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Abstract

Recent advances in the theory of metric measures spaces on the one hand,
and of sub-Riemannian ones on the other hand, suggest the possibility of a “great
unification” of Riemannian and sub-Riemannian geometries in a comprehensive
framework of synthetic Ricci curvature lower bounds, as put forth in Villani (2019).
With the aim of achieving such a unification program, in this paper we initiate the
study of gauge metric measure spaces.
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CHAPTER 1

Introduction

The subject of this work is the synthetic treatment of curvature lower bounds.
To illustrate our contribution, let us start by recalling the celebrated theory of
Alexandrov spaces. These are metric spaces (X,d) where curvature bounds are
defined via comparison of geodesic triangles in X with corresponding ones in model
surfaces of constant curvature. The key observation is that Toponogov triangle
comparison theorem gives a purely metric characterization of lower bounds for
the sectional curvature on smooth Riemannian manifolds, which yields a synthetic
definition for metric spaces.

A synthetic characterization of Ricci curvature lower bounds needs an addi-
tional structure, namely a reference measure m: following the seminal works by
Gromov [50], by Fukaya on spectral convergence [47], by Cheeger-Colding on Ricci
limit spaces [40], it emerged that a natural framework for Ricci curvature lower
bounds is the one of metric measure spaces.

A key fact is that, on a smooth Riemannian manifold, Ricci curvature lower
bounds can be characterized in terms of suitable convexity inequalities of entropy
functionals in the Wasserstein space [42][89], after [67][74]. This line of research
culminated in the seminal work by Lott-Sturm-Villani in the 2000’s [65]83]84],
introducing the synthetic CD(K, N) conditions for metric measure spaces. The
latter conditions depend on two parameters: K € R playing the role of a lower
bound on the Ricci curvature, and N > 1 playing the role of an upper bound on
the dimension. Concretely, K and N enter into the theory via model distortion
coefficients Bk n, encoding the effect of the Ricci curvature on the distortion of the
measure along geodesics. These coefficients have the form:

sin (tt?\/K/(N - 1))N_1
t b
sin (Hw/K/(N - 1))N_1

for 0 < K6? < (N — 1)7? and with standard interpretation otherwise, see Sec-
tion 2311

A fundamental aspect of the CD(K, N) condition is that it enjoys compactness
and stability properties under pmGH convergence. We recall that the class of
CD(K, N) spaces includes Riemannian manifolds with Ricci curvature bounded
from below, as well as Finsler ones [73].

However, there is an important class of metric measure spaces which does not
fit into this framework: sub-Riemannian structures. These are smooth manifolds
endowed with a length metric obtained by considering only curves that are tangent
to a bracket-generating vector distribution (see Appendix [Al for a self-contained
account).

(1.1) (Br,N)e(0) = vVt e [0,1],

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2 1. INTRODUCTION

The simplest examples are the Heisenberg groups. In [54], Juillet proved that
the CD(K, N) condition fails for all values of K € R and N > 1 on the Heisenberg
groups, and indeed this is the case also all sub-Riemannian manifolds [151/551/661/80]
that are not Riemannian. Moreover, in [54], it was also proved that a weaker
synthetic condition, known as measure contraction property MCP(K, N), holds in
Heisenberg groups for suitable values of K and N. This property has been proved
to hold in more general Carnot groups [18L[75].

Recently, in their seminal work [19], Balogh-Kristaly-Sipos showed that, despite
the failure of the classical CD(K, N) condition, weaker entropy inequalities hold in
the Heisenberg groups H?, with the following distortion coefficients:

o (t92A—Lr s e t0 t0
a sin (% sin (%) — 5 cos (5
(1.2) H0) =1t .(29) QH[ - (20) 2 (92)], Vie[0,1],
sin (3) [sin (3) = 5 cos (3)]
for 0 < 6 < 2w, and standard interpretation otherwise. See also [20] for similar
inequalities for general co-rank 1 Carnot groups.

Two remarkable differences between the Riemannian distortion coefficients (I1])
and the Heisenberg ones ([2)) are:

e as expected, the functional expressions (LI and (L2) do not match;

e more strikingly, when used to encode measure distortion, while in the
Riemannian coefficients (ILT]), the parameter 6 takes as value the length,
in the Heisenberg ones (L2)), 6 takes as value the curvature of geodesics
(as curves in R27+1).

A different approach to Ricci curvature lower bounds in sub-Riemannian man-
ifolds was put forward by Baudoin-Garofalo [27]. Inspired by the Bakry—Emery
semi-group techniques, they generalized curvature-dimension conditions for sub-
Riemannian structures with symmetries, introducing a suitable generalization of
Bochner’s identity and I'-calculus. See the lecture notes [26] and references therein
for an account of this theory. We also mention the recent work by Stefani [81]
which, in the setting of Carnot groups, establishes a first link between the La-
grangian approach to Ricci curvature lower bounds (dealing with convexity-type
properties of entropy along Wasserstein geodesics) and the Eulerian one (focused
instead on the properties of the heat flow).

Motivated by the aforementioned contributions, in his 2017 Bourbaki Semi-
nar, Villani envisioned the possibility of a “great unification” of Riemannian and
sub-Riemannian geometries in a comprehensive theory of synthetic Ricci curvature
lower bounds. See [87, Sec. 9, conclusions et perspectives|, and [86], Rmk. 14.23].
Developing such a theory is the ambition of the present paper.

1.1. Gauge metric measure spaces

Let (X,d,m) be a metric measure space, m.m.s. for short. We add a supple-
mentary structure to the metric measure one, namely a non-negative Borel function
G: X x X — [0, +00], that we call gauge function. The quadruple (X,d, m,G) will
be called gauge metric measure space. The following analogy explains the role
of the gauge function. A Riemannian manifold has Ricci curvature bounded from
below by K € R if for any pair of points x,y and any geodesic v between z and y
it holds

Ric(%,9) > K|[¥]* = Kd(v0,m1)*.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.3. ENTROPY FUNCTIONALS 3

The distance function d is used in the right hand side as a gauge to measure the
extent of the lower Ricci curvature bound, quantified by the constant K. The idea
is to replace the distance d with a general gauge function G.

Gauge functions will be a key object in our extension of the synthetic theory
of Ricci curvature bounds to the sub-Riemannian setting, where it is now well-
understood that the effect of geometry on transport inequalities may not depend
uniquely on the distance, but rather on other intrinsic sub-Riemannian quantities
(see [19], [24] Sec. 8.1]).

1.2. Distortion coefficients

Motivated by the comparison theory in sub-Riemannian geometry [518|11]22]
25/521[621[63][91] (from the Hamiltonian viewpoint) and the discussion above, we
now introduce general distortion coefficients.

Let s: [0,400) — R be a continuous function and N € [1,+00) such that

(1.3) s(0) = cO + o(6N) as 6 — 0,

for some ¢ > 0. The parameter N will be a sharp upper bound for a new notion
of dimension, which is in general different from the Hausdorff one, see Section
Denote:

(1.4) D :=inf{6 > 0| s(6) = 0}.

It is clear that D > 0. The latter will be a sharp upper bound on the gauge function,
see Section 3.3l Define the distortion coefficient 3(.(-) : [0,1] x [0, 4-00] — [0, +00]
as

tN 0=0,
s(t0)

(1.5) (t,6) € [0,1] x [0,400] = B,(6) := 4 5(6) 0<6<D,
lim inf s(t9) 0> D.
oD~ S(0)

Notice that, when properly understood, both the Riemannian (IT]) and the Heisen-
berg (L2) distortion coefficients are obtained as in ([H), for a suitable s.

In applications to sub-Riemannian geometry, the function s in (3] is chosen
in a class of models characterized as solutions to suitable ODEs. We illustrate
this characterization in Chapter [7] and in particular we refer to Proposition
and Remark [7.6] which provides a bridge between the synthetic viewpoint and
sub-Riemannian geometry. Here we develop the theory in full generality, without
further constraints on the function s.

1.3. Entropy functionals

We consider the metric space (P2(X), Ws) of probability measures with fi-
nite second moment endowed with the Kantorovich-Rubinstein-Wasserstein qua-
dratic transportation distance, see Section for the definitions. A Ws-geodesic
(11t)tefo,1) can be equivalently represented by a probability measure v on the space
of geodesics Geo(X), with p; = (e¢)yv, where e, : Geo(X) — X is the evaluation
map at time ¢t. Such a v is called optimal dynamical plan from py to p1, and the
set of such measures is denoted by OptGeo(ug, 111). Let also P,.(X, m) be the space
of probability measures that are absolutely continuous with respect to m.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4 1. INTRODUCTION

Recall that, for u € Pa(X), its relative (Boltzmann-Shannon) entropy is defined
by

Ent(p|m) := /Xplogpm, if u=pme Py(X)NPu(X,m),

in case plogp € L'(X,m), otherwise we set Ent(u|m) := +o0.
Let Dom(Ent(-|m)) be the finiteness domain of the entropy and
Pos(X,d,m) :={p € P(X,d) | supp i is bounded and supp p C supp m},
Py (X,d, m) := Dom(Ent(-|m)) N Pps (X, d, m).

The subspaces Pps(X,d, m) and Py (X, d, m) will play a key role throughout the

paper.
In order to formulate “dimensional” Ricci curvature lower bounds, it is conve-
nient to introduce also the following dimensional entropy (cf. [44]):

Ent (p|m)

Un () := exp (— g

> ) n € [1,400),

with the understanding that U, (u|m) := 0 if x1 ¢ Dom(Ent(-|m)).

1.4. CD(B,n) spaces and MCP(j3) spaces

We introduce synthetic Ricci curvature lower bounds on gauge m.m.s.: the
Curvature-Dimension condition CD(3,n) and the Measure Contraction Property

MCP(3).

DEFINITION (Definition 25). Let n € [1,+00), and 8 as in ([H). A gauge
metric measure space (X, d, m,G) satisfies:

e CD(B,n) if for all uy € Pps(X,d,m), p1 € Py (X,d,m) with supp po N
supp p1 = (), there exists a Wa-geodesic (u¢)iefo,1) C P2(X,d) connecting
them, induced by v € OptGeo(ug, 11), such that it holds

Up (pe[m) > exp (%/G - log B1-¢(G(71,70)) V(dv)> Un (po[m)

n

+ exp l / log Bt (G(FYOa 71)) V(dﬂ)/) Un(,u1|m)7 vt € (Oa 1)7
Geo(X)

with the convention that co -0 = 0.

e MCP(p) if for any z € suppm and p; € P (X,d, m) with ¢ supp 11
there exists a Wa-geodesic (u¢)¢ejo,1) € Pa(X,d) from pg = 6z to py such
that

U (pe/m) > exp (%/Xlogﬁt(G(waw))m(dw)) Un(ui|m), V€ (0,1),

for some (and then every) n > 1.

We anticipate here a few remarks.
(1) The MCP(8) condition does not depend on the value of n. See Remark 2.6l

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1.6. GEOMETRIC CONSEQUENCES 5

(2) Let us stress that non-absolutely continuous g are allowed, which by
construction gives the implication CD(3,n) = MCP(3). See Remarks 2.1
and

(3) Conversely, assuming that (X, d, m) supports interpolation inequalities for
densities with dimensional parameter n (in the sense of Definition B.3l),
we show that MCP(5) = CD(5,n). See Theorem B.71

(4) The CD/MCP conditions imply that Dom(Ent(-|m)) C P2(X,d) (with
metric W5) and supp m (with metric d) are length spaces. See Remark 2291

1.5. Compatibility with classical synthetic theories

The CD(8,n) and MCP(8) conditions satisfy the following compatibility prop-
erties:

o Compatibility with Lott-Sturm-Villani’s CD: by choosing as distortion
coeflicients the Riemannian ones, i.e. 8 = g y as in (ILI)), and as gauge
function the distance, i.e. G = d, we show that, for essentially non-
branching m.m.s., the Lott-Sturm-Villani’s CD(K, N) conditions are
equivalent to the corresponding CD(8k n, N). See Section 223711

o Compatibility with Ohta-Sturm’s MCP: as above, we show that the Ohta-
Sturm MCP(K, N) are equivalent to the corresponding MCP(Sk n). See
Section 223311

o Compatibility with Balogh-Kristdly-Sipos: by choosing as distortion coef-
ficients the Heisenberg ones, i.e. 8 = ﬂ[Hd as in (L2), and as gauge function
G(z,y) = 0™V where 6 is the curvature of the geodesic from z to y (as a
curve in R%4+1) we show that the Heisenberg group H? (endowed with the
Carnot-Carathéodory distance, and the 2d+ 1 Lebesgue measure) satisfies
the CD(,@’[Hd7 2d 4 1) condition. See Section

o Compatibility with E. Milman’s CGTD: the Curvature-Geodesic-Topo-
logical-Dimension conditions CGTD(K, N, n) introduced by E. Milman in
[69] Sec. 7], for K € R, n > 1 and N > n is equivalent to the CD(Sxk n,n)
condition, for gauge function G = d. See Remark [Z.T41

1.6. Geometric consequences

One of the novel features of the CD(,n) and MCP() conditions above is the
interplay of the gauge function G (measuring the extent of the Ricci curvature lower
bounds) and the distance d (governing the geodesics and thus optimal transport).
This leads to a decoupling between metric vs distortion aspects in the classical
geometric consequences of the curvature-dimension conditions. In Chapter Bl we
will obtain the following results:

e Generalized Brunn-Minkowski inequality: given two sets Ag, A1, we es-
timate from below the volume of the set A; of t-intermediate points of
geodesics from Ay to Ay, with a distortion which is quantified purely in
terms of the gauge function G and the general distortion coefficients (3.
See Section 311

e MCP = CD for spaces supporting interpolation inequalities. See Sec-
tion

e Gauge-diameter estimates: the parameter D in (4] yields an upper
bound on the essential supremum of the gauge function, called gauge

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6 1. INTRODUCTION

diameter. A remarkable difference with respect to classical Bonnet-Myers
Theorem is that the gauge diameter can be bounded also for non-compact
metric measure spaces (e.g. the Heisenberg group, where the estimate
we obtain is sharp) and, conversely, unbounded for compact ones. See
Section 3.3

e Local doubling inequalities for metric balls: in contrast with the classical
case when “locality” is measured in terms of the distance, here it is ex-
pressed in terms of the gauge function which also determines the doubling
constant. See Section [3.41

o Geodesic dimension estimates: the parameter N occurring in ([3)) yields
an upper bound for the Hausdorff dimension and for a notion of dimension
for m.m.s. recently introduced in [3L[78], the so-called geodesic dimension.
See Section The latter bound is sharp while the former is not, see
Remark 3211

e (leneralized Bishop-Gromov inequalities: we obtain volume estimates on
the (truncated) sub-level sets of the gauge function. Such sets are remi-
niscent of the “butterfly-shaped” sets appearing in [54], Fig. 2]. For the
validity of the Bishop-Gromov inequality, we need an additional compat-
ibility condition between the distance and the gauge function, which we
name meek property. See Section

1.7. Stability and compactness

Key features of the Lott-Sturm-Villani’s theory are the stability and compact-
ness properties with respect to the measured-Gromov-Hausdorff convergence (mGH
for short).

For a sequence of gauge m.m.s. it is natural to consider the mGH convergence
of the metric measure structures, coupled with an additional notion of convergence
for the gauge functions. A naive generalisation of the mGH convergence to gauge
functions, see ([41]), would fail for natural sequences (e.g. convergence to the tan-
gent cone for sub-Riemannian structures, cf. Section [@4]). This is due to the low
regularity of the gauge functions which in general are not even continuous, in sharp
contrast with the Lott-Sturm-Villani’s theory where G = d is clearly 1-Lipschitz.

For this reason, in Chapter [ we introduce a significantly weaker condition
which provides a good balance yielding both stability and compactness properties
for the CD(3,n) condition and the MCP(f3). We ask for a sort of L{ . convergence
of gauge functions in varying spaces, and a regularity condition on the limit gauge
function outside of the diagonal. Compared to the classical Lott-Sturm-Villani’s
theory, the low regularity of the gauge functions and their weaker convergence
introduce new challenges in the proof.

1.8. The vector-valued case

In Chapter Bl we extend the above theory to vector-valued gauge functions,
namely

G:X x X —RPT,

where RPY" is a projective semi-space. This generalization is necessary in order
to obtain sharp estimates for important classes of sub-Riemannian examples, see
Section
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1.10. COMPATIBILITY WITH THE HAMILTONIAN THEORY OF CURVATURE 7

1.9. Natural gauge functions

In the Heisenberg group a natural gauge function is the quantity 6 mentioned
earlier in the introduction (6*¥ is the curvature of the geodesic from z to y as a
curve of R??+1). A key observation is that § can be written in terms of the Carnot-
Carathéodory distance and the norm of its gradient, computed with respect to a
Riemannian extension.

This observation suggests a synthetic way to define natural gauge functions
for any metric measure space (X,d, m) equipped with a reference metric dg (the
subscript stands for Reference, or Riemannian). The construction is well-suited
to sub-Riemannian geometry where, in several cases, one has natural Riemannian
extensions serving as reference.

Natural gauge functions will be constructed out of two main building blocks:
the distance function and the D function defined as follows

2 2
(1.6) D: X x X — [0,+00], D(z,y) := hzr?ﬂilf d (Z’QZL(Z?w()w’y”,

with the convention that the limit is 0 if z is an isolated point.

Let us show how 6 is obtained via the above procedure, in the Heisenberg group
(H?,de, £24F1). As extension dp, we choose the left-invariant Riemannian metric
obtained declaring the Reeb field 0, to be of unit length and orthogonal to the
Heisenberg distribution. For (z,y) out of the cut locus, we prove in Proposition [6.28]
that

9Ty = \/D2($7y) - dgc(l‘,y)~

We note that D > d, see Proposition Natural gauge functions are studied in
Chapter [0l in particular:

e in Section we define the D function and we establish its basic proper-
ties;
e in Section 6.2 we define natural gauge functions on metric measure spaces
equipped with a reference metric, of which D and d are particular cases;
e in Section [6.3] we establish further properties of natural gauge functions,
namely:
— the meek condition used for the generalized Bishop-Gromov Theo-
rem; see Section [6.3.11
— the regularity and boundedness properties required for the stability
and compactness results; see Sections and [6.3.3] respectively.
We prove that all these properties follow from natural hypotheses in sub-
-Riemannian geometry, including: step < 2, minimizing Sard property,
x-minimizing Sard property, ideal, absence of non-trivial Goh geodesics,
real-analyticity. For a glimpse of all the implications see Figure [6.1}
e in Section we show how the natural gauge functions are related to the
sub-Riemannian distance out of the cut locus.

1.10. Compatibility with the Hamiltonian theory of curvature

In Chapter [ we establish the compatibility of the synthetic CD(8,n) condition
with the Hamiltonian theory of Ricci curvature lower bounds for sub-Riemannian
manifolds. The latter has its roots in the pioneering works by Agrachev and
Gamkrelidze on the geometry of curves in Lagrange Grassmannians [8,11], and
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8 1. INTRODUCTION

was subsequently developed by Zelenko and Li [91] with the introduction of the so-
called canonical frame. This technical tool, generalizing in a very broad sense the
notion of parallel transport, has been pivotal in the development of the comparison
theory for sub-Riemannian structures from the Hamiltonian point of view, started
in [5L[621[63]. Sub-Riemannian Ricci curvatures were finally introduced in [22] in
full generality, as partial traces of the canonical curvatures. The corresponding
comparison theory for distortion coefficients was finally set in [25].

We illustrate such a theory in Chapter[7 in a form adapted to our purposes. For
the sake of self-consistency, in Appendix [Bl we include an account of the Agrachev-
Zelenko-Li theory, that is used extensively in Chapters [7H8]

We depict here the main ideas. Let (M, d, m) be a sub-Riemannian metric mea-
sure space, i.e. M is a smooth manifold, d is a sub-Riemannian distance, and m is a
smooth measure, see Definition The paradigm of sub-Riemannian comparison
is that, for the generic geodesic -y, one can decompose the tangent space along - in
a family of subspaces, depending on the Lie bracket structure. These are labeled
by the boxes a of a Young diagram. For each subspace we define a canonical Ricci
curvature SRich‘ as the corresponding partial trace of the canonical curvature. We
remark that in the Riemannian case there is only one such a box «, and

9ic§ = Ric(3.9)

recovering the classical Ricci tensor along that geodesic.
For a general sub-Riemannian metric measure space (M,d, m), consider the
“true” distortion coefficient of the m.m.s.:

m(Z B
ooy i timsup M2} B )
r—0+ m(Br (y))
see Definition For fixed (z,y) out of the cut locus, there is a unique geodesic
v joining = with y, and when every canonical Ricci curvature along ~ is bounded

from below, RicT > ki, for some K, € R, and all a, then the following comparison
holds:

(1.7) BMA™ (g y) > gred. e [0,1].

Here, 8™°4 is a model distortion coefficient. We illustrate its properties.

ﬁt(]\/[7d,m) (

Vr,ye M, te€][0,1],

e A™m°d i5 agsociated with a variational problem on R”, of Linear-Quadratic
type, coming from optimal control theory. This is a change of paradigm
with respect to classical Riemannian comparison theory, where model dis-
tortion coefficients are the ones of Riemannian space forms, while the
models in the present theory are not even metric spaces. See Section [Z11

e 34 can be computed explicitly by solving a Hamiltonian ODE, which
is identified by the values of the Ricci lower bounds k,, and the structure
of the Young diagram associated with the geodesic v. See Section

e 94 has the form (LH), in other words it is a model distortion coeffi-
cient in the sense of the synthetic theory. This is not by chance, and in
fact Proposition [[5 in particular item is the bridge between the
curvature-dimension theory of Chapter 2] and the comparison theory of
Chapter [7

e When the Young diagram of 7 is of Riemannian type (i.e. it consists of
only one box), ™ recovers the familiar Riemannian coefficients. See

Section [[.2.11
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1.11. COMPACT FAT STRUCTURES SATISFY THE CURVATURE-DIMENSION CONDITION 9

e The general class of f™°9 contains all distortion coefficients observed so
far in sub-Riemannian geometry: Heisenberg groups [19], corank 1 Carnot
groups [20], Sasakian [5[62] and 3-Sasakian manifolds [79]. See Sec-
tions and

The comparison result in the sense of (7)) is Theorem [0 describing the
distortion along a single geodesic. If the Ricci curvature bounds hold uniformly, in
the precise technical sense of Definition [.T1] then one obtains Theorem [7.12

THEOREM (Ideal sub-Riemannian structures with Ricci bounded below are
CD). Let (M,d,m) be an ideal sub-Riemannian metric measure space, with n =
dim M, equipped with a finite gauge function G : M x M — R, m € N, with
Ricci curvatures bounded from below in the sense of Definition [[ 11, and let 3 be
the corresponding distortion coefficient. Then (M,d, m,G) satisfies the CD(j,n)
condition.

This result establishes the compatibility of the CD(3,n) theory with the one of
sub-Riemannian Ricci bounds.

1.11. Compact fat structures satisfy the curvature-dimension condition

Clearly, any compact Riemannian manifold has Ricci curvature bounded below,
and thus it verifies the CD(,n) condition for suitable 5 (of course, in this case,
B = Bk,n where k is a lower bound for the Ricci curvature and n is the topological
dimension). In Chapter [§ we study the sub-Riemannian counterpart of such a
statement, for the case of fat distributions (also called strong bracket generating,
see [711[82]). We refer to (B for the definition.

In order to apply Theorem [7.I2] one must prove uniform lower bounds on
the Ricci curvatures of fat structures. In contrast with the Riemannian case, this
requires a considerable effort and delicate estimates, which are the object of Chap-
ter Bl There, we prove that, when equipped with the natural gauge function D
of (LH), compact fat sub-Riemannian metric measure spaces satisfy the CD(3,n)
condition, for an explicit 5. See Theorem R23] for a precise statement, which we
anticipate here in a simplified form.

THEOREM (Compact fat structures are CD). Let (M,d,m) be a compact, n-
dimensional, fat sub-Riemannian metric measure space. Then for the natural
gauge function D : M x M — [0,+00) of (LH), there exists an explicit distortion
coefficient B such that (M,d, m,D) satisfies the CD(83,n) condition.

As a direct consequence of this result, we obtain the following, see Corol-
lary B.24]

CoOROLLARY (Classical MCP for compact fat structures). Let (M,d,m) be a
compact n-dimensional sub-Riemannian metric measure space, with fat distribu-
tion of rank k < n. Then there exists N' > 3n — 2k such that (M,d, m) satisfies
the classical MCP(0, N').

The above result removes the real-analytic assumption of the analogous state-
ment by Badreddine and Rifford in [18, Thm. 1.3], in the case of fat distributions,
obtaining it with a completely different strategy.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10 1. INTRODUCTION

1.12. Examples and applications

Finally, in Chapter @ we present examples and applications of the synthetic
theory to sub-Riemannian spaces.

e In Section we illustrate in detail our constructions in the case of the
three-dimensional Heisenberg group H!, including the computation of the
model distortion coefficients via the comparison theory of Chapter [

e In Section we show how the Grushin plane enters within the same
CD(B,n) class of the Heisenberg group. This is natural, considering the
fact that the Grushin plane is a quotient of the Heisenberg group (even
though it is not a homogeneous space in the classical sense). This can be
seen as a generalization of the by-now known fact that the Grushin plane
satisfies the classical MCP(0, 5).

e In Section we study a one-parameter family of Riemannian metric
measure spaces, namely the canonical variations of the first Heisenberg
group (H',d.,.#?). We discuss in particular the sub-Riemannian limit
(e — 0) and the adiabatic limit (¢ — +00), both occurring within a single
CD(3,n) class.

e In Section we study the convergence to the tangent cone of sub-
Riemannian structures with natural gauge functions, and how the
CD(5,n) condition behaves under the blow-up process.

e In Section we illustrate the vector-valued theory of Chapter [, in the
setting of the three-dimensional left-invariant structures on Lie groups.
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CHAPTER 2

Synthetic Ricci curvature lower bounds
for gauge spaces

2.1. Preliminaries and notation

2.1.1. Convergence of measures. Throughout all the paper, (X,d) is a
complete and separable metric space. Denote with .#,.(X) the set of Borel mea-
sures with values in [0, 4o00] which are finite on every bounded subset and with
A (X) the collection of all finite Borel measures. Notice that every measure in
Mioc(X) is o-finite, by the exhaustion X = UjenB;j(z), for some z € X.

We endow #,.(X) with the (weak) topology induced by the duality with the
space Cps(X) of bounded and continuous functions on X with bounded support: a
sequence (f;)jen C Aoc(X) converges weaklg. t0 foo € Moc(X) if

(2.1) i [ = [ fuw ¥FECLX)

J—00

Let P(X) denote the set of Borel probability measures and Pps(X,d) the set of
probability measures with bounded support.

When (117)jenufoeey € P(X), the weak convergence () is equivalent to the
narrow convergence, i.e. convergence in P(X) in duality with the space Cp(X) of
bounded and continuous functions on X:

i [ = [ fum VEEG)

J—00

Let us mentlon that [86] adopts the convention “weak convergence” for what we
denote as “narrow convergence” in P(X); however, since our convention of “weak”
and “narrow” give equivalent notions of convergence on P(X), there is no ambiguity.

Relative narrow compactness in P(X) can be characterized by Prokhorov’s
Theorem. In order to state it, recall that a subset L C P(X) is said to be tight if,
for every € > 0, there exists a compact subset K. C X such that

wX\K.)<e, Vpek.

THEOREM 2.1 (Prokhorov). Let (X,d) be complete and separable, and let
K C P(X). Then K is pre-compact in the narrow topology if and only if K is
tight.

2.1.2. Optimal transport and Ws-distance in metric spaces. Recall
that if f : X — Y is a Borel map between the separable metric spaces (X, dx),
(Y,dy), then any Borel (resp. probability) measure p can be pushed forward to a
Borel (resp. probability) measure fyu defined as (fyu)(B) := u(f~*(B)) for every

1Such weak convergence of measures is also known in the literature as “convergence in vague
topology”.

11

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



12 2. SYNTHETIC RICCI CURVATURE LOWER BOUNDS FOR GAUGE SPACES

Borel subset B C Y. Call P, : X x X — X, i = 1,2, the projection on the "
factor. Given u; € P(X), i = 1,2, denote

Cpl(,LLl,,LLQ) = {7T € P(X X X) ‘ (Pi)ﬁﬂ— = i, t = 1’2}

the set of admissible couplings (also called “transference plans”) from pq to po. Let
P2 (X, d) the subspace of probability measures with finite second moment, i.e.

Po(X,d):= {NGP(X) | / d(z,z)? p(dz) < oo for some (and thus for all) xeX} .
X

We endow the space Po(X) with the quadratic (Kantorovich-Rubinstein-Wasser-
stein) transportation distance Ws defined as

Wa(pu,v)? = inf / d?(z,y) m(dady).
TeCpl(p,v) Jxx X

A coupling m € Cpl(y, v) achieving the infimum in the right hand side is called
optimal coupling from u to v, and the set of such optimal couplings is denoted by
Opt(u,v). Since Cpl(u,v) is non-empty and compact in the weak topology, it is
easily checked that Opt(u,v) # 0.

It is well-known that (P2(X,d), Ws) is a complete and separable metric space
(see e.g. [86]). In order to discuss the relation between the narrow and Ws conver-
gence, recall that a subset K C Po(X) is 2-uniformly integrable provided that

lim sup/ d?(x, z) p(dz) = 0, for some (and thus for every) z € X.
R—oo ek JX\BRr(2)

For a proof of the following result see for instance [86, Thm. 6.8].

PROPOSITION 2.2 (Characterization of W5 convergence). Let (X,d) be a com-
plete and separable metric space and (pi;)jenu{ocy C P2(X,d). Then the following
are equivalent:

o (ij)jen is 2-uniformly integrable and converges narrowly to fisc;
o Wa(jiys f1oc) = 0 as j — oc.

We next recall some basics about the geodesic structure of (P2(X,d), Wa), cf.
[86]. A geodesic is a curve v : [0, 1] — X satisfying

d(’)/sv’)/t) = |5_t|d(707’)’1), Vs,té [Oa 1]

In particular, geodesics are length-minimizing and parametrized with constant
speed on the interval [0, 1].

The space of all geodesics on (X,d) is denoted by Geo(X), which is endowed
with the complete and separable distance

deocx)(7,m) == sup d(ve, 7).
te[0,1]

Recall that (X,d) is said to be a geodesic space if every two points in X can be
joined by a geodesic; (X,d) is a geodesic space if and only if (P2(X,d), W3) is so.

A useful procedure is to represent a geodesic in (P2(X,d),Ws) by a single
probability measure defined on Geo(X). More precisely: for every Wa-geodesic
(tt)tepo,1] € Pa(X,d), there exists v € P(Geo(X)) such that p; = (es)s(v) for all
t € [0, 1], where

e : Geo(X) — X, et(7) == Ve,
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2.2. GAUGE FUNCTIONS ON METRIC SPACES 13

is the evaluation map. Such a measure v is called an optimal dynamical plan from
po to w1, the set of which is denoted by OptGeo(po, p1). Given v € P(Geo(X)), it
holds that v € OptGeo(po, p1) if and only if (eg, e1)s € Opt(uo, ft1)-

A set T' C Geo(X) is a set of non-branching geodesics if and only if for any
71,42 €T, it holds:

3t € (0,1) such that YVt € [0,f] ~} =77 = ~i=192% Vscl0,1].

It is clear that if (X,d) is a smooth Riemannian manifold, then any subset I' C
Geo(X) is a set of non branching geodesics. This is true, more generally, if (X, d) is
an ideal sub-Riemannian manifold, i.e. admitting no non-trivial abnormal geodesics:
in fact, a sub-Riemannian geodesic can branch only if it contains an abnormal
segment, cf. [68].

We endow the metric space (X,d) with a measure m € #oc(X), i.e. non-
negative and finite on bounded sets. The triple (X, d, m) is called metric measure
space (m.m.s. for short). We denote with P,.(X,m) C P(X) the subspace of
probability measures which are absolutely continuous with respect to the reference
measure m.

A metric measure space (X,d,m) is essentially non-branching if and only if
for any pg, 1 € Po(X,d) NPy (X, m), any v € OptGeo(pug, 1) is concentrated on
a set I' C Geo(X) of non-branching geodesics.

2.1.3. Relative entropies. For ;1 € P>(X), we define its relative (Boltzmann-
Shannon) entropy by

Ent (ufm) = /X plog(p)m,  if = pm € Po(X) N Pae(X, m),

in case plog(p) € L' (X, m), otherwise we set Ent(u|m) := +o0.
Since (0, +00) 3 x — xlog x is convex, Jensen’s inequality gives
(2.2) Ent(p|m) > —log m(supp u), V€ P(X) with m(supp i) < oo.
We set Dom(Ent(-|m)) := {u € P2(X) | Ent(ujm) € R} to be the finiteness
domain of the entropy and
Pos(X,d,m) := {n € Pps(X,d) | supp p € supp m},
Pr(X,d,m) := Dom(Ent(-|m)) N Pps(X,d, m).

In order to formulate “dimensional” Ricci curvature lower bounds, it is conve-
nient to introduce also the following dimensional entropy (cf. [44]):

Ent (u|m)

Un () := exp (— u

). nelieoo)
with the understanding that U, (u|m) := 0 if g ¢ Dom(Ent(-|m)).

2.2. Gauge functions on metric spaces

In order to obtain a unified framework

e embracing both sub-Riemannian structures and Lott-Sturm-Villani’s CD
m.m.s.,
e yielding sharp geometric and functional inequalities,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



14 2. SYNTHETIC RICCI CURVATURE LOWER BOUNDS FOR GAUGE SPACES

we add an additional structure to a metric measure space (X,d, m), that is a non-
negative Borel function, called gauge function:

(2.3) G:X x X = [0,+00)].

The following analogy explains the role of the gauge function. A Riemannian
manifold (M, g) has Ricci curvature bounded from below if there exists K € R such
that, for all x,y € M and any geodesic v between x and y it holds

Ric(¥,4) > K|¥* = K d(v0,7)*-

The distance function d is used in the right hand side as a gauge to measure the
extent of the lower Ricci curvature bound, quantified by the constant K. The idea
is to replace the distance d with a general gauge function G for curvature bounds.

Gauge functions will be key in our extension of the synthetic theory of curvature
bounds to the sub-Riemannian setting, where it is well-known that the effect of the
curvature on transport inequalities is not expressed via the distance but rather
via other intrinsically sub-Riemannian functions (a phenomenon observed in [19],
[24] Sec. 8.1]).

2.3. Curvature-dimension conditions for gauge spaces
Let s: [0,400) — R be a continuous function, with N € [1, +00) such that
(2.4) s(0) = cO + o(6N) for some ¢ > 0.

The parameter N will be the sharp upper bound for a new notion of dimension,
which is in general different from the Hausdorff one, see Section Denote:

(2.5) D :=inf{0 > 0] s(d) = 0}.
From the assumptions on S it is clear that D > 0. The parameter D will give a

sharp upper bound on the gauge function, see Section 3.3l Define the distortion
coefficient B(.y(-) : [0,1] x [0, +00] — [0, +00] as

tN 6 =0,
s(t0)

(2.6) (t,6) € [0,1] x [0, +00] = Bi(6) := 4 s(§) 0<0<D,
lim inf s(t9) 0> D.
¢—D— S((ﬁ)

REMARK 2.3. In applications to sub-Riemannian geometry, the function s is
chosen in a class of models which are characterized as solutions to suitable ODEs,
see Proposition and Remark However, here we develop the theory in full
generality.

We collect some elementary properties following from the definition.

PROPOSITION 2.4. Any distortion coefficient satisfies the following:
(i) Bo(#) =0 and B1(0) =1 for all § € [0, +00];
(ii) if D < +oo, then B:(0) = 400 for all @ > D and t € (0,1);
(iii) B:(0) =0 for some 6 < +o0 if and only if t = 0;
(iv) for every t € [0,1], 6;,8 € [0,+00), if 0; — 0 then B,(0;) — Bi(8) in
[0, +00];
(v) B is continuous and finite when restricted to [0,1] x [0,D);
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2.3. CURVATURE-DIMENSION CONDITIONS FOR GAUGE SPACES 15

(vi) for all fized t € (0,1], the distortion coefficient Bi(-) is bounded from
below away from zero on any bounded set of [0,+00);

(vii) assume that D < +o00, and thats € C*¥([0,D]). Then there exists N' > N
such that B,(0) > tN' for all t € [0,1] and 6 € [0, +o0].

DEFINITION 2.5. Let n € [1,400), and § as in ([26). We say that a metric
measure space (X, d, m) with gauge G satisfies:
e CD(B,n) if for all py € Pps(X,d,m), u1 € Pr(X,d, m) with supp po N
supp g1 = (), there exists a Wa-geodesic (i¢)ef0,1] € P2(X, d) connecting
them, induced by v € OptGeo(ug, 111), such that it holds

n

(2.7) U, (ue|m) > exp (l/ log B1-¢(G(71,7%)) V(d’7)> U, (po|m)
Geo(X)

n

+ exp (l/ log ¢ (G(70,71)) V((h)) Un(pa|m), vVt e (0,1),
Geo(X)

with the convention that co -0 = 0. We say that CD(3,n) is satisfied in
the strong sense if (27 is satisfied for all Wa-geodesics connecting g and
Ha-

e MCP(p) if for any z € suppm and p; € P (X,d, m) with ¢ supp
there exists a Wa-geodesic (u¢)¢ejo,1) C Po(X,d) from pg = 6z to py such
that

(2'8) Un(:ut|m) > exp (% /X 1Og 515 (G(i‘,l‘)) Hl(dx)> Un(:ullm)v Vit e (0’ 1)7

for some (and then every) n > 1.

REMARK 2.6. Notice that (2.8)) is equivalent to
(2.9) Ent(p¢|m) < Ent(pi|m) — / log B3 (G(z, z)) pu1 (dz), vt e (0,1),
X

so that (Z8]) does not depend on the value of n.

REMARK 2.7 (CD implies MCP). It is clear that, with our definitions, CD(8,n)
for some n € [1,+00) implies MCP(3), since one can choose in (2.1 uo equal to a
Dirac mass.

REMARK 2.8 (About the absolute continuity of o). Our definition of CD(8, n)
is not symmetric, in the sense that pg € Pps(X,d, m) while 1y € P (X,d, m),
and in particular gy < m. When G is not continuous, the flexibility to take a
non-absolutely continuous g turns out to be technically convenient; for instance it
makes neat the implication CD(3,n) = MCP(f), implication which would not be
clear otherwise.

On the other hand, if the gauge function G : X x X — [0, +00) is continuous,
via a standard approximation argument it is possible to see that the CD(5,n) con-
dition of Definition is equivalent to the following, symmetric, requirement: for
all po, 1 € Pp(X,d, m) with supp po Nsupp p1 = 0, there exists a Wa-geodesic
(tt)eepo,1) € P2(X,d) connecting them, induced by v € OptGeo(uo, 1), such
that (Z7) holds. The latter formulation is closer in spirit to Lott-Sturm-Villani’s
curvature-dimension conditions for metric measure spaces; note that in this case
G =d is of course continuous.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



16 2. SYNTHETIC RICCI CURVATURE LOWER BOUNDS FOR GAUGE SPACES

REMARK 2.9 (Geodesic property for Dom(Ent(-|m)) C P2(X,d) and length
property for suppm). The fact that (X,d, m) satisfies CD(3,n) implies directly
from the definition that Dom(Ent(-jm)) C P2(X,d) is a geodesic space (with metric
Ws). Moreover if (X, d, m) satisfies CD(3,n) or MCP(/3), then suppm is a length
space (with metric d); the proof follows verbatim [83] Remark 4.6, (iii)] and thus
is omitted. We stress that these facts do not use the inequalities ([27)) or (Z8]), but
only the existence of Wa-geodesics between suitable pairs of measures. Moreover,
as a consequence of [36, Thm. 1.1] it follows that: if (X,d, m) is an essentially non-
branching MCP(K, N) space, then Dom(Ent(-|m)) C P2(X,d) is a geodesic space
(with metric W2). Along the same lines, one can prove that Dom(Ent(-|m)) C
P2(X,d) is a geodesic space under the assumption that (X, d, m) is an essentially
non-branching MCP(3) space.

Fix a metric measure space (X,d, m) with gauge function G. The next propo-
sition contains interpolation and monotonicity properties of the CD classes.

PROPOSITION 2.10. Let «, 83, fo, 81 distortion coefficients as in (2.0), let n,
ng, n1 > 1, and 0 € [0,1]. Then the following properties hold
(i) CD(Bo,no)NCD(B1,n1) with at least one of the two being satisfied in the
strong sense => CD(By,ng) where we have set
Bo = By "B, ng := (1 —6)no + Ony;
(ii) ¢f m > 0. Then CD(B,n) = CD(t"™fS,n+ m);
(iii) #f B > a, then CD(B,n) = CD(a,n).
ProoOF. Proof of m. Observe that U,, = (U,,) " for all n,m > 1. Hence

1-0)20 gL
U, = UGO8 = Ut 5oy

Since at least one of the two CD(;,n;) conditions is satisfied in the strong sense,
we may assume that for any given g € Pps(X,d, m), 1 € Py (X, d, m), supp po N
supp g1 = 0 there exists a Wa-geodesic (p1¢)¢e[o,1] such that

1
Us,, (p1¢|m) > exp (n_/c - log Bi,1-¢(G(71,70)) V(d7)> Un, (po|m)

%

1 .
+6Xp <_/ ( )1Og ﬂ’i,t (6(70571)) V(dr}/)> UTLZ ([L1|m), vt € (07 1)a 1= Oa 1.
Geo(X

n;

Fori=0,1and t € (0,1), set

1
;¢ ‘= €Xp (-/ log Bi1—¢ (G(%ﬁo)) V(d7)> )
Geo(X)

L%

bi s := exp (i/c; - log 8.+ (G(70,71)) V(d7)> -

%

Omitting m from the notation, we have
ﬂ

1-g) 20 9
Ung (1¢) = Ung (Nt)( g Un, ()" o
(1-0) 72 o7

> [a0,tUng (10) + 50,6 Ung (111)]" "' 10 [a1,4Un, (10) + b1,4Un, (1)) "m0
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2.3. CURVATURE-DIMENSION CONDITIONS FOR GAUGE SPACES 17

Now we use the Holder inequality: for % + % = 1 we have for positive x;,y;

1/p 1/q
m m

ixj Zyj Z 1/1’ 1/q
j=1 j=1

Hence we obtain

1-0)7> ot (1-0)72 o7t

Uy (p2t) > Qo ¢ " 01?9 Uy (p0) + b " b1,7tl9 Uy (p11)-

This corresponds to the desired inequality for the condition CD(Sy, ng).
Proof of We observe first that the map R? > (x,y) — log(e® + €¥) is
convex, and thus for n > 1, m >0, all t € (0,1) and =,y € R it holds

log (elog(l—t) + elogt)

log(e” 4+ ¢€¥) =

n log(e® 4+ €¥) + m
n—+m m n—+m

(2.10) > IOg (e’rH-meerL-l-n log(1—t) + en:my+ P logt) .

Fix a Wa-geodesic (j1¢);e[0,1] for which the CD(3,n) inequality holds true. Observe
that:

log Uy (p1t) = log Uy, (), vVt e [0,1].

n-—+m
Using the CD(8,n) inequality in the previous identity and applying (ZI0)), we
immediately obtain the validity of the CD(¢t™ 3, n + m) condition.
Proof of Obvious. |

PROPOSITION 2.11. Let (X,d,m) be essentially non-branching. Assume that
(X,d,m) with gauge G = d satisfies the MCP(f), for § defined as in [286) in
terms of a function s as in (Z4), with order N at zero. If D is finite and S €
([0, D)), then there exists N' > N such that (X,d,m) satisfies the MCP(tN")
with gauge G = d and thus (X,d,m) satisfies the classical measure contraction
property MCP(0, N').

Proor. By Proposition there exists N’ > N such that 3; > N for
all t € [0,1]. Hence MCP(¢t"N") holds and we conclude by Theorem O

2.3.1. Recovering the Lott-Sturm-Villani’s theory. In this section we
explain how our general theory of curvature bounds for gauge spaces contains the
classical curvature-dimension theory for m.m.s. a la Lott-Sturm-Villani. In this
section we consider K € R and N € [1,+00). Set

N
sin (9ﬁ /K/N) K >0,
[O,-FOO] BQHSK,N(Q): oN K =0,

sinh (9/"K/N) " K <0

Notice that Sk n(6) has order N as 8 — 0 for all K € R. Moreover,

- K >0,
Dy =inf{f >0|sgn(0) =0} = VE/N
+o00o K <O0.
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18 2. SYNTHETIC RICCI CURVATURE LOWER BOUNDS FOR GAUGE SPACES

The corresponding distortion coefficient, following the recipe of ([2.6]), is then

400 K0? > Nr2,
Si'n((t: II((//JJVV))N 0<K€2 <N7T2,
0,1] x [0, S (t,0) = (B% p)e(0) =<
0.1 % 0,+40] 3 (.6) = (T w)e0) = § Koo
sinh(te./|K\/N)N K02 < 0.
sinh(Gq/\K\/N)
The notation is motivated by the fact that
’ ® N
(2.11) (8% )i (0) = (aK,N(o)) . Vte[0,1], V6 e 0, +o00),

where agg ~(-) are the functions considered in [17,[44] (note that used the
notation 0;{)/ ~ (). Consider also

[Ov 1] X [07 +OO] > (t7 9) = (ﬂ;{,N)t(e)
+00 Ko0? > (N —1)7?,
tsin(te\/m)N71

sin(e\/m)wl
tN K% =0,
tsinh(te\/m)lv_l

0< K6* < (N —1)n?,

— K#?<0.
sinh (9/[K/(N-1)) "
Again, the notation is motivated by the fact that
. N
(212)  Brwh(0) = (fn )", Vee[o1], Vo€ 0,+c),

where TI(?N(H) = tl/Na%)N_l(H)l’l/N are the functions considered in [84].

) )

THEOREM 2.12. Let (X, d, m) be an essentially non-branching m.m.s. equipped
with the gauge function G = d. The following hold:

(i) (X,d,m) satisfies the entropic curvature-dimension condition CD®(K, N)
of Erbar-Kuwada-Sturm [44] if and only if (X,d,m,G) satisfies
CD(B% x> N) in the sense of Definition [Z5]

(ii) (X,d,m) satisfies the measure contraction property MCP(K,N) in the
formulation of Ohta [72] if and only if (X,d, m,G) satisfies MCP(S}; x)
in the sense of Definition 25

ProOF. Proof of m, CD(B% x> N) = CD*(K,N). The map

6~ log [(B5x)i(V)]
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2.3. CURVATURE-DIMENSION CONDITIONS FOR GAUGE SPACES 19
is convex, as one can check by a direct computation. Using Jensen’s inequality, it

follows that for any v € OptGeo(ug, 141)

% /GCO(X) log(ﬁgf,N)t(d(’h; 'YO))Z/(dfy)

%log(ﬁﬂ,zv)t <\//Geo(x)d(71ﬁo)2y(d7)>

= % log [(ﬁf(,N)t(Wz(,Uo, :ul))]

= 10g0§?/N(W2(M0,M1))-

Y

Thus, if (X,d, m) is a metric measure space satisfying the CD(B% N+ N ) condition
for the Gauge function G = d, then the entropic CD*(K, N) convexity inequality of
[44] is satisfied for measures po, p1 € Py, (X,d, m) with supp po Nsupp 1 = 0. A
straightforward approximation argument, yields the validity of the CD°(K, N) con-
vexity inequality for measures po, 1 € Pp (X, d, m) with m(supp po Nsupp p1) = 0.
At this point, one can follow verbatim the proof of [44] Thm. 3.12, (iii) = (ii)]
(noticing that there the CD®(K, N) convexity inequality is used only for mea-
sures whose supports have m-negligible intersection) and infer that for any po, p1 €
P (X,d, m) (without any condition on the intersection of the supports) there exists
v € OptGeo(po, 1) such that (e;)sr < m for all ¢t € (0,1) and

2~

(213) o)™ 2 o) (A0, 7)) po(0) "N + i) (A0, 71))pr ()7

for v-a.e. v € Geo(X), where p; is the density of (e;)sv w.r.t. m. Using now
[44] Thm. 3.12, (ii) = (iii)] we infer that (X, d, m) satisfies the entropic curvature-
dimension condition CD(K, N).

Proof of [(i)}, CD°(K,N) = CD(B% x> N). Conversely, if (X,d, m) is essen-
tially non-branching and it satisfies CD°(K, N), then from [44] Thm. 3.12, (iii) =
(ii)] we know that for any po, 1 € Pp(X,d, m) there exists v € OptGeo(po, pt1)
such that (e;)yv < m for all ¢ € (0,1) and ([2.13)) hold for v-a.e. v € Geo(X), where
p¢ is the density of (e;)gr w.r.t. m. With the same argument one can prove that
([ZI3) holds more generally when pg € Pps(X,d, m), up to removing the first term
in the right hand side (we will assume this convention throughout the proof). We

rewrite (Z13)) as

1 1
(2.14) - N log p¢(74) > log {GXP (_N log po(70) + log alt(70,71)>

1
+exp <_N log p1(71) + log @t(”Yo,Wl))] ,
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20 2. SYNTHETIC RICCI CURVATURE LOWER BOUNDS FOR GAUGE SPACES
where we set a¢(70,71) = Ug)/N(d('yo, 71)). Recalling that the map (x,y) — log(e®+
eY) is convex, integrating (2.I4) w.r.t. v and using Jensen’s inequality, we obtain

(2.15)

1
- NEnt(,ut\m) > log

1
exp (—NEnt(Mom) +/ log alt('yo,71)l/(d7)>
Geo(X)

1
+exp ——Ent(ullm)Jr/ log as (o, 71)v(dy) || -
N Geo(X)

Taking the exponential of (ZI5]) and recalling (2.I1]), we obtain that (X,d, m) en-
dowed with the gauge function G = d satisfies the CD(8% y, V) condition ([2.1).

Proof of [(ii)}, MCP (8% n) = MCP(K, N). Using (Z12)) and arguing along the
lines of the proof of [44, Thm. 3.12, (iii) = (ii)], one uses the essential non-branching
assumption to localize the MCP(Bk ) integral estimate to a pointwise estimate
along geodesics. More precisely, one can show that for every py € Pf, (X, d, m) and
every xo € suppm \ supp p1 there exists v € OptGeo(dz,, 11) such that (e;)jr < m
for all ¢ € (0,1) and

(2.16) () < TN (A0, 7)) Npr(m),  v-ace. 7y € Geo(X),

where p; denotes the density of (e;);v w.r.t. m. Let A be a bounded Borel set with
positive measure and let g € suppm \ A, where A is the closure of A. Letting
p1 :=m(A) ' mL4 and applying (ZI6]), one gets
1
pe(7e)

Let now E C X be an arbitrary Borel set. Integrating the last inequality over
—1 . o .
e; (E) and recalling that (e;)sv = p; m, yields

> 7y (d(y0,7))Y m(4),  v-ace. v € Geo(X).

1
m(E) = / o G

-/ gy (80092 m(A4) ()

t

One thus obtains Ohta’s [72] formulation of MCP(K, N)
(2.17) m > (e0)s (rilly (d(r0,7)) “m(A)v),

with the caveat zp € suppm \ A and A bounded. The general case follows by a
standard approximation argument, that we sketch below.

Observing that the distance is a meek gauge function in the sense of Defi-
nition [323] the generalized Bishop-Gromov Theorem holds. We infer that
m({z}) = 0 for every z € X and that (suppm,d) is a proper metric space (see
Corollary B.16]).

Let A be a bounded Borel set with positive measure and let zp € A N supp m.
For £ > 0 small enough we have that m(A \ B.(z¢)) > 0. Set

pe = (m(A\ Be(z0))) ™" MLA\B_ (a0)-

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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From the discussion above, we know that there exists v. € OptGeo(dy,, pi1,c) such
that

m > (er)s (7 (d(r0,7)) V(AN B(wo))vz ) -

By letting e | 0, by stability of optimal transport [86, Thm. 28.9] and using that
(suppm,d) is a proper metric space, one obtains that there exists

v € OptGeo(dy,, 11)

such that (2I7) holds. For a general Borel set A of finite positive measure: intersect
A with the metric ball Br(zg), obtain (ZI7) and take the limit as R 1 +oo to
conclude.

Proof of MCP(K, N) = MCP(S% ). Conversely, it is standard to check
that (ZI7) implies (ZI6) (see for instance [36, App. A]). Arguing along the lines
of CD(K,N) = CD(B% n,N), we obtain that (X,d,m) endowed with the gauge
function G = d satisfies the MCP(S% y) condition (2.8). O

REMARK 2.13 (Connection with other synthetic formulations). Let K € R, N €
[1,400). In case (X, d, m) is essentially non-branching:

e It was proved in [44], Thm. 3.12] that the reduced CD* (K, N) condition
(see [17]) is equivalent to the entropic CD*(K, N).

e The CD(K, N) condition (as in [84]) is equivalent to CD* (K, N). This is a
deep result establishing the local-to-global property for CD(K, N); it was
proved in [35] in case m(X) < co. Their approach is based on the needle
decomposition of [58] and the localization technique developed in [37].

e Ohta’s [72] and Sturm’s [84] formulations of MCP(K, N) are equivalent,
see for instance [36], App. A].

e Our theory is modeled on the convexity inequalities for the entropic curva-
ture-dimension condition & la Erbar-Kuwada-Sturm [44], that involves the
functional Uy. One could have developed the theory studying instead the
Renyi entropy functional, as in [17.[84], or general functionals in the Mc-
Cann class DC(N) as in [641[65], with analogous outcomes. For a discus-
sion of connections between the approach in [641/65] and the CD*(K, N)
condition see for instance [14), Sec. 9].

REMARK 2.14 (Connection with E. Milman’s theory). In [69], E. Milman in-
troduced a quasi-convex relaxation of the LottASturméaVillani’'s CD(K, N), called
the Quasi Curvature-Dimension condition QCD(Q, K, N), see [69] Def. 2.3]. @ > 1
is an auxiliary parameter so that for @ = 1 the QCD(1, K, N) is equivalent to the
CD(K, N), and it is strictly weaker than the latter for @ > 1. With the same argu-
ments used in the proof of Theorem 2:I2] for essentially non-branching m.m.s., the
QCD(Q, K, N) for N = n corresponds to the CD(3,n) inequality ([28)) with gauge
function G = d, and

1

(2.18) pe(0) )

where (8% )¢ is the same coefficient ([ZI2)) of the Lott-Sturm-Villani’s theory. For-
mally the coefficient ([2I8)) is not of the form (Z6) due to the extra factor 1/Q.
However, all results of Chapter [3 hold with the same proofs for this more general
class of coefficients, up to keeping track of this extra factor in the statements.

(B}(,n)t(e)v Vi e [Oa 1]’ Vo e [Ov —|—OO),
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On the other hand the finer Curvature-Geodesic-Topological-Dimension condi-
tion CGTD(K, N, n) introduced by E. Milman in [69] Sec. 7], for K € R, n > 1 and
N > n corresponds to the CD(B}(’N, n) for gauge function G = d.

Notice that for @ = 1 and N = n, CGTD(K, N,n) and QCD(Q, K, N) are
equivalent, and in turn equivalent to the classical CD(K, N).

2.3.2. Recovering the Balogh-Kristaly-Sipos’ theory. In this section we
show how the general theory introduced above also contains the one developed in
[19] for Heisenberg groups.

Let d > 1. The Heisenberg group H? is the non-commutative group structure
on R?¥+1 given, in coordinates (z1,...,%4, Y1, --,Y4, 2), by the law

d
1
(r,,2) % (a4, =) = <x+x’,y+y’,z LRI (A yix;>> .
i=1
Consider the 2d left-invariant vector fields

i: - - =, Y;:— — = ':17...7d7
ox; 2 0z 8yi+282 !

and the left-invariant metric making {X;, Yi}?:l a global orthonormal frame. We
equip H? with the associated sub-Riemannian (Carnot-Carathéodory) distance, de-
noted by d.. (see Appendix [A]), and the Lebesgue measure .#?¢*1, which is a Haar
measure.

We set

o=osn (9)" n(2) - L ()], veloiom

Notice that s(¢) has order N = 2d + 3 as § — 0. Moreover, it holds
D =inf{# > 0| s4(0) =0} = 2.
The corresponding distortion coefficient, following the recipe of ([2.6]), is then

[0,1] x [0, 400] > (t,0) —

$2d+3 0=0,
d sin ()" [sin (%) = Feos ()], _p_
£ O =9 sin (9™ [sin (4) — Leos (4)] ’

400 0 >2m,t#0,

0 0 >2m,t=0.

We highlight in particular the following identity
BY(0) = (rf1(9))*HY,  Vtel0,1], V6 e o2,
where 72(6) is the function considered in [19, Eq. (1.6)].

S
The main result [I9, Thm. 1.1] is a Jacobian determinant inequality which
permits by standard manipulations to obtain an interpolation inequality for optimal

transport, see [19, Eq. (3.17), p. 61]. More precisely, for all
Mo, U1 € Pb*s(u—lda d067 $2d+1),
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there exists v € OptGeo(jo, p11) associated with a Wa-geodesic (j1¢)e[0,1] such that
e < L for all t € (0,1], for v-a.e. v it holds (70, v¢) ¢ Cut(H?) for all ¢ € (0, 1],
and

1 BH (g71:70)1/(2d+1) BH (f70:1)1/(2d+1)

pt(%)1/(2d+1)— po(%)l/(zdﬂ) pl(%)l/@dﬂ) )

where p; = d;%v and 6% is the vertical norm of the covector associated with
the geodesic joining = and y, for (z,y) ¢ Cut(H?). In [ZI9) we use the convention
that if po is not absolutely continuous then the first term in the right hand side is
omitted.

Using the definition of U,,, the convexity of the map R? 3 (x,y) + log(e® +¢e¥)
and Jensen’s inequality, one establishes the validity of the CD(/3,2d + 1), with
B =pr.

We stress that the argument in the r.h.s. of (ZI9) does not depend on the
distance. It is then natural to set as a gauge function any map G : H?xH? — [0, +o0]
such that

(2.19) vt e[0,1],

G(z,y) :=6"Y, Y (z,y) ¢ Cut(H?).
Then the results of [19] can be restated within our framework as follows.
THEOREM 2.15. The gauge m.m.s. (H%, d.., £t G) satisfies the
cD(B",2d + 1).
It is not hard to check that BH'(0) > 2443 for all ¢ € [0,1] and 6 € [0,2n].
Therefore, by Proposition the CD(ﬁ[Hd, 2d+1) implies the CD(¢24+3 2d+1).

In turn, the latter implies the classical MCP(0, 2d + 3), originally established for [H?
by Juillet in [54].
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CHAPTER 3

Geometric consequences

In this chapter we establish some geometric properties implied by the CD(8,n)
condition (compare with [44.[651/84] for the Lott-Sturm-Villani’s CD(K, N) spaces).

3.1. Generalized Brunn-Minkowski inequality

Given two Borel sets Ag, A7 C X, denote with A; the set of t-intermediate
points, i.e.

(3.1) Ay i=Zy(Ao, A1) = {% | v € Geo(X), vo € Ag, M1 € A1}

It is well-known that A; is a Suslin set. For non-empty Borel sets Ag, A; C X,
denote

(3:2) Bt(Aog, A1) = sup inf{3;(G(zo,71)) | 2 € A; N suppm},
A;CA;

where the sup is taken over all full-measure non-empty subsets A; C A;, fori = 0, 1.
It is clear from the definition ([32)) that

m(AgAAg) =m(A;AA) =0 = Bi(Ao, A1) = Bi(Ao, A1),

where Ag, Ag, A1, A1 C X are Borel sets and A denotes the symmetric difference
of sets.

THEOREM 3.1 (Generalized Brunn-Minkowski inequality). Let (X,d,m) be a
m.m.s. with gauge function G, satisfying the CD(8,n) condition, with n € [1,+00)
and B as in (Z8). Let Ay, Ay C X be Borel sets with m(Ap),m(A;) > 0 and
m(AgN A1) =0. Then
(3.3)

W(A)Y"™ > B y(Ar, Ag) ™ m(Ao) ™+ Bi(Ao, AN m(A)V, Ve (0,1),

where m is the completion of m, A; is the set of t-intermediate points (B1), and
with the convention that 0 - oo = 0.

PROOF. Assume that m(A4;) < 400 for ¢ = 0,1. We first reduce the proof to
the bounded and disjoint case. Since m(A4;) < +oo and m(4g N A;) = 0, for any
e > 0 there exists A;,. C A; which is closed and bounded, Ag. N Ay = 0, and
m(A4; ) — m(4;) as € — 0. Furthermore, setting A; . := Z;(Ao,e, A1) the set of
t-intermediate points from Ay . to Ay, it holds

Bi(Ao,e, Ar,c) > Be(Ao, Ar), Bi(A1e, Aoe) > Bi(Ar, Ao), Ay D Age.
Thus it is sufficient to prove ([B3)) for closed and bounded sets Ay, A; with AgNA; =
0. Let p; = ﬁmu‘ € Pr(X,d,m) for i = 0,1 and note that supp poNsupp p1 =

(. Observe that U, (u;) = m(A4;)*/". By assumption, there exists a W-geodesic
(4t)tefo,1) joining them, and satisfying the inequality (Z7). We remark that g,

25
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is concentrated on A;, which is a Suslin set. Using Jensen’s inequality twice, we
obtain

1 _ I
Uy (pe) = exp <——/ log ptdut> S/ Py 1/nd/~Lt:/ py T dm < (A"
nJx X Ay

Then B3) for sets of finite measure follows directly from the CD(f,n) inequality
[20), and from optimizing with respect to full-measure subsets of A;.

Since m is o-finite, we can prove the result for sets of possibly infinite measure
by approximating them with a monotone sequence of sets with finite measure. [

With analogous arguments one obtains the next generalized half-Brunn—
Minkowski inequality for MCP($), which will play a pivotal role in geometric ap-
plications.

THEOREM 3.2 (Generalized half-Brunn-Minkowski inequality). Let (X,d,m)
be a m.m.s. with gauge function G, satisfying the MCP(8) condition, with 8 as in
(Z6). Let A be a Borel set with m(A) > 0, and T € suppm with m({Z} N A) = 0.
Then

(34) ﬁl(At) > ﬂt(jv A) ’ m(A)v Vi e (Ov 1),

where m is the completion of m, Ay denotes the set of t-intermediate points ([B1I)
between Ag = {Z} and Ay = A, and with the convention that 0 -oco = 0.

REMARK 3.3. In case suppm is not a singleton, the condition m({z}) = 0 for
every x € X is very natural: indeed it is satisfied for all smooth measures typically
employed in sub-Riemannian geometry, and it is implied by the generalized Bishop-
Gromov Theorem B.25(ii)| under the assumption that G is meek (see Definition [3:23))
and that the natural assumption (BI7) holds (see also Remark B:26]). Recall that
MCP(K, N) spaces (for N € [1,400), K € R), thus including all CD(K, N) ones,
satisfy this condition.

REMARK 3.4. Let (p¢)iejo,1] be a Wa-geodesic between the uniform distribu-
tions on Ay and Ay, for which the CD(8, n) inequality (2.7 holds. Then in the Lh.s.
of (33)) one can replace A; with any (possibly smaller) measurable set on which
is concentrated. An analogous remark applies for the Lh.s. of (34).

If the distortion coefficients are non-increasing or non-decreasing, then the
above inequalities can be expressed in terms of the minimal/maximal value of the
gauge function G on an appropriate set. More precisely, if 8 — (;(0) is non-
decreasing or non-increasing for all ¢ € (0, 1), then letting

. {inf{G(Jco,xl) | z; € A;Nsuppm, ¢ = 1,2} if § — B;(0) is non-decreasing,
sup{G(xg,x1) | x; € A; Nsuppm, i = 1,2} if 8 — [,(0) is non-increasing,
it holds
Bi(Ao, A1) > Bi(O).
This observation, together with the fact that the classical distortion coefficients
Bre)e(®) =Ty O, resp. (B n)i(0) = o)y (),

are non-increasing or non-decreasing (according to the sign of K), yields the familiar
forms of the generalized Brunn-Minkowski inequalities for classical CD(K, N) spaces
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[84] (resp. for classical CD* (K, N) or CD®(K, N) spaces [17./44]; see also Theorem
and Remark ZT3)).

3.2. MCP implies CD for spaces supporting interpolation inequalities

The implication CD = MCP is trivial with our definitions. Here we discuss
the converse implication. The result of this section can be applied to ideal sub-
Riemannian manifolds of topological dimension n, that support interpolation in-
equalities for densities as in [24]. This includes, of course, all n-dimensional Rie-
mannian manifolds [42].

DEFINITION 3.5. We say that a m.m.s. (X,d,m) supports interpolation in-
equalities for densities, with dimensional parameter n € [1,+00), if for any pg €
Pps(X,d,m), p1 € Pr(X,d,m) with supp po N suppp1 = 0 there exists a Wa-
geodesic (f1¢)ef0,1], induced by v € OptGeo(uo, u1) such that p; < m for all
t € (0,1], and letting p; = d e the corresponding density, it holds for all

d
t e (0,1): "
(3.5)
(X,d,m) 1/n (X,d,m) 1/n
1 s )
— > 1—t (711/2;0) ﬁt ('701/11) : v-a.e. 7y € Geo(X),
pe(ve) po(70) p1(71)

with the understanding that the first term in the right hand side of (8.1 is omitted
if Ho % Pac(Xv m)

In B3), 6,5(X’d’m) denotes the “true” distortion coeflicient of the metric measure
space (X, d, m), of which we recall the definition.

DEFINITION 3.6. The distortion coefficient of (X, d, m) is the map ﬂ((f))(’d’m) ()

[0,1] x X x X — [0, 400] defined by
W), B)
- y) o lr—)?)er m(Br(y)) 7

where Z;(A, B) denotes the set of t-midpoints between two Borel sets as in (B),
and m denotes the completion of m.

X dm)( Ve,ye X, tel0,1],

THEOREM 3.7 (MCP to CD). Let (X,d,m) be a m.m.s. that supports inter-
polation inequalities for densities, with dimensional parameter n € [1,400). Let
G: X x X — [0,+00] be a gauge function. Assume that:

e cach v € OptGeo(uo, 1) occurring in Definition is concentrated on
a set of geodesics whose endpoints (vo,7v1) and (y1,7) are continuity
points for G;

e (X,d,m,G) satisfies the MCP(8), with § as in (Z8), and with N > n.

Then (X,d, m,G) also satisfies the CD(3,n).

PROOF. Let # # y € suppm with (x,y) a continuity point of G, and let
r < d(z,y). We use the half-Brunn-Minkowski inequality for MCP(3) spaces of
Proposition B2, for z = z, A = B,(y). It holds, for all ¢ € [0, 1],

m(Z:i({z}, Br(y)))

w(Bo(y)) = Pl Brly) 2 nf{Bi(Glw. 2)) | = € Br(y)}-
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Taking the limsup for r — 07, and using the continuity of G at (z,y), we find a
sequence §; — G(xz,y) € [0, +o0] such that

(3.6) O ) 2 lim Bu(0) = BuG(xy),  VEE(0,1]

Let v € OptGeo(po, 1) be as in Definition Assume for simplicity that
to € Pue(X, m) (the argument works verbatim if pg € P,e(X, m) by omitting the
corresponding term in all inequalities). By our assumption, v is concentrated on a
set of geodesics 7 such that G is continuous at (y9,71) and (71, 7%0)-

For v-a.e. v we can plug B8] in (BH), finding that for all ¢ € (0,1) it holds

L BB 0) ™ | BulB(r0, 1)

> , v-a.e. 7.
pe(ye)H/m po(70)t/™ p1(m)t/m
Using the definition of U,,, the convexity of the map R? > (x,y) + log(e® +¢e¥)
and Jensen’s inequality, we obtain the CD(f, n) inequality. a

REMARK 3.8. For Riemannian manifolds, the classical CD(K,n) (resp.
MCP(K,n)) corresponds to the CD(8} ,,,n) (resp. MCP(S% ,,)), see Remark
Thus Theorem [3.7] is consistent with the well-known fact that, on n-dimensional
Riemannian manifolds, MCP(K, N) implies CD(K, N) if N = n.

3.3. Gauge diameter estimate

DEFINITION 3.9 (G-diameter). The G-diameter of a non-empty set S is defined
by:

diamg(S) = sup [ m - esssup G(z,y) | .
€S yeS, y#x
We say that S C X is G-bounded if it is non-empty and it has finite G-diameter.

Recall that the parameter D in (2.1, when finite, characterizes the blow-up of
0 — 5:(0), for t € (0,1).

PROPOSITION 3.10 (G-diameter estimate). Let (X,d, m) be a m.m.s. with gauge
function G. Let 8 be as in 28) and assume that By (+00) = 400 for allt € (0,1).
Note that this is in particular the case if D < +o00.

e If (X,d,m,G) satisfies the MCP(B), then for all x € suppm it holds
G(z,y) < D, m-a.e. ye X, y#uw.

In particular, diamg(suppm) < D.
e If (X,d,m,G) satisfies the CD(8,n) for some n € [1,+00), then

G(z,y) < D, m-a.e. (z,y) € X x X.

for all m = (eg,e1)yv, where v € OptGeo(uo, 1) is such that inequality

@7 holds.

REMARK 3.11. We remark that the case D = +o¢ is included in the statement
of Proposition BI0l In this case, m({y € X | y # z, G(z,y) = +oo}) = 0 for all
x € suppm. This implies the non-triviality condition BI0) considered below.
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PRrOOF. Fix x € suppm. We show that the set A ={y € X |y # z, G(z,y) >
D}NBg(x) has zero measure for all R > 0. By contradiction, assume that m(A) > 0.
Then we apply the half-Brunn-Minkowski inequality of Theorem to the set A.
Notice that S:(x, A) = +oo for all ¢ € (0,1), and that A; C (Br(x)): C Bir(z).
We obtain hence

m(BtR(.’II)) > ﬁl(At) = +00, Vt e (O, 1),

contradicting the local finiteness of m.

To prove the second part of the proposition, we argue in a similar way: let
v € OptGeo(ug, 111) as in the statement (in particular ug, 11 have bounded support)
such that 7({(x,y) € X x X | G(z,y) > D}) > 0, and using (Z7)) we obtain that,
for the corresponding Wa-geodesic iy = (e¢)v it holds

U, (pue)m) = +o0, vite (0,1).

This implies, by (Z2)), that m(supp u¢) = +00. However, since supp po and supp pq
are bounded, then also supp u; is bounded, yielding a contradiction. O

For some interesting cases (cf. Chapter [6), it holds G > d. In this case, Propo-
sition B.I0 admits the following Bonnet-Myers type result.

COROLLARY 3.12 (Bonnet-Myers). Let (X,d, m) be a m.m.s. with gauge func-
tion G, satisfying the MCP(B) with 8 as in (Z4). Assume that G > d. Then
diam(suppm) < D, and if D < 400 then suppm is compact.

PRrROOF. The estimate on the diameter is immediate by continuity of d. If
D < 400, then suppm is bounded, and by Proposition B.I0l it is also G-bounded.
By Corollary B.16] supp m is totally bounded, complete, and thus compact. O

3.4. Doubling inequalities for balls

We first prove a local doubling inequality for metric balls under minimal as-
sumptions. We stress that “locality” in Proposition is measured with respect
to the gauge function, which also determines the doubling constant. For this rea-
son, and without additional relations between G and d, the general form of the
statement is subtly different with respect to the classical one.

ProOPOSITION 3.13 (Local doubling). Let (X,d,m) be a m.m.s. with gauge
function G, satisfying the MCP(3) with 8 as in [2.6). Then any G-bounded Borel
subset S C suppm satisfies the following inequality: for all t € (0,1) there exists
Cs: > 0 such that

(3.7) m(B,(xo) NS) < Cgy - m(Byr(x0)), Vr>0,Vzy €S

The constant Cs; can be estimated in terms of 5 and diamg(S):

(3.8) i = inf{B,(6) | 6 € [0, diamg(9)]} € (0, "].

PROOF. Fix S C suppm and let Gy := diamg(S) < co. We let

o= inf{A(6) |6 € 0,Go]) € (0,1V].
St

)

Here, the upper bound is a consequence of the value of 8;(0) =tV in (Z6), while
the lower bound follows from Proposition The case r = 0 of 1) is trivial,
so let r > 0.
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Let 7o € S, and let B,.(x0) := B, (o) \ {z0}. Let A = B,.(2¢)NS. If m(A) =0
there is nothing to prove. Assume then that m(A) > 0, and note that m(AN{ze}) =
0. Thus we can apply the half-Brunn-Minkowski estimate of Theorem with
T =z and A = B,(x0) N S. Since A; C By, (o), we have for all ¢ € (0,1):

m(By, (o)) > Be(x0, Br(20) N S) - m(B,(x0) N S) > ﬁ -m(B, (o) N S).
We justify the bound 5 (zo, B, (xg)NS) > 1/Cg+. To do it, for any x € S and any
non-empty Borel set U C S, recall the definition (B.2]), which for our case reduces
to

Bi(z,U) = sup inf{B:(G(z,y)) | y € U},
ocu

where U ranges over all full-measure and non-empty subsets of U. Assume that
x € S\U. Since U C S and the latter has bounded G-diameter (see Definition 39),
there exists a full-measure set U’ C U such that G(z,y) < Gg for all y € U’, and in
particular it holds

Bi(x,U) > nf{B,(0) | 6 € [0,Go]} = %

)

In particular the above inequality holds for x = zg and U = ér(ﬂco)ﬂS as required.
Thus we have proved B7) for B, (xo) in place of B,(xg), that is

m(B,(x0) N S) < Cgy - m(Byr(20)), Yr>0, Vg € S.
Since Cs; > 1/tN > 1, we add m({zo} N S) to both sides to obtain (B7). O

In some natural applications, bounded sets are G-bounded, cf. Chapter In
this case Proposition B13] can be restated as a classical doubling inequality.

COROLLARY 3.14 (Classical local doubling). Let (X,d,m) be a m.m.s. with
gauge function G, satisfying the MCP(53) with 8 as in (Z8). Assume that bounded
subsets of suppm are G-bounded. Then for any bounded set S C suppm and R > 0
there exists C = C(S, R) > 0 such that

m(Ba,(z9)) < C - m(B,(x0)), Vre[0,R], Vao € S.

PROOF. Let Ry be the diameter of S, and let S’ := Bagyr,(Z) be a ball
centered in any point z € S. Of course any ball Ba.(z¢) with r € [0, R] and
xo € S is contained in S’. By our additional hypothesis, S’ is also G-bounded.
We apply then Proposition to the set S’ with ¢ = 1/2 and get the claim with
C = Csl,l/g. D

Finally, if diamg(suppm) is finite, or if 8 — £;(0) is non-decreasing, then we
have a classical global doubling inequality.

COROLLARY 3.15 (Classical global doubling). Let (X,d,m) be a m.m.s. with
gauge function G, satisfying the MCP(B8) with 5 as in 28). Assume that
diamg (supp m) is finite, or that 6 — [5:(0) is non-decreasing. Then there exists a
constant C' > 0 such that

m(Bar(z9)) < C - m(B,(xg)), Vr e [0,+00), Vg € supp m.
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PROOF. In both cases, using the same argument of the proof of Proposition
B13 taking S = supp m, we have that

(39) Bt(l'm BT(:L‘())) > > 0,

1
C(t)
for a constant C'(¢t) > 0 that does not depend on zg € suppm or r € [0,+00):
if diamg(suppm) is finite (39) follows from the definition of S;(zq, By(xo)) and
Proposition while if 6 — 5;(0) is non-decreasing the lower bound is given

We also record a standard consequence that will be useful in the following.

COROLLARY 3.16 (Proper geodesic space). Let (X, d, m) be a m.m.s. with gauge
function G, satisfying the MCP(3) with § as in [2.8). Assume that bounded subsets
of suppm are G-bounded, or 6 — () is non-decreasing. Then (suppm,d) is a
proper, geodesic space.

PRrROOF. The proof follows the classical strategy. Assume first that bounded
subsets of suppm are G-bounded. Let zy € suppm and L > 0. Let x1,...,z; be
a collection of k € N points in Bp(zg), and ¢ > 0. If Bo(x;) C Bp(zo) for all
i=1,...,k are pairwise disjoint, it holds

m(Br(xo))

IIMw

k
B > —m(B
CSt Zm 21 (z) N S) CStm( (70)),

where we applied Proposition BI3] with S = Bsp(zg) and t = ¢/2L. Thus, the
maximal number of pairwise disjoint balls of radius € > 0 contained in By (xg) is
bounded by

k< Cgt < +o0, with S = Bsp(xg), t=c¢/2L,

where Cg; is the constant of (B8). As a consequence, the ball By (zg) can be
covered by Cgs: metric balls of radius 2¢. Since zy € suppm and L > 0 were
arbitrary, we obtain that balls in supp m are totally bounded, hence their closure is
compact. In other words the metric space (suppm,d) is proper. Since (suppm,d)
is a length space by the MCP(3) condition (cf. Remark [29)), it is also geodesic.

If 0 — f.(0) is non-decreasing, the result is obtained by the same argument
but using, instead, the classical global doubling inequality of Corollary O

REMARK 3.17. We notice that as a by-product of the proof of Corollary [3.16,
any G-bounded metric ball By (xzo) with zy € suppm can be covered by a finite
number of balls of radius /L, and such a number depends only on ¢ and the
G-diameter of Bsr,(xg).

3.5. Geodesic dimension estimates

The parameter N € [1,+00) occurring in the definition of 8 as in ([24) turns
out to be a sharp upper bound for a different notion of dimension, called geodesic
dimension. The latter was introduced in [3] for sub-Riemannian manifolds, and
extended to metric measure spaces in [78]. We recall its definition.
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DEFINITION 3.18 (Geodesic dimension). Let (X,d,m) be a metric measure
space. For any = € X and s > 0, define

1 m(4,)

Cy(z) := sup< limsup —
(= sup {lmeun 12 T4

| A1 Borel, bounded, x ¢ A;, m(4;) € (0,—1—00)} )

where A; is the set of t-intermediate points between Ay = {x} and A;. We define
the geodesic dimension at © € X of (X,d, m) as the non-negative real number

dimgeo () :=inf{s > 0| Cs(x) = +oo} = sup{s > 0 | Cs(x) = 0},

with the convention inf ) = +oo and sup(® = 0. Finally, for any subset S C X, we
denote

dimgeo (S) 1= sup{dimgeo(z) | z € S}.

We remark that if ¢ suppm we have dimge,(2) = 400 so it makes sense to
consider only the geodesic dimension at points in the support of m.

LEMMA 3.19. Let (X,d,m) be a m.m.s. Then for any Borel set S C X it
holds

dimgeo (S) > dimpaus(S).

ProOOF. We first observe that if there exists z € S with z ¢ suppm, we have
dimgeo(2) = 400, so that there is nothing to prove. Thus, we assume S C supp m.

Let Sp C S be any Borel subset of S with m(Sp) < +00. We claim that there
exists ¢ € Sy such that dimgeo(z) > dimpaus(So). If dimpaus(So) = 0 the claim
is true, so assume that dimp,,s(So) > 0. If & < dimpga,s(So), then for the k-
dimensional Hausdorff measure it holds H*(Sp) = +0o0, so that by using [16, Thm.
2.4.3] there exists x € Sy such that

lim sup M

< 4o0.
r—0t rk

Let A; be a bounded Borel set not containing x with m(4;) C (0, +oc0), and
consider the corresponding set of ¢-midpoints between A; and Ay = {x}. We have
A1 C Bgr(z) for some large R > 0, so that A; C B;r(z). Hence for all € > 0 it
holds

lim sup =0, Ve > 0.

ot FTEm(Ar) T tRTe m(Ay)

We deduce that Cy_.(2) =0 for all € >0 (cf. Definition B.I8)), and hence dimge, () >
dimpaus(So). In particular, for any Borel subset Sy C S with m(Sy) < +oo it holds

dimgeo(,S) > dimpgaus(So)-

Next, by o-finiteness, X = U;jenB; for a countable family of Borel sets (B;) jen
with m(B;) < +o00. Hence, setting S; := SN B;, we have dimge,(S) > dimuaus(S;)
for all j € N. Finally, we obtain

dimpans (S) = dimpans | (S5 | = sup dimpaus (S;) < dimgeo(S),
JEN Ie

concluding the proof. O
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The next result establishes a (sharp) geodesic dimension estimate. We will
assume the following non-triviality condition:

(3.10) m({z e X |z#z, Gz, 2) < +o0}) >0, YV € supp m.

In other words, suppm is not a singleton and G(z,-) does not take the value +oo
almost everywhere, for all € supp m. Notice that (8I0) is implied by the MCP(3)
provided that f;(4+00) = +00, see Remark B.111

THEOREM 3.20 (Geodesic dimension estimate). Let (X,d, m) be a m.m.s. with
gauge function G satisfying the non-triviality condition BI0). Assume that
(X,d,m,G) satisfies the MCP(8) condition, with 8 as in (Z0). Recall that N €
[1,+00) is the parameter given in [24). Then the geodesic dimension of (X,d, m)
satisfies

(3.11) dimgeo(z) < N, Yz € suppm.
In particular it holds for the Hausdorff dimension:
(3.12) dimpaus (supp m) < dimgeo (suppm) < N.

ProOOF. Thanks to Lemma[319 estimate (311]) implies [BI2), so it is sufficient
to prove the former. We use the half Brunn-Minkowski inequality (Theorem [3.2))
implied by the MCP(8). Fix = € suppm. Using that m is locally finite and the
non triviality B.I0) of the gauge function, it is immediate to see that there exists a
bounded Borel set A; C X, with m(A4;) € (0,+00), and disjoint from =z, satisfying

(3.13) sup G(z,y) < co.
yEAL

By the half Brunn-Minkowski inequality (Theorem B.2)), it holds

m((jlli)) >m-essinf §i(G(z,y),  Vt€(01).

=1

Let (0;)jen with 0; € [0,sup,c 4, G(z,y)] be such that
lim £,(6;) = m - essinf B,(G(z,y)).
Jj—roo yEAL

Assume first that §; is definitely bounded away from zero, so that we can extract
a subsequence such that lim;_,. 6; = 05 € (0,+00), where the finiteness of 6
follows from (BI3]). Since B; is continuous in this range (cf. Proposition 24]), the
essential infimum above is achieved at 8;(0). If 0 € (0, D) then, by the properties

(Z4) and [2.0), we infer that

. mA) 1 ~ L S(i0)
1 >1 ———=B(0 =1 -
D T ) T e ) = i GG = e

If O € [D, +00), then f;(0s) = 400 by (Z8]), so we have a similar conclusion.
The remaining case is when (0;);en admits a subsequence converging to zero.
So we assume that lim;_,. 6; = 0. In this case, by the properties (Z4) and (Z0),
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we have
1 m(A) )
N m(A) > Jim sxreBulds)
1 s(th;
Ly
j—oo tNFE 5(0;)
_ (t0;)™ + o(t0;)™
j—oo tN+e (ng + O(gj)N)
1
==
Taking the lim sup for t — 0% gives +0co. Combining all the cases, we deduce that
Cnie(x) = 400 for all € > 0 (cf. Definition BI8]), that implies (311). O

REMARK 3.21. The Heisenberg group H%, equipped with its Carnot-Carathéo-
dory distance and a Haar measure, is an example where the geodesic dimension
is strictly larger than the Hausdorff dimension (the former being equal to 2d + 3,
while the latter is equal to 2d+ 2, while the topological dimension is 2d+1). This is
true, more in general, for all sub-Riemannian structures that are not Riemannian.
Furthermore, when equipped with a suitable gauge function (see Section 2:3.2), the
estimate provided by Theorem is attained.

3.6. Generalized Bishop-Gromov inequality

Let (X,d, m) be a metric measure space with gauge function G. Observe that
the sublevel sets of a gauge function G(zg,-) < r may be unbounded. This oc-
curs with the natural gauge in the Heisenberg group (here, even {G(zg,-) = 0} is
unbounded). For this reason we work with the intersection with standard balls.

DEFINITION 3.22. For a point xg € suppm and for r, p > 0, we set:

ve(wo, 7, p) i=m({z € X [ G(zo, 2) <7, d(zo,2) < p}),
1
SG(LE(),T, P) = thUp Sm ({x €X | G(anx) € (7“ - 5, TL d(anx) < P}); r 7£ 0.
440

Consider also the following measure of “gauge balls” and “gauge spheres”:

(3.14) ve(zo,r) :=m({z € X | G(xo,z) <7, d(zg,z) <r}),

1
(3.15) se(zg,7) := limsup 5 [ve(zo,r) — ve(zo,r — 0)], T #0.
510

Notice also that vg(zg,r) = ve(zo,r,7) but sg(xg,r) # sg(xo, 7, 7).

In Figure Bl we sketch these sets for a natural gauge function in the Heisenberg
group.

DEFINITION 3.23 (Meek). Let (X,d,m) be a m.m.s. The gauge function G :
X x X — [0, +00] is meek if for all 4y € P (X, d, m), z € suppm with z ¢ supp g1,
and any optimal dynamical plan v € OptGeo(dz, u1), there exists a Borel set I' C
Geo(X) with v(T") = 1 such that it holds:

(3.16) G(v0,7) = tG(v0, M), vte (0,1, VyeTl.
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{d(xp, ) <1}

{G(xp, <) =0}
X0

{G(xp, ) <7}

FicUure 3.1. Typical gauge sets in the Heisenberg group for the
natural choice of gauge function described in Section The
green region corresponds to the intersection of the ball {d(zg, ) <
r} and the yellow one {G(zg,-) < r}. Notice the red line which
represents the set {G(zo,-) = 0}.

REMARK 3.24. The meek property is used in the proof of Theorem below
for gauge m.m.s. satisfying the MCP(5). There, it can be replaced by a weaker
assumption where condition (I6]) is required to hold for one v € OptGeo(dz, 141)
for which the MCP() inequality (28] holds, instead than for every v. This variant
is stable under the convergence of gauge metric measure spaces studied in Chapter [,
see proof of item of Theorem [LI71 We refrain from stating Definition B.23] in
this weaker sense since it would make it dependent on the MCP(f) condition.

The meek property is satisfied by a large class of natural gauge functions in
sub-Riemannian geometry, see Section B3] (in particular, Theorem [6.16] and Re-

mark [G.17)

THEOREM 3.25 (Generalized Bishop-Gromov). Let (X,d,m) be a m.m.s. en-
dowed with a gauge function G satisfying the MCP(53) condition, with [ as in
@8). Assume that

e suppm is not a singleton;
e G is meek; (see Remark B24 for a slightly weaker condition)
e for all x € suppm it holds (see Remark B26l for a slightly weaker condi-
tion)
(3.17) m({ze€ X | z+#z, G(x,z) = +o0}) =0.
Then for every xg € suppm the following properties hold:
(i) m({z | d(zo,x) =71}) =0, for every r > 0;
(ii) m({zo}) = 0; in particular, the half-Brunn-Minkowski inequality (34)
holds for every & € suppm and Borel set A C X with m(A) > 0;
(iii) m({z | G(zo,z) =71}) =0, for every r > 0;
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(iv) For every p > 0, the functions

SG(‘T07T7 p)
3.18) (0,D _ d
(3.18) (0,D)>r+— S(r)/r an
VG(an L) p) - VG(an Oa p)

Jo (s(t)/t)dt ’
are monotone non-increasing. Here S is the function defining 8 as in
&.9);

(v) Assume that 0 — [:(0) is monotone non-increasing for all t € [0,1], or
that for all xy € suppm it holds G(zo,:) > d(zg, ) m-a.e.. Then the
functions

(0,D] N (0, +00) > r

G(3007 )

Jo (s(t)/t)dt

se(zo,7)
s(r)/r
are monotone non-increasing.
(vi) For every Ry > 0 there exists a constant

Cono inf{,/r(0) | 0 € [0, Ro]} € (0, (r/R)™],

such that it holds
SG(:EO,R) S %CT/R,O'SG(:I;O7T)7 VO<TSR§RO

(3.19) (0,D)> and (0,D]N(0,4+00) 37—

As a consequence, the following doubling estimate for gauge balls holds:
there exists a constant Co = Cy/29 > 0 such that

vg(xo,2r) < Co - ve(zo,r), Vr e [0,Ry/2].

REMARK 3.26. For the proof of Thorem B.25] condition [BIT)) can be weakened
as follows: for all x € suppm and all » > 0 it holds

(3.20) m({z € X |d(z, z) =1, G(z,2) = +o0}) = 0.

Both conditions (317) and B3.20) follow from the MCP(3), provided that §;(4+00) =
400, see Remark 3111

REMARK 3.27. Item can be seen as a parametric version of the Bishop-
Gromov inequality (the parameter being the “scale” p). The Bishop-Gromov esti-
mate for “gauge balls” and “spheres” as in item holds under some additional
assumptions.

REMARK 3.28. We are not aware of any situation in which vg(xo,0, p) does
not vanish, but it does not seem to be a consequence of the MCP condition. Thus
it seems that the extra term in item cannot be in general removed.

PrOOF. Fix zy € suppm throughout the proof.
Proofofm Let 6,p>0,and 0 <7r—dr <r< R—J6R < R < 4o0o. Let

E = {z| G(z,x) < p, d(z0, ) € (R — RS, R},

and note that E is Borel. Assume m(E) > 0. Let jg = §,, and 3 = m(E) 'mLg.
Let v € OptGeo(po, 11) be such that the Wh-geodesic 1, = (e;)sv satisfies the
MCP(3) inequality. Let I' C Geo(X) be the corresponding set of geodesics in the
meek assumption, for which v(T') = 1. Observe that suppr C T'g = e }(E) N
ey ' (o) so that, letting I = T' N 'g, it holds that ¥(I") = 1 and the measure p is
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concentrated on e,(I'). Since I' is Borel, e;(I") is Suslin. Then, by Theorem
and Remark B4 we have
ﬁl(er/R(F/)) > ﬁr/R(x()v E) m(E) > Cr/R,p . m(E)v
where we set
Cr/R,p = lnf{ﬁr/R(a) | NS [Oap]} > 0.

The same inequality holds true trivially also if m(E) = 0. An important remark is
that any v € OptGeo(pug, 111) is supported on a set of non-trivial geodesics, since
by construction zo ¢ E and (eg,e1)s = 0z, ® p1, so that all geodesics in I” are
non-trivial. Then, by the meek assumption, for all v € I it holds

T
G(z0,Vr/R) = EG('YOv'Yl) €[0,rp/R],

d(xo,vr/Rr) = %d(%,%) € (r—orrl.
In other words, we have
m (er/R(I") \ {z | G(zp,z) <rp/R, d(xg,x) € (r — or, r]}) =0.

Since p > rp/R, for the given range of parameters, we have:
(3.21) m({z | G(zg,x) < p, d(xg, ) € (r — or,7]}) >
Cr/rp-m({z | G(zo,2) < p, d(zo,2) € (R— R, R]}),

where we noted that the set in the left hand side of (B2I]) is m-measurable. Thus
for fixed p € (0, +00) the function

(0, +00) 31— ve(zo, p,7) =m ({z | G(xo,z) < p, d(zo, ) <7r}),
by B2I)) satisfies
(3.22) vg(wo, p,7) —vg(zo, p,7 —01) > Cr /R,y - [V (20, p, R) — va(xo, p, R — 6R)].
Recall that, by standing assumption, m is finite on bounded sets, thus
vg(xo, p,7) < 400, for any r,p > 0.

Furthermore, for fixed p € (0,400), the function vg(xg,p,-) is right-continuous,
non-decreasing, with at most countably many discontinuities. In particular there
exists arbitrarily small rg > 0 for which vg(zg, p, ) is continuous at rg. Choosing
r = ro and sending J | 0 in (B:222), we obtain that vg(zo, p, ) is also left-continuous
on (0,400) and thus continuous. In particular,

(3.23) m{z | G(zg,z) < p, d(xg,z) =71} =0, for any r,p > 0.
It follows that for any r > 0

m({z|d(zg,z) =7}) =m (U {z | G(xg,z) <n, d(zg,z) = r})

neN
+m ({z | G(zo,x) = 00, d(xg,z) =7}) =0.

The first term vanishes by ([B:23]), while the second one vanishes by (BI1).

Proof of By the previous item, and since suppm is not a singleton, any
To € suppm is on a sphere of positive radius of another point in suppm, hence
m({z0}) = 0.

Proof of [(iii)} Let ¢,6,p>0and 0 <7(1—-0) <r < R< R(1+6) <D.
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The argument is similar to|(i)| exchanging the roles of G and d, with the impor-
tant difference that while the metric annulus {d(zo,-) € (r, R)} does not contain
xo, the gauge annulus {G(xo,-) € (r, R)} may contain zo (see the typical situation
pictured in Figure B.I)); for this reason we will argue by approximation by cutting
off a small metric ball B.(zg) out of the gauge annulus, perform the transport
argument using the MCP(3) and the meek conditions, and then finally let € | 0.
Consider the measurable set

C. :={x | G(xg,x) € (R — IR, R], d(xg,x) € [, p]}.

Assume m(C.) > 0, and set u; = m(C.) " 'mic,, o = dz,- As in the proof of
(i), we find a Wa-geodesic (it)iefo,1] for which the MCP(f3) inequality holds, and a
Borel set I' C Geo(X) of non-trivial geodesics verifying the meek condition (B.I6),
(eo,e1)(T") = {xo} x C¢, and p; is concentrated on e;(T") for all ¢ € [0,1]. Then by
Theorem B.2] and Remark B.4] we have

ﬁl(er/R(F)) > Br/R(iUOa CS) -m(CE),

and the same inequality holds trivially if m(C.) = 0.
By the meek condition, for all v € I' we have

T T
G(z0,Vr/R) = EG(VO,%) € (r—2dr,rl, d(xo,Vr/r) = Ed(%a%) € [er/R, pr/R].

In other words, we have
m (e, r(T) \ {z | G(zo,z) € (r — dr,r], d(zo,2) € [er/R, pr/R]}) = 0.
So that, for all 0 <7 < R < D and ¢,d > 0 sufficiently small, we have

(3.24) m({z | G(xzg,x) € (r — or,7], d(xo,x) € [er/R, pr/R|}) >
BT/R(:EOuCS) m({x | G(.’L‘O7LL‘) € (R_ 5R7 R]? d(‘Tva) € [57p]})7

where we noted that the set {z | G(xo,z) € (r — or,r]} is measurable. We also
remark that by definition of § and C¢, for all 0 < r < R < D it holds:

(325) ﬂr/R(l'Oa Cs) > inf{ﬂr/R(g) | AS (R - 5Ra R]} € (07 +OO)
Letting € | 0 in (324)), using B:25)) and that m({zo}) = 0 by we infer that
(3:26) m({x | G(ro,) € (r — 7,7), d(o,) < pr/R}) >

96(£E§R7R] Br/r(0) - m({z | G(zo,z) € (R—0R, R], d(z0,z) < p}).

Finally, since p > pr/R, we obtain from (3.26))

(3.27) ve(zo, 7, p) — ve(zo, 7 — 01, p) >

GE(Rin(f?‘R,R] /BT/R(Q) ’ [VG('T07 Ra p) - VG('/EOv R - 6R7 p)] .
Since m is finite on bounded sets, it holds vg(zg, R, p) < 400 for any p > 0
and R € (0,D). Furthermore, by construction, vg(zo,-,p) is right-continuous,
non-decreasing, with at most countably many discontinuities. In particular, there
exists arbitrarily small r € (0,D) for which vg(zo,-, p) is continuous at r. Since
also f3,/r(-) is continuous on (0,D), we obtain from [B217) that vg(zo,-,p) is left
continuous and thus continuous on (0, D). Note that the argument requires R > 0.
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It follows that m ({z | G(zo,z) = R, d(zg,z) < p}) = 0 for every R € (0,D)
and p > 0, and thus m({z | G(xo,z) = R}) = 0. If D = +00, this concludes the
proof of If D < 400, then we invoke Proposition BI0, so that also in this case
the equality keeps holding also for R > D.

Proof of From (B.21), we obtain:

(328) VG(‘I07 T, p) — VG(‘I07 r— 5Ta p)

or

R . VG(anRvp) _VG(anR_éR’p)
> = f . .
7 <9e(RmsR,R] 6”3(9)) SR

Taking the limsup for § | 0, and using the continuity of 3,,z(:) on (0,D), we
obtain:

- -6
se(zo,7, p) = limsup ve(zo,r, p) — va(xo, ™ — 0T, p)

510 or
> R lim sup ( inf ﬂr/R(H)) - 86 (o, R, p)
T r 510 \9€(R—IR,R|
R
= ?ﬁr/R(R) -sc(zo, R, p).

Using the fact that §,(6) = ss((tg)) for € (0,D) and ¢ € [0,1], from (Z6) we infer
the left inequality in (BIS).

To prove its integrated counterpart, we claim that the map (0,D) > r —
vg(xo,, p) is locally Lipschitz, for fixed p > 0. If by contradiction it were not
locally Lipschitz, then there would exist R > 0 and a sequence h,, | 0 such that at
least one of the two conditions hold
(3.29) ve(zo, R, p) — va(xo, R — Ay, p) > nhp, Vn €N, or

vg(xo, R+ hn, p) — ve(zo, R, p) > nhy, VneN.
We assume that ([329) holds. The argument for the second case is analogous.

For every fixed n € N, observing that ¢ := inf{3,(0) | t € [1/2,1], § € [0, R]} >
0, the combination of (329) and [B2])) gives that

ve(zo, R—(j—1)hn, p) —ve(zo, R—jhn, p) > cnh,, VneN, Vji=1,..., {%J .

Summing up over j for every fixed n, we obtain

R
VG(waRa P) > VG(LEO,R, P) — VG <anR_ \‘WJ hnap>

R
2hn

- Z VG(,’EO,R_(j_1)hn,p)_VG(fI:()7R—jhn7p)

Jj=1

> cnhy, L%J .

The right hand side diverges to +oco as n — oo, contradicting that bounded
sets have finite measure. Thus the map (0,D) > r — vg(zo, , p) is locally Lipschitz
and finite.
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It follows that the function r — vg(xo,, p) is differentiable a.e. on (0,D), and
it coincides with the integral of its a.e. derivative r — sg(xg,7,p). We can thus
apply the classical Gromov’s Lemma (see [39] Lemma I11.4.1]) to infer that the
first claim in (BI8]) implies the integrated version given in the second of (B8] for
the open interval (0, D).

We finally show that the second in (BI8)) holds on (0, D], for D < +o0. Since
m({z | G(xp,z) = D}) = 0 from Proposition B.I0, by monotone convergence we get

VG(.’Eo,D,p) _VG(anO,p)
= II%ITI%VG(UCm R, p) —ve(20,0,p)

Sy (s(t)/t) dt
[ve(zo,r, p) — va(zo, 0, p)] hTr% W

Jo (s(t)/t)dt
Jo (s ( )/t) dt

IN

= [ve(wo, 7, p) — va(20,0, p)] Vr e (0,D).
This concludes the proof of

Proof of [(v)l Recall that vg(xo, ), seg(xo,r) were defined in (B.14)) and BI5),
for r > 0. Observe that, by item [(ii)} it holds vg(xg,0) = 0. Moreover,

vg(xo, 1) — vg(xo, 7 — 0r) = m ({x | G(xg,x) € (r — or, 7], d(xg,x) < r})
+m({z | G(xg,xz) <7 —Jdr, d(zo,z) € (r —or,r]}).

Arguing as above we obtain for the two addends, for 0 < r < R < D and sufficiently
small § > 0

(3.30) m({z | G(zg,x) € (r — dr,7], d(zg,z) <7r}) > ( inf 5r/R(9)>

0e(R—6R,R]
m({x | G(x()?x) € (R - 5R’ R]7 d($0,$) < R})a

(3.31) m({z|G(zg,x) <r—0dr, d(zg,x) € (r —dr,r]}) > (ee[OR - Br/r(0 ))

m ({z | G(wo,z) < R — OR, d(wo,z) € (R — 0R, R]}).

If & — B¢(0) is non-increasing, then infocio r—sr) Br/r(0) > Br/r(R). In case
G(zo,x) > d(xo, z) for m-a.e. x € X, then both sides of (331]) vanish. In both cases
we obtain
VG(Q:Oa R) — VG (an R~ 5R)

0R

We now can conclude arguing exactly as in item [(iv)| concluding the proof of
Proof of We argue as in the proof of |(v), but in (330) and B3T)

we bound from below the factors depending on the distortion coefficient by the
minimum on [0, Ryl:

vg(xo,7) — vg(xo, 7 —01) _ R
>
Sr = rﬁr/R(R)

ey = B R(0) 10 0. Rol) € 0. (/R)),

which is positive by Proposition 2.4l and satisfies the above upper bound by inspec-
tion of the explicit expression (ZG]). Therefore we obtain for 0 < r < R < Ry and
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6> 0:
ve(zo, r) — ve(zo,r — 0T) - R 1 ve(zo, R) — vg(zo, R — dR)
or or CT/R,O oR

Taking the lim sup for ¢ | 0, we obtain the first inequality of

Sg(:vo,R)S%CT/RVO-SG(JJ(),T), Vo< r<R<R;g.

As in the previous steps, we remark that r — vg(zo, ) is locally Lipschitz contin-
uous for r € (0,D) and its a.e. derivative is r — sg(xo,7). Integrating the above
inequality, and since vg(zg,0) = 0, we obtain

ve(zo, R) < Cr/ryo - Va(wo,7), V0 <7 < R< Ry,

concluding the proof. O

We can estimate the maximal number of pairwise disjoint gauge balls of radius
€ > 0 whose centres are contained in a bounded and G-bounded set.

PRrROPOSITION 3.29 (Local total boundedness for gauge balls). With the same
assumptions of Theorem [B.29], let S C suppm be bounded and G-bounded with
m(S) > 0. Then the mazimal number of pairwise disjoint gauge balls of radius
e >0 (i.e. sets {x | G(xg,z) < e, d(zg,z) < e}) contained in S is bounded above
by

max{diam(S), diamg(S)} ) log, Co

ko:C’(J( 6

where Cy > 0 can be estimated in terms of diamg(S) and B defining the MCP(5)
class.
PrOOF. Fix € > 0 and let z1,...,2, € S C suppm be such that
{r € X |G(z;,z) <e, d(z;,z) <e} CS
are pairwise disjoint. Since S is bounded, m(S) < +o0o. Let
R := max{diam(.9), diamg(.59)}.

Let M € N be the smallest integer such that 2™¢ > R. By the doubling property
for gauge balls (cf. Theorem item |(vi)]), we have

k k
(3.32) m(S) >3 vel(wie) > Co ™Y va(zi, R),
where
o =inf{f2(6) | 6 € [0, B} € (0,1/2V].
0

By construction, m(S\ {z € X : d(z;,z) < R, G(x;,z) < R}) = 0, so that the last
sum in (332) can be estimated from below by km(S) > 0. Continuing the chain of
inequalities, and since m(S) < 400, we have

log, Co
R 2
k< ko= CY < cpot =g, (T—: ) :

proving the claim. ([l
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REMARK 3.30. If G is symmetric and there exists o > 1 such that
(3.33) G(z,2) < a(G(z,y) +G(y,2)), Vw,y,z€X,
so in particular if G is a quasi-metric, then we can estimate the number of gauge
balls needed to cover a bounded and G-bounded set. Indeed the number of gauge
balls of radius 2ae covering S is bounded above by kg. This is the case when

G = d. However notice that ([B33) is not satisfied by natural gauge functions in
sub-Riemannian geometry.

3.7. Parametric doubling for gauge balls

We close this chapter with the following doubling property, for intersection of
sublevel sets of G with arbitrarily large balls of radius p.

PROPOSITION 3.31 (Parametric doubling). With the same assumptions of The-
orem B28], for every R > 0 there exists Cr = Cg(8) > 1 such that

VG(J;7 2r, p) - VG(J;7 0, p)
ve(z,r,p) = ve(z,0,p)

where N > 1 is given by 24)). Furthermore, Cr ] 1 as R ] 0.
If 0 — pB.(0) is monotone non-increasing for all t € [0,1], or if for all zy €

suppm it holds G(xg,:) > d(xg,) m-a.e., then the previous inequality holds true
for gauge balls, with the same constants, that is

< 2NCp, Vre(0,R), Vp>0, Vaz€&suppm,

ve(z, 2r)
ve(z,r)

PrROOF. Fix p > 0. Assume first that 0 < r < D/2. The second claim in (BI8)
combined with ([24]) gives that

va(e,2r,p) —va(@,0,p) _ Jo  s®)/tdt _ 2r)N(1+o(1)) _ . x
ve(z,r, p) —ve(z,0,p) = fOTS(t)/tdt T N1 1 o(1) < 2%Cp.

The constant Cr depends only on the values of s on the interval [0, R], so that it
does not depend on p. If D = +00, there is nothing left to prove since we covered
already the whole range of r € (0, R). If D < 400, notice that by Proposition B.I0
and Theorem B25(ii)} G(z, ) < D(z,-) m-almost everywhere, so that vg(x,2r, p) is
constant in the range r > D/2.

If 6 — (.(0) is monotone non-increasing for all ¢ € [0, 1], or if for all zy € suppm

it holds G(zg, -) > d(x¢, -) m-a.e., then we perform the same proof but starting from
(BI9) that holds in this case, instead of (BIS). O

< 2NCp, Vre (0,R), Vx €suppm.
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CHAPTER 4

Stability and compactness

The aim of this chapter is to prove stability results for curvature-dimension
conditions for sequences of m.m.s. converging in the pmGH sense. First, we recall
the definition of pointed measured Gromov Hausdorff convergence (pmGH for short;
we follow the convention from [49] Def. 4.1] adapted from [86] Def. 8.1.1]).

DEFINITION 4.1 (pmGH convergence). Let (Xj,dy, my, %), k € N, be pointed
metric measure spaces. We say that (Xp, dg, mg, k) converges to (X oo, Goos Moo, *oo)
in the pmGH sense if for any ¢, R > 0 there exists N(e, R) € N such that for all
k> N(e, R) there exists a Borel map f,f"a : Br(*1) — Xoo such that

() fi (k) = %oo
(i) Supm,yEBR(*k) Jdi (2, 9) = Ao (£ (), 5 ()] < &5
(iii)’ the e-neighborhood of f “(Bgr(*k)) contains Br_.(*eo);
(iv)’ ( Ng(mpLBr(*;)) = Mool Br(*oo) as k — oo, for a.e. R > 0 (weak con-
vergence against bounded continuous functions with bounded support).
REMARK 4.2. It is not hard to check (cf. [49, Prop. 3.28]) that the pmGH
convergence of (X, dx, Mg, *x) t0 (Xoo, oo, Moo, *0o) 18 equivalent to the following
condition: there are sequences Ry T 400, € | 0 and Borel maps fi : Xy — X
such that
(1) fr(kr) = *oo;
(i) Sup, yepy, (x0) 19k (2, ) = Qoo (fr(2), Fr(y))] < €4
(iii) the e- nelghborhood of fk(BRk (*x)) contains Bp, —¢, (*oo);
(iv) (fr)g(mp) = my as k — oo (weak convergence against bounded continu-
ous functions with bounded support).

!

Having globally defined approximation maps slightly simplifies the notation; thus,
in the following, we will make use of this formulation of pmGH convergence.

For sequences of gauge m.m.s. it is natural to add extra assumptions to ensure
that “Gr — Gu”. The natural extension of (ii) to gauge functions would be:

(4.1) Gk (2,y) — Goo(fr(2), fx(¥)| < ek, Va,y € B, (*x)-

However, due to the a priori low regularity of the gauge function (which in general
is not Lipschitz continuous), this would be a too strong requirement in geometric
situations (e.g. convergence to the tangent cone for sub-Riemannian structures; cf.
Section [@4). Tt turns out that a significantly weaker condition is sufficient for the
stability of our curvature-dimension inequalities.

DEFINITION 4.3. Let (X, ds, mg, Gg), k € N be gauge metric measure spaces
such that (X, dg, mg, *x) = (Xoo, doo, Moo, *00) in the pmGH sense, with approx-
imating maps fr : Xy — X as in Remark We introduce the following
conditions:

43
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. L110 . convergence of gauge functions: if for all sequences zj, € supp my,
such that fr(zy) is convergent in supp me, it holds

(42) lim |Gk(.’I}k, Z) — Goo(fk(xk)u fk(z))\ mk(dz) =0, VR > 0.
=00/ Br(xi)\{ar}
e regularity condition: if for all z € suppmy, and my-ae. y € X,
y # x, with exceptional set depending on z, G, is continuous at (z,y).

REMARK 4.4. The removal of {z} in the domain of integration in (£2]) and
the condition y # z in the regularity condition can be omitted if m; and m do not
give mass to points.

In Section [6.3.2] we show that the regularity condition above is satisfied in
natural classes of examples.

LEMMA 4.5 (Lower semi-continuity of G-diameter). Let (X, dy, my,Gg), k € N
be gauge metric measure spaces such that (X, dp, Mg, *x) — (Xoo, ooy Moo, *oo)
in the pmGH sense. Assume the Li . convergence of gauge functions and the

reqularity condition as in Definition 3. Then it holds:

lim inf diamg (supp my) > diamg(supp me ).
k—o0

For a counter-example to upper semi-continuity, take the trivial sequence given
by the Euclidean structure and the Lebesgue measure on R. Choose a sequence of
gauge functions Gi(z,y) = Gk(y), and its pointwise limit Goo(y) = limg 00 Gr(y)
as in the picture. The difference |Gk (y) — Goo(y)] is a small a.e. continuous bump
localized in a shrinking neighborhood of the ori-
gin, that decreases monotonically to zero point-
wise a.e. One can check in particular that the
Li . convergence in Definition FE3]is satisfied by
dominated convergence. In this situation, we
have for all £k € N: 2 = diamg(suppmg) >
diamg(suppm) = 1.

Gr(y)

PRrROOF. We drop the subscript co in the notation for the limit objects. Let
D := liminfy_, . diamg(supp my), and suppose that diamg(suppm) = D + 37 for
n > 0. Recalling Definition [3.9] of G-diameter, there exists x, € suppm and a Borel
set P C suppm with m(P) > 0 and z, ¢ P such that

G(zo,y) > D+2n,  VyeP

By the regularity condition, removing a zero m-measure set from P, we can assume
that G is continuous at all points (z,,y) for y € P. In particular there is (z,,y,) €
suppm X suppm and € > 0 such that Ba.(z,) N B2 (y,) = § and

G(z,y) = D+n,  V(x,y) € Be(wo) X Be(yo)-

Recall the approximating maps fi : X — X from Remark Since (fi)g(my) —
m, we can find a sequence (xp)ren with fr(zrp) — x,. We can assume that
d(fe(zk),z0) < e for all k € N, and thus

(43) G(fk(l'k)7y) 2D+777 VyeBs(y0)7 VEkeN.
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Let b : X — [0,1] be a continuous function such that 2 =1 on B, /2(y,) and h =0
on X \ B:(y,). Consider the sequence g € Pye(Xg, my) given by

1
M T () ma(da) T TREN

The support of j, is contained in the Borel set f, *(B:(y,)). Note also that xj, ¢
supp g, for k sufficiently large. Since (fx)ymi — m we have

im [ h(fu(2) me(dz) = /X h(z) m(dz).

k—o0 Xk

Furthermore, by local boundedness of m and since y, € supp m, it holds

0 < m(B.s(v,)) < /X h(z) m(dz) < m(Bx(y,)) < +oo.

Thus, we have:

(4.4) /X Gi (k. 2) pux(dz) = / G(fi (). fi(2) pi(d2)

Xk
+/ (Cr(wk, 2) — G(fr(wr), fu(2))] px(dz).
Xk

We claim that the second integral in the r.h.s. of ([@4]) converges to 0 by the LllOC
convergence condition. Indeed recall that x ¢ supp ux and furthermore supp py, C
fk_l(BE(yo)). Using the properties of fj, there exists R > 0 such that supp up C
Br(*i) for all sufficiently large k¥ € N. Then, using the construction of pg, we

obtain:

k—o0

limsup/X [Gr(zk, 2) — G(fr(zr), fr(2))] ur(dz) <

. 1
lim sup

k—oo m /BR(*k)\{zk} |Gk (s 2) = G(fi (1), fr(2))[ mx(dz) = 0,

proving our claim.
Since supp i, C fi ' (B:(vo)), by @3) the first integral in the right hand side
of @4) is > D + 7. Therefore

liminf/ Gr(xk, z) uk(dz) > D+n > D.
Xk

k—o0

On the other hand, by definition of G-diameter, and since xj, ¢ supp py it holds:

k—oco

lim inf/ Gr(zk, z) urp(dz) < likm inf diamg(suppmy) = D,
Xy — 00
yielding a contradiction. ]

4.1. Stability of MCP(5)

THEOREM 4.6 (Stability of MCP). Let (X, dg, my,Gg), k € N be gauge m.m.s.
with (X, dg, Mg, *x) = (Xoo, Aoo, Moo, *00) i the pmGH sense. Let 3 be distortion
coefficients as in (Z0). Assume that:

(i) (suppmyg,dy) is locally compact and geodesic for all k € N;
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46 4. STABILITY AND COMPACTNESS

(ii) the supports are locally uniformly G-bounded: for any R > 0 there exists
D = D(R) > 0 such that diamg(suppmy N Br(xx)) < D for all k € N
(and thus for all k € N by Lemma ;

(iii) the Li . convergence and regularity conditions hold (cf. Definition E3);

(iv) for allt € (0,1) the function B, : [0,D) — [0,00) is locally Lipschitz;

(v) (Xk,dg, mg, Gg) satisfies the MCP(B) for all k € N.

Then, also (Xoo, oo, Moo, Goo) satisfies the MCP(f3).

REMARK 4.7. Assumption for finite k € N is implied by the other ones.
More precisely, by bounded subsets of suppm; are G-bounded, and we can
apply Corollary

REMARK 4.8. The local Lipschitz assumption on the function 5;(-) is not re-
strictive. In all cases of interest, 5;(-) is real-analytic on [0, D).

PROOF. The first part of the proof follows the blueprint of the classical one
(cf. [886]), however, later in the argument, we will need to deal with additional
difficulties caused by the non-continuity of G and the general distortion coefficients.

We drop the oo from the notation for the limit so that (Xeo, doo, Moo, Goo, *o0)
will be denoted by (X,d, m,G,*). Let fr : Xx — X be the approximations as in
Remark Let p1 € P (X,d,m) and fix £ € suppm \ supp p1. Since supp p
is compact (recall that (suppm,d) is assumed to be locally compact), the distance
between T and supp p1 is positive. Up to extraction and relabeling, for all £k € N
we find Zj, € supp my, such that fx(Z;) = & as k — oo.

Furthermore, letting py = pym for p; € L'(X, m) with bounded support, we
define

p1 o frmy

M1k = .
Jx, pro frmg

We assume from now on that p; is continuous, and we will deal with the discontin-
uous case at the end of the proof. Notice that

Z ::/ P10 frmy :/ p1 (fr)gme — 1,
X, X

so that, p1 € Py (X, dk, my) and Ty ¢ supp 1 , for sufficiently large k.
By the MCP(3) we find a W(Xy, di)-geodesic (i¢,x)¢ejo,1) from 6z, to 1 such
that

(4.5) Ent (pe,k|my) < Ent(pe x|mg) — /X log B¢(Gr(Zk, ) pr1,x(d).

By construction, supp p1 and supp(fi)sp1,, are contained in a common bounded
set, say Br(x) C X, for all K € N and some R > 0. Thus, using the properties
of the approximating maps fi and the fact that (suppmyg,dg) are locally compact
and geodesic, one can show that the supports of the family {(fx )4,k }ren,tefo,1) are
contained in the common compact set B r(%). By stability of optimal transport
[86, Thm. 28.9], up to extraction, there exists a W5 (X, d)-geodesic (pt)iefo,1] with

sup Wo((fr)ssee ks pte) — 0.
te(0,1]
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4.1. STABILITY OF MCP(B) 47

In particular by Proposition we also have (fg)sper — pe weakly. We can now
pass to the limit in the Lh.s. of (EH):

Ent(um) < lim inf Ent((fe)ghee k| (fr)yme) < lim inf Ent (p,1|ms),

where in the first inequality we use the joint lower semi-continuity of the Boltzmann-
Shannon entropy, and in the second one we used the fact that the push-forward via
a Borel map does not increase the entropy (cf. [86, Thm. 29.20 (i), (ii)]).

We now study the r.h.s. of (L5 as k — co. We first observe that

1

Ent (g k|my) = Z_/ p1log p1 (fi)pmy — log Z.
kJx

Since p; is continuous and with bounded support, then p; log p; is bounded, con-

tinuous, and with bounded support. Furthermore, since (fx)jmi — m and Z; — 1,

we have

lim Ent(u; x|mg) = Ent(uq|m).
k—o0

This settles the first term in (Z3).

The limit of the second term in (@3] is quite delicate as a consequence of the
low regularity of G and the almost-everywhere nature of the G-diameter bound,
here is where the proof departs from the classical one.

As a first remark notice that Zj (resp. Z) and supp p1k (resp. supp p) are
contained in a common bounded set of supp my, (resp. supp m), say Bj (*x)supp my
(resp. Bg(x) Nsuppm) for some R > 0 and all £ € N. In the rest of the proof,
only the values of Gy (resp. G) on these sets play a role. Therefore without loss of
generality we can strengthen hypothesis by assuming, instead, that suppmy is
G-bounded, uniformly w.r.t. k € N. In other words there exists D > 0 such that

(4.6) m{y |y # z, G(z,y) > D +¢}) =0, Vz € suppm, Ve >0.

On the one hand, we have no information for x ¢ suppm. On the other hand, for
fixed & € suppm, it may happen that G(z,y) > D + € on a set of zero m-measure
which may have positive (fi)sm) measure. For this reason, fix ¢ > 0 once for all,
and introduce the following modification of the limit gauge function G:

(4.7) G*(z,y) := min{G(zx,y), D + €}.

The modified gauge function has the following properties:
(a) G*(z,y) < D+e¢forall 2,y € X;
(b) G°(z,y) = G(z,y) for all x € suppm and m-a.e. y € X, y # x;
(c) The L{, . convergence of the gauge functions of Definition E3] remains true
replacing G with G¢. In particular it holds:

lim |Gk(§:k,z) —Gs(fk(ik),fk(z)ﬂmk(dz) =0, VR >O0.
k=00 ) Br(xi)\{2x}

Item (a) is trivial, while (b) follows from the condition diamg(X) < D that is (Z0).
Item (c) follows from the observation that, since diamg(Xy) < D, the integrand in
(Z2)) decreases when replacing G with G*, for all fixed k € N.
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48 4. STABILITY AND COMPACTNESS
We can now study the second term in (@) as k — oo. We have:
s) ., 1081 (Gutn ) () = [ 108567 (fuau). ) () (k)
| +/Xk [logﬁt(Gk(ik,x)) —lOgﬂt<G€(fk(:Ek),fk(x)))] pk(dz).

To proceed with the proof, assume first that 5 : [0, +00] — [0, +00] is bounded
on bounded intervals. This is the case precisely when D = +o0.

We claim first that the second integral in the r.h.s. of (@) converges to zero
for any t € (0,1) as k — oo. First observe that §;(-), restricted to [0, D + €], is
bounded from below away from zero (cf. Proposition, bounded from above,
and Lipschitz continuous on [0, D + £]. Thus log 5;(-) is Lipschitz continuous on
[0, D + €], with Lipschitz constant C' > 0 (the constant depends on 8; and D + ¢
only). Furthermore, the arguments of log 5:(+) in the second integral of (L) take
values on [0, D + €] uq x-almost everywhere: the first one since diamg(Xy) < D
(recall that Zy ¢ supp p1,x), while the second one by construction of G¢. Hence for
the second integral in the r.h.s. of (@8] we have:

klim / llogﬂt(Gk(ik,x)) —logﬂt(Gg(fk(ik),fk(x))ﬂ i,k (d)
—oo Jx,

k— o0

(4.9) < lim O/X Gk (Zk, ) — G (fr (), fr(2))] p1,x(d)

< 1 Clotls

k— o0 Z ‘/BR(*k)\{zk} |Gk(fk7$) — Gs(fk(:fk)7 fk(x))| mk(dI) =0,

where R > 0 is such that supp p1k C Bi(*k) for all k € N.
It remains to discuss the limit of the first term in the r.h.s. of (£8). Notice
that (fr, fx)1(dz, ® p1,k) — 0z @ p1. Thus we have

(4.10)  lim_ Xlogﬁt(GE(fk(i’k),x))((fk)nul,k)(dw)

= khm log B¢ (G*(x,9)) (fr» fr)z (0z, @ p1x) (dady)
=0 JXxX

:/ log B3;(G(Z, x)) p1 (da).
X

In (#I0), we used the fact that log 5;0G® = log ;oG and is continuous dz ® u1-a.e.,
bounded by construction, so that we can apply [34) Cor. 2.2.10].

This concludes the proof in the case when f3;(-) is finite on bounded intervals
(that is when D = 400), and p; = dpy/dm is continuous.

We deal now with the case D < +oco. In this case what fails is ([£3), as the
arguments of the log can attain infinite value. We will argue by approximation.
For A € N we let

BV (6) := min{B,(6),\}, VAEN, te0,1],0 € [0,+00].
Since 8, > BV, then (X, dj,, my, Gy) satisfies the MCP(3() inequality (29).
Furthermore, the functions ﬂt()‘) : [0, +00] — [0, +0o0] are bounded from below

away from zero by a positive constant, bounded from above, and Lipschitz contin-
uous. To see the global Lipschitz continuity, recall that §; is locally Lipschitz on
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[0,D) and liminfy_,p- B:(f) = 400, so that ﬁt@) can be written as the minimum of

two globally Lipschitz functions. It follows that log Bt()‘) is also Lipschitz continuous
with Lipschitz constant that depends on ¢, A, D, but not on k.

Thus we can argue as in the previous part of the proof, and we obtain that for
any pq € Pp(X,d, m) with continuous density and any T € suppm \ supp p1 there
exists a Wy (X, d)-geodesic (pi¢)¢cjo,1) between 6z and ju; such, that for all A € N:

Ent(p:[m) < Ent(p;|m) — /X log Bé”(G(i,x)) p(de), Vvt e (0,1).

By construction, the sequence of functions log Bt(’\)(G(a_:, -)) is monotone w.r.t. A,
measurable, uniformly bounded from below, and log 8" (G(z, z)) 1 log 3:(G(Z, z))
as A — oo for all x € X. We conclude by the monotone convergence theorem.

This ends the proof in the case in which the density p; = du/dm is continuous.
The strategy to reduce the general case to the continuous case is the same as [86]: we
find a regularized measure p§ with continuous density pj and bounded support using
[86], Ch. 29, First Appendix], and we prove the desired MCP inequality between &
and pf:

Ent(:5m) < Ent(45m) — /X log B(G(z, 2)) 5 (dz)

where (1§ )¢ejo,1) is @ W2 (X, d)-geodesic between dz and uj for € > 0. The sequence
(u§)e converges in the Wy distance to a Wa (X, d)-geodesic between 6z and 1. Then
we pass to the limit for e — 0 using similar arguments as before: the lower semi-
continuity of the Boltzmann entropy in the Lh.s., its upper semi-continuity of the
first term in the r.h.s. along this particular regularizing sequence, and again the
regularity property of G and [34, Cor. 2.2.10] for the second term in the r.h.s. O

REMARK 4.9 (More general coefficients). The proof works for any family of
non-negative functions f; : [0, +oo] — [0, +00], not necessarily defined as in (2.6)),
but such that, for all ¢ € (0,1):

e are bounded from below away from zero on any compact set;

e are finite on [0,D) for some D € (0,+00] and, if D < +o0, it holds
liminfy_,p- B:(0) = 400, and 3;(f) = +oo for 6 > D;

e (3:(+) is locally Lipschitz on [0, D).

REMARK 4.10 (Variable coefficients). Theorem [0 can be further extended to
the case in which each space (X}, dg, my, Gy, *1) satisfies a MCP(3*) condition, with
coefficients ¥ as in (Z6) for all k£ € N and with the following properties:

e liminfy_, o Dy = +oo (for simplicity);

e for all fixed t € (0,1), the family (8F)xen is definitely bounded below by
a positive constant on any compact set, uniformly w.r.t. k;

e for all fixed ¢t € (0,1), the family (3F)ren, restricted on any compact
interval, is definitely Lipschitz, uniformly w.r.t. k;

In fact, up to extraction, and by Arzela-Ascoli’s Theorem, we can assume that
there exists 3 : [0, 4+00] — [0,40c] such that BF — B> uniformly on compact
sets, and for all fixed ¢ € (0,1). Then under the same assumptions of Theorem
the limit space satisfies the MCP(/3*°). To prove it, take the function B}*(0) :=
infy>n, BF(0), for m € N, 6 € [0,+0c], t € [0,1]. By construction, B7(-) is finite
on [0,400), locally Lipschitz, and bounded from below away from zero. We then

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



50 4. STABILITY AND COMPACTNESS

use Remark [£0] so that the limit space satisfies MCP(8™). Then take the limit
for m — oo, using Fatou’s lemma.

REMARK 4.11 (A semi-continuous and plan-independent variant). Instead of
assuming G, to satisfy the “m.-a.e. continuity” in the sense of the regularity
condition (cf. Definition L3]), one could alternatively assume that §; o G is lower
semi-continuous on supp My, X SUPP M, for all fixed ¢ € (0,1). In the proof, (ZI0)
would be replaced by the inequality

(4.11) liminf Xlogﬁt(Ga(fk(fk),w))((fk)uﬂl,k)(dx)

k—o0

= lim inf log B¢ (G*(z,y)) (fis fr)t 0z, @ pi1,k) (dady)

k—o0 XxX
2/ log B (G(Z, ) pu1 (d).
b's

which would follow from [34], Cor. 2.2.6]. Note that (1)) is sufficient for the proof.

4.2. Stability of CD(3,n)

The analogous stability statement for the CD(3,n) condition requires slightly
stronger assumptions with respect to the ones in Definition

The main difference is that the optimal transport plans used in the MCP con-
dition are of the form 7 = d;, ® w1 with p; , < my, and thus one can reduce
integrals over 7y to integrals with respect to my. In the corresponding construction
for the CD case, the sequences of optimal plans 7 are in general not absolutely
continuous with respect to my ® mg. Thus, it is convenient to strengthen the LllOC
convergence of gauge functions and regularity conditions in the following way, that
involves the optimal transport plans.

DEFINITION 4.12. Let (X}, dg, Gy, my), k € N be gauge metric measure spaces
such that (X, dg, mg, *x) = (Xoo, doo, Moo, *00) in the pmGH sense, with approx-
imating maps fr : Xy — X as in Remark We introduce the following
conditions:

° LllOC convergence of gauge functions over plans: for all sequences
po,k € Pos(Xi, A, my), p1i € Py (X, A, my) with supp puo,xNsupp py i =
0, and all v, € OptGeo(po i, f1,5) such that ([27) holds, for the corre-
sponding sequence of optimal plans m;, = (eq, e1)sv% such that (fx, fx)ime
is weakly convergent in P (X, x X ), we have

(4.12) lim |Gk (x, 2) — Goo (fr(2), fx(2))| mk(daxdz) = 0, VYR >0.
k=00 BR((exn)

e regularity condition for G, over plans: for all 1o € Pps(Xoo, oo, Meo),

1 € Pyy(Xoo, Goos Moo) With supp o Nsupp py = 0, 7 € Opt(po, p1), it
holds that G, is continuous 7-a.e.

REMARK 4.13. Since m, and 7 are supported out of the diagonal, the conditions
above can be written in a fashion similar to Definition[£3] by removing the diagonal.

In Section [6.3.2] we show that the regularity condition above is satisfied in
natural classes of examples.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4.2. STABILITY OF CD(g,n) 51

THEOREM 4.14 (Stability of CD). Let (X, dg, my,Gg), k € N be gauge m.m.s.
with (X, dg, My, x5) = (Xoo, oo, Moo, *oo ) in the pmGH sense. Let 3 be distortion
coefficients as in (2.0), and n € [1,4+00). Assume that:

(i) (suppmyg,dy) is locally compact and geodesic for all k € N;

(ii) for any R > 0 there exists D = D(R) > 0 such that Gy, < D on Br(*;)N
supp my, X Br(*r) Nsuppmg, for all k € N;

(iii) the LllOC convergence and reqularity conditions over plans hold (cf. Def-
inition E12);

(iv) for allt € (0,1) the function B; : [0, D) — [0,400) is locally Lipschitz;

(v) (Xk,dg, mg, Gy) satisfies the CD(B,n) for all k € N;

Then, also (Xeo, oo, Moo, Goo) satisfies the CD(5,n).

REMARK 4.15. The local boundedness of Gj (i.e. can be weakened by
asking that Gy is locally 7g-essentially bounded, uniformly with respect to k € N
and all optimal plans 7 for which the CD inequality (Z7) holds. More precisely,
for all R > 0 there exists D € (0,400) such that for all k£ € N and for all 7, for
which the CD inequality is required to hold on (X, dg, mk, Gy), we have Gy < D
mg-a.e. on Br(*k) X Br(*g).

PROOF. We drop the oo from the notation for the limit so that (X, dw,
Moo, Gooy *00) Will be denoted by (X,d,m,G,%). Let fx : X — X be the approx-
imations as in Remark Let po € Pps(X,d,m), and p1 € Py (X,d, m) with
supp o Nsupp p1 = 0. Since supp p;, @ = 0,1, is compact (recall that (suppm,d) is
assumed to be locally compact), the distance between supp o and supp p; is pos-
itive. We start by assuming that po, 1 < m, with continuous density p; = p; m,
and bounded support. In particular both o, p1 € P (X,d, m). Define

pi o frmy

==, 7::0,]..
kapiofkmk:

ik
Notice that
Zik; 12/ Piofkmk:/ pi (fre)smp — 1, 1=0,1,
X5, X

so that p; p € P, (Xg, dr, my) and supp po x N supp p1x = 0, for sufficiently large
k.

By the CD(3,n) we find a Wy(X},dy)-geodesic (psx)tecjo,1) C Pa(Xg,dr), in-
duced by vy, € OptGeo(uo i, t1,5) such that

1
(4.13) Uy (pe,n|mp) > exp (E/ log B1-¢ (G (71, 70)) Vk(d7)> Unn (p0,k[my)
Geo(Xk)

1
fexp (L / log B (G (10, 11)) v (d7) | Un (i alm), Wi € (0, 1),
T JGeo(X4)

By construction, supp p; and supp(fx)stik, ¢ = 0,1, are contained in a com-
mon bounded set, say Br(x) C X, for all ¥ € N and some R > 0. Thus, us-
ing the properties of the approximating maps fx and the fact that (suppmy,dy)
are locally compact and geodesic, one can show that the supports of the family
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{(fr)gtie.k fren eefo,1) are contained in the common compact set Bsr(%). By stabil-
ity of optimal transport [86] Thm. 28.9], up to extraction, there exists a Wa (X, d)-
geodesic (fi¢)¢ejo,1], and corresponding optimal plan m € Opt (o, p11) with

st] Wal(fr)gte ke, ) = 0, and  (fi, fr)sme — 7.
te0,1

In particular by Proposition we also have (fi)spue, e — p1e weakly.
We can now pass to the limit in the Lh.s. of ([£I3)):

Un (prefm) = Timsup Un, ((fi)ghee, ] (fr)gsme) = limsup Un (g, [my),
k—o0 k—o0
where in the first inequality we use the joint upper semi-continuity of U,, and in
the second one we used the fact that the push-forward via a Borel map does not
increase the entropy (cf. [86] Thm. 29.20 (i), (ii)]).
We now study the r.h.s. of (II3) as k — co. We first observe that, for i = 0,1

Ent(p;,,my) = / pilog p; (fr)gmp —log Z; k.
X

1
Zik
Since p; is continuous and with bounded support, then p; log p; is bounded, contin-

uous, and with bounded support. Furthermore, since (fi)ymi — m and Z; , — 1,
we have

lim Un(ui,k|mk) = Un(,ul|m), 1= O7 1.
k—o0

This settles the entropic factors in the right hand side of (@I3).

Note that in the right hand side of (ZI3) there are two addends. We first prove
in detail the convergence of the second one. The convergence of the first addend
term is similar, with some minor adaptations that we will outline below.

We first claim that

(4.14) m-esssupG < D.

To prove it, notice that supp 7 C By ((x, *x)) Nsupp my, @ my, for sufficiently large
R > 0 and all £ € N. Therefore by assumption there exists D > 0 such that
G < D on supp 7 for all k € N. If there exists set A C X x X with m(A4) > 0 such
that G(z,y) > D +¢ for all (z,y) € A, then, letting Ay, := (fx, fr) 1 (A), we obtain

lim inf Ak |Gk (z, 2) — G(fr(x), fr(2))| 7k (dzdz) > lim infE/AIc i (dadz) > 0,

k— o0 k— o0

contradicting the L{ . convergence over plans of Definition ETZ]

In particular it holds

m({(z,9) [ G(z,y) 2 D+e}) =0,  Ve>0,
proving ([@I4). Fix € > 0 once for all, and let:
G*(z,y) := min{G(z,y), D + ¢}, V(z,y) € X x X.

The modified gauge function has the following properties:

(a) G°(z,y) < D +e¢ forall z,y € X;
(b) G*(z,y) = G(z,y) for ma.e. (z,y) € X x X;
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(c) The Li . convergence of the gauge functions for plans of Definition T2
remains true replacing G with G¢. In particular it holds:

lim |Gk (x, 2) — G (fi(2), fx(2))| mk(daxdz) = 0, VYR >0.
k=00 JBR((xrxn)
Item (a) is trivial, while (b) follows from (@I4). Item (c) follows from the obser-
vation that, since G < D on supp 7y, for large k, the integrand in (£I2)) decreases
when replacing G with G¢, for all fixed k € N.
We now study the second factor in the right hand side of (ZI3]). We have:

(4.15)
/ log B (Gi (10, 11)) v (dy) = / log 5, (G° (2, 2)) (fi, fi)yme) (dad)
Geo(Xy)

XxX
+/ [logﬁt (Gi(z,2)) — log B (Gg(fk(;v),fk(z)))} 7 (dadz).
XX Xg

To proceed with the proof, assume that 5; : [0,+00] — [0,+0o0] is bounded on
bounded intervals. This is the case precisely when D = +oc.

We claim first that the second integral in the r.h.s. of (ZIH) converges to zero
for any t € (0,1) as k — oo. First observe that S;(-), restricted to [0, D + ¢, is
bounded from below away from zero (cf. Proposition, bounded from above,
and Lipschitz continuous on [0, D + £]. Thus log 5;(-) is Lipschitz continuous on
[0, D+-¢], with Lipschitz constant C' > 0 (the constant depends on ; and D+-¢ only).
Furthermore, the arguments of log 3;(-) take values on [0, D + ] everywhere: the
first one since G; < D on supp 7y, for large k, while the second one by construction
of G°. Hence for the second integral in the r.h.s. of ([@I5) we have:

lim log B¢ (Gk(, 2)) — log B (G°(fr(2), fr(2)))| mr(dadz)

k—o0 XXX

< C lim |G (z, z) — G*(fr(x), fr(2))| mr(dzdz) = 0.
k— o0 XX X
It remains to discuss the limit of the first term in the r.h.s. of [@IH). We have
(4.16)
lim log B (G (2, 2)) (fi, fu)smi(dudz) = / log B (G*(x, 2)) m(dzdz).
k—oo Jxxx XxX
In ([@I6]), we used the fact that logf; o G5 = log8; o G and is continuous 7-a.e.,
bounded by construction, so that we can apply [34] Cor. 2.2.10].
Furthermore we observe that, if v € OptGeo(ug, 1) is the dynamic optimal
plan representing the Wa-geodesic (1t):eo,1], we have

/ log 3y (G6 (z, z)) m(dzdz) = / log f; (G6 (Y0, ’yl)) v(dy).

XxX Geo(X)

This concludes the proof of the convergence of the second addend in the right
hand side of (£I3) in the case when f;(+) is finite on bounded intervals, and both
pi = du;/dm are continuous. For the first addend we use the same strategy, but one
has to notice that, now, G is replaced by G, where we set G(z,y) := G(y, ). The
key observation is that, under the standing assumptions, u;, i € Pp(X,d, m)
for k large and ¢ = 0,1. Definition implies that both its conditions (i.e.
the LllOC convergence ([AI2) and the regularity condition over plans) hold also for
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G = G and the corresponding approximating sequence Gy, in place of G = G, G,
respectively. Furthermore the same proof of ([@I4) implies that m — esssup G<D.
With these observations, one can repeat verbatim the arguments above proving the
convergence of the first addend in ([@I3]). This concludes the proof in the case when
Bt(+) is finite on bounded intervals (that is when D = +00), and both p; = du;/dm
are continuous. The extension to the case D < +oo is done verbatim as in the
proof of Theorem

The strategy to reduce the general case (i.e. pig € Pys (X, d, m), pg € Py, (X, d, m)
with supp poNsupp 1 = @) to the previous one is also along the same lines. As in the
proof of Theorem [A.6] we regularize pg, 1 to obtain a.c. measures with continuous
density [86], Ch. 29, First Appendix]. The only difference in the argument is that,
when passing to the limit, one uses ([@I4) in order to apply [34] Cor. 2.2.10]. O

REMARK 4.16 (A semi-continuous variant). Instead of assuming G, to satisfy
the regularity condition over plans (cf. Definition L12]), one could alternatively
assume that 8; o G, is lower semi-continuous on supp My, X SUPpP My, for all fixed

€ (0,1). In the proof, [EI6) would be replaced by the inequality
(4.17)
lim inf/ log B3¢ (G (x, 2)) (fr, fr)smr(dzdz) > / log B¢ (G*(z, 2)) m(dzdz).

k—oo Jxxx XxX
which would follow from [34], Cor. 2.2.6]. Note that (17 is sufficient for the proof.

4.3. Compactness for MCP(8) and CD(3,n) spaces

The goal of this section is to establish some compactness results for MCP(3)
and CD(8,n) spaces. First, let us recall some notation. Let (X,d, m) be a metric
measure space. Given an open subset Q@ C X, we denote with LIP(2) the set of
Lipschitz functions u :  — R. The space LIP,.(Q2) is the set of functions v : Q@ — R
such that u|4 € LIP(A) for every open set A € .

For u € LIP),.(f2), we define the modulus of the gradient of u at x € Q as

1
(IVul||(z) :=liminf — sup |u(y) — u(x)]|.
' vEB, (z)

Following [70} Sec. 3], for u € L (2, mLQ), we define the total variation of u on
Q2 as

[|Du||(Q) :=inf {likminf/ IVug|lm | (ur)r CLIP (), up —u in Llloc(Q,ml_Q)} .

A function u € L{ (2, mL() is said to have bounded total variation on € provided
| Dul|(2) < co. For u € L*(Q, m.Q) with bounded total variation on €, we denote
lull Bv(e) = llullzr@mea) + [ Dul[(€).

The next result gives pre-compactness criteria for gauge metric measure spaces
satisfying the MCP, that generalizes the well-known one for metric measures spaces.

THEOREM 4.17 (Pre-compactness for MCP). Let 8 be distortion coefficients as
in 28). Let {( X, dg, my, G, *x) tren be a family of pointed gauge metric measure
spaces, with suppmy = X, satisfying the MCP(3). Assume that for all L > 0
there exists D = D(L) > 0 such that

diamg(By(xx)) < D(L),  VkeN.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4.3. COMPACTNESS FOR MCP(3) AND CD(3,n) SPACES 55

Then, the following hold:

(i) If there exists M > 0 such that 3> < mg(Bi(x)) < M for allk € N, then

the family {(Xk, dg, mg, *1) tken is pre-compact in the pmGH topology.
Moreover, if (Xoo,Ooo, Moo, *c0) @8 any pmGH limit space, then
(Supp meo,doo) 8 proper and geodesic.

(ii) Assume that (Xg,dk, Mg, %) = (Xoo, doos Moo, *00) in the pmGH topol-
ogy, by means of approximating maps fr : X — Xoo. Assume that the
family {Gi}ren s locally asymptotically equi-continuous, in the sense
that for all L > 0 and € > 0 there exist § = d(s,L) > 0 and k = k(e, L) €
N such that for all k > k it holds:

(4.18)  di(zp,2p) <0, dilyk,vh) <0 = [Grl@r, yk) — Grl(ah, vh)l <&

for all xp, x), yx, v}, € Br(*x).
Then, up to extraction of a subsequence, there exists a continuous
map Geo : Xoo X Xoo = [0, +00), and e, | 0, such that

Gk (z,y) = Goo (fr (), fr(y))| < ek, Va,y € Br(*).

In particular the conditions of Definition 3] hold, and if the functions
Bt : [0,D) = R are locally Lipschitz, then (Xso,Uoo, Moo, Goo) satisfies
the MCP(3).

(iii) With the same assumption as in item if the Gy are meek (cf. Def-
inition B.23]), then the generalized Bishop-Gromov Theorem and
Propositions hold for (Xoo, Uoo, Meo; Goo) -

(iv) Assume that (X, dg, mg, *x) = (Xoo, Uoo, Moo, %o ) @0 the pmGH topol-
ogy, by means of approximating maps fi : X — Xoo. Assume that

o for every v € X, there exist xp € Xy such that fr(xg) — x in Xoo
and

(4.19) sup Gk (zk, BV (BL (1)) <00, VL >0;
€

o the spaces (X, dg, my) satisfy a weak L'-Poincaré inequality, with
uniform constants in k: there exist ¢ > 1,C > 0, R > 0 such that
for every f € LIP)oo(Xg,dy), every r € (0, R], and every x € X, it
holds

1
(120 s [ [ 0 = S maldy) ma(a)

<cr [ IVl ).
BLF (x)

Then, up to extraction of a subsequence, there exists a map Goo @ Xoo X
Xoo = [0, +00] with Guo(x,+) € BVipe(Xoo, oo, Moo ) for every x € X
such that G, — Go in the Ll sense of Definition B3 If in addition
Goo satisfies the reqularity condition of Definition and the functions
Bt : [0,D) = R are locally Lipschitz, then (Xoo,Uoo,Goo,Meo) Satisfies
the MCP(}3).

PROOF. From supp my = Xy, the MCP($) condition, and the local G-bounded-
ness assumption, each (X, dg) is a locally compact geodesic space (see Corollary
B16). We adopt the convention of Remark for the pmGH convergence.
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Proof of @. Thanks to our assumptions on the G-diameters, we have that
the family of metric spaces {(Br(*x),dr)}ren are totally bounded for any fixed
L > 0, uniformly with respect to k (cf. Corollary B.I6land Remark B.IT); hence, the
pre-compactness in the pGH topology follows from the classical characterization in
terms of nets (cf. for example [86] Thm. 27.10, Def. 27.13]). Using the local doubling
inequality of Corollary B4l we have that the assumption mg(Bj(*x)) < M prop-
agates to any scale, that is there exists M = M(R) > 0 such that my(Br(*;)) <
M(R) for all k € N. Thus we obtain via a diagonal argument that (f)yms is
pre-compact in the weak topology. The assumption my (B (*x)) > % prevents the
limit measures to vanish identically.

Now, let (Xoo,doo, Moo, *o0) be any pmGH limit space. Then (Supp e, doo,
My satisfies a local doubling inequality with the same (uniform) constants as the
approximating sequence, and thus (suppmu.,Uso) is proper. Moreover, supp me
is a length space, as GH-limit of length spaces. Since any proper length space is
geodesic, we conclude that (supp ms, dso) is a geodesic space.

Proof of We can apply ArzelA-Ascoli theorem for pmGH converging
sequences (see for instance [86, Prop. 27.20]). Letting f, : Xoo — X be the
approximate inverses of fi (i.e. doo (fx © f1.(v),y) — 0 and di(f}, o fx(z),z) — 0 as
k — 0), there exists a continuous Gu, : Xoo X Xoo — [0, +00) such that

lim  sup  [Gk(fi(2), fr(y)) — Goc(z,y)| =0, VL >0.

k=00 4 yeBL (xo0)
Using the approximate inverse property and the equi-continuity of {Gy}ren, we
obtain

(4.21) lim  sup  [Gk(z,y) = Goo(fr(2), f&(y))[ =0, VL >0.

k=00 4 yeBL (x1)

Clearly, (@.2I)) implies the L] . convergence of Definition
Furthermore, by construction, G, is continuous. All the assumptions of Theo-
rem [£.6] are then met, and thus the limit (X, oo, Goo, Moo) satisfies the MCP(5).
Proof of Fix p1 € Pi(X,d,m) and £ € suppm \ supp p;. We claim
that there exists v € OptGeo(dz, 111) satisfying the MCP inequality (28] and there

exists a Borel set I' C Geo(X) with v(I') = 1, such that it holds
(4.22) G(v0,7t) = tG(y0,71), Vte (0,1], Vyerl.

Note that ([#22)) is weaker than the meek property for G, but it is sufficient for the
proof of the generalized Bishop-Gromov Theorem [3.27] as explained in Remark [3.24]

We prove now the claim. By the argument used in the proof of Theorem [£6]
we know that there exist p; p € Py (Xg, i, mi), T € supp my, with Zy, & supp g1 g,
v € OptGeo(dz,,p1k), and v € OptGeo(dz, 1) such that v and v satisfy the
MCP condition and moreover (up to a extraction of a subsequence)

(4.23) (f)g((ee)evn) — (e)sr, Wt e€[0,1].

Since each Gy, is meek, for every k € N there exists I'y C Geo(X}) with v (Ty) = 1,
such that for all v € I'y, it holds

(4.24) Gr (Y0, 7) = t Gr(y0,711), Vit e (0,1].
From (£23) we infer that for v-a.e. 7, there exist v, € I'y, such that
(4.25) Fo(Vt) = Y, Vte[0,1]NQ.
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Since p1 has bounded support, one can choose the v, € OptGeo(dz, , p1,1) with the
following property: there exists R > 0 such that Usepo,1)supp ((e¢)svx) C Br(Zx).
It follows that the geodesics 7, have a uniform bound on the length and thus are
equi-Lipschitz. Hence, by the Arzela-Ascoli Theorem for varying spaces converging
in the GH sense (see for instance [86, Prop. 27.20]), we can promote (20 to

(4.26) fe(vkt) = v for every ¢ € [0,1].

Combining ([@24) and (E26) with the asymptotic equi-continuity of the Gauge
functions [@I8)), we obtain for v-a.e. v € Geo(X)

G(v0,v) = Jim Gr(Vk,05 Vyt) = tkILH;on('Yk,O,'YLt) =tG(v0,7), Vit e (0,1],

as claimed.

Proof of By assumption, the spaces {(Xp,dg, mg)}ren satisfy local
doubling (see Corollary B.I4) and weak L!'-Poincaré inequalities, with constants
uniform in k& € N; moreover they converge in pmGH sense t0 (Xoo, oo, Moo, *oo)-
Under such conditions, it is well-known that BV compactness in varying spaces
holds (see for instance [69], Thm. 4.15]). It follows that there exists a map G :
Xoo X Xoo = [0,400) with Geo (2, +) € BVipe(Xoo, Goo, Meo) for every x € X, such
that G, — G in the L sense of Definition B3l If in addition G, satisfies the
regularity condition of Definition 3] and the functions f; : [0, D) — R are locally
Lipschitz, then the assumptions of Theorem are met; thus we can conclude that
the limit (Xoo, doo, Moo, Goo) satisfies the MCP(3). O

We next comment on the assumptions of Theorem [ZT7

REMARK 4.18. The weak L!-Poincaré inequality ([20) is a very natural as-
sumption in the framework of this paper. Indeed it was proved to hold with ¢ = 2,
any R > 0, for an explicit C = C(K, N, R) > 0 in the class of MCP(K, N) spaces
(X,d, m) satisfying the following mild “a.e. non-branching” assumption [88, Cor.
p. 28]: the set

{y € X | there exist v' # v? € Geo(X) such that x = ¢ =12, y = 71 = 7%}

has m-measure zero for m-a.e. x € X. It is well-known that such a property holds
for essentially non-branching MCP(K, N) spaces (see for instance [38, Rmk. 2.6]).

REMARK 4.19. The classical framework of Lott-Sturm-Villani’s theory corre-
sponds to the choice of gauge function as G(xg,-) := d(zg, ), for g € X. In this
case, G(xp, -) is (trivially) 1-Lipschitz; thus the asymptotic equi-continuity assumed
in item [(ii)] holds trivially, and the uniform local BV bounds (19) assumed in item
hold as a consequence of the uniform upper bound on the volume of metric
balls.

Since CD(f3,n) implies MCP(/3), it is clear that in Theorem HEI7] implies
a corresponding pre-compactness result for the class of CD(8,n) spaces. Also a
compactness result analogous to item can be proved along the same lines, so
we only state it.

THEOREM 4.20 (Pre-compactness for CD). Let 8 be the distortion coefficients
as 28), and n € [1,400). Let {(Xy,dr, M, Gr,xx) }en be a family of pointed
gauge metric measure spaces, with (X, dg, Mg, *x) = (Xoo, oo, Moo, *oo) in the

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



58 4. STABILITY AND COMPACTNESS

pmGH topology, by means of approximating maps fr : X — Xoo as in Re-
mark &2 Assume that
e for any L > 0 there exists D = D(L) > 0 such that Gy, < D on Bp(x;) X
Br,(%k) N'supp my X supp my;
o the family {Gg }ren is locally asymptotically equi-continuous, in the sense
that for all L > 0 and € > 0 there exist § = 6(s,L) > 0 and k = k(e, L) €
N such that for all k > k it holds:

di(wg, 3) <6,  de(yr,yp) <0 = Gk @k, yr) — Gr(z), )| < e,

for all xi, x), yr, v}, € Br(*x).
Then, up to extraction of a subsequence, there exists a continuous map G :
Koo X Xoo — [0, +00), and e, | 0, such that

G (#,y) = Coo (@), fr(W))| <er,  Va,y € Brlx).

In particular the conditions of Definition hold. If the functions fB; : [0,D) —
R are locally Lipschitz, and (X, dg, my, Gy) satisfy the CD(8,n), then also (Xoo,
Uoo, Moo, Goo) satisfies the CD(B,n).

REMARK 4.21. Let (X,d,m) be a Carnot group, equipped with its Haar mea-
sure. It is well-known that they support Poincaré inequalities (see e.g. [61], Prop.
11.17] and references within). If the Carnot group is ideal (which means, in the
special case of Carnot groups, that it is also fat and thus of step < 2) and it is
equipped with a natural gauge function (see Chapter [), then G is locally bounded
(see Figure [6I)). Furthermore d is locally semiconcave in charts outside of the
diagonal [76]. As a consequence one can prove that natural gauge functions satisfy

sup [|G(z, -)|| gy (q) < +o0,
TEQ

for any bounded set 2. This means that one can apply the compactness Theorem
to sequences of ideal Carnot groups equipped with natural gauge functions
provided that the Poincaré inequality, the BV bound on G, and the local G-diameter
bound hold with uniform constants w.r.t. to the sequence.
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CHAPTER 5

Vector-valued gauge functions

In this chapter we extend the previous theory to the case of a vector-valued
gauge function. Let RT' := [0, +00)™. We consider the real projective “positive”
space:

R (R () -

where z ~ y if x = Ay for A > 0. To convey the correct intuition, in this chapter
RP'" shall be thought as a compactification of R, adding one point at infinity for
every direction, rather than space of directions in [RTH.

The map x + [z : 1] embeds R} in RPY". For 6 € RPY" \ R, we set 0| = +o0;
otherwise, if §# = [z : 1] for some 2 € R7, || is the standard norm of the vector
x € R

Finally, dilations on R extend to RP'": if § = [z : a] for z € R™ and a € R,
and t > 0, we denote t0 = [tz : a].

A vector valued gauge function on a metric measure space (X,d, m) is a Borel
function

(5.1) G:X x X = RP™.
Let N € [1,400), and s : [0, +00)™ — R be a continuous function such that
(5.2) s(0) = ¢8| + o(|8]™) for some ¢ > 0.

The positivity domain of s is the largest open and star-shaped (with respect to
the origin 0 € R™) subset DOM C R7' such that s > 0 on DOM \ {0}. Since DOM
is star-shaped then, for every 0 # 0 € R, there is a unique non-zero limit point of
DOM in RP’, along the half-line defined by 6, which we denote by Dy € RP' (it
can be either in the affine part R}* C RP'[" or at infinity, see Figure 5.1)).

Define the distortion coefficient ((.y(-) : [0,1] x RP'}" — [0, 4+-00] as

£ 6] = 0,
s(t0)

(5.3) Bi(0) :={ 5(0) 1] # 0 and 6 € DOM,
lqiglilipr:—f SS((tj)) 6 ¢ DOM,

where the liminf is a directional limit, in the direction of 8, from the inside of DOM.

For a scalar gauge function, in some statements it was useful to consider the
case when ¢ — [;(0) is monotone. When the gauge function is vector-valued, the
appropriate counterpart is the radial monotonicity: we say that §,(-) is radially
non-increasing (resp. radially non-decreasing) if, for every fixed # € DOM \ {0}
and t € (0,1), the function A — F;(A6) is non-increasing (resp. non-decreasing).

59
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— Do e RPI\R!!

DOM

— Dy e R} c RPY

FIGURE 5.1. An example of positivity domain DOM and the cor-
responding Dy € RP'}

Likewise, we say that s(-) is radially real-analytic on DOM if for any 0 € R \ {0}
the function [0, |Dy|] 3 t — s(tf) is real-analytic, where 6 := /).

Upon a suitable reformulation, we have the following elementary properties
that generalize the ones of Proposition [2.4] to the vector case.

PROPOSITION 5.1. Any distortion coefficient satisfies the following:
(i) Bo(0) =0 and p1(0) =1 for all 6 € RP'’;
(i) zf |Dy| < 400, then [(0) = +oo for all & ¢ DOM and t € (0,1);
(iii) B:(0) =0 for some |0] < +oo if and only if t = 0;
(iv) for every t € [0,1], 0;,0 € RT, if 0; — 0 along the direction of 0, then
Bi(05) — Bi(0) in [0,+00]; if moreover 6,0; € DOM for all j € N and
0; — 0, then 5,(0;) — B(6) in [0, 4+00), for every t € [0,1];
(v) B is continuous and finite when restricted to [0,1] x DOM;
(vi) for all fized t € (0,1], the distortion coefficient Bi(-) is bounded from
below away from zero on any bounded set of R';
(vil) assume that DOM is a bounded subset of R'!, that s € C°°(DOM) and s
is radially real analytic on DOM. Then there exists N' > N such that
Bi(0) >t for all t € [0,1] and 6 € RPT.

PrROOF. The only item requiring a proof is Denote by

B e

Tad(‘r) dtk — S(tl‘)
the kt"-order derivative of s in the radial direction. Assume by contradiction that
there exists a sequence (x) C O0DOM such that Sg)d(xk) =0 for all j < k. Since
by assumption DOM is bounded and s satisfies (5.2)) then, up to a non-relabeled
subsequence, there exists o, € ODOM\{0} such that x; — . Then, by the
smoothness of s, we infer that Sia)(l( ) = 0 for all k& € N. But then, since § is
radially real-analytic on DOM, it must be that s = 0 on the half line {tz | t >
0} N DOM, contradicting (5.2)). O
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The definitions of CD(5,n) and MCP(3) for a metric measure space (X,d, m)
endowed with a vector-valued gauge G : X x X — RP'!" are verbatim as in Definition
23 once the distortion coefficients are as in (G.3)).

5.1. Geometric consequences

Generalized Brunn-Minkowski. The generalized Brunn-Minkowski
inequality for CD(3,n) spaces (Theorem BI) and the generalized half-Brunn-
Minkowski inequality for MCP(8) spaces (Theorem B2) hold with verbatim the
same statements and proofs in case of a vector-valued gauge function.

Gauge diameter estimate. The following extends Definition B9 to the
vector-valued case.

DEFINITION 5.2. The G-diameter for a non-empty set S C X is defined as
diamg(S) = sup [ m - esssup |G(z,y)| | -
€S yES, y#x

A non-empty set S C X is G-bounded if it has finite G-diameter.

Recall that DOM C R7T* C RP" is defined as the largest open and star-shaped
(with respect to the origin) subset such that s > 0 on DOM \ {0}.

PROPOSITION 5.3 (G-diameter estimate). Let (X,d,m) be a m.m.s. with gauge
function G. Let B as in (B3), and assume that B:(0) = +oo for all 6 ¢ DOM,
t € (0,1). Note that this is in particular the case if DOM is bounded.

e If (X,d,m,G) satisfies the MCP(B), then for all x € suppm it holds
G(z,y) € DOM, m-a.e. y€ X, y#x.

In particular, diamg(suppm) < diamgm (DOM).
e If (X,d,m,G) satisfies the CD(8,n) for some n € [1,+00), then

G(z,y) € DOM, m-a.e. (z,y) € X x X,
for all m = (eg,e1)yv, where v € OptGeo(po, pt1) is such that inequality

@7 holds.

PRrROOF. We argue by contradiction. Fix R > 0, x € suppm and let

A={y|y#z, G(z,y) ¢ DOM} N Bg(x).

Assume by contradiction that m(A) > 0. Then we apply the half-Brunn-Minkowski
inequality to the set A. Notice that f;(x, A) = +oo for all ¢t € (0,1), and that
A C (Br(x)): C Bir(z). We obtain hence

m(BtR(.’II)) > ﬁl(At) = +00, Vt e (O, 1),

contradicting the local finiteness of m.

To prove the second part of the proposition, we argue in a similar way: assume
that there exists v € OptGeo(ug, 1) as in the statement (in particular pg, 41 have
bounded and disjoint supports) such that

7({(z,y) € X x X | G(z,y) ¢ DOM}) > 0.
Using (2.7)) we obtain that, for the corresponding Ws-geodesic p; = (e;)sv it holds
U, (pe|m) = +o0, vVt e (0,1).
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This implies that m(supp u;) = +o0o. However, since supp uo and supp i are
bounded, then also supp p; is bounded, yielding a contradiction. ([l

Local doubling. The following proposition can be proved along the same lines
of Proposition B.13

PRrROPOSITION 5.4 (Local doubling). Let (X,d, m) be a m.m.s. with gauge func-
tion G, satisfying the MCP(3) with 8 as in (53). Then any G-bounded Borel subset
S C suppm satisfies the following inequality: for allt € (0,1) there exists Cs¢ > 0
such that

m(B,(x0) NS) < Cgy - m(Byr(x0)), Vr>0,Vzy €S

The constant Csy can be estimated in terms of 5 and diamg(S):

CL = inf{B,(0) : |6] € [0, diamg(S)]} € (0, ¢"].
St

Corollaries B.14] B.15] and B.16 hold with verbatim the same statements and
proofs replacing, when necessary, the monotonicity of f; with the radial mono-
tonicity.

Geodesic dimension estimates. Recall the role of the parameter N [1, +00)
in (5.2) and the Definition BI8 of geodesic dimension dimge, () at a point = of a
metric measure space. Since the proof of the geodesic dimension estimate (see

Theorem [3.20)

dimgeo(z) < N, for all x € suppm,

built on top of the half-Brunn Minkowski inequality, which holds in the case of a
vector-valued gauge function, the same result holds with analogous proof, provided
that we assume the following non-triviality condition

m({z€ X |z #u, |G(z,2)] < +o0}) >0, Yz € suppm.
which replaces (8I0) in the vector case.

Generalized Bishop-Gromov inequality. Let (X,d, m) be a metric mea-
sure space with gauge function G : X x X — RP'"". In the following, for r € R’?,G €
RP’}", the notation

G<r, (resp. G > 1),

means that G =[Gy : --- : G, : 1] is in the affine part R C RP’}" and G; < r; (resp.
G; > ry) for all i = 1,...,m. In particular, the notation G € (r,R) for r, R € R}
means that G < R and r < G. In other words, the inequalities for vector-valued
functions are meant component-wise. Furthermore, for r € R \ 0, we set 7 := ‘TT‘;
if r =0 then # = 0.

DEFINITION 5.5. For a point x¢ € suppm and for r € R, p > 0, we set:

ve(zo, 1, p) :i=m({z € X | G(zo,z) <1, d(zg,2) < p}),

sG (o, 7, p) := limsup %m({x € X | G(zo,z) € (r —67,7], d(zo,z) < p}), 1 #0.
540
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Consider also the following measure of “gauge balls” and “gauge spheres”:
VG(IOaT) = m({x €X | G(Io,x) < d(Io,I) < |T‘}) ’

1
sc(zo,7) 1= 1in;LsOup 5 [ve(zo,7) — va(zo, 7 — 0F)], r #0.

Notice that vg(zo,r) = ve(zo,r, |r]) but sg(zo,r) # se(zo,r, |7]).

The definition of the meek property is formulated verbatim for vector-valued
gauge functions, see Definition B3.23]

The proof of the generalized Bishop-Gromov inequality for a vector-valued
gauge function can be adapted from the scalar case (Theorem B2H), by arguing
along rays.

THEOREM 5.6 (Generalized Bishop-Gromov). Let (X,d,m) be a m.m.s. en-
dowed with a gauge function G satisfying the MCP(53) condition, with [ as in
E3). Assume that

e suppm is not a singleton;
o G is meek; (see Remark B.24] for a slightly weaker condition)
e for all x € suppm it holds (see Remark 0.1 for a slightly weaker condi-
tion)
(5.4) m({z € X |z # z, |G(z,2)| = +o0}) =0.
Then for every xo € suppm the following properties hold:
(i) m({z | d(zg,z) =71}) =0, for every r > 0;
(ii) m({xo}) = 0; in particular, the half-Brunn-Minkowski inequality (34)
holds for every & € suppm and Borel set A C X with m(A) > 0;
(ili) m({z | G(xo,x) =7r}) =0, for every r € R, r #0;
(iv) For every p > 0, and r,R € R lying on the same direction 6 € ‘STﬁ1
with 0 < |r| < |R| < Dy , the following holds:
SG('/EO7T7 p) > @ S(’I")
sc(zo, R, p) — [r| s(R)

Furthermore, it holds

VG(:I:O7T7 p) - VG($0,O7P) > VG(‘T07R7 p) - VG(‘T0707p) .

" s(1) /¢ dt - 1Bl s(10) /¢ at

(v) Assume that 0 — (,(8) is radially non-increasing for all t € [0,1], or
that for all xo € suppm it holds |G(xg, )| > d(zo,:) m-a.e.. Then, for
every Tg € suppm, r, R € R lying on the same direction 0 € ST_l with
0 < |r| < |R| < Dy, the following holds:

R s(r)

=l S(R)

SG (xOv T)
sc(zo, R)

Furthermore, it holds:

VG (x()v T) > VG (IOa R)

sy ede [ s(t0)/t ar
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(vi) For every compact set Ko C R, and r, R € K there exists a constant
1

G~ 0 Br/im (0) 16 € Ko} € (0, (Irl/1RDNY,

such that, if r, R € Ky lie along the same direction, it holds

r
sG(zo, R) < ”ECMARLO -sG(7o,7).
As a consequence, the following doubling estimate for gauge balls holds:
there exists a constant Co = Cy/29 > 0 such that

vg (o, 2r) < Cy - vg(zo, ), Vir e Ky/2.

The estimate on the maximal number of disjoint gauge balls (Proposition [3:29))
holds with verbatim the same statement and proof in case of a vector-valued gauge
function (replacing G by |G| in its statement and its proof).

REMARK 5.7. For the proof of Thorem [5.6] condition (4] can be weakened as
follows: for all € suppm and all » > 0 it holds

(5.5) m({z € X | d(z,2) =1, |G(x, 2)] = +00}) = 0.

Both conditions (54) and (5.5]) follow from the MCP(3), provided that 5;(+00) =
400, see Remark [3.111

Parametric doubling for gauge balls. Finally, the parametric doubling
property (Proposition B:31]) holds also in the case of vector-valued gauge functions.
The proof follows verbatim making use of the appropriate vector-valued versions of
the Bishop-Gromov theorem (Theorem [5.6]) and gauge diameter estimates (Propo-

sition [G.3)).

PROPOSITION 5.8 (Parametric doubling property). With the same assumptions
of Theorem [5.0, for every bounded set K C DOM there exists Cx = Ck(8) > 1
such that

vg(z,2r, p) — ve(x, 0, p)

VG(!E7 T, p) - VG(LIT, 0, p)
where N > 1 is given by (0.2)). Furthermore, Cx | 1 as diamgn (K) | 0.

If 0 — p:(0) is radially monotone non-increasing for all t € [0,1], or if for all

xo € suppm it holds |G(xo, )| > d(zo, ) m-a.e., then the previous inequality holds
true for gauge balls, with the same constants, that is

< 2N(Cy, Vre K, VYp>0, Vz€&suppm,

2
Y2 CoNey,  YreK., Vaesuwpm.
VG(I7T)

5.2. Stability and compactness

We adopt verbatim the same notion of Li . convergence of gauge functions
and regularity condition for the limit gauge function (resp. over plans) as in Def-
inition 3] (resp. as in Definition EI2]), in case of vector-valued gauge functions.
Under this convention, verbatim the same statements for the stability of MCP(53)
(i.e. Theorem [L8]) and of CD(8,n) (i.e. Theorem EI4) hold. The proofs hold ver-

batim, with the only difference being the definition of the truncated gauge function
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G¢, which is now vector-valued; however, in order to follow the arguments, it is
enough to replace [@1) with

G if |G| < D +e,

G* =
(@3) {Dlgf .G if|G]>D+e.

Also the statements and proofs of the pre-compactness criteria for MCP(53) (i.e.
Theorem EI7) and CD(3,n) (i.e. Theorem F20) hold verbatim in case of vector-
valued gauge functions.
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CHAPTER 6

Natural gauge functions

The purpose of this chapter is to introduce natural gauge functions for metric
spaces equipped with an additional reference metric. This construction is inspired
by sub-Riemannian geometry, where the sub-Riemannian distance can always be
seen as the restriction of a Riemannian length structure on a subset of admissible
curves.

DEFINITION 6.1 (Reference and extension). Let (X,d) be a complete metric
space. We say that a complete length metric dg on X is a reference for d if dg < d,
and d,dg induce the same topology on X. Furthermore, we say that the reference
metric dp is an extension of d if for all d-rectifiable curves « it holds

Lap(7) = La(7)-

REMARK 6.2. The inequality dg < d implies that each rectifiable curve in
(X,d) is rectifiable also in (X,dgr). The fact that dg is complete is not implied
by the other requirements. For example take the standard Carnot-Carathéodory
metric on the Heisenberg group. Extend it to a Riemannian metric by setting
0.1l = 1/(1+ 22). Any point on the z-axis is at extended distance < /2 from the
origin, and the extension is not complete.

DEFINITION 6.3 (Asymptotic Lipschitz number). Let (X, p) be a metric space.
For a Borel function f : X — [0, +oco] we define the asymptotic Lipschitz number
with respect to p at x € X as

Lip?[f](z) := limsup L) =S (@)l

Z,W—T p(Z, U}) ’

with the convention that LipZ[f](x) = 0 if x is an isolated point.

6.1. The D function
We introduce the building block for natural gauge functions.

DEFINITION 6.4 (The D function). Let (X, d) be a metric space with reference
dg. Let ¢ := %dQ. We define:

D: X x X —[0,40],  D(x,y) := Lip2®[c(-, y)](z).

For the next proposition we say that f,g : X x X — [0,+oc] are locally
equivalent if for any o € X there exists a neighborhood O of o and a constant
C = Cop > 0 such that

C'g(z,y) < flz,y) < Cglz,y), Va,yeO.

PROPOSITION 6.5 (Properties of the D function). Let (X, d) be a length metric
space with reference dg. The D function has the following properties:

67
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(i) it holds d < D;

(ii) dr and d are locally equivalent if and only if D and d are locally equiv-
alent;

(iii) D =d if and only if the reference is the trivial one, that is dg = d;

(iv) assume that dg is an extension of d; then d is locally equivalent to dg if
and only if D =d;

(v) For every fized y € X, the map D(-,y) : X — [0,+00] is upper semi-
continuous.

PROOF. Proof of @. By definition dg < d. Therefore for all z,y € X it
holds
D(xay) = LipiR [C(vy)]($) > Llpi[c(,y)](x) = d(l'vy)a
where we used the assumption that (X, d) is a length metric space in the last

identity.
Proof of Observe first that for any z, w,y € X it holds

le(z,y) = e(w, y)| _ [d(z,y) +d(w, y)]|d(2,y) - d(w, y)]|

(6.1) dr(z,w) 2dgp(z, w)
d(z,y) +d(w,y)\ d(z,w)
(6.2) = ( 2 ) dr(z,w)’

We prove first the = implication. By assumption, for o € X there exists a neigh-
borhood O where it holds dg < d < Cdg. Plugging the upper bound in (62) and
taking the limsup for z,w — z we obtain D(z,y) < Cd(z,y), for all y € X and
x € O. Together with the global inequality of [(i){ we obtain that D and d are locally
equivalent.

To prove the < implication, assume that D and d are locally equivalent. Thus
for 0 € X there exists » > 0 and C = C, > 0 such that D < Cd on Bs.(0). By
dividing (61) by d(zx,y), and taking the limsup, we obtain:

(6.3)
Lip?#[d(-, y)] () = lim sup d(z,y) = d(w, y)| <C, Va,y € Bs.(0), z#uy.
Z,W—T dR(wv Z)

Let now O = B,.(0). For a,b € O\ {y}, and for any ¢ > 0 take a dg-unit-speed
curve v : [0,dr(a,b) + ] — X joining a and b. Observe that v is contained in
Bs,.(0), that is the region where (G3]) holds. If v does not cross y it holds

dr(a,b)+e
|d(a7y)_d(b= y)|§11£>% LlpiR[d(7y)](7t)dt§CdR(a7b)7 Vavbeo\{y}a
€ 0

where in the second equality we used (G.3]) since v does not intersect y.

If, instead, 7 intersect y, we can first assume without loss of generality that
the intersection occurs at a single time ¢ € (0,dg(a,b) + €), where v, = y. Then,
define y+ = 4, for sufficiently small n > 0. Consider the two dg-unit-speed
curves y_ = 7|[o,4—n joining a with y_ and vy = Y|{t4y.dp(a,p)+<) joining yy with b.
Neither of them intersects y and we can use the previous estimate for the endpoints
of v4+. Hence

|d(a,y) —d(b,y)| < |d(a,y) —d(y—,y)| + [d(y+,y) —d(b,y)| + d(y—, y+)
<C(t—mn)+C(dr(a,b) +e—t—n) +d(y_,ys)
= C(dr(a,b) +e—2n) +d(y—,y4).
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Letting €,7 — 0 we have y_,y;+ — y and we obtain that |d(a,y) — d(b,y)| <
Cdg(a,b) for all a,b € O\ {y}. By continuity such an inequality holds for all
a,b € O. Taking for example b = y we obtain d(a,b) < Cdg(a,b) for all a,b € O.
Since dg is a reference, we also have the opposite inequality dg < d, and thus d,
dg are locally equivalent.

Proof of If d = dg then clearly D = d. Conversely, if D = d, one can
follow the same steps of the proof of point with C = 1 and O = X, yielding
that d < dg on X. Since dp is a reference, it holds dg < d so that d = dg.

Proof of Observe that if dg and d are locally equivalent, then they have
the same class of rectifiable curves; moreover, if (X,dg) is an extension of (X,d),
on the class of rectifiable curves the length functionals associated with d and dg
coincide. Since dp is length it follows that d < di and since dg is an extension
dr < d. Thus d =dg and so D = d. On the other hand if D = d, then dg = d by
item |(iii)|

Proof of This is a consequence of the upper semi-continuity of the
asymptotic Lipschitz number of a Borel function with respect to a length metric
(ct. [13]). O

6.2. Definition of natural gauge functions

The functions d, D, and +/D? — d? appear as gauge functions for a large class
of sub-Riemannian metric spaces, depending on the geometric structure under con-
sideration:

e G = d for Riemannian manifolds, see Section 231}

e G = D for qualitative bounds on fat sub-Riemannian manifolds, see Chap-
ter &

e G = /D2 — d? for the Heisenberg group, see Section This quantity
corresponds to the “absolute value of the vertical part of the covector”, ap-
pearing in the study of interpolation inequalities in the Heisenberg group
performed in [19], see Section (there, such a function was called 6);

e G = (Gy1,Gy), with G; = v/D? —d? and Gy = d (this is a vector-valued
gauge function, see Chapter Bl), for left-invariant structures on three-
dimensional Lie groups, see Section

This motivates the following definition of natural gauge functions.

DEFINITION 6.6 (Natural gauge functions). We call a natural gauge function
any function G : X x X — [0, 400], such that G(z,y) = f(d(z,y),D(x,y)) for all
z,y € X, where

f:Q:={(a,b) €0, +00) x [0, +00] [ @ < b} = [0, +00],

is continuous and homogeneous on €2, i.e. f(Aa, \b) = Af(a,b) for all A > 0, (a,b) €
Q with f(a,b) < +oo. Similarly, natural vector-valued gauge functions are those
G: X xX — RPY, m € N, induced by a continuous function f : @ — RP'",
such that f(Aa, Ab) = Af(a,b) for all A > 0 and a,b €  with |f(a,bd)| < +oo (see
Chapter [3] for the definition of dilations on RP"").

To avoid trivialities, we assume that | f(a,b)| < o0 for (a,b) € Qif a,b < +o0.

REMARK 6.7. The 1-homogeneity property in Definition is required to pre-
serve the meek assumption of Definition B.23] provided that D is meek as well.
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REMARK 6.8. The function +/D? — d? is well-defined for general metric spaces
equipped with a reference metric, by Proposition

6.3. Natural gauge functions in sub-Riemannian metric spaces

We assume a basic knowledge of sub-Riemannian geometry. For the benefit of
the reader, we collect in Appendix [A] a summary tailored to our purposes.

DEFINITION 6.9 (Sub-Riemannian m.m.s.). A sub-Riemannian metric mea-
sure space (M,d,m) is a smooth manifold M, equipped with a complete Carnot-
Carathéodory distance d, and a smooth measure m, i.e. with smooth positive density
in local charts.

Under standard assumptions in sub-Riemannian geometry, natural gauge func-
tions satisfy the conditions required for the validity of the results of Chapters Bl
and @ We discuss, in particular:

e the meek condition for G, see Definition B.23] used for the generalized
Bishop-Gromov Theorem [B.251

e the regularity properties for G, see Definitions [£.3] and used for the
pre-compactness Theorems E.17] and .20k

e the G—boundedness properties, used for the stability Theorems
and T4

For simplicity we focus on the case of scalar-valued gauge functions, but all
the statements of this section hold in general for the vector-valued case, with no
modifications, using the corresponding definitions and statements that can be found
in Chapter

6.3.1. Meek condition. We start with a sufficient condition for the validity
of the meek assumption for D, in terms of the local regularity of d. We remark that
it is valid for general m.m.s. with an underlying smooth structure.

PROPOSITION 6.10 (Criterion for meekness). Let (X, d, m) be a m.m.s. equipped
with a reference metric dg. Assume that:

(a) X 1is a smooth manifold and dg is the distance induced by a Riemannian
metric;

(b) for any x € X there exists a Borel set Cy with m(Cy) =0, such that for
ally ¢ C, and geodesic v with (v9,71) = (x,y) the function z — d(z,v:)
is continuously differentiable in charts in a neighborhood of x for any
t e (0,1].

Then any natural gauge function G : X x X — [0, +00| is meek.
Proor. It is sufficient to prove the statement for G = D. Fix £ € X and

w1 € Pi(X,d,m), Z ¢ supp p1. Let I' C Geo(X) be the set of geodesics starting at
z and ending out of Cjy:

I:= (e xe1) *({Z} x X\ Cz),

so that I' is Borel.
Let v € OptGeo(dz, p1). It holds (ep,e1)sv = m = (Z,id)gp1, which is the
(unique) optimal plan between ¢z and p1. We have

1= (X) = 11 (X\Cs) = m({Z}x X\C) = v((eo x e1) " ({2} x X\C3)) = v(I),
where we used p; < m and m(Cz) = 0.
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We now show that any v € T satisfies the meek equality (316]). Fix an arbitrary
v € I'. We will use the following general inequality, which follows from squaring
the triangle inequality (recall that ¢ = d?/2):

(64)  clp,g) <A+ Nelp,r) + (A +e)e(rq),  YpgreX, Ve>0.
Now take p=12,qg=y, r =7, t € (0,1), and e = ¢/(1 — t), so that (6.4]) reads
1 1
C(Z7y) < ;C(Zu/yt)—i_mc(’ytuy)v VZ€X>
with equality at z = Z. It follows that for all ¢ € (0, 1) the function

f:Z’_)C(Z’rYt)_tC(Zvy)a ZEX,
has a minimum at z = z. By assumption [(b)} for all ¢ € (0,1) it holds
(65) vgc('v’yt) = tvgc('uy)a

where VE denotes the Riemannian gradient at . Furthermore, we observe that
since ¢(+,7;) is continuously differentiable in a neighborhood of z, the asymptotic
dg-Lipschitz constant is the norm of the Riemannian gradient, that is

D('q_;”yt) - ||V§C('77t)||R’ Vit e (Oa 1)'
Using (63]) we obtain that D(~o, ) = tD(y0,71) for all ¢ € (0, 1]. O

We use Proposition [6.10] to prove that natural gauge functions satisfy the meek
property. We first recall the definition of sub-Riemannian cut locus.

DEFINITION 6.11 (Smooth points and cut locus). Let (M,d) be a sub-Rieman-
nian metric space. We say that y € M is a smooth point, with respect to x € M,
if there exists a unique geodesic joining = with y, which is not abnormal, and with
non-conjugate endpoints. The cut locus Cut(z) is the complement of the set of
smooth points with respect to x. The global cut locus of M is

Cut(M) :={(z,y) € M x M |y € Cut(x)}.
We have the following fundamental result [9L[77].

THEOREM 6.12 (Agrachev, Rifford, Trelat). The set of smooth points is open
and dense in M, and the squared sub-Riemannian distance is smooth on M x M\

Cut(M).

It is an open problem to determine whether Cut(z) has zero measure. Even
in this case, the complement of Cut(z) may not be geodesically star-shaped: more
precisely, if y ¢ Cut(z) and v is the geodesic joining z with y, it may happen
that v; € Cut(z) for ¢t € (0,1). This is related with the presence of abnormal
non-trivial segments on strictly normal geodesics, and the branching phenomenon
in sub-Riemannian geometry [68]. Therefore we cannot apply Proposition
simply with C,, = Cut(z).

To proceed, we recall the classical minimizing Sard property, and we introduce
its strengthening that we call “*-minimizing Sard property”.

DEFINITION 6.13 (Sard properties). A sub-Riemannian metric space (M,d)
satisfies

e the minimizing Sard property if for any x € M the set of final points of
abnormal geodesics has zero measure in M;
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o the x-minimizing Sard property if for any x € M the set of final points
of geodesics from x containing non-trivial abnormal segments has zero
measure in M.

It is well-known that, if the minimizing Sard property holds, then Cut(z) has
zero measure for all x € M. We now show that, if the *-minimizing Sard property
holds, then there exists a set, larger than Cut(z), but still with zero measure, whose
complement is star-shaped. We do not know if such a set is closed, but it is Borel,
which is what we need in Proposition G.10l

LEMMA 6.14 (Star-shaped set of smooth points). Let (M, d) be a sub-Rieman-
nian metric space. Then for any x € M there exists a set U, C M such that:

(i) U, is the countable intersection of open sets, and in particular it is Borel;

(ii) d? is smooth in a neighborhood of (x,y) for any y € U,, i.e. U, C
M \ Cut(z);

(iii) U, is geodesically star-shaped at x: for any y € U, there exists a unique
geodesic ~y joining x with y, and v € U, for all t € (0,1] (t = 0 is
excluded);

(iv) if the x-minimizing Sard property holds, U, has full measure and it is
dense.

REMARK 6.15. If the sub-Riemannian structure is real-analytic, geodesics are
either abnormal, or do not contain non-trivial abnormal segments, and then the *-
minimizing Sard property coincides with the classical minimizing Sard property. For
real-analytic sub-Riemannian structures satisfying the minimizing Sard property,
one can take U, := M \ Cut(x), and thus U, is open, see [18] Prop. 6].

PrOOF. Fix € M. Let Cut(x) be the sub-Riemannian cut locus, as in Defi-
nition [6IT] and recall Theorem We also recall that if v is a normal geodesic
that is also abnormal, then any pair of distinct points along « are conjugate.

For all n € N, let us define the following monotone family of sets:

U? :={v|v € Geo(M), vo =2, 11 € M\ Cut(z), the distance between

two distinct conjugate points along + is strictly smaller than 1/n}.

By construction, for any y € U]’ there is a unique geodesic v between z and y, v is
not abnormal, but v can contain abnormal segments of length strictly smaller than
1/n.

We claim that the set U] is open. Let y € U}, and let v be the unique non-
abnormal geodesic between x and y, that is v, = exp, (tA) for a unique A € T M.

For any 71,73 € [0,1], with [y — 71| > 1/n the map
doriigyyexpy, (2 —7) )Ty M =T, M,

must be invertible, otherwise v(71) and ~y(72) would be conjugate. Notice also that
since y ¢ Cut(x), we have a neighborhood W, of y and a neighborhood Vy of A
such that exp, : V» — W, is a diffeomorphism. It follows by compactness that
there exists an open neighborhood W, of y such that for all ¥’ € W, there exists a
unique geodesic ' joining z with ¢/, that is not abnormal, and all pairs of points
along 7/ with distance > 1/n are not conjugate (and in particular, 4 cannot contain
abnormal segments of length > 1/n). In other words, W, C Uy, proving that U
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is open. Define

U, = [ Uy,
neN
which satisfies By construction U, C M\ Cut(z), proving[(ii)] Furthermore, for
all y € U, there exists a unique geodesic -y joining = with y, which does not contain
non-trivial segments with conjugate endpoints (and in particular, it does not contain
non-trivial abnormal segments). Thus v € U, for all ¢ € (0, 1], proving

Claim. We claim that M \ U, is equal to the union of Cut(z) with the set of
endpoints of geodesics starting from x that contain a non-trivial abnormal segment.
Notice that the latter set has zero measure if the *-minimizing Sard property holds.
Furthermore also Cut(z) has zero measurd]. Thus, the claim implies that {, has full
measure. Furthermore, each open set U must have full measure, and in particular
it must be dense in M. By the Baire theorem U, is dense, concluding the proof
of

It only remains to prove the claim:

D: If y € Cut(z) clearly it does not belong to any of the U. Let then y ¢
Cut(x), such that there exists a geodesic v with y = = that contains a non-trivial
abnormal segment. Observe that + is not abnormal and is the unique geodesic
joining x with y. Let 7|, ,) with 0 < |73 — 72| < 1 be the non-trivial abnormal
segment. Any pair of distinct points on 7|, -, are conjugate, and thus y ¢ U, for
n sufficiently large.

C: Let y ¢ U for some n. It follows that either y € Cut(z), or if not there
exist two distinct conjugate points along the unique geodesic joining x with y. This
can happen only if v contains non-trivial abnormal segments (otherwise it would
cease to be a geodesic after meeting the first conjugate point [24, Thm. 72]).

To make our proof self-contained, we show that Cut(x) has zero measure if
the minimizing Sard conjecture holds, that is when the set Abn(z) of endpoints
of abnormal geodesics from x has zero measure. By completeness, the image of
exp, : TaM — M covers M \ Abn(x). The set of conjugate points to z is contained
in the set S(z) of singular values of exp,, which has zero measure by the Sard
theorem. Furthermore, one can show that the subset Ra(x) of points z where z is not
conjugate to x and there exist at least two normal geodesics joining x with z has zero
measure, cf. [T7, Lemma 4.8]. Hence, by construction, for any y € M which is not in
Ry(x)UAbn(z)US(x) there exists a unique strictly normal geodesic vy joining  with
y, with non-conjugate endpoints. In other words Cut(z) C Ra(z) U Abn(z) U S(z),
which is a union of zero measure sets. (]

We can now prove that, for a large class of sub-Riemannian structures, the D
function (cf. Definition [6.4)) satisfies the meek assumption (cf. Definition B.23)).

THEOREM 6.16 (Natural gauge functions are meek). Let (M,d, m) be a sub-
Riemannian m.m.s., equipped with a Riemannian reference dg. Assume that
(M, d) satisfies the x-minimizing Sard property. Then any natural gauge function
G is meek.

PROOF. It is sufficient to prove the property for G = D. In this case, apply
Proposition 610 with C,, := M \ U,,, with the set U, of Lemma [6.14 [l

1This is proved for example in [18, Prop. 6], and the minimizing Sard property is sufficient.
A self-contained argument will be provided at the end of this proof.
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REMARK 6.17. The #-minimizing Sard property is true for:
e ideal structures, i.e. those not admitting non-trivial abnormal geodesics,
which is generically true for constant rank > 3 distributions, cf. [41], Thm.
2.8];
e real-analytic structures satisfying the minimizing Sard conjecture. This

includes Carnot groups of step 2, or more general Carnot groups, cf. [60]
Thm. 1.2].

Thus, for all those structures, then all natural gauge functions are meek.

6.3.2. Regularity condition. We first discuss the regularity condition re-
quired in the MCP() stability Theorem

THEOREM 6.18 (Natural gauge functions are regular I). Let (M,d, m) be a sub-
Riemannian m.m.s., equipped with a Riemannian reference dg. Then any natural
gauge function G is continuous and finite on M x M \ Cut(M). In particular, if
(M, d) satisfies the minimizing Sard property, any such G satisfies the regularity
condition of Definition A3l

PROOF. It is sufficient to prove the statement for the case G = D. We observe
that d is smooth in charts on M x M\ Cut(M) by Theorem 6121 At all those points,
D coincides with the norm of the gradient of ¢ = %dz computed with respect to
the Riemannian reference, cf. Proposition Then D is finite and continuous
on M x M\ Cut(M). Furthermore, if the minimizing Sard property holds, then
Cut(z) is a closed set with zero measure for all z € M. Thus D is finite and
continuous at all points (z,y) with y ¢ Cut(z), which is the regularity condition of
Definition A3l O

We turn now to the regularity condition for plans occurring in CD(3,n) sta-
bility in Theorem T4l We recall the following definition, introduced by Rifford
in [75L[76].

DEFINITION 6.19 (Ideal structures). A sub-Riemannian metric space (M, d) is
ideal if it has no non-trivial abnormal geodesics.

Generic sub-Riemannian structures are ideal, when the rank of the distribution
is constant and at least 3, see [41l Thm. 2.8]. For ideal structures, a sub-Riemannian
version of the McCann-Brenier theorem holds [461[76]. Furthermore, the non-static
part of the transport map between suitable measures avoids almost surely the cut
locus [24], so that d is smooth m-a.e. for any optimal plan whose marginals have
disjoint support.

THEOREM 6.20 (Natural gauge functions are regular II). Let (M,d,m) be a
sub-Riemannian m.m.s., equipped with a Riemannian reference dg. Assume
that (M,d) is ideal. Then for all po € Pps(M,d), p1 € Pi,(M,d,m), with
supp o Nsupp py = 0 there is a unique m € Opt(pg, 111), and any natural gauge
function G is continuous and finite w-a.e. In particular, the reqularity condition
of Definition is verified.

PrOOF. It is sufficient to prove the result for the case G = D. If (M,d) is
ideal, there exists a unique ™ € Opt(ug, 1), and it is induced by a transport map
T : M — M. Furthermore, for pp-a.e. x € M, either T'(z) = z, or T'(z) ¢ Cut(z),
cf. [24, Cor. 38]. Since supp po and supp pq are disjoint, the first case never occurs.
It follows that D is continuous at (z,y) for m-a.e. (z,y) € M x M. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6.3. NATURAL GAUGE FUNCTIONS IN SUB-RIEMANNIAN METRIC SPACES 75

REMARK 6.21. One can appreciate in the above proof the importance of the
restriction to measures pg, 1 with disjoint support. In general (and more precisely,
whenever the sub-Riemannian structure is not Riemannian), the diagonal A C
M x M is always part of the cut locus, and D is not continuous there. Thus, the
regularity condition of Definition A.I21would not be verified without that restriction.

REMARK 6.22. The ideal assumption cannot be removed. In fact, in [20, Fig.
2], the authors built an explicit example, on corank 1 Carnot groups, and measures
wi € Pi(X,d,m) with disjoint support where any point € supp o is sent to
T(x) € Cut(z), and more precisely T'(z) is the endpoint of an abnormal geodesic
from x. Here, it turns out that D is not continuous at every (x,y) € supp 7.

6.3.3. G-boundedness condition. We discuss here the boundedness prop-
erties of natural gauge functions. We recall the following definition, see [2] Sec. 3.1]
for further details.

DEFINITION 6.23 (Step). A sub-Riemannian metric space has step k € N at
x € M if Lie brackets of length k are sufficient to satisfy the bracket-generating
condition at z, and k = k() is the smallest number with this property. The step
of a sub-Riemannian metric space is the supremum of the step at all its points.

The next result is a reformulation of well-known facts about the regularity of
the sub-Riemannian distance.

THEOREM 6.24 (Boundedness properties of natural gauge functions). Let
(M,d,m) be a sub-Riemannian m.m.s. Let G be a natural gauge function. Then
the following hold:

(i) The function G is locally bounded on an open and dense set of M x M.
In particular for any non-empty open set O it holds

m{y € M : |G(z,y)| < +o00} N O) >0, Ve M.

(ii) If (M,d) satisfies the minimizing Sard property, then for any x € M the
function G(z,-) is locally bounded almost everywhere. In particular it
holds

m{y e M : |G(z,y)| = +o0}) =0, Ve M.
(iii) If (M,d) has step < 2, then G is locally bounded, that is for every bounded
subset O there exists C > 0 such that
G(z,y)| <C,  Vz,yeO.

(iv) If d is locally Lipschitz in charts outside of the diagonal A C M x M,
then G is locally bounded away from the diagonal, that is for all € > 0
and bounded subset O there exists C > 0 such that

IG(z,y)| < C, Va,y € O, d(z,y) > e.

PROOF. It is sufficient to prove the statements for G = D.

Proof of [()} Fixz € M and y ¢ Cut(z). Then d is smooth in a neighborhood
of (z,y), and D(z,y) = |[VEd(-,y)||r < +0co. The set M \ Cut(z) is open and dense
by Theorem [6.12] and since m is smooth the statement follows.

Proof of By the previous argument, if D(x,y) = 400 we must have
y € Cut(x). If the Sard property holds, then Cut(z) has zero measure.
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Proof of The step of (M, d) is < 2 if and only if d is locally Lipschitz in
charts [4, Cor. 6.2]. Since D is the asymptotic Lipschitz constant of d with respect
to a Riemannian metric dg, then D must be locally bounded.

Proof of Obvious. O

REMARK 6.25. Ttem [(i)| yields the non-triviality condition [BI0) for natural
gauge functions. Item yields the finiteness condition ([B.IT) required in the
generalized Bishop-Gromov Theorem [B.27]

REMARK 6.26. Item holds for example when (M,d) is ideal, and more
generally if there are no non-trivial Goh paths, see [4, Thm. 5.5] for details. This is
true, for example, if the underlying distribution is medium-fat [46] Sec. 4.5], [12].

REMARK 6.27. The step 2 assumption in cannot be removed. Notice
that, by the Ball-Box theorem [31][53], d(o,-) cannot be Lipschitz in charts in a
neighborhood of any point o where the step s(o0) > 3, so that D(o,0) = +00. One
can show that, in general, D may not be essentially bounded in any neighborhood
of the diagonal around such points.

To illustrate this fact, let us discuss the case of Carnot groups (G,d). These
are left-invariant structures on a nilpotent, connected and simply connected Lie
group G ~ R™. We denote points as (x1,...,x,) in exponential coordinates, with
0= (0,...,0) the identity of the group. Carnot groups are equipped with metric
dilations dx, A > 0, that in these coordinates read d)(z) = (A\“'zq,..., A" ax,),
where w; denotes the weight of the i-th coordinate. Furthermore, we may choose a
Riemannian reference dg, left-invariant by the group action of G. Notice that, for
any bounded neighborhood O C R™, there exists a constant C' = Cp > 0 such that
it holds

1 n n
— z; — x| <dg(z,2’) < C x; — ], Vo, o' € 0.
C 7 K3
i=1 i=1
Furthermore, using dilations, one checks that there exists a constant C’ > 0 such
that

n

1 n
rel E |z — 2|V < d(x,2") < C' g |2 — 2} |H/ Vz,2' € R™
i=1 i=1

Let now O be a bounded neighborhood of the origin 0 € G. Up to restricting it, we
may assume that p € O < p~! € O (recall that, in exponential coordinates, group
inversion corresponds to the map x — —z). We have, for all x € O

_ 1 d(z,0)? — d(w,0)?
D(o,z7 ') = D(z,0) = = limsu ’ ’
( ) ( ) z,w—mp dR(Zv ’LU)

: d(dx(z),0)* — d(ox (2), 0)?
— lim su
2ot dr(0a(@),0x (@)
= limsu A? — \?ld(z, 0)"
2 3ot X = N[C2dg(, 0)
> i d(.’E, 0)2 > " EZL:}L |xi|2/wi 7
C? dr(z,0) >im |zl

where in the first equality we used the left-invariance of D (which follows from the
left-invariance of d and dg), and we note that the constant C” > 0 depends only

Y

v
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‘ step < 2 (Def. [6.23)) ‘ Theorem B.74 ‘ G is locally bounded‘

J !

minimizing Sard Theorem [B24] G is locally bounded
(Def. B13) almost everywhere
K’ =

G satisfies the
real-analytic regularity for stablhty

of MCP (Def. EE3)

x-minimizing Sard Theorem [BTA]

(Def. 613)

‘G is meek (Def. B:23]) ‘

G satisfies the
‘ ideal (Def. [6.19) ‘ Theorem .70 regularity for stability

of CD (Def. EIZ)

no non-trivial Goh Remark G20 G is locally bounded
geodesics away from diagonal

FIGURE 6.1. Sub-Riemannian properties (left), and of natural
gauge functions G (right). When G = d all properties are triv-
ially verified with no assumptions.

on O. It follows that, if there is one w; > 3 (that is, when the step is > 3), then it
holds

m - esssup G(o,z) = +oo,
z€O,x#0

where m is any smooth measure on R™ (this includes the Haar measures of G).
Notice that in the last estimate, O can be any bounded neighborhood of o. It
follows by left-invariance that for any neighborhood O in G we have

diamg(0) = +o0.

Thus, for sub-Riemannian structures of step 3, natural gauge functions do not
satisfy, in general, the G-boundedness assumptions of the stability Theorems
and .14

The diagram in Figure [6.1] illustrates most of the properties for natural gauge
functions we proved in this section, on sub-Riemannian structures.
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6.4. Expression of D out of the cut locus

In this final section we show how D is related with more familiar objects in
sub-Riemannian geometry. It will also serve the purpose to better motivate the ex-
pression /D2 — d2 that appears in the list of natural gauge functions in Section (.21

PROPOSITION 6.28. Let (M,d) be a sub-Riemannian metric space, equipped

with a reference Riemannian metric dg. Let D : M x M — [0,400] be as in
Definition 64 For all x € M, let T,M = 9, ® ¥, where 9, is the horizontal
subspace at x and D, | ¥, and denote with ), 77 the corresponding projections.
Let also V! and ||-||r denote the gradient and the norm of the Riemannian metric.

Then:

(6.6) D(z.y) = [VieC y)llr,  V(z,y) ¢ Cut(M).

If, in addition, the reference dg is an extension of d (cf. Definition [61]), then
(6.7) D(z,y)? = d(z,9)* + |7, Vic(- 9k V(z,y) & Cut(M).
Equivalently, identifying T, M ~ T M by means of the Riemannian structure,
(6.8) 7 A% = D(z,y)* — d(z,9)*,  (z,y) ¢ Cut(M),

where \X*Y € T M is the initial covector of the unique geodesic joining x with y.

PROOF. By Theorem B.12, on M \ Cut(y) the function c(-,y) = 1d(-,y)? is
smooth. Thus, out of Cut(y), the asymptotic Lipschitz constant with respect to dg
coincides with the Riemannian norm of the Riemannian gradient, thus proving (6.6)).

We then prove that, if dg is a Riemannian extension induced by the Riemannian
metric gg, and g denotes the sub-Riemannian metric, for all z € X and v, € Z,

it holds ||vzllgr = l|vzllg- In fact, let Xq,..., X be a generating family for the

sub-Riemannian structure. There exist ¢; € R such that v, = Ziil ¢;X;(x), then
let V := Zf\;l c; X;. Let also v; = eV (x) be the flow of V, for t € [0,¢]. This is
by construction a horizontal curve with 44 = V(). Furthermore, (cf. [2 Ex. 3.51,
3.52]):

La(y

t
d
La(1lj0)) = / Velpds, = ol = % 0)-

dt

Since dg is an extension, v; is rectifiable also for dr, and it holds Lg(v|j0,q) =
Lar (Ylj0,57)- We deduce that [[vslg, = [[velg, which proves (G.1).
As a consequence, letting k(z) = dim Z,,, we can find a gg-orthonormal basis

V1,...,V, € Ty M such that vy, ..., vy, is an orthonormal basis for &, with respect
to the sub-Riemannian metric at the point x. Therefore, if (x,y) ¢ Cut(M), it holds
k(z) n
(69) D(xay)z = vac(7y)||33 = Z<d$c("y)7vi>2 + Z <d$c(')y)7vi>27
i=1 i=k(z)+1

where (-,-) : To M x T, M — R denotes the dual action of covectors on vectors. No-
tice that d,c(-,y) = A®Y is the initial covector of the unique geodesic v : [0,1] — M
joining x with y: this follows by the characterization of sub-Riemannian geodesics
via the Lagrange multipliers rule, cf. for example [3, Prop. 4.3, Lemma 2.20].
The first term in the r.h.s. of (63) is 2H(A*¥) = d(z,y)?, concluding the proof

of ([6.8). O
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CHAPTER 7

Sub-Riemannian comparison theory

We recall from [25] a general comparison theory for lower Ricci curvature
bounds in the sub-Riemannian setting. We remind first what comparison mod-
els are in this setting.

7.1. LQ optimal control problems

Comparison models are a special class of dynamical systems, called linear qua-
dratic optimal control problems (LQ in the following), and are a classical topic in
optimal control theory. They arise as variational problems in R™ with a quadratic
cost and linear dynamics. We recall their general features, and we refer to [7, Ch.
16], [43l Ch. 1] and [56], Ch. 7] for further details.

Let A, B be £ x £ real matrices, with B symmetric and B > 0. Letting k < £ be
the rank of B, there exist by, ..., b, € R, unique up to orthogonal transformations,
such that B = Ele b;b;. Let also @) be a symmetric £ x ¢ real matrix, and 7" > 0.
We are interested in admissible trajectories, namely curves q : [0, T] — R* for which
there exists a control u € L?([0,T], R*) such that

k
(7.1) q=Aq+ Y ub;.
=1

Thus, we look for admissible trajectories with fixed endpoints ¢(0) = z, ¢(T) = vy,
that minimize the quadratic functional Cp : L2([0, T], R¥) — R

1 r * *
(7.2) Crtu) =5 [ (wu=q'Q).
0

Admissible trajectories minimizing (T2)) are called minimizers. The vector Ag
represents the drift, while by,...,bx are the controllable directions. The matrix Q
is the potential of the LQ problem.

We only deal with controllable systems, i.e. for which there exists s > 0 such
that

(7.3) rank(B, AB,..., A" 'B) = (.

Condition (Z3]) is known as Kalman condition in control theory. It is equivalent
to the fact that, for any choice of 2,y € R* and T' > 0, there is a non-empty set of
admissible trajectories ¢ : [0, T] — R’ joining = with y.

It is well-known that the admissible trajectories minimizing (7.2)) are projections
(p, q) — q of the solutions of the Hamilton equations

(7.4) p=—0,H, q=0,H, (p,q) € T*R* = R*,

79
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80 7. SUB-RIEMANNIAN COMPARISON THEORY

where the Hamiltonian function H : R?¢ — R is defined by

1 * * *
H(p.q) = 5 (0" Bp +2p"Ag +q"Qq).
We remark that the Hamiltonian flow is defined for all times, since H is quadratic.

DEFINITION 7.1 (Conjugate time). We say that ¢, > 0 is a conjugate time
if there exists a non-trivial solution of the Hamilton equations () such that

4(0) = g(t.) = 0.

The first conjugate time ¢, = inf{t. > 0 | ¢, is a conjugate time} € (0, +o0]
determines existence and the uniqueness of solutions of minimizers, as specified by
the following proposition (see [T, Sec. 16.4]).

PROPOSITION 7.2 (Conjugate times and existence of minimizers). Let t. be the
first conjugate time of the LQ problem (T1)-[J). Then, for any z,y € R,

o if T < t. there exists a unique minimizer between x with y;
o if T > t. there exist no minimizers between x with y;
o if T =t. existence of minimizers depends on x, y.

The minimization of the functional (Z.2) with fixed endpoints and T' > 0 does
not define a metric on R, in general. Nevertheless, one can still define a distortion
coefficient.

DEerINITION 7.3 (LQ distortion coefficient). Consider the LQ problem (ZII)—
[T2), with T = 1. For z,y € R and t € [0, 1], define

Zy(z,y) = {q(t) | ¢: [0,1] = R’ is a minimizer s.t. ¢(0) = z, ¢(1) = y}.
The distortion coefficient of the LQ problem is

A,B,Q : |Zi(z, Br(y))|
x,y) = limsup ————————, t e (0,1],
Bt ( y) 0 p ‘Br(y” [ ]
where z,y € R’ B,.(y) denotes the Euclidean ball with center y and radius r > 0,
and | - | denotes the Lebesgue measure of R.

The next proposition, proven in [25] Prop. 27], links the distortion coefficient
with the Hamilton equations of the LQ problem.

PROPOSITION 7.4. Consider the LQ problem [TI)-([(2), with T = 1, and
assume that t. > 1. Its distortion coefficient does not depend on the choice of
x,y, and satisfies

det N (t)

A,B,Q __

o det V) telo.1
t a0 €1[0,1],

where M(t), N(t) : [0,+00) — Mat(¢ x £) are the solutions of the Hamiltonian
system

o aW-G DE) (G6)-6)
Equivalently, we have

(7.6) BB = exp (- / 1 tr(BV (s) + A)ds> >0, Vte(0,1],
t
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where V' : (0,t.) — Sym(£ x £) is the mazimal solution of the matriz Riccati
equation
(7.7) V4+AV+VA+VBV +Q =0, Jim, V7i(t) =o.

—

Notice that, by the Kalman condition (Z3)), the Cauchy problem with limit ini-
tial datum (777) is well-posed, its solution is well-defined on the maximal interval
(0,t.), where t. is the first conjugate time of the corresponding L(Q problem. In
particular, the standing assumption ¢, > 1 makes (7.6) well-defined (see [22, Ap-
pendix A]).

7.2. Constant curvature models

A LQ problem depends on data A, B,Q. In this section we explain how we
choose these, yielding a class of constant curvature models. The matrices A and
B are determined by a Young diagram. The general case can be reduced to dia-
grams with one row, which can be seen as basic building blocks. Consider thus the

following Young diagram:

of length ¢ € N. The case £ = 1 must be thought of as the “Riemannian case”. We
associate the matrices A, B as follows:
(7.8) A=T7(Y), B =Ty(Y),

(the transpose is a convention to agree with the one of [22]), where

(7.9) (V)= (g ]lf@l), Dy(Y) = (é ®4®1)'

The matrices A = T'5(Y) and B = T'9(Y) satisfy the Kalman condition (T3).
The potential @ is a diagonal matrix, whose entries represent the Ricci curvature
bounds:

(7.10) Q = diag(k, ..., ke), k€ R

Notation. Following the above prescriptions, a basic LQ model is uniquely
specified by the choice of £ € N, k € RY. We denote the corresponding distortion
coefficient by

ﬁf = 5;4’37625 Aa B7 Q as in (m)fm
These LQ problems have constant curvature in the sense discussed in Appen-
dix More precisely, one can show that any Jacobi curve of the corresponding
Hamiltonian flow has Young diagram Y of one row of length ¢, constant canonical
curvature Ry, = @, and constant canonical Ricci curvatures %icﬁ\t = ki, where
1t =1,...,¢. This can be proved by observing that the restrictions to any extremal
of By = 0p, and F; = 0,,, for i = 1,...,¢ is a canonical frame along that extremal

(see Section [B.2.2)).

PROPOSITION 7.5 (Basic models). Let £ € N, and k € R*. Consider the LQ

problem (TI)~([T2) on R, with A, B as in (I8) and Q as in (TI0). Then there
exist a computable real-analytic function s, : [0,+00) — R, and t, € (0,400],

such that:

(i) sk is strictly positive on (0,t.), and vanishes at the endpoints;
(ii) the first conjugate time of the LQ problem is t;
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(iii) there exists ¢ > 0 depending only on ¢ (and not on k) and N = {? such

that
Sk(t) ~ctV, t—0;
(iv) assuming that t, > 1, then the distortion coefficient of the L) problem
18
w_ Sk(t)
= Vtel0,1];
ﬂt SK(l)v E [ ] ]7
(v) for A>0, let \® k= (k1A?,..., keA2). Then it holds:
t S (A
t)\@,.i = XK, and S)\Qn(t) = )f[‘, ), Vit e |R7
with the convention that, if A = 0, then to = +00 and So(t) =t for all
t e 0,1];

(vi) let m € N, and assume that & : R — RY where each F; : R — Risa
homogeneous function of degree 2i, fori=1,... L. Let sz : R — R be
the function defined by

(7.11) s,g(6‘) = SR(Q/‘9|)(|9|)7 Vo e [RT,

with the convention Sz (0) = 0.

The function sz is radially real-analytic, satisfies sz(0) = c|0| +
o(|0|N) for some ¢ > 0 and N = (2. [Its positivity domain, that is
the largest open star-shaped subset DOMz C R such that sz > 0 on
DOM;; \ {0}, is characterized as

DOM; = {9 S [RT | 1< t,g(g)} = {9 S [RT ‘ ‘9| < t,g(g/w‘)},
and for all t € [0,1] and 6§ € DOMy, it holds

R(O) _ {tN 0] =0,

t s;((tg; |6] # 0 and 6 € DOM,

with N = ¢2.

REMARK 7.6 (Link with CD theory). Proposition [Z.5 and in particular item
is the bridge between the curvature-dimension theory of Chapter 2] and the
comparison theory of Chapter [l It establishes that model distortion coefficients of
LQ problems coincide with model distortion coefficients in the sense of (Z8]) (for
the scalar-valued case) and (B3] (for the vector-valued case).

REMARK 7.7 (Scalar case). Item is stated in the general case m € N, in
order to describe model coefficients for vector-valued gauge functions. The scalar
case corresponds to m = 1. In this case, we identify & : R* — R¢ with k € R® by
the identity ;(f) = ;0% for all i = 1,...,¢. Our notation is consistent since it
holds

S,g(te) = SN(tQ) and DOM; = [O,tm)

In particular, there is no need to introduce the S; functions, and the positivity
domain is just a segment. For general m € N, however

S : [0,+00) = R and sk : R = R

act on different domains. The link between them is provided by (TIT]).
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REMARK 7.8 (Convexity). If £ = m = 1 then (0,,) > 0 +— log3F(V0) is
convex and monotone for fixed ¢ € [0,1] (the case of Riemannian coefficients, see
Section [LZT]). Convexity, in particular, is important for the deduction of the
standard form of the CD(K, N) inequality. Both properties fail, in general, if £ > 1.
Take for example k = (2, —1), and compute the solution of the Hamiltonian system
([TH) (the values are chosen so that the system has a simple Jordan form, with
eigenvalues +1).

ProoOF. Using the notation of Proposition [[.4] we set
S (t) :=det N(¢).
By definition, the first conjugate time of the LQ problem is
ty = inf{t > 0 |s.(t) = 0}.

The Kalman’s condition implies that det N(¢) # 0 for small ¢ > 0 so that ¢, > 0.
Furthermore one can check, by studying the asymptotic behaviour of the solutions

of ([TH), that s, (t) > 0 for small ¢. Thus and follow immediately.

To prove we first observe that S.(-) is real-analytic, and thus there exist]
N € N and ¢ # 0 such that s, (t) ~ ct" as t — 0. To prove that N = (2, we claim
that the following asymptotic formula holds:

. d 2
(7.12) }1_1)% <E logdet N (t) — ?> =0.
To prove it, observe that the first term on the left hand side is

% logdet N(t) = tr(N(t)N(¢) ') = tr(Do M ()N () "1 +T%).

The asymptotics of M(¢t)N(t)~! as t — 0 is obtained in [3, Thm. 7.4 and Cor.
7.5], yielding (T.I2)). We do not repeat the details here. We remark that (T.I2) can
also be proved by deducing asymptotic formulas for the solutions M (t), N(t) of the
Hamiltonian system in Proposition [[4] using the properties of A, B in (Z8]). Such
a proof also shows that the constant ¢ depends only on ¢ and not on @ (i.e. not on
k € RY), and ¢ > 0.

To prove for all A > 0 let

Q :dia’g("{/la"w"{'(% Q)\ :dia’g(ﬁl)‘27"‘7ﬁl)‘2€)7
be the potentials corresponding to x and A ® k, respectively. We remark that
Qx = 0Q0N, Qy = diag(\, ..., \%).

For the specific choice A = T'1(Y) and B = I'y(Y) of the statement, see (), we
denote by M(t), N(t) (resp. Mx(t), Na(t)) the solution of the Hamiltonian system
([TA) for potential @ (resp. @»). We observe from the explicit form (Z9) that

Q\A = NAQ,, BQy =Q,\B = )\B.
Using these properties and (Z5) we immediately see that
My(t) = QMENQY,  Na(t) = AP N(ENQL Y, VieR
It follows that, for conjugate times tyg, = tx/A, and furthermore

Saon(t) = det Ny(£) = A s (b)), VA > 0.

I There should be no confusion between N € N and the family of matrices N(t).
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The above rescaling formula yields in the case A > 0. The case A = 0 can be
seen as a limit of the previous one, or also proved directly by solving (ZH); in this
case @ = 0 and thus M(t);; = (—1)7~"/~"/(j —i)! for j > 4, and zero otherwise,
while N (t);; = (—1) =1 /(i + 5 — 1) for all 4, = 1,..., L.

The proof of is a straightforward consequence of all previous items, unrav-
eling the notation. The fact that Sz is radially real-analytic follows from the fact
that s, is real-analytic for © € R’. Notice that if the &; are homogeneous of degree
2i, then for 0 # 0 we have 5(0) = |0] ©® k(0/|0|). Therefore it holds

$2(0) = Sxgay10) (10]) ~ c|6]", 0] — 0,

where we used and the fact that the constant ¢ > 0 in does not depend on
k € Rf. The characterization of the positivity domain follows from the homogeneity

property Finally, by definition, and using it holds

20) _ Se@) () Spjere/en () Skeye) O] sk (t0)
t

Sx(1) Spese/en()  Sseen(16)  sx(6)

for all # € DOMg; \ {0} and all ¢t € (0,1). Finally if |#] = 0, we have k(0) = 0 and
we proceed in a similar fashion reminding that so(t) = t£° by item The cases
t =0 and t = 1 are trivially verified. |

The proof of Proposition is constructive and the distortion coefficients are
obtained by solving the Hamiltonian system (7.5 associated with corresponding LQ
problem. In the next three sections we give explicit examples, recovering all typical
comparison functions that have arisen in the recent literature in sub-Riemannian
geometry.

7.2.1. The Riemannian case. Let ¢{ = 1, so that Y = []. According to
[T8), we have A =0, B =1, and we set @ = & for some x € R. The Hamiltonian
of the LQ problem is

1
H(p,q) = 5 (p* + kq?),

which is the Hamiltonian of a one-dimensional harmonic oscillator. From Proposi-
tion we obtain easily that

su(t) = ¢SMVED k>0 g >0
sinh(v/—kt) & <0, +oo Kk <0.

The typical right hand side of Ricci curvature lower bounds has the form #(d) = xd2.
Thus, according to Proposition [[5], we obtain that for 6 € [0, +00)

Sk(g) = SK(0)7 DOM; = [Oatn)'
Here we stress that m = 1. The corresponding distortion coefficient is:

sin(y/k0t) k>0

) , sin(1/k0)
~(0) — pre® = k=0, Vte[0,1], 6eDOMg =|[0,t.).
sinh(y/|k|0t)

K <0,

sinh(\/me)

The condition # € DOM5 corresponds to /() = k6% < w2, which is reminiscent of
the Bonnet-Myers bound.
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Relation with classical coefficients. This is the building block for the construc-
tion of Riemannian distortion coefficients. Consider a space form of dimension N
and (sectional) curvature equal to K/(N — 1), and thus Ricci curvature equal to
K € R. The potential “felt” in the directions orthogonal to the one of the motion,
along a geodesic of length d, is Kd?/(N — 1). There are N — 1 orthogonal direc-
tions, and one direction where there is no curvature (the direction of the motion).
Therefore, taking the product of all these factors we obtain

8 H BKd /(N=1)

N-1
" sin(tdy/ K/(N—1)) K >0
sin(dy/K/(N—1)) ’
=N K =0, VtE[O,l], d<tK/(N_1).
N—-1
. <smh(td,/|1<|/(1v—1))) K <o,

sinh(dy/|K|/(N—1))

This is the usual distortion coefficient for a space form of Ricci curvature K and
dimension N. Compare with Section 22311

7.2.2. The Sasakian case. In this section we describe the typical coefficients
arising in the description of three-dimensional Sasakian space forms, which were the
first sub-Riemannian structures where an effective comparison theory was estab-
lished [5152,162].

Let £ = 2, so that Y = [T ]. We have A = (99), B = (}3), and we set
Q@ = diag(k1,0) for some k1 € R (formally, k = (k1, mg) with ko = 0, which greatly
simplifies this case). Proposition [7:4] can be used to obtain

2—2COS(\/I€_1t) \/_tsm(\/_t) ; {j—z_l k1 >0,
K/l,():

Sk1,0 t) =
x0(f) K3 +o0o k1 <0,
For brevity, instead of writing explicitly all the cases depending on the sign of 1 as
done in Section [T.2.1], here Sy, o(t) is understood as real-analytic function of k1 € R,
to interpret it for k1 < 0. Furthermore we obtain

k1,0 _ 2 — 2cos (y/Rit) — \/Ritsin (\/Rit) .
k 2—2cos(\/n_1)—\/n_151n(\/n_1)

On a three-dimensional Sasakian manifold with Tanaka-Webster curvature
equal to K € R, the sharp distortion coefficient along a geodesic 7 is the prod-
uct of two factors. One flat factor ¢, arising from a one-dimensional subspace (the
direction of the motion), and one factor 5”1’0 as the one we just described, with

R1 = R1(|h0|,d) = |h0|2 + KdQ,

where d is the length of the geodesic and hg is the Reeb component of its initial
covector. In particular %; : R2 — R is homogeneous of degree 2 and the distortion
coefficient thus obtained is suitable for a theory with vector-valued gauge function
(the gauge function being G = (G, G2) with G; = |ho| and G2 = d).

We will describe more precisely this case in Section
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7.2.3. The two columns case. This example generalizes the previous one.
Let again £ = 2 so that Y = [ ], and let Q@ = diag(x1,k2), with k1,k2 € R.
The difference with respect to Section is that now xo may be non-zero. The
Hamiltonian of the corresponding LQ problem is

1
H(p,q) = 3 (pT + 2p2q1 + K1q} + K203) -

We can compute the distortion coefficient using Proposition [4l By reduction to
Jordan normal form of the Hamiltonian system (T.5]) (see details in [79] Prop. 28]),
one obtains

- €2 sin? (&4t) — €2 sin? (£_t)
SI{1,H2 (t) - 4§z§+(§z ig?i-) ,

where we have set k1 = 2(£2 +£2) and ko = —(£2 — £3)?. In other words, choosing
the principal branch of the square root:

1 4 2
L= S(VEFpEVETY),  with o=, y=VREA

It seems not trivial to deduce an explicit expression for ¢, ., from the above ex-
pression. Abstract necessary and sufficient conditions in terms of 1,k for the
finiteness of ¢, ., are obtained via the results in [6]. Estimates for ¢, ., are found
in [79], Prop. 1].

Thus, assuming ¢, ., > 1, the distortion coefficient is

K1,Kk2 :f sin (§+t) 5-21- Sin2 (g—t)
f Esin® (6,) — 2 s (£)

understood with the usual conventions as a real-analytic function of ¢4 € C.

Vte[0,1],

3. Main comparison result

Recall from Definition the distortion coefficient of a metric measure space.
For a sub-Riemannian m.m.s (M,d, m), it can always be written as

BN @,y) = 8 (@, y), V() & Cut(M).

The factor ¢ corresponds to the distortion felt in the direction of the geodesic be-
tween x and y, while the factor 3;- represents the distortion felt in the perpendicular
directions.

The following result is a reformulation of [25] Thm. 16], with N = n (cf. Rmks.
17 and 12 there), with an explicit dependence on a possibly vector-valued gauge
function G : M x M — RP', combined with Proposition We will state
directly the general vector-valued case, the scalar-valued one is obtained by setting
m = 1, in which case the statement greatly simplifies, see in particular Remark [T7l

THEOREM 7.9. Let (M, d, m) be a sub-Riemannian metric measure space, with
n =dimM, and let G : M x M — R be a finite Borel function, m € N. Let
(z,y) ¢ Cut(M) and v : [0,1] — M be a geodesic joining them, with initial
covector A\, and reduced Young diagram Y. Assume that there exists a function
C: R — R, homogeneous of degree 1, such that

pm < C(G(,y)).
Denote with Y the set of levels of Y. Assume that for any level o € T, with size ry,
and length £, there exist ko : R} — Rl such that each component kq, : R — R

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



7.3. MAIN COMPARISON RESULT 87

is homogeneous of degree 2i, for i =1,...,¢,, and such that for any superbox c;
of that level it holds

1
—Ricl > Ra, (G(z,y)), i=1,...,4q,
r

«
with the convention that if o is the level of length £, = 1 then 7, is replaced by
ro — 1; and if ro, = 0 after this replacement, then that level is omitted. Then:

e denoting with DOMg, C R the positivity domain of sz, : R? — R as
in Proposition [0, it holds
G(I,y) € ﬂ DOMR@)
aeY
so that the distortion coefficients ﬂf“(G(w’y)) are well-defined for all a €

T as in Proposition [.3);
e with the same convention as above, we have that

Birlmy) o)

H (ﬂfu(G(ww))) e

aeY

is a non-increasing function of t € (0,1],

and in particular, the following holds

) (1) > gelt=DCSE) TT (D)™ g e fo,1)
a€eY

REMARK 7.10. We recall from Proposition that, for & : R — R, and
te€0,1]

s Y |G| =0,
t =08 6] # 0 and G € DOMg,

with NV = ¢2, is the distortion coefficient of the LQ model with a Young diagram of
one row and ¢ columns, with potential @ = diag(k1(G),...,x¢(G)). In particular
the functions sz : R’* — R depend only on the £ homogeneous functions k1, . .., k.

Theorem [Z.9 yields a comparison result for distortion along a single geodesic. If
its assumptions hold globally, then we obtain the following result, establishing the
compatibility of our CD(f3, n) theory with the one of sub-Riemannian Ricei bounds.
Once again, in the scalar-valued case m = 1 what follows greatly simplifies, see
Remark [7.7

DEFINITION 7.11 (Sub-Riemannian m.m.s. with Ricci curvature bounded from
below). Let (M, d, m) be a sub-Riemannian metric measure space, with n = dim M,
equipped with a finite gauge function G : M x M — R, m € N. We say that
(M,d, m,G) has Ricci curvatures bounded from below if there exist:

e a Young diagram Y,

e functions C : R — R homogeneous of degree 1,

e functions ko : R — Rf such that each component ko, : R — R is
homogeneous of degree 2i, for ¢ = 1,...,/, for any level a of Y, with
length £,

such that for all z € M and m-a.e. y there exists a unique geodesic v € Geo(M)
joining x with y, with Young diagram Y, initial covector A € T.x M, for which the
following hold:
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e bound on the geodesic volume derivative:

Pm, A < C’(G(Iv y))a

e bound on the Ricci curvatures: for all levels a of the Young diagram Y

1
—RicY" > R, (G(z,y)), 1=1,..., 44,

Ta
with the convention that if « is the level of length ¢, = 1 then r, is
replaced by r, — 1; and if r, = 0 after this replacement, then that level is

omitted.
The above data determine a function s : R* — R defined by

(7.13) s(0) == 10] - @ [ se. (0)=,  VOERT,

aeY
where sz : R — R are as in Proposition T denotes the set of levels of Y,
and with the convention that if « is the level of length ¢, = 1 then r, is replaced

by ro — 1; and if r, = 0 after this replacement, then that level is omitted from the
product in (CI3]). Finally, let 8 be the corresponding distortion coefficient defined

as in (B3).

We note that the positivity domain DOM of s (see Chapter () is

DOM = (] DOMg,,
aeY

and that s satisfies the asymptotic relation s(6) = c|8|"V + o(|0]|") for some ¢ > 0

and
N = Z raﬁi.
aceY

THEOREM 7.12 (Ideal sub-Riemannian structures with Ricci bounded below
are CD). Let (M,d,m) be an ideal sub-Riemannian metric measure space, with
n = dim M, equipped with a finite gauge function G : M x M — R, m € N, with
Ricci curvatures bounded from below in the sense of Definition [[ 11, and let 8 be
the corresponding distortion coefficient. Then (M,d, m,G) satisfies the CD(j,n)
condition.

PROOF. Step 1: comparison out of the cut locus. We use the Ricci
curvature bounds assumption of Definition [T Tl paired with Theorem[7.9] to deduce
that for all x € M and m-a.e. y € M

G(z,y) € DOM = (] DOMg,,,
acY

where DOM is the positivity domain of s : R7* — R in (Z.I3)), and furthermore

(7.14) WA () > oGz, y), Ve [0,1],

where 8™°4 in the right hand side is the distortion coefficient built out of s according
to the construction in Chapter [2 (Chapter [l for the vector case). See Remark

Step 2: interpolation inequalities for densities. By [24] Thm. 4], for any
po € Pos(M,d,m), p1 € Py (M,d, m) there exists a unique Wa-geodesic (11t )e(0,1]5
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associated with v € OptGeo(pg, 1) such that p; < m for all ¢ € (0, 1], and letting

pr = % be the corresponding density, it holds for all ¢ € (0, 1):
(7.15)
(M>dvm') 1/7l (M7d7m) 1/7L
1 ) )
— > 1-t (711 %) B (701 ") ,  v-a.e. v € Geo(M),
pe(ye)t/m po(v0)t/™ p1(y)t/m

with the understanding that the first term in the right hand side of (ZI5]) is omitted
if po & Poc(M,m). We also remark that v € OptGeo(ug, pt1), the corresponding
optimal plan 7, and the corresponding Ws-geodesic u; are unique, and they are
induced by an optimal transport map T : M — M such that Tyug = 1.

Furthermore, by [24] Cor. 3.8], optimal transport on ideal structures almost
surely is either static or avoids the cut locus. More precisely:

p (M\{xe M |T(x)=2}U{ze M |T(z)¢ Cut(x)}) =0.

Recall that the CD(3,n) inequality (21) must be tested only for measures such
that supp po Nsupp 1 = . In this case, v is concentrated on a set of geodesics
with endpoints out of the cut locus.

Thus, using (ZI4)), we have that (ZIH) holds for v-a.e. geodesic v € Geo(M),
with the replacements:

™) () 40) = BP9 G (v, 70)),  BM™ (0, 11) = BRY(G (0, 11))-

Integrating the aforementioned inequality with respect to v, and using Jensen’s
inequality, we obtain the CD(j3,n) condition (1)) for 8 = gm°d. O
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CHAPTER 8

Curvature estimates for fat sub-Riemannian
structures

In this chapter, we establish new Ricci curvature lower bounds for fat sub-
Riemannian structures. We address the reader to Appendix [Bl for a self-contained
summary on the canonical curvature in sub-Riemannian geometry that we use ex-
tensively.

We provide here an informal explanation of the basic concepts of Young diagram
and Ricci curvatures. To the generi geodesic of a sub-Riemannian manifold we
can associate a Young diagram. Each Young diagram must be thought of as an
ordered collection of n = dim M boxes, each one corresponding to a one-dimensional
subspace of the tangent space along the given geodesic. The position of the box
in the diagram is determined by the number of derivations (aka Lie brackets in
the direction of the geodesic) that one must perform to access to that direction
starting with the original distribution. According to the general theory, a sub-
Riemannian canonical curvature operator can be defined on the tangent space along
the geodesic. It behaves in a different way when restricted to each one of these one-
dimensional subspaces. It is natural then to group up the one-dimensional subspaces
having homogeneous behaviour. We obtain in this way a so-called reduced Young
diagram, whose boxes are called superboxes. Each superbox of a reduced Young
diagram represents a subspace of the tangent space along the geodesic where the
curvature behaves in a homogeneous way, and thus it makes sense to trace the
curvature operator in these subspaces. This gives rise to Ricci curvatures, one for
each superbox. Note that, on Riemannian manifolds, the reduced Young diagram
is the same for any geodesic, it is formed by only one superbox, and a large part of
the canonical curvature theory explained in Appendix [B] trivializes.

8.1. Fat curvature estimates

A distribution 2 on a smooth manifold M of dimension n > 3 is called fat if it
is strong bracket-generating [T1[82]: for any smooth vector field X on M it holds
(8.1) Xl.#20 = 2.+[X,9]).=T.M, Yz e M.

Let g be a sub-Riemannian metric on 2. We call (2, g) a fat sub-Riemannian

structure on M. Letting d be the corresponding Carnot-Carathéodory distance.

REMARK 8.1. We recall that the following popular classes of sub-Riemannian
structures are fat: the Heisenberg groups, contact structures, all H-type groups in
the sense of Kaplan [57], and more generally H-type foliations [30].

1More precisely, for an open and dense set of points & € M there exists a non-empty Zariski

open (and thus dense) set A; C T M of initial covectors for which the associated geodesic has a
well-defined Young diagram. See [91] Sec. 5] and [3l Sec. 5.2].

91
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For a fat structure, any non-trivial geodesic has the same Young diagram with
two columns. We label the superboxes of the reduced Young diagram as follows:
bla ‘

c

The sizes of the superboxes are size(a) = size(b) = n — k and size(c) = 2k — n.
To each superbox, we associate the canonical Ricci curvatures Ric®, fRic®, Ric®
respectively.

Without loss of generality, we assume that g is the restriction to 2 of a Rie-
mannian metric gg. Recall from Definition [6.4] the function D : M x M — [0, +00]
associated with the Riemannian extension dgp = dg,,. By Proposition [6.28] it holds

D(z,y) = [IViet 9l V¥ (z,y) ¢ Cut(M),

where ¢ = %d2. To fix the ideas, in the Heisenberg group, and choosing the canonical
Riemannian extension, for (z,y) ¢ Cut(M) it holds

D(z,y)* = d(z,)* + ho(X"¥)?,

where ho(A*Y) is the vertical component of the unique initial covector A**¥ of the
geodesic between = and y.

The next result will be pivotal to show that fat sub-Riemannian structures on
a compact n-dimensional manifold are CD(,n) spaces, for suitable 8 (cf. Theo-

rem [823)).

THEOREM 8.2 (Fat curvature estimates). Let (M,d) be a sub-Riemannian
metric space with dimension n and with fat distribution of rank k < n. Then,
for any compact set K C M there exists a constant Kk > 0 such that for any
x,y € K\ Cut(M) and for the unique geodesic v : [0,1] — M joining them, with
initial covector A € Ty M, it holds

Ric§ > —xD(z,y)%,
Rick > —kD(z,y)?,

Ric§ > —kD(z,y)>

Furthermore, if m is a smooth measure on M, there exists C' > 0 such that for
any x,y € K\ Cut(M) and for the unique geodesic v : [0,1] — M joining them,
with initial covector A € T; M, it holds:

|pm,>\| < CD(.’[, y)v

where pw x is the geodesic volume derivative (see Section [B.3]).

REMARK 8.3. If the last block is one-dimensional, i.e. size(c) = 2k —n = 1,
then the lower bound for Ric® is redundant as Ric§ = 0.

REMARK 8.4. The constants in Theorem do depend on the choice of gg.

Recall that the canonical frame and curvature, seen as functions of the initial
covector A € T*M, are not defined when the associated geodesic is the trivial
(abnormal) one, corresponding to A € 2° (the annihilator bundle of 2). From an
analytic viewpoint, this translates into a singularity as A — 2 of the canonical
frame. This does not happen in Riemannian geometry, where the canonical frame
is defined even for the zero covector.
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In this chapter we will prove that even if the canonical frame is singular, the
canonical curvature is not. More precisely, we will establish a stronger result on the
structure of the canonical frame in a neighborhood of the annihilator bundle, which
is the main result of this chapter (see Theorem [822)). The latter yields Theorem 8.2
as a consequence.

8.2. Preliminary setup

We start by setting up some notation. Let Xi,..., X, be a local Riemannian
orthonormal frame defined on a neighborhood O C M, such that X;,..., X} are
horizontal (i.e., smooth sections of @). Define linear-on-fibers functions h; : 7*O —
R™ via h;(A) = (), X;), for i =1,...,n. These functions define a local trivialization
T"O ~ O x R". Let also c 0 — IR be the smooth functions defined by

[X;, X;] chxk, iji=1,...,n.
We routinely use symplectic calculus (cf. [2} Ch. 4]). We recall some basic concepts
here. To any a € C*°(T*0O) we associate the vector field @ on T*O

a(f) ={a f}, VfeC=(T70),

where {-,-} denotes the Poisson bracket induced by the symplectic structure on
T*M. Thus, on T*O, we define a frame for T(T*O) given by

(8.2) By s Onys s O -

Notice that it holds mﬁi = X,, where 7 : T*M — M is the bundle projection. Let
also v1,...,v, be the dual frame of one-forms on O such that (v;, X;) = d;; for
i,j =1,...,n. In terms of this frame, the tautological one-form is 7 = >",_, hym*v,

on T*0O and the symplectic form o = d7 is

n
o= Z dhe AN vg + hym*dyy.
=1

In terms of the frame ([82) we have, on T*O and for 4,j = 1,...,n

“7;

(8.3) (O On,) =0, 0(On hy) =65, o(hi,hy) Z

Let H : T*M — R be the sub-Riemannian Hamiltonian and denote with H the cor-
responding Hamiltonian vector field, which we assume to be complete, and denote
with et its flow. The curves A : [0,1] — T*M given by

A=e(\),  Vtel,1], VYAeT'M

are called normal extremals, and the projections v = 7 o y are locally length-
minimizing curves parametrized with constant speed |¥]|> = 2H()), for all t €
[0,1]. In particular if v is a geodesic it holds d(vp,v1)? = 2H ().

For any tensor field on T*M, and without risk of confusion, the dot denotes

the derivation with respect to H. For example if V € I'(T(T*M)):
. d = ,
Vix=—| eVl =[H V], VYAeT'M,
de|._,

and for functions a : T*M — R, we have ¢ = H (a).
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The frame (82]) will serve as a reference for the computation of the canonical
frame. It is convenient to adopt the following notation to distinguish between

“horizontal” and “vertical” coordinates. We let u; = h; fori =1,...,k and v; =
hj for j = k+1,...,n. In particular u,v denote tuples u = (uq,...,ux), v =
(Ugs1,---,Un), and thus b = (hy,...,h,) = (u,v). In this notation we have the

following trivialization of T*O:
T*O = O x RF x R"F,

and we denote a point A € T*O as A = (z;h) = (z;u,v). On T*O, the sub-
Riemannian and Riemannian Hamiltonians H, Hg : T*M — R, respectively, read:

1 1
H= 5|u|2 and  Hp =3 (Jul® + [v]?).

For any set A C T* M, we adopt the notation (recall that 2° is the annihilator of
)

Ago:=A\2°={NeA|H(\ >0},
so that, if A C T*O, in the given trivialization we have
Ao = {(z;u,v) € A u #0}.
8.2.1. Fundamental computations. The following lemma collects compu-

tations and notations that will be used throughout the section. The proofs are
routine computation, and are omitted.

LEMMA 8.5 (Fundamental computations). The following formulas hold on
T0:

311“ = —u@canhA,

Ou, = —1l; — UgChpOh o,

}._l’A = —thﬁgﬂ,’( + ’LL@C?AHB + uEthé]icahc,
where for lower-case latin indices i,7,6 = 1,...,k, for greek ones p,v,o0 = k +
1,...,n, for upper-case latin ones A, B,C =1,...,n, repeated indices are under-

stood as summed over their range, and we defined the following smooth functions
on O:

[t € C(0), ftie = Xo(cBe) — Xalelt) — ciache + cipche — cApciy-

We rewrite these equations in a compact notation as follows:

(8.4) Dy =NA-0y +B-0,,
Oy=—U0+C-8,+D-0,,

i=E-@—A - T+F-8,+G-0,,

H-@—B*-3+101-0,+L-0,,

g
Il

<y
Il
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where the dot denotes multiplication of tuplesE and where we defined the following
smooth matriz-valued maps:

A:T*O = M(n — k., k), A = —upch;,
B:T"O — M(n—k,n—k), B = —uech,,
C:T*0 — M(k, k), Cij = —uecy;,
D:T*O — M(k,n — k), Dip = —uech,,

E:T"0 — M(k, k), £ = —th + W%a
F:7T"0 — M(k, k), b = WthZija
G:T*0 — M(k,n — k), Gy = wehpfh,,
H:T*O = M(n — k, k), Hui == —hpcl + uec),,
1:T*O — M(n — k, k), Ui == Uethﬁm
L:T*0 — M(n —k,n—k), Luw = uchpfl,.

8.2.2. Partial dilations. Recall that we have fixed a Riemannian extension
sothat TM = 2@V, with ¥ L 2, and thus T*M = ¥°@® 2°. This induces partial
dilations on the fibers of the cotangent bundle. For simplicity we only provide local
definitions in the trivialization T*O, even though these maps are defined on the
whole T* M.

DEFINITION 8.6 (u-dilation). For a > 0, we define the u-dilation §7°" : T*O —
7O by
ohor(z; u,v) == (x; au, v), (x;u,v) € T*O.
DEFINITION 8.7 (u-homogeneous functions). Let V' be a vector space. A map
f:T*0O — V is u-homogeneous of degree d if
f@"or(\) =alf()), Va>0,AeT*O.
DEFINITION 8.8 (u-star shaped set). A set A C T*O is u-star-shaped if

A= | ater).

a€(0,1]

Similar definitions can be given for v-dilations, v-homogeneous functions, v-
star-shaped sets but they will not be used, so they are omitted.

8.2.3. Pseudo-homogeneous maps. The class of u-homogeneous maps is
not closed with respect to H-derivations. Thus, we introduce a larger class of maps
with this property. We only give a local definition.

DEFINITION 8.9 (u-pseudo-homogeneous maps). Let V' be a vector space and
let A C T*O be an open set. We say that f: A — V is u-pseudo-homogeneous of
degree d € N if there exist

e a finite set of indices I;
e smooth functions g;,¢; : T*O — R, @ € I (defined on the whole T*0O);

2Here and in the following, the notation V = O - W, where O is an n x m matrix, V =
(Vi,...,Vn) is a n-tuple of vector fields, and similarly W = (W1,..., Wy,), with n,m € N, means
that V; = Z;nzl Oijo.
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such that it holds

(85)  fleiuw) = [0S elwu o)gl@a/lulv), V(@) € A
iel

The following simple observation will be crucial.

LEMMA 8.10. If f: A — V is u-pseudo-homogeneous of degree d, then ﬁ(f)
1s also u-pseudo-homogeneous of degree d. In particular, if A C T*O is relatively
compact domain, j € N, there exists C' = C; 5 such that

IHY(HI < CHNYZ, YA€ Ay,
where || - || denotes a fized arbitrary norm on V.

PROOF. Notice that H = %|u[? so that H= Zle w;it;, and it holds H (|u|) = 0
on T"Op. In particular H is a derivation that acts only on x,v and the spherical
part of u. The statement follows easily from (83). O

REMARK 8.11. All u-homogeneous functions of degree d are u-pseudo-homo-
geneous. In this case (BH) is satisfied for I = {1}, ¢; = 1, and ¢; is any everywhere-
smooth function such that g; (z;u,v) = f(z;u,v) for u € S¥~1.

8.3. Regularity of the canonical frame

In the next series of lemmas we prove that one can choose in a smooth and
locally bounded fashion a canonical frame as a function of the initial covector.
The key feature is that the sets A in the statements are u-star-shaped so that the
estimates hold arbitrarily close to the singularity at 2°, corresponding to 2H = 0
or, equivalently, u = 0.

Recall that, for a fat structure, all non-trivial normal extremals have the same
Young diagram, with two columns. The elements of the frame are labeled according
to the boxes of the (reduced) Young diagram:

v _ bla ‘ size(a) = size(b) = n — k,

c size(c) = 2k — n.

We organize a canonical frame along an extremal \; = e'f(\) as a collection of
tuples

{Ea; Eba EC, Fa; Fba Fc}v

where, for [ = a,b, ¢, each En, F in this list is a tuple of smooth vector fields
along A, of size equal to the one of the corresponding superbox size([).

REMARK 8.12. In Lemmas BI3] BI4, A is a neighborhood of any A € T*M.
Furthermore, the u-star-shaped property of A is a triviality since, as it is clear from
the proof, A can actually be any relatively bounded domain contained in a local
trivialization T*O. Starting from Lemma onward, however, A € T* Mo, and
furthermore the u-star-shaped property is not trivial and must be proved in the
construction.
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LEMMA 8.13. For any A € T*M there exist a u-star-shaped neighborhood
ACT*M of \, T >0, and a smooth map P : [0,T] x Ao — GL(R"~*), such that
for all X € Aq the tuple

1
Eulx, = ———=P(t, A) - Ou|x,, te [0,T],
= PN i 0.7]
is (a choice of) the E,-component of the canonical frame along Ay = etﬁ(A).

Furthermore, the map P and all its time-derivatives are uniformly bounded,
that is for all j € N there exists a constant C = C; > 0 such that

1P(L, N < C, Ve [0,T], A€ Ay,

where || - || denotes a fized matriz norm.

PRrROOF. Let & = 7(A\) and let O C M be an open neighborhood of Z equipped
with a local orthonormal frame, as explained in Section B2, so that we have the
trivialization

T*O = O x RF x R**, A = (z;u,v).

Let A C T*O be any u-star-shaped and relatively compact neighborhood of . Let
A = etﬁ(A). Indeed, the union of all Ay, for ¢ € [0,T], is relatively compact.
Furthermore, 7(A;) is contained in the union of all the sub-Riemannian balls with
centers in the bounded set 7(A) and radius tp, where p = sup{|u| | (z;u,v) € A}
If T is sufficiently small, then Ay C T*O for all t < T. Hence, in the following, all
extremals A\; with A\g = A € A, are contained in a common compact subset of T*O.
Now fix A € Ao and ¢ € [0,T]. The tuple E, is determined (up to a constant
orthogonal transformation) by the following conditions along A;:
(i) E, is vertical (i.e. m.E, = 0);
(ii) E, is vertical;
(iii) normalization condition: 1 = o(E,, E,);
(iv) Darboux frame condition: 0 = o(E,, E,).
By Lemma B points (i) and (ii), F, must have the form

(8.6) Eulx, = 0(¢) - Oulr,, vVt e 0,7,

for some smooth t — 6(t) € GL(R"*).
Using Lemma [83] we obtain

(8.7) Oy = (A+AC+BA)- 0, + (B+AD+B?) -9, — A- .

Here A : T*O — M(n — k x k) is the smooth map given by A(\) = (HA)(N),
where the action of H is meant component-wise. The notation is consistent as
A(A¢) = LA(Ny). Similarly for B.

Using (87) and (84) in the ansatz (80l), we obtain:

E,=0A-0,+ (0+6B)-0,,
(8.8, = [20A + O(A + AC + BA)] - 9, + [ + 20B + 6(B + AD + B?)] - 8, — OA - 4,

where we omitted the explicit evaluation along A;.
We now impose (iii). It yields:

(8.9) 1=—0(Eq, E,) =0 (0A- 0y, 00 - @) = (OA)o (D, @) (OA)* = OAA*O,
where we used ([83) for o(9,, %) = 1, and the star denotes the transpose.
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Notice that AA* : T*O — M(n — k,n — k) is given by

k
AN (z;u,0) 0 = — Z ugujcy;(x)cy;(x), wrv=k+1,...,n
i,5,0=1
In particular AA* is u-homogeneous of degree 2. The fat assumption means that

A = A(z;u,v) has non-trivial kernel if and only if v = 0, or equivalently that
AA* > 0 on T*OLp, and thus the restriction

M| eyt T*Opg — GL(R"F),

is a smooth map taking values in the space of scalar products.
By the Gram-Schmidt process applied to the columns of AA*|7-o_,, and the
fact that the latter is smooth, we deduce the existence of a smooth map

S:T*O4 — GL(R"™F),
which is u-homogeneous of degree 1, and such that
AN (x5 u,v) = SS*(x; u, v), Y (x;u,v) € T*Ox.

Notice that A is a rectangular matrix, while S is an invertible square matrix.
We define then the smooth map t — ¢(t) € GL(R"%) by

o(t) = 0(t)S(\e), t € 10,T].
Condition (iii) in (83, expressed in terms of ¢, is equivalent to
PP = 0SS 0" = OAATO* = 1,
omitting evaluation along ;. Since ¢(t) is invertible we obtain that
condition (iii) & o(t) € O(R"F),  vVtel0,T).
So that we can refine (80 as:
(8.10) Bl = 6050w - 0ulx,  Vie[0,7T],

for a smooth map t — ¢(t) taking values now in O([R"_k)
We now impose condition (iv), namely 0 = o(E,, F,). This yields an ODE
which will characterize t — ¢(t). Using (88) and ([83), we obtain

0 = [20A + 0(A + AC + BA)](OA)* — OA[20A + O(A + AC + BA)]*.

We re-express this condition in terms of ¢. To do this, we use again the shorthand
S = H(S) : T*Oy9 — GL(R" %), so that S(\;) = 45()\;), consistently with
the previous notation. Omitting ¢ and evaluation along )\;, and denoting with
A(M) = (M — M*) the skew-symmetric part of a matrix M, we obtain the
following ODE for ¢:

2¢ = ¢S A (288 — (A + AC + BA)A* + Lo (@, @)A*) S,

where we used ¢ € O(R"¥) = ¢¢* = —¢¢*. We can rewrite the above ODE as
¢(t) = ¢(t)E(N:), where the smooth map

E:T"Ox9 > Mn—kxn—k),

takes values in skew-symmetric matrices and is defined by

(8.11) 2= %S‘lA (285 — (A + AC + BA)A* + SAc (@, T)A*] S
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The terms A, A, B, C, D, o(i, i) are smoothly defined on T*©, on the other hand S
and 57! are well-defined and smooth only on T*O, and they blow-up as H(\) —
0.

We claim that = and all its H-derivatives H)(Z) remain uniformly bounded on
Ao. To prove this claim, observe that A, B, C, o(%, @), S appearing in (8.11) are u-
homogeneous of degree one, in particular they are u-pseudo-homogeneous of degree
1. By Lemma B0l the H-derivatives of these maps are u-pseudo-homogeneous of
degree 1. In particular this is the case for A and S appearing in (8II). Taking into
account the form (&3] of u-pseudo-homogeneous maps all possible singularities at
u =0 in (8TT)) cancel out, and = and its H-derivatives are u-pseudo-homogeneous
of degree d = 0. Another application of Lemma proves the claim.

We choose t — ¢(t) in (8I0) as the solution of the Cauchy problem

(8.12) o(t) = d()Z(\),  #(0) =1.

Of course one might choose as the initial condition ¢(0) any orthogonal matrix,
and this freedom in the choice of the initial condition is expected as the canonical
frame is uniquely defined only up to a constant orthogor{al transformation.

By the construction of A and T all extremals \; = e/ ()), for t < T and A € A,
are contained in a common relatively compact subset of 1T*Oy. Furthermore, =
and its H-derivatives are uniformly bounded for all ¢ € [0,T], A € Axg. In particular
the solution to the ODE (BI2) is well-defined on [0, T]. Define the map

$:[0,7T] x Ay — O(R™™F),

such that ®(-,\) is the solution of 8IZ) with \; = e ()\). Since = is skew-
symmetric then @ is orthogonal for ¢ € [0, 7.

Thanks to the aforementioned claim of uniform boundedness property of =,
we can apply Gronwall’s lemma to (812), and we obtain that for any j € N there
exists C' = C(j,A,T) > 0 such that

(8.13) |ol®(t, )| <C,  Yte[0,T], A€ Ay

In order to recover the statement of the lemma, we set

P(t,A) = ®(t, )V2HNSA) ™, A=e(N), V(£ A) €[0,1] x Ag.

By construction, the map

1
(t7>‘) '_>Ea|)\t 2H()\)|P(t,>\) av‘)\,,,
is smooth for (t,A) € [0,T] x Axg, and E,|», is the E,-component of a canonical
frame along the extremal \; with initial covector .

It remains to prove that the map P and its time-derivatives ag' P are uniformly
bounded as required on [0,T] x Axg. Notice that ®(¢,\) and its time-derivatives
already satisfy the required property by [®I3), while A — /2H(X\)S(\)7! is u-
homogeneous of degree 0 and smooth on T*O, so that we can apply Lemma [0l
for d = 0, so that also \/2H (\¢)S(\;) ! and all its time-derivatives are uniformly
bounded as required. O

Lemma RT3 for the E,-component of the frame is the starting point for anal-
ogous statement for all the other tuples.
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LEMMA 8.14. For any A € T*M there exist a u-star-shaped neighborhood
A CT*M of \, T > 0, and smooth maps Q; : [0,T] x Azg — M(n;,m;), with
ng,m; €N, ¢ =1,...,5, such that for all A € Ao the tuples

1
By, = Qu(t,A) - ulx, + ——Qa(t, A) - By, teo,T],
bla, = Qu(t, A) - Oulx, 2H(>\)Q2( )+ Oulx [0, T]
1
Folx, = Qa(t,A) - la, + Qu(t, A) - Buln, + ——eQs(t, A) - Buln,s € (0,7,
bla, = Qa(t, A) - lx, + Qa(t, A) - Oulx 2H(>\)Q5( )+ Oula (0,77

are (a choice of) the Ey and Fy-components of the canonical frame along Ay =
et ().

Furthermore, the maps Q; and all their time-derivatives are bounded, that is
for all j € N there exists a constant C = C; > 0 such that

10/Q;(t, )| <C,  Vte[0,T], \e Ay, i=1,...,5,
where || - || denotes a fized matriz norm.

PROOF. Let A and T > 0 as in Lemma B3 (cf. first paragraph of its proof).
Let A € Ayo. By the structural equations Ey|x, = FEq|,. Using Lemma BT, we
obtain

(8.14)  Ey|s, = [P(t, AN - Oulr, + (P A) + P(E,N)B(A)) - B, ]

1
V2H
where P(t,\) = 8,P(t, ). We set hence:

Qu(t,A) = P(t, VAN, Qalt, A) == P(t, ) + P(£, \)B(\y).

1
V2H(N)
Notice that P and all its time-derivatives are uniformly bounded by the estimate in
Lemma RT3l Since A and B are u-pseudo-homogeneous of degree 1, an application
of Lemma RI0 yields the required bounds on @1 and Q2 and their time-derivatives.

Likewise, Fp|x, = —E’b|>\t, so that, using Lemma [R5, we obtain:
1 . .
F,=—— |PA-u— (PA+ PA+ PAC + PBA) - 0,

—(P +2PB + PB + PAD + PB?) - 9, ],

omitting evaluation along A; from A, B, D, and evaluation at (¢, A) for P. To obtain
the statement for F}, we set

1
— _—_PA,
0=
1. .
.— ———_(PA+ PA+ PAC + PBA),
Q= — 5 )

Qs := —(P + 2PB + PB + PAD + PB?),

and argue as above using Lemma [BI0 to prove the required estimates on the Q;’s.
|

LEMMA 8.15. For any A€ T*Mo there exist a u-star-shaped neighborhood
A CT*M of \, T > 0, and smooth maps Q; : [0,T] x Azg — M(n;,m;), with
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ni,m; €N, ¢ =6,...,10, such that for all A € Ao the tuples

1
Eclx, = Qs(t, A) - Oulr, + —=Q7(t, ) - Ou|x,, te 0,71,
Ixe = Q6(t, A) - Oula 2H(>\)Q7( ) Oulx (0,77
1
F.lx, = Qs(t, A) - @, + Qo(t, A) - Dula, + ———Q10(t, A) - Dylr,, t €[0,T],
Ine = Qs(t, A) - dlx, + Qo(t, A) - Oulx 2H(A)®10( ) Oul (0,71
are (a choice of) the E. and F.-components of the canonical frame along Ay =

etA(\).
Furthermore, the maps Q; and all their time-derivatives are bounded, that is
for all j € N there exists a constant C' = C; > 0 such that
lojQi(t, N <C,  Ytel[0,T], A€ Ay, i =6,...,10,

where || - || denotes a fized matriz norm.

PROOF. Let A and T > 0 as in Lemma [B13 (cf. first paragraph of its proof).
Let Ay = etﬁ()\), for A € Az and t € [0,T]. The (2k—n)-tuple E.|,, is determined,
up to a constant orthogonal transformation, by the following conditions along A;:
(i) E. is vertical (i.e. m E. = 0);
(ii) Darboux frame conditions: 0 = o (Fj, E.) and 0 = o(Ey, E.);
(iii) normalization condition: 1 = o(E,, E,);
(iv) isotropic condition: 0 = o (F,, E,).
We observe that if E, is a tuple which verifies (i), (ii) and (iii) along \;, then all
these conditions will be also verified by
EC‘)\t = ’(/}(t)'ECb\ﬁ te [OvT]u
for any smooth map ¢ — 9 (t) € O(R?**~"). Then, we find first smooth tuple E,
such that (i), (ii) and (iii) are verified, and subsequently we will fix ¢ via (iv).
By (i), we must have

EC|)\t = U(t) : a’ll«')\t + V(t) : (91,‘)\“ te [O,T],

for some smooth t — U(t) € M(2k —n, k) and t — V(t) € M(2k —n,n — k). From
this, and Lemma B3] we obtain:

E,=-U-i+{U+UC+VA)-8,+ (V+UD+VB)-8,,
E,=—(2U + UE+UC + VA) - @+ UA* - 7 + span{dy, 0, },
Similarly from (8I4) in the proof of Lemma RI4 and Lemma we obtain:

. 1
Ey, = ——PA -4+ span{d,, 0, },
. 1
E, =T -4 — ——PAA* - ¥+ span{0,, 0, },
where, for brevity of notation, we set T = T(t, \), as
1 .
T(t,\) i= ———— [2(8,P)A + 3Ph + P A[E+A<1:+[BM,

where the matrix maps A, B, C, E in the r.h.s. are evaluated along \;, = etﬁ()\),
P =P(t,\), for A € Ay and t € [0,T]. Notice that A is u-pseudo-homogeneous of
degree 1, together with A, by Lemma [BT0 Therefore we obtain that T is uniformly

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



102 8. CURVATURE ESTIMATES FOR FAT SUB-RIEMANNIAN STRUCTURES

bounded with all its time-derivatives, that is for all j € N there exists C' = C; such
that

1T <Cj VEE0,T), A€ Ag.

Using relations (83]), and the fact that P and AA* are invertible on A (cf.
proof of Lemma [8T3]), conditions (ii) are equivalent to:

(8.15) AU* =0, and  V*=V2H(PAA")'TU*,

along A\; and where P = P(¢,A\) and T = T(¢,A). The second equation of (8I%)
determines V' (¢) in terms of U(¢). The first one is an orthogonality relation between
the rows of A():) and those of U(t). Recall from Lemma BH that A : T*O — M(n—
k, k) has constant rank equal to n — k on T Oy, while U : [0,T] — M(2k — n, k)
must have rank 2k—n. By applying the Gram-Schmidt process to a local orthogonal
complement to the rows of A(\) we can find a neighborhood A’ C T*O of X and a
smooth map

A ALy — M(2k —n, k).
such that
(8.16) Aar =0,  ALAYF = |u1.

Furthermore, since A is u-homogeneous of degree one, we can take A~ to be also
u-homogeneous of degree 1 and A’ to be u-star-shaped. The u-star-shaped neigh-
borhood A of X built at the beginning of the proof of Lemma [§I3 was arbitrary.
Up to restriction of A to a smaller u-star-shaped set, and up to taking a smaller T'
(and since the flow of H is smooth and preserves |u|), we can assume that for all

A € Ayo and t € [0, 7], the extremals A, = e ()\) take value in a common bounded
neighborhood contained in A, so that AL()\) is well-defined. We then set:

(8.17) Ut) := L V(t) := —ATT*(PAA*) ',

where the matrix maps A, AL in the r.h.s. are evaluated along \; = e'/(\) and
P = P(tA), T = T(t,A) for X\ € Ay and t € [0,T]. Since A and At are u-
homogeneous of degree 1, P(¢, ) and T(¢,\) are uniformly bounded with all time-
derivatives and A € A, and using Lemma [BT0, we observe that for all j € N there
exists a C' = C; > 0 independent on A such that

(818) [QfU@II<C,  laVH]<CHNTY? Vi€ [0,T], A€ Ag.

Estimates (8I8]) will be used later.
With the definition ([8I7)), conditions (i) and (ii) are fully verified, while (iii)
corresponds to the following normalization:

1
1=UU* = —AtAt*
2H ’

along \;, which is verified by our choice in the normalization of A+ in (8I8]). This
concludes the construction of the tuple E..

Set hence E.|y, = ¥(t) - E¢|»,, for ¢(t) € O(R?**~™). Condition (iv) yields an
ODE that determines 1, once the initial condition is fixed, for example ¢(0) = 1.
We obtain

(819) U0) = 5000 (B, Bl 0(0) =1
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Since (t,\) = o(E.|x,, Eely,) is skew-symmetric and smooth, and O(R?*~") is
compact, (8I9) will have a unique solution in O(R?*~") for all ¢ € [0,T], and for
any A € Ag. We define then the smooth map

U2 [0,T] x Ao — O(RP*™™),

such that ¢ = W(¢, \) is the solution of (8I9) on [0, T] corresponding to \; = e ().
The matrix in the r.h.s. of (819 is given more explicitly by

0(Eeln,, Ecly,) = Uo (@, @)U* — 2A [(U + UC + VA)U™] .
where A(M) = 1(M —M*) denotes the skew-symmetric part of a matrix M, and U,
V' are defined in (8I7). By the uniform estimates for U(t) and V (¢) in (8I8), and

since A is u-homogeneous of degree 1, we see that o(E.|y,, E¢|x,) and all its time-

derivatives remain uniformly bounded for all extremals \, = etf (A) for t € [0,T)
and A € Ao. By Gronwall’s lemma we deduce an analogous uniform boundedness
property of ¥ and its time-derivatives, that is for all j € N there exists C' = C; > 0
such that

10i Wt N <C, Yte[0,T] A€ Axo.

Finally, to obtain the statement of the lemma, we set then

__ 1
Qﬁ(tv )‘) T \/mq](ta )‘)A (At)v
Qr(t, A) = —/2ZH AW (£, \) A (M) T*(8, ) [P(E, AN AN)*] .

Using the fact that A+ is u-homogeneous of degree one, that ¥, T, P are uniformly
bounded on [0, T] x Ao with all their time-derivatives, and applying Lemma [810]
we obtain the desired uniform bounds on Qg, Q7.

To prove the analogous statement for the tuple F., we recall that by the struc-
tural equations F.|y, = —F,|x,. Then, making use of the Leibniz rule, we obtain
the corresponding statement of the lemma, for suitably defined matrix-valued maps
Qs, Qg, Q1o defined on [0, 7] x Ao, satisfying the required uniform bounds. |

We recall first, that for a general reduced Young diagram Y and for two super-
boxes X, H of Y, the corresponding curvature map can be computed as

Ry(X,8) = o (Filx,, Falx,)-

Hence a first series of estimates for some of the curvature maps comes as a conse-
quence of the previous ones for the canonical frame.

REMARK 8.16. Notice that R;(X,H) is a one-parameter family of size(X) x
size(H) matrices representing the canonical curvature operator for the given choice
of the canonical frame along )\;. By the uniqueness part of Theorem [B.2] and
since the Hilbert-Schmidt norm ||M||? = tr(M M*) is invariant under this action of
the orthogonal group, the quantities ||@? R,(X, )| do not depend on choice of the
canonical frame and are thus well-defined estimates for the corresponding canonical
curvature operator ER%EE and their time-derivatives.

LEMMA 8.17 (Curvature estimates I). For any X\ € T*Myq there exist a u-
star-shaped neighborhood A C T*M of A and T > 0 such that, for all j € N, there
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exists a constant C = C; > 0 such that for the canonical curvature map R, along
the extremal Ay = e'f(\) it holds:

10] Ry(R,B)|| < C,  Vte[0,T], A€ Axo,

where ||-|| denotes the Hilbert-Schmidt norm, and X, 8 = a, b, ¢, with the exclusion
of the pairs (X,HB) = (a,a), (a,c) and (¢, a).

PrROOF. Let T' > 0 and A as in all previous Lemmas RT3l BT4] Take
A € Ay, t € [0,T]. We routinely omit the evaluation along the extremal A, for
vector fields, and on (¢, \) for maps Q;. Recall from the previous lemma that

1
F, = TS <0y + —=Q5 - 0y,
b= Q3 -1+ Qu mQE)

FCZQS'ﬁ“’QQ'au‘F\/%QIO'am
where Q; = Q;(¢, A) are uniformly bounded with all their time-derivatives for (¢, A) €
[0,T] x Axg. Thanks to these estimates, the only possible singularities as H — 0
can arise from the 0,-term in the above expressions. Recalling the symplectic
product in the static basis 0, d,, 4, ¥ in ([83]), and using Leibniz rule we see that,
for example

R(b,b) = o(Fy, Fp) = regular part + \/% (an(ﬁ, 0)Q; + Q50(8U,ﬁ)Q§) ,
where the regular part is the multiplication of a finite number of matrix maps Q;
and their time-derivatives, evaluated at (¢, \), and the smooth matrix maps A, B, ...
from Lemma B3] evaluated along A;. In particular the regular part will be bounded
with all its time-derivatives, uniformly for (¢, A) € [0,T] x Ao.

_For what concerns the possibly singular part, recall from Lemma that
o(i,d,) = —A*, and 0(d,, @) = A. Since A : T*Oyy — M(n — k,n — k) is u-
homogeneous of degree 1, by Lemma [BT0] the term

o (@uo (10,05 + Qo (0, 1)03).

when evaluated along the extremal );, is bounded with all its time-derivatives,
uniformly for (¢, \) € [0,T] x Ao.

Therefore R(b,b) is uniformly bounded with all its time-derivatives as required.
The same argument proves the similar estimates for R(c,c), R(c,b) and R(b,c) =
R(c,b)*.

The estimate of R(a,b) is more delicate. A direct estimate requires the knowl-
edge of F,, which are not in position to estimate yet. However, using the normal
condition in the construction of the canonical frame, one can determine R(a,b)
only using the estimates for F}, appearing in Lemma T4 Indeed, recall that for a
Young diagram with two columns, the normal condition is (cf. Appendix [B):

R(b,a) = —R(b,a)".
Therefore, using ([821]), and the fact that the canonical frame is Darboux, we obtain

R(b,a) = o(Fy, Fu) = —o(Fy, Fy) + > o(Fy, Eu)R(b,p)*

p=a,b,c

= —O'(Fb,Fb) + R(b, (l)* = —U(Fb7Fb) — R(b, a),
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from which it follows that
1 . .
R(b,a) = —§U(Fb,Fb)~

Using the explicit estimates for F}, and its derivative, one can now estimate R(b, a).
Using Leibniz rule and arguing as above we obtain that

(8.20)

R(b,a) = regular part + \/% [Qao(if, 0,) Q% + Qaor(if, 9,) Q5 + Qo (i, 3,) Q3

+Q50(0y, 0)Q3 + Qs0(y, W)Q% + Qs0(y, T) QY]
where Q; = 0¢Q; (¢, A). Using Lemma we observe that

o (i, 0y) = —0(Dy, )" = —A*,
o (i, y) = —0(dy, 10)* = —EA* + A*B,
o (i, 0y) = —0(Dy, )" = —A*.

Using again the fact that A is u-homogeneous of degree 1, and applying Lemma 10
to the possibly singular part in ([820), we see that all possible singularities cancel
out and also R(b,a) remains uniformly bounded with all derivatives along A, as

claimed.
The estimates from the missing pairs of superboxes in the statement of the
lemma follow by the global symmetry of the curvature maps R(X,H) = R(H, X)*.
O

We can now prove the estimate for the last element of the canonical frame,
which is the n — k-tuple Fj,. Using the structural equations, we have the general
formula:

(8.21) Fala,==Fln, + > Ri(b,R) - Egly,.
X=a,b,c

The curvatures R;(b,XN) in (82I]) are precisely those estimated in Lemma RT17

LEMMA 8.18. For any A e T* Mg there exist a u-star-shaped neighborhood
A CT*M of \, T > 0, and smooth maps Q; : [0,T] X Azg — M(n;,m;), with
n;,m; € N, ¢ =11,...,14, such that for all A € Ay the tuple
Falx, = Qui(t, \) - d]x, + 2H(N)Qua(t, A) - 7],

1
+Qua(t, ) - Buln, + e Qua(t, \) - By,
Qi3(t, ) A 2H()\)Ql4( ) - Ou|x

for t € [0,T), is (a choice of) the F,-component of the canonical frame along
At = etH(/\).

Furthermore, the maps Q; and all their time-derivatives are bounded, that is
for all j € N there exists a constant C = C; > 0 such that

10/ Qi(t, || <C,  Vte[0,T], A€ Ay, i =11,...,14,

where || - || denotes a fized matriz norm.
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PRrooOF. By the structural equations we have, along any given extremal \; =
etH(N):
(8.22) F, = —F,+ R(b,b) - B, + R(b,a) - E, + R(b,c) - E,.
The claim is now a consequence of lemmas B3] 814l B.TI5l for the previous parts of
the canonical frame and Lemma [B.I7 for estimate on the curvature maps appearing

in (822)). Using Leibniz rule and omitting as usual evaluation along A\; and (¢, A)
we obtain

1
V2H

Fa_(Q3+Q3[E—Q4)'ﬁ—Q3N'17+<Q3[F+Q4+Q4C+ QsA

1 . 1
+ R(b,0)Q1 + R(b, ¢ <Oy + C+ QD+ —=0Qs + —==Q:sB
( )Ql ( )Q6> u (Q?’ Q4 \/ﬁQ5 \/ﬁQ5
1 1 1
+ —R(b,b)Q2 + —R(b,a)P + —R(b, ¢ - Oy.
Using the u-homogeneity of A coupled with Lemma [RI0, we obtain the required

uniform estimates, for (¢, \) € [0,T] x Ao, where T and A are as in the previous
lemmas. O

We are ready to complete the estimates on the canonical curvature maps.

LEMMA 8.19 (Curvature estimates II). For any \ € T*M there exist a u-star-
shaped neighborhood A C T*Mzo of A, and T > 0 such that, for all j € N there
exists a constant C = C; > 0 such that for the canonical curvature maps R, along

the extremal A, = et ()\) it holds:
IR B <C,  Vre0,T], Ae A,
where || - || denotes the Hilbert-Schmidt norm, and X,H = a,b, c.

PROOF. We only need to prove the statement for the pairs X, H excluded in
Lemma 817 that is the pairs (a,a), (a,c) and (¢, a). We sketch the proof since the
argument is analogous to the one in Lemma BT for the first curvature estimates,
coupled with the new piece of information on F, coming from Lemma [RI8

Let T > 0 and A so that all previous lemmas and estimates about the canonical
frame hold. Then we decomposing, for example

R(a,a) = o(F,, F,) = regular part + possibly singular part,

where the possibly singular part contains all terms with a factor containing a posi-
tive power of H~1/2. Then, using the estimates for F,, Lemma835land Lemma [0,
one can prove that all singularities cancel out. We stress in particular that the
presence of the factor v/2H in the #-component of F, of Lemma BI8 is neces-
sary for these cancellations. One then argues similarly for R(c,a) = o(F, F,) and
R(a,c) = o(F,, F,). O

We now estimate the geodesic volume derivative. Recall that the fat sub-
Riemannian manifold M comes equipped with a Riemannian extension. We denote
with vol the associated Riemannian density, while M is equipped with a smooth
reference volume m = e~Vvol, where V : M — R is a smooth function. The geodesic
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volume derivative with respect to m is the smooth function pm : T"Mxy — R,
defined by

d
(8.23) P = 3 logm(m, Fulx,, TeFo|a, s T Feln,), Ve T " My,
t=0

for any choice of canonical frame along \; = e/ ()), see Section [B.3l

LEMMA 8.20 (Volume derivative estimatfzs). For any \ € T* Mo there exist a
u-star-shaped neighborhood A C T*Mzq of A such that, for all j € N there exists
a constant C' = C; > 0 such that for the geodesic volume derivative py x it holds:

HDpur <O, YA€ Ay,

ProOOF. Let A and T > 0 as in the previous lemmas. By construction, for all
A € Ao the extremal ), remains for all ¢t € [0,T] in a common bounded subset of
a trivial neighborhood T*O, and the corresponding geodesic v = w(\;) remains in
O. Recall that from Lemmas B.14] and we have

TFaly, = Qui(t, ) X[y, + V2H(XN)Qua(t, N) Z,,,
T Fyx, = Qa(t, N) X5,
mFe|n, = Qs(t, \) X1,
for all ¢t € [0,T], and where X = (X3,...,Xk), Z = (Xg+41,...,X,) are tuples

forming an adapted orthonormal frame for g on O. In particular since m(X, Z) = 1,
we have

Qs(t,A)
det Qua(t, ) et 7).

for all A € A, and ¢t € [0,T]. Notice that by construction Q2 isan —k xn—k

~ d
(20 pua, = —HV)) + 3 los

matrix of full rank, while (82) is a k x k matrix of full rank. To prove the

statement, observe that HG) Pm = ag’ Pm.A |lt=0, so that one has only to bound

the time-derivatives of [824)) at t = 0 and A € Ao. The first term HWV)(\y) is
uniformly bounded with all time-derivatives since all curves \; remain in a common
bounded subset of the trivial neighborhood T*O by construction, and V is smooth.
The second term in ([824)) is also uniformly bounded with all time-derivatives, by
the properties of the Q;’s. |

8.4. Regularity of the canonical curvature maps

We collect the local estimates from Lemmas R.ITH8.T9 in a unified statement
for the canonical curvature operators defined as in Section

REMARK 8.21. The fact that the neighborhoods A of Lemmas from 813 to
are u-star-shaped will be used now.

THEOREM 8.22 (Fat curvature estimates). Let (Z,g) be a fat sub-Riemannian
structure on M. Then for any compact set B C M and j € N there exists a
constant C = C;(B) > 0 such that, for all superbozes X, = a,b, ¢ of the Young
diagram Y it holds

= () s I j+col(X)+col(H)
|HORY®) < CHR(N) ™ 2, VYA&T* By,
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where || - || denotes the Hilbert-Schmidt norm, and col(X) is the column indezx of
the superboz. As a consequence, for some C' = C(B) > 0 it also holds

o J
|HORicR| < C'Hr(V) 211 ™ v e T*By.
Furthermore, if m = e~Vvol, for the geodesic volume derivative it holds
Jj+1

|HD p 5| <CHR(A)Z , VA€ T*By.

Proor. With no loss of generality we assume that B is properly contained in
a trivial neighborhood O such that

7O = O x R¥ x R"F, A= (z;u,v),
and for the sub-Riemannian and Riemannian Hamiltonians it holds:
Hu) = ghul’,  Haleuo) = 2 (ul + o).
Take the following compact set K C T*B:
K = {(z;u,v) € Bx RF x R | |ul> + |[v|* = 1}.

We can find a finite number of neighborhoods A*, ¢ = 1,...,N as in
Lemmas BI7HETY, that cover K.o. This is possible, even if Kq is non-compact,
since the neighborhoods A obtained in the previous lemmas are u-star-shaped (oth-
erwise, their size in the u-coordinate might get smaller and smaller as u — 0). We
deduce that for all j € N there exists C' = C; > 0 such that

IREE | <C, VEe[0,T], A € Ky,

where )\, = et (A). Recall the homogeneity properties of the curvature from [23]
Thm. 4.7]: for any ¢ > 0, and up to constant congruence (cf. Remark BT6]), it holds

R o ol BHel@ERTE v\ e T* My,

t

where \{ = et (cA). In particular taking derivatives with respect to ¢, and evalu-
ating at t = 0, we have

AT g = N+ EN g qNB| Y e T My,

where 7 = A/c. The statement then follows by reduction to Ko, since any point
A € T*Oxp has the form en with n € K and ¢ = /2Hg(A).
The statement concerning the canonical Ricci curvatures follows immediately
as, for any superbox X € Y and A € T* M it holds by definition: %ic? = tr(RE™).
The final statement about the geodesic volume derivative follows in a similar
fashion, starting from Lemma and using the fact that the following property
holds:

pm,)\f = CPm N> VYA€ T*M#Ov

which is immediately obtained by using [23], Prop. 4.9] in (823). O
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8.5. Proof of Theorem
We can now prove Theorem In fact, it is a corollary of Theorem K22

PrROOF OF THEOREM B2 If z,y ¢ Cut(M), we have by Proposition [6.28 that
D(x,9)* = [Viie( 9|k = 2Hr(dsc(,y)) = 2HR(A™Y),

where A™Y = d,c(-,y) € T, M is the initial covector of the unique strictly normal
geodesic 7 : [0,1] — M joining x with y. Notice that the first equality follows
by the very definition of D in the sub-Riemannian case and by the fact that c is
smooth outside of Cut(M). The second equality is obvious by the usual duality
between norm and Hamiltonian. In the third equality we used the fact that the
initial covector can be recovered by the differential of the squared distance (cf. for
example [3, Lemma 2.20(ii)]).

Let K C M be a compact set as in the statement of Theorem Let B be a
larger compact set such that for any z,y € K all geodesics joining them belong to
B. On B we apply Theorem In particular if A € T M is the initial covector
of the unique geodesic « joining x,y € K \ Cut(M) there exists C’ > 0 such that

C/
. O
|Ricy | < C/HR(A)COI(D) - mD(%y)%OI(D),

and where [J = a,b,c. This (stronger) inequality in particular implies the desired
lower bounds on fRic by recalling that col(a) = col(b) = 2 and col(c) = 1.

In an analogous way one proves the statement about the geodesic volume de-
rivative starting from the corresponding estimate in Theorem ]

8.6. Compact fat structures satisfy the CD(8,n) condition

We combine the curvature estimates of Theorem for fat structures, and
Theorem [7.12] to obtain the main result of this section.

Recall that s, : [0,+00) — R, for k € R, £ € N, are the basic comparison
functions of Proposition [[5], associated with a Young diagram of length ¢. In
particular:

e for / =1, s, is a Riemannian-type function (see Section [T.2.1]);
o for { =2, 5., ., is a two-columns-type function (see Section [[23)).

In all cases, the s, are real-analytic and have order N = £2 at zero.

THEOREM 8.23. Let (M,d,m) be a compact n-dimensional sub-Riemannian
metric measure space, with fat distribution of rank k < n. Let D be the natural
gauge function associated with a Riemannian extension. There exist constants
C, Ka, Kby ke € R with the following property: let s : [0,+00) — R be the real-
analytic function

$(0) =0 €75y, ()" 5 (0)2 T,

and let B be defined accordingly as in ([286). Then (M,d,m,D) satisfies the
CD(B,n).

Since $ is real-analytic, using Proposition [ZZ|(vii)| we obtain the following.

COROLLARY 8.24. Let (M,d,m) be a compact n-dimensional sub-Riemannian
metric measure space, with fat distribution of rank k < m. Then there exists
N’ > 3n — 2k such that (M,d, m) satisfies the classical MCP(0, N').
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REMARK 8.25. Both these results can be seen as a sub-Riemannian counterpart
of the fact that any compact Riemannian manifold has Ricci curvature bounded
from below.

REMARK 8.26. Corollary [8.24]removes the real-analytic assumption of the anal-
ogous result proved in [18, Thm. 1.3], in the case when the underlying distribution
is fat.

REMARK 8.27. Fat sub-Riemannian structures are ideal and their step is 2. In
particular D is locally bounded, D is meek, and the regularity conditions for the
stability of the CD and MCP hold. See Figure

ProoOF OoF THEOREM [R:23]l For a fat structure, all normal extremals corre-
sponding to non-trivial geodesics have the same Young diagram, with two columns.
It has two levels, denoted by I and II, the first one with length ¢; = 2 and size
r; = n — k, while the second one with length ¢;; = 1 and size r;; = 2k — n. We
label the superboxes as follows:

bla

c

Y =

By Theorem B2l and since M is compact, we find kg, Kp, ke, C € R such that, for
any (x,y) ¢ Cut(M) and the corresponding geodesic « : [0,1] = M joining them
with initial covector A € Ty M, it holds

1 .. 1 .
mfﬁtg\ Z HaD(xvy)4a mmlcl))\ Z HbD(xay)Qa
1 .

mmlﬁ > kD(z,y)?, Pumx < CD(z,y),
the bound on fRic§ being omitted if 2k — n = 1. Thus it follows that (M,d, m),

equipped with the gauge function D, has Ricci curvatures bounded from below
according to Definition [[.T1] with the above Young diagram and

Ry :[0,400) = R?, #1(D) := (kyD?, k,D?),
RIT: [O,+OO) - R, I_QII(D) = K¢ D27
C :[0,4+00) = R, C(D) := CD.

We conclude by applying Theorem obtaining that (M,d, m,D) is a CD(3,n)
space. The distortion coefficient 3 is induced by the function s : R* — R of (ZI3).
To describe the latter explicitly, we recall that we are in the scalar case m = 1, and
thus by Remark [777] the function s : [0, +00) — R is given by
S(0) =0 €% 5, 1, (0)" " -5, (), 0 €[0,400).
The positivity domain of s is given by
DOM = DOM5, NDOMg,, = [0, min{t.,, tx, ., },

and s has order N =1+ (n — k){2 + (2k —n — 1){3; = 3n — 2k as 0 — 0. O
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CHAPTER 9

Examples and applications

9.1. Heisenberg group

In this chapter we describe the results already presented in Section Z3.2] in
the special three-dimensional case, in order to make a bridge with the comparison
theory developed in the previous chapters.

The first Heisenberg group H! is the non-commutative group structure on R?
given by the law

1
(,y,2) % (2,9, 7)) = <x+x’,y+y',z+z' + 5(333/ —yaz’)) )

Consider the left-invariant vector fields

o yo 0 xd

O0r 202 _8y+28z’

and the left-invariant metric making {X,Y} a global orthonormal frame. We equip
H! with the associated sub-Riemannian (Carnot-Carathéodory) distance, denoted
by do (this notation is slightly different from the one used in Section 32 but it
is more convenient in what follows). We also equip H! with the Lebesgue measure
3, which is a Haar measure. We set

s s (2) fin (2) - G (3)]. 0 0550

Notice that s(¢) has finite order equal to N = 5 as # — 0. Moreover, it is clear that
D =inf{f > 0|s(f) =0} = 2.
The corresponding model distortion coefficient defined as in (2.6) is then
0,1 % [0,00] 3 (1,0) = 5" (6)
1o =0,

in (8 0\ _ to to
B tsm-(zg(sm(%)_gcos(gz)) 0<9<om
= Sm(z) (Sm(z) 2605(2))
400 0 >2m,t#0,
0 9> 2m,t = 0.

The main result in [19, Thm. 1.1] is a Jacobian determinant inequality, see
[19] Eq. (3.17), p. 61], which yields by standard manipulations an interpolation
inequality for optimal transport. More precisely, for all ug, 1 € Py, (H', do, £3),
there exists v € OptGeo(jo, p11) associated with a Wa-geodesic (j1¢)e[0,1] such that
e < &3 for all t € (0,1], for v-a.e. v it holds (vo,v:) ¢ Cut(H!) for all ¢ € (0,1],

111
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and

L 50 R Al Claadd

9.1 s
O SGTB T o) PYCALE

Vit e [0,1],

where p; = %, and 0707 is the vertical norm of the covector associated with the
unique geodesic with joining v9 with ;. In ([@I]) we use the convention that if g
is not absolutely continuous then the first term in the right hand side is omitted.

Notice that the argument in the r.h.s. of ([@1]) does not depend on the distance.
It is then natural to set as a gauge function any map G : H! x H! — [0, +00] such
that

G(q.q') =67,  VY(g,q) ¢ Cut(H).

We remark that Cut(H!) has zero (eg, 1 )sv-measure for all optimal dynamical plans
v involved, so that the values of G on that set are irrelevant. By standard arguments
(cf. again Section 23.2)), the following holds.

THEOREM 9.1. The gauge m.m.s. (H',do, 3, G) satisfies the CD(B[Hl,S) con-
dition.

One can check that S (8) > ¢° for all t € [0,1] and 8 € [0,27]. Thus, by
Proposition EZI0(), CD(BY',3) = CD(¢%, 3). In turn, the latter implies the classi-
cal MCP(0, 5).

9.1.1. Application of the comparison theory to the Heisenberg group.
To make the link with the curvature computations of Chapters [7H8, notice that for
every pair (¢,q') € H' x H' \ Cut(H!) and for the geodesic v : [0,1] — H! joining
them, the (reduced) Young diagram Y along v has two columns which can be
labeled as follows

ba‘

C

Y =

with all sizes of the superboxes equal to 1. The sub-Riemannian Ricci curvatures
have been computed in [5], and are:

Ric§ = Ric§ =0,  NRick =62,
where
0 =699 = (A7, ,)],
is the absolute value of the z-component of the unique initial covector A4 of the

geodesic 7 : [0, 1] — H! joining ¢ and ¢’. We stress that, for such geodesics, § < 2.
We have (cf. Section [[2.2))

)= 2 — 2cos (\/Ii_lt) —2\/f<a_1tsin (\/,‘ﬁ_lt)7 b o = {j:—l k1 >0,

% +o00 kK1 <0.

Sk1,0 (t
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From Theorem [[.9 one obtains the following comparison theorem
2 — 2cos (t0) — tOsin (t6)

2 —2cos () — fsin ()
sin () [sin (%) — %COS (3)]

sin (3) [sin (3) — 5 cos (5)]
10,
where ﬁ[Hl is the expression given in Section

H! do, L3
BEGED (g gy >

9.2. The Grushin plane

The Grushin plane is a quotient of the Heisenberg group. More precisely, there
is a dilation-invariant (and thus non-compact) subgroup H of the Heisenberg group
H! and a sub-Riemannian structure on the space of right cosets H\H! such that
7 H' — H\H! is a submetry, and H\H! is isometric to the Grushin plane, see
[31] Sec. 5]. It is well-known that the classical synthetic theory of Ricci curvature
bounds descends to suitable quotients [48]. We expect that a similar theory can
be developed for gauge metric measure spaces, but this is out of the scope of the
present work[]

In this section we illustrate how the Grushin plane, equipped with a suitable
gauge function, satisfies the same curvature-dimension inequalities of the Heisen-
berg group.

To this purpose, we introduce a presentation of the Grushin plane. The Grushin
plane G, is the sub-Riemannian structure on R? defined by the global generating
frame

X1 :5‘90, ngxay

We equip the Grushin plane with the corresponding sub-Riemannian distance dg,
and the Lebesgue measure m = .#? of R?, making it a metric measure space

(G2, dg,, £?).

Fix ¢ = (z,y) € R? and ¢’ ¢ Cut(q). Let v : [0,1] — R? be the geodesic
from ¢ to ¢'. Let A= udr +vdy € T(*;’y)[R2 be its initial covector. We set
Gg, : G2 x Gg — [0, 00):

(9.2) Ge,(q,4) = v, V(q,q") ¢ Cut(G2),

arbitrarily extending it to 0 at the cut-locus. It is well-known that |v| < 7, and
conversely if [v] < 7 it holds exp, ,)(udz + vdy) ¢ Cut(q), see [2, Ch. 13]. See
Figure

It is easy to see that ([@2)) is a meek gauge function. The Grushin plane is an
ideal structure, and hence by [24] it supports interpolation inequalities for densities
(with dimensional parameter n = 2). More precisely, for all g, u1 € Py, (G2, d, £?),
there exists v € OptGeo(jo, p11) associated with a Wa-geodesic (j1¢)e[0,1] such that
e < L2 for all t € [0,1] and for v-a.e. 7y it holds (yo,7:) ¢ Cut(Gz) and

2 2

LB ) B G0 m)

pe(ve)/? ~ po(70)/2 pi(71)/? ’

1One should be aware, however, that the Grushin plane is not a homogeneous space in the
classical sense: the Heisenberg group acts transitively (from the right) on G2, but this action is
not by isometries, see the discussion in [31] p. 53].

1/2
(9.3)

vVt e [0,1],
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FIGURE 9.1. Geodesics and cut-locus (in red) of the Grushin plane
starting from the origin and from ¢ = (1,0). Displayed geodesics

have initial covector A\ = udzxr + vdy, with v = +x and different
values of w.

where p; = %, and (G242 *) is the “true” distortion coefficient of the Grushin
plane, see Definition B8l The latter was computed in [24] Sec. 7.3], and it is given
by

2 2 2,.2) o 2
Gg,d, L2 u® + tuv‘x + v°x?) sin(tv) — tu“v cos(tv
(G220 (g, ’)*( s 22) n(f0) . (tv) vt € [0,1],
(u? + uv?x + v222) sin(v) — u?v cos(v)

where A = udx +vdy € T,

(z y)lR2 is the initial covector of the geodesic joining ¢

with ¢'.
LEMMA 9.2. For all (q,q") ¢ Cut(Gs) it holds

G2,dg, L2 1
B9 (g o) > B (G, (4, 7)),

where we recall, by definition, Gg,(q,q') = v in the above notation.

PRrROOF. This can be proven by direct computation, passing to inequalities
between logarithmic derivative similarly to [24, Sec. 7.3]. O

Replacing the inequality of Lemma [0.2 in ([@3]), using the definition of U,
the convexity of the map R? > (x,y) — log(e® + €¥) and Jensen’s inequality, one
establishes the validity of the corresponding curvature-dimension inequality.

THEOREM 9.3. The gauge m.m.s. (Ga,dg,, L%, Gg,) satisfies the CD(ﬂ[Hl,2)
condition.

REMARK 9.4. We stress that the Heisenberg group satisfies the CD(ﬁ[Hl,3),
while Grushin correctly satisfies the CD(/3 H! ,2). The correct dimensional parameter
appears through the interpolation inequalities for densities, namely ([@3]).

As we already remarked, 52*1(0) > t° for all t € [0,1] and € € [0,2n]. Thus,
by Proposition CD(BY",3) = CD(%,3). In turn, the latter implies the
classical MCP(0,5). Thus Theorem can be seen as a strengthening in the CD
sense of the fact that the Grushin plane satisfies the classical MCP(0, 5).
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9.3. Canonical variation

In this section we consider what is called the canonical variation of the Heisen-
berg group, namely the one-parameter family of left-invariant Riemannian distances
d. on H', which are those associated with a left-invariant Riemannian metric for
which

{X,Y,eZ}, e >0,
is orthonormal, where
T
X:ax—gaz, Y=0,+30. Z=0.

The terminology canonical variation is used in the context of Riemannian sub-
mersions [32]. Only for this subsection, it will be handy to denote by dy the
Carnot-Carathéodory metric, so that we study the family of metric measure spaces
(HY,de, £3) for all € > 0.

We remark that the Riemannian Ricci curvature of (H!,d.) is unbounded
as € — 0. Therefore it is convenient to study the distortion coeflicients of the
corresponding metric measure spaces by direct methods. To this purpose, let
B5 : H! x H! — [0,+00] be the distortion coefficient of (H!,d.,.#3), for ¢ > 0.
It can be computed explicitly, out of the cut locus, denoted by Cut,, for € > 0.

This was done, for example, in [75, Sec. 4.2]: letting exp§ : T¢H! — H! be
the exponential map for the metric d, starting from 0 € H!, we use cylindrical
coordinates on Tj;H! so that A = (6,p,p,). It holds that, for a general point
g€ H:

(9.4) q = expy (0, p,p2), q ¢ Cut.(0) = [p.| < 2,
and furthermore for all ¢ ¢ Cut.(0):

h(tp./2) [62tp§h(tpz/2) + 2p2k;(tpz/2)]

h(p=/2) [e*p2h(p=/2) + 2p%k(p=/2)]
with the convention that, if p, = 0, then we take the limit in the above formula so
that 8£(0,q) = t°. In (@.5), we have set

h(s) := %7 k(c) :=sin(s) — ¢ cos(s) ¢ € (0,m).

The fact that ¢ ¢ Cut.(0), and thus |p,| < 27, implies that the right hand side of
[@0) is well-defined, for all € > 0. One can check via elementary methods that for
alle > 0:

B5(0,q) > BP(0,q) =t

(9.5) B5(0, q) = t* vtelo,1],

2 — 2cos(p.t) — p.tsin(p,t)
2 — 2cos(pz) — p= sin(p:)
The initial covector A of the unique d.-geodesic joining the origin with ¢ ¢
Cut.(0) is given by A = dg [%da(~, q)?], where dy denotes the differential at zero, and
thus p, = A\(9.). We define the left-invariant gauge function G, : H! x H* — [0, 27]
such that:

(9.6) G:(0,q) = {%|%|0d6("q)2’ a ¢ Cute(0), Ve > 0.

, vVt €[0,1], ¢ ¢ Cutc(0).

0 q € Cut.(0),

We remark that |G.| < 27 by ([@4]). We also observe that the prescribed value on
the cut locus in (@8] is arbitrary and unimportant.
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Since all structures (H!, d., .#?) support interpolation inequalities for densities
(with dimensional parameter n = 3, see Definition [B5]), with an argument identical
to step 2 in the proof of Theorem B23] we obtain the following.

THEOREM 9.5 (Uniform CD for canonical variation). Let 3 be defined as in

@8), with
s(6) = 0(2 — 2 cos(f) — Osin(h)), 6 € [0, +00).

Then, for all e > 0, the gauge m.m.s. (H',d., #3,G.) satisfies the CD(f3,3) con-
dition.

REMARK 9.6. As a matter of fact, the £ in the previous result satisfies 5;(6) >
t5 for all t € [0,1] and @ € [0, 2n]. It follows that this CD(8, 3) implies the CD(¢?, 3)
or, equivalently, the MCP(0,5). The above result can be then seen as a strengthen-
ing of the known fact, proved in [75], that the canonical variation of the Heisenberg
group satisfies uniformly the classical MCP(0, 5). See also [61].

The sub-Riemannian limit. As e — 0, it holds d. — dg uniformly on compact
sets, and a fortiori (H!,d.,.#?) — (H!,do, £?) in the pmGH-sense. Furthermore,
d. — dp also in the C™ sense on compact subsets of H! \ Cutq (cf. [29, Prop. 2.8],
where this fact is proved for general canonical variations). It follows that:

lim G:(¢,9") = Golq, "), V(q,q") ¢ Cuto.

The unique optimal plan 7 between g € Pps(H!, do, £3), p1 € Py, (H!, do, £3),
with disjoint supports, is concentrated on H! \ Cutg. It follows that G. — Gq 7-a.e.
as € — 0. We also recall that |G| < 27 for all ¢ > 0. Furthermore, G; is continuous
(actually smooth) out of Cut.. Using all these facts, it follows that:

e the conditions of Definition [£3] are satisfied. Namely G, — Gg as ¢ — 0

in the L], sense, and the regularity condition for Gy holds.

e the condition of Definition are satisfied. Namely G, — Gg as ¢ — 0
in the L{. . sense over plans, and the regularity condition for Gy over plans

is verified.

In particular, Theorems and T4l apply. This is an explicit example of stability
of the MCP(8) and CD(f,3), for the sequence of gauge metric measure spaces
(R3,d.,.#3,G.), pmGH converging to the Heisenberg group (R3,dg,.Z3,Gy).

The adiabatic limit. The terminology “adiabatic limit” can be traced back to
[90]. Let 7 : H! — R? be the projection, so that 7 is a Riemannian submersion from
(H',d.) onto the Euclidean (R?,d.). As e — 400, it holds d. — d. o7 uniformly on
compact sets, and a fortiori (H!,d.,.#3) — (R?,d., £?) in the pmGH-sense. One
can prove that:

im Ge(q,¢) =0, Vg4 € H',
and as a consequence all assumptions of Theorems and .T4] are met by setting
Goo = 0. Similarly as in the previous case, one can take the limit for ¢ — +o0,
obtaining that the Euclidean space (R?,d.,.#?), equipped with the trivial gauge
function G, = 0, satisfies the CD(/3,3). Notice that ;(Gs) = £:(0) = t°, so that
in this specific case CD(3,3) is actually equivalent to the CD(t°,3). In contrast
with the sub-Riemannian limit, in the adiabatic limit we obtain a non-sharp result.
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9.3.1. Sasakian foliations. A version of Theorem holds more in general
for the canonical variation associated with Sasakian foliations with non-negative
Tanaka-Webster curvature, and more generally for H-type foliations satisfying suit-
able assumptions in the sense of [29]. The proof makes use of more technical
comparison tools, which are a sharpened version of the ones appearing in [29] (see
also [28]). These techniques are out of the scope of this paper, and thus we do not
delve into details here.

We only mention that, as a corollary of these generalizations one can show that
the canonical variation (M, d., m) of a 2d + 1-dimensional Sasakian foliation with
non-negative Tanaka-Webster curvature satisfies the MCP(0, 2d + 3) for all € > 0,
obtained in [61] with somewhat weaker curvature assumptions. See also [28, Thm.
3.11].

9.4. Convergence to the tangent cone

Let (M,d) be a smooth sub-Riemannian metric space of topological dimension
n. It is well-known that for any p € M, the tangent cone at p exists and it is
isometric to a homogeneous space for a Carnot group. We describe this convergence
explicitly, following [31].

Let X1,..., X, be a generating family for the sub-Riemannian structure, de-
fined in a neighborhood of p. For any multi-index I € {1,...,L}** we denote
‘I‘ := ¢ and X] = [th [ Cey [X[i_l,X[JH. Set

9;, :=span{X;(p) : |I| <i}, ieN.
Let k; = k;(p) := dim @;. These subspaces yield a filtration

OV=2°caC...C 2°=T,M,
p p P p

where s = s(p) € N is the step of the sub-Riemannian structure at p. A diffeomor-
phism z : U — R™, from a neighborhood U C M of p, yields local coordinates that
are said:

e linearly adapted at p, if they are centered at p, i.e. z(p) = 0, and
621 |O> A 7azki |0

form a basis for @Ii in these coordinates, for all i = 1,...,s. We say that
the coordinate z; has weight w; = j if 9.,|¢ belongs to @g \ @571;

e privileged at p, if they are adapted at p and z;(¢) = O(d(p, q)") for all
t=1,...,n.

Privileged coordinates exist in a neighborhood of any point. From now on we fix a
system of privileged coordinates and we identify its domain U C M with R™, and
p with the origin 0 € R™. Similarly, vector fields defined on U are identified with
vector fields on R™, and the restriction of the sub-Riemannian distance d to U is
identified with a distance function on R™. We define dilations, for A > 0:

o : R — R™, Oa(21y -y 2n) 1= (A 21, .., AV 2.

Dilations induce a concept of homogeneity of degree d € N:

e for a function f: R® — R™, if f(dr(q)) = A?f(q) for all A > 0 and ¢ € R™;
e for a one-form w on R", if djw = Mw for all A > 0;
e for a vector field X on R”, if 65, X = A~¢X for all A > 0.
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The principal part of the generating family .% = {X1,..., X1} is given by
X, := lim €01 /e Xis i=1,...,L.
e—0

The family & = {X Lo X 1.} is a set of complete vector fields on R™, homogeneous
of degree —1, with polynomial coefficients. They generate a nilpotent Lie algebra of
nilpotency step s = s(p), and they satisfy the bracket-generating condition at any
point of R™. They define a sub-Riemannian structure on R", called the nilpotent
approximation at p, and denoted with ([R”,a). An essential property of d is that
it is homogeneous of degree 1, that is a(éA(q), o0x(q)) = /\a(q,q’) for all ¢,¢' € R",
and A > 0.

9.4.1. Description of convergence to the tangent cone. Fixp € M. The
following fundamental estimate holds [31], Thm. 7.32]

THEOREM 9.7. There exist e, > 0 and Cp, > 0 such that for all q,¢' € B, (p)
it holds

~Cy My(a,4)d(g,4)/*' < d(g,¢") — (. ¢) < Cp My(q,4) d(g, )/,
where My(q,q') = max{a(O,q), a(O, q")} and s(p) is the step of the structure at p.

Recall that the tangent cone is the pGH limit for k& — oo, when it exists, of
(M, kd,p). Letting dp := kd, the set Br/,(p) coincides with the ball of radius
R and center p, with respect with the rescaled metric dx. For R > 0, we define
approximating maps:

(9.7) fx : Bryx(p) — R", fe(q) = or(q),

where k is taken so large that Bg/,(p) is contained in the domain of privileged
coordinates, thus fj is well-defined. Note that f(p) = 0 for all &k € N.

By Theorem 0.7, for all R > 0 and ¢ > 0, there exists kg = ko(R, €) such that
for all k£ > kg it holds:

(9.8) Bri-6)(0) € fu(Bry(p)) € Bra1e)(0),
where we denoted with B the ball with respect to d. Furthermore, it holds
ldi(a:@) — d(fila), fu(@)) <. Va.q' € Bru(p).

Finally, if in the given set of privileged coordinates m = ¢ .Z™ for some smooth
positive function ¢, we set

my = kPP m, where Q(p) == ijj ().
j=1

Then for all R > 0 it holds (fi)s(mk|B,,,) = ©(0)L"|g, ) Weakly as k — co. We
can assume, up to modification of the privileged coordinates, that ©(0) = 1. Thus

pmGH — lim (M, kd, k%m,p) = (R",d, .£™,0),
—00
with approximating maps (@7). Hence (R™,d,.£™) is isomorphic to the measured
tangent cone at p of (M,d,m). Different choices of privileged coordinates and

different sequences of rescalings yield isomorphic copies of the same m.m.s.

20ur statement is a amended version of [31, Thm. 7.32], which contains a typo.
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9.4.2. Convergence of natural gauge functions to the tangent cone.
For structures of step < 2, natural gauge functions induce a limit gauge function
on the metric cone, with an explicit expression in privileged coordinates. In the
following, 6\11t(;v) C R" denotes the cut locus from a point = € R™ for (R",d), and

Cut(R™) = {(z,y) | y € Cut(z)} C R" x R™.

THEOREM 9.8 (Gauge functions induced on the tangent cone). Let (M,d, m)
be a sub-Riemannian m.m.s. Let p € M, di, = kd and m;, = k9P m, so that
(M,dg, my,p) converges in the pmGH sense to the tangent cone ([R",a,.i”",()),
with approzimating maps @) in a set of privileged coordinates.

Let G: M x M — [0,00] be a natural gauge function as in Definition [6.6]
Assume that the sub-Riemannian distribution has step s(p) <2 at p. Then:

(i) the sequence Gy := G converges in the L} . sense of Definition to a
gauge function G : R x R" — [0, 400];
(ii) G satisfies the reqularity condition of Definition B3}
(i) G is bounded on R™ x R";
(iv) G is homogeneous of degree O with respect to dilations, that is

A A

G(0x(x),6x(y)) =G(z,y),  Va,yeR", VA>0;

(v) G admits the following explicit description. For (x,y) € (/]Ec([R”),

G(z,y) =0. For (x,y) ¢ @(R"), let \™¥ € T*R™ be the initial covector
of the unique geodesic in Geo(R™,d) joining x with y:

n
AT =3 AT dz,.
j=1
Let g = Z?jzl gij(2)dz; ® dz; be the metric tensor of the Riemannian
reference dg, and let f be the function appearing in Definition of G.
Then there exists a constant f(0,1) € [0, +00] such that:

Glz,y) = £(0.1) [ D gAY, V(z,y) ¢ Cut(R").
7,,]‘1,UL:’LUJ:2

N

In other words, G(z,y) is the norm of the homogeneous component of
degree 2 of \*'Y, with respect to a suitable metric on R™.

If G: M x M — RPY is vector-valued, an analogous statement holds, with G:
R™ x R" — RP" and, in item f(0,1) € RP'}".

PrROOF. We remind the following basic facts in sub-Riemannian geometry,
that will be used throughout the proof (see Appendix [A]). Let (M,d) be a sub-
Riemannian manifold induced by a family of smooth vector fields % ={X4,..., X }.
For any u € L%([0,1],R¥), and point o € R™, consider the following ODE:

L
(9.9) y(t) = Z w(OXi(v(t),  (0) =o.

Solutions v of (@) are called horizontal trajectories, and u is called a control for
v. Let U7 < L?([0,1],R¥) be the open subset such that the solution to (I1) is
well-defined up to time 1. The endpoint map for the family .%, with base point
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0 € R", is the map End” : Y7 — R™ which associates to u the value (1) of the
solution of ([@.9).

For any ¢,q¢' € M, let y%4 € Geo(M,d) be a geodesic from ¢ to ¢'. There exists
a non-zero Lagrange multiplier (Xf’q/, v) € T;;M x {0,1}, and a control u € L{(‘Ig
with |u(t)] = d(g,¢), such that 424 satisfies (£9) and furthermore

(9.10) (A2 D, End? (v)) = v(u,0)r2, VYo e L([0,1],RF),

where D denotes the Fréchet differential. Geodesics satisfying (@I0) with v = 0
are called abnormal, and they correspond to controls that are critical point of the
endpoint map. Geodesics satisfying ([@10) with v = 1 are called normal. In this
latter case, v can be seen as the projection of an integral curve A : [0,1] — T*M
of a Hamiltonian flow on T* M, with Hamiltonian H : T*M — R given by H(n) =
LSE (0, X,)2. For such a lift, it holds A(1) = A% .

We now proceed with the proof assuming G = D (cf. Definition [6.4)).

Proof of @ and Fix R > 0 and let k be so large that Byp/i(p) is in
the domain of privileged coordinates. Thus, without loss of generality, we assume
M = R™ and the structure (M,d) is defined by a family .# = {Xy,..., X} of
smooth vector fields on R™. Let (x,y) ¢ C/Ju\t(lR") Let uj, be the control of a geodesic
Y € Geo(M, d) joining 6y /5 (x) with 01/ (y) such that [|ux|[z2 = d(01/k(2), d1/k(y))-
For now -y is not necessarily unique even though we will see that this is the case
for large k.

Define also the family %, := {%Jk*Xl, cel %5k*XL} of vector fields on R™, for
all £ € N. It is easy to show that

0k(Endy, , (o) () = End7*(ku),  VuelUs,

Thus, there exist sequences of Lagrange multipliers (A01/x(®)01/x) 1,y ¢

Tgl/k(y)M X {071}7 controls ug € LQ([Ov 1}7[RL) with HukHL2 = d((sl/k(x)v(sl/k(y))a

and corresponding geodesics v, € Geo(M,d) between 1, (x) and d; /5 (y) such that

5

(9.11) K387 A Y Dy EZ(0)) = wi(kug,v) 2, Yo € L¥([0,1],RE).

Our goal is to take the limit in ([@TIT) for k& — +oo.

Firstly, by construction ku is a control associated with the curve &g o vy,
joining x with y. Furthermore, by Theorem 0.7, ||kug| 2 = kd(61/x (), 01/k(y)) —
d(z,y). In particular {kug}ren is weakly precompact in L2([0,1],RE). Let @ €
L2([0,1],RE) be one of its weak limits. Weak convergence of controls together
with local uniform convergence of %6k*Xi — X, fori = 1,..., L, implies that the
sequence of corresponding curves dj o v, has a subsequence converging to a limit
one 4 : [0,1] — R™, with control @& with respect to the family F = {Xl, e ,XL}.
In particular 4 is the solution of

L
At) = Zﬁi(t)f(i(?(ﬂ), 70) ==z, 4(1) =y

By definition of a, and the weak semi-continuity of the norm we have

d(z,y) < [[allr2 < liminf [kug|| 2 = d(z,y).
—00
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Thus 4 € Geo(M,d), with control @ such that ||a]| = d(x,y). Now we use the fact
that (z,y) ¢ (Tu\t([R") In this case there is a unique such geodesic 4, and it follows
that for the original sequence dy o v, — 4 and kug — 4, respectively.
Secondly, since kuy — @, then Dy,,, Endf’“ — Dy Endf in the operator topol-
ogy (by the same argument in [85] Prop. 3.7] or [33 Appendix, Thm. 23]).
Lastly, v, must be definitely equal to 1, otherwise @& would be a critical point
of End”

> , and thus 4 would be an abnormal geodesic, which is not possible since
(z,y) ¢ Cut(R"). By the same reason, End? is a submersion at @, thus for any
V € T,R™ there exist © € L?([0,1],RE) such that Dy End? () = V.
We are now ready to take the limit in (@I1]), taking v = 9, we obtain that
: w  yO1/k(®),61/%(y) NN
1 k265, A" / V)= .
k—iToo< 1/k'1 ’ > (U" U)

Since V' € T;/R™ was arbitrary, we have proved that the sequence

k2 T/k/\il/k(w),%/k(y)

is convergent, and its limit is the Lagrange multiplier for 4. We must then have
(9.12) kli_)nolo k25i</k/\<i1/k(x)751/k(y) _ S\T,y,

where ATY € T;R™ is the normal Lagrange multiplier of 4 € Geo(R", d).
We want to translate (I.12) into a statement for initial covectors. To do it, let
H,H : T*R" — R be the Hamiltonians of (R™,d) and (R™, a), respectively:
1 & A I~ o

i=1 i=1

We observe that 25 H (65n) — H(n) as k — +oc. Tt follows that, for the Hamiltonian
vector fields (the one encoding Hamilton’s equations), it holds

—
—

: 1 . S
kgrn{loo ﬁ(él/k)*H =4,
where (67 ;). is the push-forward of 67 , : T*R"™ — T*R". Furthermore, using also

the fact that the Hamiltonian is quadratic, namely H(kn) = k*H(n), for flows it
holds:

: * 71 1 * i *
kgriloo k251/ketH (E(S,m) = (), Vne TR,
for all t € R (recall that H is complete). For the initial covector A%/s(@):01/x(®)

corresponding to the Lagrange multiplier )\fl/k(m)’(sl/k(y), using ([@12), we obtain
1 2 g% g x),01
(9.13) kgrfook 61/k>‘ 1/k(2),01 /1 ()

k—+oo

i 1 xT .
= lim k25=1k/ke—H (ﬁéz k261</k)\(151/k( )>6l/k(y))

= ATV
—e H 1

e,
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In other words, ([@I2) holds also for the corresponding initial covectors.
Furthermore, let exp, : Ty M — M and éxp,, : TyR" — R™ be the exponential
maps with base point ¢ € M and o € R" for (M, d) and (R, a), respectively. That is

TyM> gﬁ)o:WO@H

exp, =To eH T*Rn-

Since A% is not a critical point for €xp,,, we claim that for all sufficiently large k,
the covectors \01/x(#):91/x(¥) " and thus the corresponding geodesic vy € Geo(M, d),
are uniquely determined by the choice of the endpoints z and y, and A%/ (#):91/k ()
is not a critical point for exps, , ()

To prove the claim, let F': [0,£9) x TAR™ — R™ be the map

77 (Eiiég‘eﬁ (5261“/577)) e >0,
0 (eH(n)) e=0.

The map F is smooth. We know that Fy = éxp, : TAR™ — R" is a diffeomorphism
in a neighborhood of Ao := A*¥, and that Fy(\g) = y. We already know that any
family 7, /. of geodesics from d. () and d.(y) are not abnormal for small €. Let then

Fe(n) =

N0 (2):9:(¥) be a corresponding family of initial covectors. We also know from (@13
that the sequence A. := 5%5:)\55(“5)’55(9) is such that A\, — Ag, and by construction
F.(\:) =y for all e. It follows that for sufficiently small € there is a unique such
Ae and thus A%=(#):9:(¥) and 71/e are uniquely determined by x and y. Since Ag is
regular for Fy, and since € — dF; is continuous, then A, is a regular point of F; for
small e. Unraveling the notation, this means that \%(#):%(%) is a regular point for
exp,, for all sufficiently small . This concludes the proof of the claim.

Summing up, so far we proved that for any (z,y) ¢ Cut(R™,d) and sufficiently
large k € N it holds:

o (01/k(),01/k(y)) & Cut(M,d);
e the initial covectors A21/#(#):01/k(¥) of the unique geodesics 7y, € Geo(M, d)
from &y /1, (x) to 614 (y) satisfy

lim kzé:’f/k)\él/k(m)vél/k(y) _ S\I,y’
k—+oo
where ) is the initial covector of the unique 4 in Geo(R", a) joining z with
Y.
Let us now discuss more precisely the action of dilations on covectors in our
system of privileged coordinates. For all ¢ € R™, it holds:
n n
(9.14) n= Z nidzi|51/k(q) = k26f/kn = Z k2~ "indzt,.
i=1 =1
Thus, the map k?&} /i dilates by a factor k?=J the homogeneous component of
degree j of . We stress the following consequences of ([@.I3]) and ([@14):
e the homogeneous component of degree 1 of \o1/#(*):91/x(¥) converges to
Z€ero;
e the homogeneous component of degree 2 of X\%1/#(#):91/5(¥) converges to the
homogeneous component of degree 2 of 5\"”’?/;
e the homogeneous components of degree j > 2 have growth O(k7~2).
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To conclude, recall from Proposition that if (61 /x(x),d1/k(y)) ¢ Cut(M,d),
then

6 x),0 ) x),0
D(01/k(x), 01/ (y)) = Z 91 (B1pp () A/ NS ),

7,7=1

Thus if the step s(p) = 2 at p, we must have at all (z,y) ¢ (jtTt(ﬂ?”)

(9.15) Jim D(614(2), 017k (v) Z i (OATYATY =: G(z, y).

=w;=2

We extend G to zero at all cut points. A little care in the argument proves also
that the convergence in (@15 is uniform in any sufficiently small neighborhood of
a point (x,,y,) ¢ 61?5([!?”) Also (x,y) — A™Y is continuous out of the cut locus.
It follows that if (z,y) ¢ (/ltTt(ﬂ?”) and zp — z, yx — Y, we have

(9.16) kgmoo D(61 /5 (), 01k (i) = G(z, y).

We now show how (II6) implies the L] . convergence of D to G as in Defini-
tion B3l Fix ¢, R > 0. Recall that by (@.8), 6x(Br/k(p)) € Br(1+e)(0) for large
k. Let qx € Bgr/r(p) form a sequence such that dx(qx) = @) is convergent in R".

For sufficiently large k, then g = d1/,(xx) where x;, is a convergent sequence in
BR(1+€)(0)' Then

(9.17) /B 1P 2) ~ Gld(ar) () K(2) 27
R/k

_/ ID(yk(w), 5178 (2)) = Glak, 2)|0(S1/4(2)) L7 (d2)
0k(Br/k(p))

<[ DB 51 - o 21 (2) 2 ().
BRr(1+4¢)(0)

Remove from the domain of integration the set Z := (/]u\t(i), given by the cut locus
of z := lim z; with respect to the metric d. It is well-known that, in the step 2
setting, Z has zero Lebesgue measure. At any z € ER(HE) (0) \ Z, we have that:

(m D(61/k(xk), 61/k(2)) = G(,2),  and kEI}»looG(xk, z) = G(z, 2).
The first limit is [@16), while the second one follows from the fact that (z, z) — A™*
is continuous out of the cut locus. Furthermore, the integrand of ([@I7) is locally
bounded thanks to the step 2 assumption. In fact, G is locally bounded by item
On the other hand, since s(p) < 2, then the step is < 2 in a neighborhood of
p, and thus D is also locally bounded close to p (cf. Theorem [6.24]). Thus, by the
dominated convergence theorem, ([@I7)) tends to zero as k — oo, proving the LIOC
convergence of Definition [£31

Proof of The map (z,y) — A™Y is continuous out of 61?5([!?”) For
any z € R”, the set C/hTt(x) has zero Lebesgue measure, and thus G satisfies the
regularity condition of Definition 3]

Proof of The metric tangent (R, a) has constant step equal to the one
of the original structure s(p) < 2. Thus, d is locally Lipschitz in charts [4, Cor.
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6.2]. For (z,y) € (Tu\t([R”) we have set G(z,z) = 0. For (z,y) ¢ @c(ﬂ?"), we have
ATy = —%dxa2(-,y). Thus G is locally bounded. By item it is also globally
bounded.

Proof of Observe that dilations map @c(ﬂ?”) to itself. Furthermore,
homogeneity of d and the fact that A*¥ = —%dwaQ(-, y) € TFR™ yield

“ 1 ~ —
Ao/k(@)81/(y) = ATV () ¢ Cut(R").

Thanks to the explicit formula for G of item G(x,y) depends only on the
homogeneous part of degree 2 of A**¥, and this is invariant by (@14 by the action
of 36;. In other words G(0x(z), dk(y)) = G(x,y) out of the cut locus, and also at

the cut locus since there we set G = 0.

This concludes the proof in the case G = D. Assume that, instead of D, one
had chosen a general natural gauge function G : M x M — [0,+4o00], induced
by a 1-homogeneous function f : © — [0,4+o00] as in Definition Notice that
d(01/x(7),01/k(y)) — 0 as k — oo. Furthermore, D is locally bounded in the step
2 case, and thus f is also bounded and smooth on its domain. It follows that G
converges in the Li . sense to f((),éo), where Gg is the L} . limit of D that we
have described in the previous case. Using the 1-homogeneity of f we deduce that
G = f(0,1)Gp. This concludes the proof for scalar valued gauge functions.

The proof is unchanged in the vector-valued case, with obvious modifications.

|

We record one main consequence of Theorem

THEOREM 9.9 (MCP on the tangent). Let (M,d, m) be a sub-Riemannian met-
ric measure space equipped with a natural gauge function G. Let (R™, a) be a tan-
gent cone of (M,d) at p in a system of privileged coordinates, where n = dim M.
Equip it with:

e the measure M = limy_,0(dx)ym, proportional to the Lebesque measure

on R™;
e the limit gauge function G of Theorem [O.8], assuming that the step is
s(p) < 2.

Let B as in ([2Z6), and assume that B¢ : [0,D) — R is locally Lipschitz. If
(M,d, G, m) satisfies the MCP(3) then also (R™,d,G,m) satisfies the MCP([3).

COROLLARY 9.10 (CD on the tangent). In Theorem @3], assume moreover
that (M,d) is fat. Then (R",d,G,m), which is an ideal Carnot group, satisfies the
CD(3,n).

PROOF OF THEOREM AND COROLLARY Using the explicit de-
scription of the convergence to the tangent cone at the beginning of Section [@.4.1] we
apply the stability Theorem To apply it, we first remark that, since s(p) < 2,
then the step is < 2 in a neighborhood of p so that any natural gauge function such
as G must be locally bounded (cf. Theorem [6.24]). The remaining hypotheses of
Theorem are satisfied thanks to Theorem This proves Theorem

We now prove Corollary If (M, d) is fat, then also (R",d) is fat. We note
in passing that fat structures have constant growth vector, so that the structure is
equiregular and in particular the tangent cone has the structure of a Carnot group
[31].
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Furthermore, fat structures do not admit non-trivial abnormal geodesics, so
they are ideal. By the results in [24], ideal structures support interpolation inequal-
ities with dimensional parameter n as in Definition B35 and the corresponding v
appearing in Definition is concentrated on a set of geodesics that avoid the cut
locus (out of which, G is continuous). Notice that the parameter N in the definition
of § in (Z8) must be necessarily N > n, as a consequence of Theorem

Thus we can apply Theorem [B7 to ([R",a,é,ﬁl), improving the MCP(3) of
Theorem [0.9 to the CD(3, n). O

REMARK 9.11. We can appreciate here an important difference with respect
to the Riemannian case. In the Riemannian case, any system of coordinates is
privileged, all coordinates have weight one, and thus by Theorem any natural
gauge function induces, in the limit, the trivial one G = 0. Since for general
distortion coefficients 3;(G) = £;(0) = ", Theorem can be used to prove that
the metric measure tangent of Riemannian manifolds must satisfy the MCP(0, N),
without using the explicit knowledge of the tangent. However, in sub-Riemannian
geometry, where weight 2 coordinates are available, one can have non-trivial gauge
functions in the limit, and thus the MCP(3) property on the tangent does not imply,
a priori, a classical MCP(0, N).

9.5. Vector-valued gauge functions on three-dimensional structures

In this section we illustrate through an example our theory in the case of vector-
valued gauge functions.

We consider here left-invariant fat sub-Riemannian structures on three-dimen-
sional Lie groups, sometimes referred to as three-dimensional model spaces (even if
with a different meaning than in Chapter []): the Heisenberg group H!, the special
unitary group SU(2), and the special linear group SL(2).

For a unified description, let us consider G a simply connected three-dimensional
Lie group endowed with a contact sub-Riemannian structure whose distribution 2
is generated by two left-invariant vector fields X; and X which are orthonormal
with respect to the corresponding sub-Riemannian metric. We assume the exis-
tence of a killing vector field X, transverse to . Up to isometries and dilations,
thanks to the classification in [1L[45], we can assume that the following Lie bracket
relations hold for some K € R:

[X1, Xo] = Xo, [Xo, X1] = KXo, [Xo, Xo] = —K X;.

In this description the Heisenberg group corresponds to K = 0, the group SU(2)
for K =1, while SL(2) corresponds to the choice K = —1. Here K coincides with
the Tanaka-Webster curvature of the CR structure.

If we endow these sub-Riemannian structures with the Popp volume m (see
[21]), then the corresponding volume distortion py (cf. Appendix [B.3] and Chap-
ter B)) along non-trivial geodesics is always identically zero [10].

Following the notation of Chapters [TH8], given z,y € G \ Cut(G) and for the
geodesic v : [0,1] — G joining them, v has (reduced) Young diagram Y with two
columns which can be labeled as follows:

b a‘
Y —
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with all sizes of the superboxes equal to 1. The Young diagram has two levels,
denoted by I and II, the first one with length ¢; = 2, while the second one with
length ;7 = 1, both with size 1. The sub-Riemannian Ricci curvatures have been
computed in [5]:
(9.18) Ric§ = Ric§ =0,  Ricd = ho(N)? + Kd?(z,y),
where A = A\"¥Y € T* M is the initial covector of the geodesic v and

ho(A) == (M"Y, X),

is its component in the direction of Xj.
Notice that, out of the cut locus, by Proposition [6.28] it holds:

[ho(A*¥)] = V/D(z,y)? = d(z,y)?,  ¥(z,y) ¢ Cut(G),
where D denotes the natural gauge associated with the Riemannian extension such
that X5, X5, X is an orthonormal frame (cf. Definition [6.4]).
Therefore, on the basis of the curvature bounds (@.I8]), we are led to define on
G the vector-valued gauge function G: G x G — IR2 as follows

(9.19) G = (Gy,Gy) := (v/D? — d2,d).

Since contact structures have step 2, then G is locally bounded by Theorem [6.24(iii )
The assumptions of the main comparison Theorem are satisfied by setting

r:[0,00) = R% k1(61,02) == (67 + K63,0),
KII: [0,00) — R, E11(91502) =0.

To make the formulation of Theorem [[.9explicit, we display the functions occurring
in its statement. For what concerns the level I, following the construction described
in Section [[2] we have for k1 € R:

2—2COS(\/I€_1t) \/_tsm(\/_t) . {j:_l k1 >0,
K/l,():

Hl +o0o k1 <0,

Sk1,0 (t) =

with usual interpretation when x; < 0. Using (ZIII), we have

Si; (01,02) = Sz, (0, /101,01 /101) (10])
and more explicitly

2 — 2cos (\/m) — /0% + K03 sin <\/6‘% —I—K@%)

SR1(01a92) = |0|2 02 + K62 ’
1 2

where |0] = /0% + 03. The positivity domain of sz, is

DOM;, = {(61,602) € RY | 07 + K63 < 27},
which is indeed an open and star-shaped set, whose shape depends on the sign of
K, as shown in Figure
The level IT is omitted according to the prescriptions of Theorem [[.9] so we
do not need to compute the corresponding comparison functions.
Thus, Theorem [[9] yields that for all (z,y) ¢ Cut(G) we have G(z,y) €
DOMg,, and

(X,d,m) z SRI (tG(l‘,y))
) 2 )
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\hn\ V’ru\

2m 2

K=0 K>0 K <0

FIGURE 9.2. Picture of DOM; for &(0y,02) = 67 + K603. Here,
91 = |h0| and 92 =d.

The above inequality can be explicitly rewritten thanks to ([@I9) in the form:
2~ 2c0s (/I3 + K@) — t3/h3 + Ksin (t1/13 + K

2 —2cos (W) — \/msin (\/m)

where hg = ho(A™¥Y) and d = d(z, ).

B () > t

REMARK 9.12. One may wonder whether one could apply our framework with
the scalar gauge function Ggen = h% + Kd?, instead of the vector-valued one
G = (Jho|,d). This approach has two main drawbacks:

e scalar gauge functions are required to be non-negative, hence the choice
of Ggeal = h3 + Kd? as a gauge would be possible only in the case K > 0,
failing the purpose of including all three-dimensional structures on Lie
groups in a unified framework;

e our guiding principle is that the gauge function should be a reference func-
tion with respect to which curvature bounds can be quantified. Gauge
functions should not contain the numerical parameters that quantify the
extent of curvature bounds. The three-dimensional examples in this chap-
ter nicely illustrate this idea: the only non-zero curvature is iRicg >
h3 + Kd?, the non-negative functions |ho| and d are the gauge to mea-
sure the extent of the curvature bound, which is then quantified by the
parameter K € R.
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APPENDIX A

Sub-Riemannian geometry

In this appendix we collect basic facts and notations in sub-Riemannian geom-
etry used in this paper. For a comprehensive introduction, we refer to [2L[71]76].

e A sub-Riemannian structure on a smooth, connected n-dimensional man-
ifold M, where n > 2, is defined by a set of m > 2 global smooth vector
fields X4,..., Xy, called a generating family.

e We assume the bracket-generating condition, i.e., the vector fields X,
..., X, and their iterated Lie brackets at x generate the tangent space
T.M, for all z € M.

e The (generalized) distribution is the disjoint union 2 = | |, s %z, where

D, = span{ Xy (z),..., Xp(x)} C T, M, Vae M.

Notice that 2 is a vector bundle if and only if dim &, does not depend
on x.
e The generating family induces an inner product g, on %, given by:

L L
gz (v,0) 1= inf{Zuf U_ZUiXi(l')}a Vv € Dy
i=1 i=1

e For i > 1, we define the iterated distributions 2° = | ] ¢\, 2%, where:
2% = span{[ X, [..., [Xi,_,. X3, i € {1,..., L}, j < i}.

The step of the distribution at z is the minimal s = s(x) such that 22 =
T, M.

e A horizontal curve is an absolutely continuous (in charts) map v : [0,1] —
M such that there exists u € L?([0, 1], RE), called control, satisfying

L
i) = D wOXG),  aetelol)

The class of horizontal curves depends on the family &% = {X;,..., X}
only through the C°°(M)-module of vector fields generated by 7.
e We define the length of a horizontal curve « : [0,1] — M as follows:

1
o) = / NGO

The length ¢ is invariant by suitable reparametrizations. Every horizontal
curve is the reparametrization of a suitable constant-speed one.
e The sub-Riemannian (or Carnot-Carathéodory) distance is defined by:

(A.1) d(z,y) = inf{l(y) | v(0) =z, v(1) = y, ~ horizontal}.

129
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130 A. SUB-RIEMANNIAN GEOMETRY

The bracket-generating condition implies that d is finite and continuous.
If (M,d) is complete as metric space, then for any x,y € M the infimum
in (A1) is attained.

e On the space of horizontal curves defined on [0,1] and with fixed end-
points, the minimizers of ¢, parametrized with constant speed, coincide
with the minimizers of the energy functional

e The end-point map associated with the generating family Z#={X;,..., X}
and with base point x is the Fréchet-smooth map Endfz :U — M, which
sends u to 7,(1), where ~, is the solution of

) = S wXu0), 0 =,

for every u € U C L?([0,1],RL) for which the solution 7, is defined on
[0, 1].

e Sub-Riemannian geodesics are admissible trajectories associated with
minimizing controls, namely the ones that solve the constrained mini-
mum problem

min{J(uv) |ueU, End?(u)=y},  x,yeM.

Sub-Riemannian geodesics are precisely those curves v : [0,1] — M such
that d(ys,7vs) = [t — s]d(v0,71)-

o If w is a minimizing control with Endfj (u) =y, then there exists a non-
trivial pair (A1,v) € Ty M x {0,1}, called Lagrange multiplier, such that

A1 0 D, End? (v) = v(u,v) e, Yo € T,U ~ L*(]0,1], RE),

where o denotes the composition of linear maps, D the (Fréchet) differen-
tial. Non-trivial means that (A1, v) # (0,0).

e The multiplier (A1,v) and the associated curve 7, are called normal if
v =1 and abnormal if v = 0. A minimizing control © may admit different
multipliers so that v, might be both normal and abnormal. In particular
we observe that -, is abnormal if and only if u is a critical point of Endf.

o If a: T*M — R is a smooth function, we denote by @ the corresponding
Hamiltonian vector field, i.e., the vector field on T*M satisfying o (-, @) =
da, where o is the canonical symplectic form of T M.

e If 7, :[0,1] — M is a normal geodesic, with Lagrange multiplier A1, then
it admits a lift A : [0,1] — T*M satisfying the differential equation

My =HAWD), A1) = A,

where H : T*M — R is the sub-Riemannian Hamiltonian:

L

H()) = %Z(A,XQQ, VAeT M,
i=1

and H denotes the corresponding Hamiltonian vector field.
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e The exponential map at x € M is the map exp, : ToM — M, which
assigns to Ao € T M the final point w(A(1)) of the corresponding solution
of

A(t) = H(A®),  A(0) = o
The covector A\g is called initial covector of the trajectory. The curve
vu(t) = w(A(t)), t € [0,1], has control w;(t) = (A(t), X;(7u(t))) for i =
1,...,L, and Satigﬁes the normal Lagrange multiplier rule with Lagrange
multiplier A\; = e ()\g).

e Given a normal geodesic y(t) = exp, (tAo) with initial covector A\g € Tx M
we say that y = exp,(t\) is a conjugate point to z along v if t)\ is a
critical point for exp,. Also we say that vy(s) and ~(t) are conjugate if
7(t) is conjugate to (s) along |-

e A normal geodesic 7 : [0,1] — M contains no non-trivial abnormal seg-
ments if for every s,s" € [0,1] with 0 < |s — s"| < 1, the restriction 7|5 s
is not abnormal.

e If a geodesic v : [0,1] — M contains no non-trivial abnormal segments,
then v(s) is not conjugate to v(s’) for every s, s’ € [0,1] with 0 < |s—¢'| <
1.

e A sub-Riemannian structure is ideal if the corresponding metric d is com-
plete and there exist no non-trivial abnormal geodesics.

e We say that y € M is a smooth point, with respect to x € M, if there
exists a unique geodesic joining x with y, which is not abnormal, and with
non-conjugate endpoints.

e The cut locus Cut(x) is the complement of the set of smooth points with
respect to . The global cut locus of M is

Cut(M) :={(z,y) € M x M |y € Cut(x)}.
The set of smooth points is open and dense in M, and the squared sub-
Riemannian distance is smooth on M x M \ Cut(M) [9L[77].

e The abnormal set Abn(x) is the set of points y such that there exists an
abnormal geodesic joining x and y. It holds Abn(z) C Cut(x).
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APPENDIX B

Canonical curvature

This is a self-contained account of the results in [91] concerning the construction
of the canonical frame and canonical curvature, adapted to our settings. This
approach to the construction of curvature-type invariants and its relation with the
geometry of curves in the Lagrange Grassmannian has its roots in the seminal
papers [8,1T]. See also [2, Appendix]. We will use basic concepts on the geometry
of the Lagrange Grassmannian, for which we refer to [2, Ch. 14].

B.1. Curves in the Lagrange Grassmannian

With any curve A(-) in a Lagrange Grassmannian Gy (W) of n-dimensional
Lagrangian subspaces of a 2n-dimensional symplectic space (W, o) one can associate
a curve of flags of subspaces in W. Denote:

AD(t) := span {%f(t) | £(+) is a smooth curve with £(7) € A(7)

for all 7, O<j<i}.

Recall that the tangent space ThAGr(W) to a point A € Gi(W) is identified with
the space Q(A) of quadratic forms on A via the symplectic form. Explicitly, this
is done by identifying the tangent vector A at a point A with the quadratic form
AsE—oa(E, fo), where 7 — &, is a smooth curve in W such that &, € A(7) for all
7 and & = €. The rank of A(-) at ¢ is the rank of A(t) as a quadratic form.

We define then a flag of families of subspaces

A(r) = AO(r) c AD(r)C ...,
We make the following assumptions on the curve A(:):
(i) it is equiregular, that is k;(t) := dim A () does not depend on ¢, for all
i > 0;
(ii) it is ample, that is there exists s € N such that A*(¢) = W for all ¢;
(iii) it is monotonically non-decreasing: A(t) < 0 for all ¢;

As a consequence of the sequence of numbers
d; == dim AUt — dim A® i>0.

is non-increasing. We assign a Young diagram to the curve A(-) as follows: the
number of boxes in the i-th column of the diagram is equal to dim A9 —dim AG—D,
In particular the number of boxes in the first column coincides with the rank of the
curve: d; = rank A. By the Young diagram contains n = dim(WW') boxes. See
Figure [B.11
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# boxes = d;

3:::_
e

FiGure B.1. Young diagram.

B.1.1. Reduced Young diagram. Heuristically, a row of length ¢ in the
Young diagram corresponds to the existence of a curve £(-) € A(-) such that
£(-),...,€W(.) are all independent as elements of W. It is reasonable then to
identify subspaces that have the same behaviour with respect to these derivations.
This motivates the following procedure.

For any given column of the Young diagram, we merge in a single box all boxes
located in the rows with the same length. This procedure yields a reduced Young
diagram from the original one, whose boxes are called superbozes, and whose rows
are called levels. All superboxes of a given level have the same size r, that is the
number of boxes merged together in the superbox, see Figure [B.21

I ﬁvel «

FIGURE B.2. Superboxes aq,...,ap of a level a.

size r

(e %1 a2 a3 v

By construction, the reduced Young diagram contains d > 1 levels, and the
sequence of lengths of the levels is strictly decreasing:

b1 >0y > >4,

We call Y the reduced Young diagram, which formally is identified with the set of its
superboxes. Generic superboxes are denoted with the letters a, b, .... We are going
to define curvature-type invariants of A(-) in terms of matrix-valued mappings. For
this reason we need to introduce some terminology. A mapping

R:Y xY — Mat,

where Mat denotes the set of all matrices, is called:
o compatible with the Young diagram Y if to any pair (a,b) of superboxes
of sizes r, and r, the matrix R(a,b) has size 7, X 7;
o symmetric if R(b,a) = R(a,b)* for any pair (a,b) of superboxes.

B.1.2. Normal mappings. Curvature mappings will be required to satisfy
algebraic conditions, formulated in terms of vanishing of some blocks R(a,b), for
suitable superboxes a,b € Y. We refer to [91] Def. 1, Def. 2] for the general
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formulation, which we describe here only for the cases in which Y has no more
than two columns (and hence at most two levels). In this case, a symmetric and
compatible mapping R :Y x Y — Mat is called normal if:

e R(a,b) is skew-symmetric, that is R(a,b) = —R(a,b)*, for all pairs of

distinct superboxes a, b that belong to the first level of Y.

Of course this condition is vacuous if Y has only one column (and hence only one
superbox, as it happens for Jacobi curves of a Riemannian or Finsler structures), so
that a symmetric compatible mapping in this latter case is just any n xn symmetric
matrix.

B.1.3. Normal moving frames. A normal moving frame will be a smooth
one-parameter family of bases of W, attached to a given curve A(-). It will be
convenient to label the elements of a moving frame according to the superboxes of
a reduced Young diagram Y. In particular, if a is a superbox of Y of size r, then

Eo(t) = (Ea, (t), -+, Ea, (), Fult) = (Fa, (1), -, Fa, (1)),

denote two tuples of smooth families of vector fields in W, which are independent
at all times. The collection {E,(t), Fi(t)}aey will then be a basis for W for all
times. It is natural to require that the frame is Darboux, that is

O'(Ea,Eb) :U(Fa,Fb) ZO'(EQ,Fb)—(SabZO, Va,bEY,

where for tuples V, V"’ of vectors in W we denote by o(V, V") the matrix o(V;, V)
and ¢ is a Kronecker delta, that is 4, = 0 if a # b and 04, = 1 if a = b (here, 0

and 1 are r, X 1, matrices).

DerINITION B.1 (Normal moving frames). The moving Darboux frame
{E.(t), Fo(t) }aey is called a normal moving frame of a non-decreasing curve A(t)
with reduced Young diagram Y if for all ¢:

(B.1) A(t) = span{E,(t) }aev,

and there exists a one-parameter family of symmetric and compatible normal map-
pings R; : Y x Y — Mat such that for any superbox a € Y’

Ea(t) = El(a) (t)7 a ¢ ﬁI‘St(Y),

E,(t) = —F,(t), a € first(Y),

Fa(t) = Z Rt(av b) ! Eb(t) - Fr(a)(t)a a ¢ laSt(Y)a
bey

F,(t) = Z Ri(a,b) - Fp(t), a € last(Y),
bey

where first(Y) and last(Y') denote the set of superboxes in the first (resp. last)
column of each level of Y, while [ : Y\ first(Y) — Y and r : Y\ last(Y) — Y denote
the left and right shift of superboxes on Y.

THEOREM B.2 (Existence and uniqueness of normal moving frames [91]). For
any ample, equiregular, monotonically non-increasing curve A(-) in the Lagrange
Grassmannian, with reduced Young diagram Y, there exists a normal moving
frame {E4(t), Fo(t) }acy -
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Furthermore {Eq(t), F,(t)}acy is another normal moving frame if and only if
for any level 1 < i < d of Y with size r; there exists a constant orthogonal r; X r;
matriz U; such that for all superboxes a in the i-th level it holds

E,(t) = U; - E,(t), F,=U; - Fy(t), vt

B.1.4. Canonical splittings and curvatures. Theorem yields a rich
structure attached to A(-). Firstly, the family A(t) is equipped with a canonical
Euclidean structure, given by the scalar product that makes the elements of the
tuples {E,(t)}aey orthonormal. Secondly, we have the splitting

At)=EPVa(t),  where  V(t) :=span{E,(t)}.
acY
Similarly one can define a Lagrangian complement A™#"5(¢) such that W = A(t) ®
Atrans(¢) for all times, given by

A (t) := @D Ha(t),  where  H, :=span{F,(t)}.
a€cY
The matrix-valued maps Rt(q, b) appearing in Theorem [B.2] correspond to well-
defined operators. In fact, if Ry, Ry : Y XY — Map are two compatible, symmetric

normal mappings associated with two canonical moving frames {FE,(t), Fu(t)}acy
and {E,(t), Fu(t) }aey, then it follows from Theorem [B.2l that:

Ri(a,b) = Ui Ry(a,b)U;, Vi,

where a and b belong to the i-th and j-th levels of Y, respectively, and U;, U; are
orthogonal constant matrices appearing in Theorem [B.22l We can then give the
following formal definition.

DEFINITION B.3 (Canonical curvatures). Let A(-) be an ample, equiregular,
monotonically non-increasing curve in the Lagrange Grassmannian, with reduced
Young diagram Y. For any a,b € Y, we define the (a,b)-canonical curvature map

R®(t) : Vo (t) x V() — R,

as the one-parameter family of linear maps whose representative matrix correspond
to the matrix R:(a,b) with respect to the bases E, and Ej of V, and V. The
canonical curvature map is the one-parameter family of symmetric linear maps
R(t) : A(t) x A(t) — R such that its restriction on V,(t) x V,(t) coincides with
R(t) for all a,b € Y. Finally, for each a € Y, the canonical Ricci curvature is
the one-parameter family obtained by taking the trace on superboxes of R with
respect to the canonical Euclidean structure:

Ric(t) = tr(R* (1)), YaeYy,

that is the trace of the matrix R;(a,a) for any choice of normal moving frame.

B.2. Jacobi curves

An important case to which the previous theory applies is that of Jacobi curves
Jx(+) associated with an extremal (i.e., an integral curve of a Hamiltonian flow) that
we now introduce. Let M be a smooth n-dimension@l manifold, and H : T*M — R
be a function, generating the Hamiltonian flow e'¥. For simplicity we assume it
to be defined for all times ¢t € R. Letting T*Myo = {A € T*M | H()\) # 0}, we
require the following:
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(H1) H is smooth on T*Myo;

(H2) the Hessian of the restriction H, := H|r:p at any point A € T, M,
denoted by d3 H, : T/ M — R, is a non-negative and possibly degenerate
quadratic form.

These assumptions are verified for the Hamiltonian function of general (sub-)Rie-
mannian and (sub-)Finsler structures, or for the Hamiltonian of a general LQ op-
timal control problem on M = R™ (see Section [(I]). Notice that in the (sub-
)Riemannian or in the LQ case, since H, is a quadratic form, it holds d?\Hm =2H,.

DEFINITION B.4 (Jacobi curve). Let A € T*Mo be the initial covector of

A = et (A). The Jacobi curve at X is the following curve of Lagrangian subspaces
of T)\ (T*M)

Ia(t) == e ATy (T2 M),
where v, = m( ).

We have the following properties for all ¢, s where the statements make sense:

(P1) Ja(t+s) = e; 7, ()
(P2) J\(0) = —d} H, as quadratic forms on Jy(0) = T\(T M) ~ T; M, where
x =m(A).
See |2, Prop. 15.2] for a proof in the (sub-)Riemannian case.

It follows from [(P2)] that J,(¢) < 0 for all times, so that Jj(¢) is monotonically
non-increasing curve. When the curve is also ample and equiregular, we can apply
Theorem The corresponding moving frames and curvature operators can be
defined in three equivalent ways. For clarity, we describe them all here.

B.2.1. Curves in the Lagrange Grassmannian point of view. If J)(:)
is an ample and equiregular Jacobi curve, with Young diagram Y, Theorem
yields the existence of:

e a normal moving frame {F,(t), F,(t) }acy for Ji(t);

e the subspaces V,(t) = span{E,(t)} and H,(t) = span{F,(t)} of Th(T*M);

e the (a,b)-curvature maps R®(t) : V,(¢) x Vi(t) — R, represented by the
curvature matrices R;(a,b);

e the curvature map R(¢) : Jr(t) = Jx(¢), extending all the (a, b)-curvature
maps;

e the Ricci curvatures Ric®(t) = tr R (¢).

B.2.2. Canonical frame along the extremal point of view. Notice that
et maps T\ (T*M) diffeomorphically onto T, (T*M), sending in particular Jy(t)

k
to the vertical space V), = kerdy,m. Therefore, a normal moving frame can be

identified with a family of Darboux bases along A;, by setting
(B.2) Eqolx, == eiﬁEa(t), Folx, = eiﬁFa(t), VaeY.

Definition [B.l for a normal moving frame can be reformulated in an equivalent way
in terms of the frame (B.2)). Firstly, equation (B.]) becomes the condition

Vi, = kerdy,m = span{Eq|x, }acy-

Secondly, the structural equations in Definition [B] are expressed in terms of (B2
replacing the time-derivative with the derivative in the direction of H.
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With this approach, to any extremal A\; = et (M) associated with an ample and
equiregular Jacobi curve with Young diagram Y, Theorem [B.2] yields the existence
of:

e a normal moving frame {F,|x,, Fula, bacy along Ty, (T*M), also called
canonical frame;

e the subspaces V5, = span{FE,|x, } and H,|, = span{F,|x,} of Tx,(T* M);

e the (a,b)-canonical curvature maps iﬁii’ : Vaine X Voia, — R, represented
by the curvature matrices R(a,b);

e the canonical curvature map Ry, : Vi
(a, b)-canonical curvature maps;

e the Ricci curvatures fRicf, = tr R)/§.

x Vi, = R, extending all the

t

This notation is consistent, in the sense that if A\s, for some s € R, is used as
initial covector to produce the extremal ()\); = e (\,), then it holds

Ry, =Ry, VEseR

This property is a consequence of [(P1)] It follows that 9y, is the restriction to
A¢ of a well-defined operator-valued map A — R, also called canonical curvature
map, defined at all those points A associated with an ample and equiregular Jacobi
curve.

B.2.3. Smooth families of operators point of view. Assuming that there
exists a neighborhood U C T*M of covectors with ample and equiregular Jacobi
curve with the same reduced Young diagram Y, the maps A — R$> are smooth on
U L This is the point of view adopted in Chapter 8l in order to study the singularity
of Ry as A — 9U for fat sub-Riemannian structures (in that case U = {A € T*M |
H(\) =0}).

B.3. Geodesic volume derivative

Let (2, g) be a sub-Riemannian structure on a smooth manifold M, equipped
with a smooth measure m. Let U C T* M be an open subset where any A € U is
associated with an ample and equiregular Jacobi curve, so that the canonical frame
is well-defined.

DEFINITION B.5 (Geodesic volume derivative). The geodesic volume derivative
with respect to m is the smooth function p,, : U — R, defined by

d
< 1ogm</\ W*Faht) . VAeU,
t=0

Pm,\ =
dt acY

for any choice of canonical frame along A, = et4 (N).

The definition is well-posed, that is it does not depend on the choice of canonical
frame, thanks to the uniqueness part of Theorem

1This is a consequence of the proofs [91], as there one only uses inversion of matrices, solutions
of ODES, all of them depending smoothly on the initial covector A.
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B.4. The Riemannian case

In the Riemannian case the Jacobi curve at any A € T* M is ample and equireg-
ular with the same reduced Young diagram made of one superbox (so we can omit
it from the notation). It is proven in Lemma 15] that:

Ry =R( AN ),  Ricy = Ric(\, \),

where we identify T\(Ti M) = TF M ~ T, M via the Riemannian structure, while
R and Ric denote the Riemann and Ricci curvature tensors, respectively.

Concerning the geodesic volume derivative, one can also prove that, in the
Riemannian case, the canonical frame projects onto an orthonormal frame. If M
is equipped with a smooth reference volume m = e~ Vvol, where V : M — R is
a smooth function and vol is the Riemannian density, then the geodesic volume
derivative reduces to

d _ .
Pm,\ = E 10g€ vor®) = _g(V’YDV) 70))
t=0
where v, = ().
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