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this is the lait techno but the

material on this part m singola amm

is weally vast
. One can have a look to

Chapter 12 of the Book
.

- title hit technical
.

but today
ne disuus nome Ideas

.

Ne introduced 2nd derivative ( the good font of it )
and we dncnssed rigid anni .
Non ne althy to end - point Map .

E ! : Sig . →a E ! .ir ) = gia ) .

end - point = malnation applied to
cum starling at go

If we want ti charact . rigid.ly we carnet

althg directly the ideas
.

We dual with parametrired cuneese.

If q : [ 0,1)
→ [ o

,
D

reparametrizahonq.ro
, 4107=0 , 447=1 . ( change of var )

.

Consideri ✓ ° 9
- peperoni . curve _



we have E :( g. g) = E'g. (y)

for all such q so that the end point

Map da not see reponain .

Consideri a family { 4,1 , of reponanflhetttafetaris a - din

that is co wrt s . g.Htt

{ ÷.
E:( road - o tra '

femori !aq

jf.oekerdyef.in Ker DIE ! .

⇒ the Hernan ne bmlt is my degenerate

the fast that refaram are allowed is obstade

to rigidityfbecanse Mayday in the kernel )

If we consideri inparavuehired mms then we

have bad space in the E toplogy .

the idea is to which study to virus

with particolar ( selecta ) retarauuetiz .

We nerd to fax , gran a farcene . curve
,

a fxed tenace . for event curve in the

Neighborhood . → basic idea



End in an L
?
- top .

in control is

difficile .

We can do it in E- ↳pobgy in control
.

Now we look more carefnlly .to our map .

use control as coordinate ai follower :

Tergo pre an where

sin = X
#I rutti)

where Xiii nik
k

so that an is sd of siche [ nitti Xilxlh)
ÉI

← concise

if pesca ⇒ 8.9 = qq.ca)

( ie .
the control associated to pop is qiluoq ) )

Titti

/
,

Space of control

IR
'

Assume fixed

]sta abnnmal



ut ns consideri our curve
mms that

A- aggiungi
'

fisi zitti Tai and on the

segmento
Flo )

consideri 1
,
- d'E! lti
a-

wenonld like#
check rigidità tutt' / suppvees.tt}
of the time tvariahim is myon [sit) .

on [sit)

Assume that the form (* s is sign - indefinite

for any [ sit) . Cindy > o
,
Ind
.

so )

then da DIE ! . has infinite index

( bolle positive and negative)
( the sane is time for restriohzns ai segmenti )

Morale : if sign - mdef on any segment
then Infinite positive and neg Indian

To juslify this let ns introduce far

si = Xia , (x) → OIS
,
e

i des) → alt )

Flow DEPON ù .
→ flow of the ODE

. it

Careri sculti ne set Yvette e ( sina.HN



We have jlh = YI ( yeti )

where 'è = i Xi, -- Erich# iii. Xi

We have the first variata formula
( of 1st part of the canne )

^
CF

Fornvlas

Datevi = ( otto.it/Y%4ddt in ist

Go PART

0 OFCOURSE

we have also the following formula
( cf Chapt 12 ) defmed on the Kar Dae!

d. die !.hn =D , o.it/fIYIIiI+P4ddtdr.OETEtEl
Formula For the 2nd derivative
→ on the kernel of estone ←

recati f. = da . e
,
# È #ÈH ,

d. DIE !.int = ( ed . , [ 'LÌ , Plqdidtdt .

OETETEI
newman the pnevious Fonti

.

d



Now we would like to check on this form .

( already restntted on her of 1st deriv )

Now we Study mail tieces of traiettoria .

ie for v concentrate on smau segmenta .

Q : is it True that is sign - def or not ?

If not by previous discussion Index is to .

alle sane se [ 0,1]
.

Take w :[0,17 → IR
"

vatti = w ) sample variahm
rescaled and

"

fast
"

aruvnd s
.

Applyùg the formula to if and expandiug
wrt s we have the following

= !!!! ! . [ Y:c, .hu , Idtdr .

+ Otis

the main ndr term T afta chang of
variabile we freeze the

"

alter limes
"

at Tet :S
.

We can recinte the main arder tenne
.



= !!!; tsi-XNH.Xwrdlfisdsdtdt.io/st )
{
'

nitide . FIIM
atlhehmt

.

= è Qolw ) -1 018 )

if we consideri invrlnhm wlt ) ↳ wa - tieniti

then are can see that

bolh indios
Qocù ) = - Qolw) ⇒ are egual

Theorem ( gol condition ) ←
trombo al wiihoutpiioft

I

If the singolar cura f is rigid
then then cast de ETÀ, M abnormal exhremcl

snch that
edt , [ Xi , Xjiljiti) > = o Hiijel . - - K

Golf condition

Pf : if not un then localino we can fnd

space Wine the quad form is

positive and negative .

⑧ this means that Hlhr) O

whcreh-flhiihilij.in)



renren.beri.lt ) abnormal ⇒ dit) e Char
,

chere chiara = ( beat / ker Ha # o }
-
mia ⇐ Ker to be as smalto possibile .

To be rignd we creed the kernel to be all

the space . (% ! )
"

If rank A > 2 then de Clara ⇐ Ncd) -0
.

So if rank A- =L we have that all extnernals

satispy Gola condition
.

Are candidate

to be rigid .

Indnd they are : if rank -1 all mice are

rigide and so local minimum

On the otter band
, if k > 2 , then

gol condition is exuptional . Her him are not

Rlgrd
.

and not loc . Min .

If boh condition. is not ( in generale )

salisted and curve is Strictly abnnmal

then no local min ! I
cruciali no normal



If we go
back at the formula s of the

expansion with rispetto E
, if the à

term is mo we get a condition by

absnvisng the mani E
' Inn .

Heaven ( Generalized Legendre condition )

if boh condition is satisped and Moreau

< te ,
Ethan , Xw) , Xw] ) 7 dllwll

? ttwtn

then sufficiente small piena of traiettoria
are rigide ; and length mini for

event Chain of a metri, on A
.

] geodesia

RR it altera from the quanhty

< d.
, [ ¥ YI , YIIlq.is

In the case K --2
,
then is put 1 vector

crlhog to it and the 1hm says that

a form of 1- variabile

Exercise : Nin abnovmnl extremis

satisfy the generalized Legendre card .



\

sono final comment about dsr

→90
• strict abnormal minimi zero are

tangent to sub - Riemann.am spiano

in general for normal the covechor at

Smooth points is
"

nthogonal
"

to the Sphere

( et anni hilatn the front )

• what analylic propnty it determina ?

Sexy) = dsrlsco
,

- )
- '

( r) level set

dsr is not hpschitr at a point check on

reached only by acbnounal min ] chapt a

disagio
,

. ) is smooth on an open dense set

of Milan) .

⇒ Open problem : what is the Structure of the

Sphere clan to points where abnounal

arriva ?


