.
Moreover, for each fixed subformula ¥ € sf(p) and marking M € R(N'), the number of fv(¢/)-
pointed markings (M, r), with r : fu(y) — 2M is clearly finite. i
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