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Frobeniustheoreni

. . .
)

Vector field in IR
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× : ir
"

→ irn µ¥1
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which is smooth ( Cn) ÌHo
scelti → Xix) EHI = t.cat

Integra curve of X
,
is a solution to ode
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siate X (alti) solution
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silo) = 2
.

sei . ) :3 - E, SE→ ipi

alti = Iseo )

exponentialnotahon

è" : ti → ai flow of X

no → etica»

to be precise .

et" is not defned in general
for all t and all a.EIR

"
.

( Nere a priori ITICE and E = Egeo ) )

Fin seoelr
"

→ find E > 0 and t> o snch

that et" : Bisio
,
5) → IR

"
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deI we say that X is complete if we

can Chase for every se
.

"

se +a
"

-

"

B (x.f) = là
"

namely all solutions are defnned for all times .

In what follow me assume all vector fields
are complete .

For local purposes , namely if we are inlerested

in what haptens in a compact K ,
it is

not restrittive lo assume X complete .

One can mnlhply X with a bmp function

4=4 X 4=1 on K

4=0 on U neigh of K

nearchez
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expnentialnotahmhighlights.ci?=idetX.esX=ectessx
(et's
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= e-
tx

② ht as write a radar feed like this
•

X : Rn Iiii Nak ( Xda) , . . . , Xml» )

as a recar Xche
.È Xiiriei ← cangiasi!

renane ei : - Ìiµ*ÈXimÌ
Formali

, Xacts-f.co/uatoronsmoolhfrnchimsXfiH=?IXiiniff
So X : c' citi ) → c'CR

" )

linea operator on the radar space ICHI )

but it is also a derivatori Cal )← algebra
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About smooth manifolds

Il smooth (E) mani fold . of dimension④
deI M is a topologica space

( is Hausdorff and 2nd contabile )

with Open com { ( vi. listini M E ¥, vi

and lei : vi → qicuit-i.vic.IR

÷

→ term
4ioqiajluinud-sceilu.nu, ) E .
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mio IRNO

if q : U → Iri is a chart then

-44) = ( Xslq) , _ . . . Xnlq)) coordinate

di : U → IR
are smooth

=
fmohmsm.tt .
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,

is a target vector in the sane that

it is am element of
T.cm = derivativa at se

.

to
""

t ! ÷.

""

(7) f- = SÉ
)

atmefnuhm
sai ofnvaiatles .

I :-. foà
'

fica , . . . !n)
-

Gwen a chat q : U
→ Rm

associated with coordinate { Xs , . .

, Xn }

Txm = spam { Ia ,
_ . -

i Ìn } /
,

Xix) -_ È Xilr) ¥ . Xche T.cm .



If we consideri a smooth function
f : U → IR and we write its differenti

df = È II. dxi dual basis

we can see that setting cdxifzg.se ctjt"
< df , X > =L

,

II. dai ,È, Yin ! )
* = Ìixiiriff. = Xf

this pin a
last geometrie interpretano of

what is the function Xf
We can compiute the derivative of f almg
integra curva Xix)

- i >

¥1 flettentedfl.ua?f!YnD--cdfk,KrDt--O
= Xflx) Xix)

←
•

età,
se



RI If M smooth mavifld .

T.cm = tangenti Space at xe M

( Space of deivahms at xem )

TIM : - LT
,
MÌ cotangent space

if we have a chart { Xs , _ . .

, Xml

TÈM = spam { dai , . . .

,
dan } la

via Brackets K Frobenius theooem

Green tuo vector fields X
,
Y

X. È
.

Xiira? '
f- È tirati

da lhey commuta ?

→ as derivatone XYF = YXF ?

→ as fleurs et " e' Ylx) = è" .# ( × )

Ai
:

*
.

?
"

-
se
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.lndeed me can compiute XYF - YXF = o

i.
È "" : " ÷.li?iYina?.fIxiin? )
=

lxiI-ti%d7-o.x.me?IlxiIIi-tiIIi) È
the Bradlet. beetween X and Y

( it is again a 1st adn dea operator )
so it is a veder field .

Prodi - TY -TX tytxe e e e (a) = at ÈEX
,
Gestalt)

e"

parking manoenwe

"

with X and Y

Prodi IX.D= o ⇒ è! esta es! e" est
.



the idea is that if [ X.YI -- O then

combinino fhows of X and Y Starling from
a point si

.
we are cmpned on the set

⇐ { è
"
. estese» I t

,
SEIR }

'ndeed me con✓
fbwofi

÷: ::*.
immersedswbmam.pl# $
Trs

'

= spanhXCN.HNHeinz fbwofY.pt
TI impliatlyanvming that X

,
's are lineata independent)

then ( Frobenius) ht us consideri Smooth

Xs
,
. . .

,
Xk lui ind . (atevery point ) vector

fields in Rn (a mani fold )

we have tuo equivalente properties

① the family Xs , -→ Xr is involve
,
ie

.

K e
ti [Xi , = Ti cy Xe V-ij-1.sk

lei

far soma cyl e- C' citi )



② tt X. EHI then eaisb a K - dimensionare

sui anch that
1

loeally
Trs e stand Xz , . . . , XKJI, ttxfs'

depned .

D= spanta
,
. .
-

, Xk} family of K -dem
"

Distribution

/
"

subspaces of IR
"

① ⇒ [D
,
D] ED involutiviTY .

② ⇒ 75 : Tas =D, INTEGRABIUTY .

the lemma

says
-

-

47 i ②
⇒ ②

.

1- 1
tema tf tuo radar fields aretangenti

a submanifold $
,
then [Xp] is also

tangenti 8 .



Example ① In IR
'
= flx , yiz ) ) ne consideri

X. I 4=2
su ay

In this case [ X. Y) - 0

xyf -- III # È, → Ninfeo .

YXF = . . =
%
Hay

no
,

go.z.de/seott,go,zo)z=o-etkna.ai--cx..a.eezo)//#-D=spanfX,Y
} [D.D) ED .

② In irxs' lor ir) ( x. yo)

X= cosa ? + sino § ¥ ?

her IX.YI - ( uno ? + sino;) ?
- Falcao ? + sino¥)



so [X. y) = sino ? - cosa ¥ .

it is not true that CD
,
D) ED

.

lndeed dem spandi , Y , [KYI If 3

qelxiy , a) .

③ example of the ball rolling on the

pleure
µ = irx 5013) ← drin 5

D= spam { X ,4¥ the tuo akoued

Movement .

In this case ( check formula from 1st
techno }

dini spam { X , Y , [X, I =3
at every point

dem spam { X. Y , EX , YJ , IX. EX,ftp.HYDfgatenerypoint .


