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Abstract. For four wide classes of topological rings R, we show that all flat left
R-contramodules have projective covers if and only if all flat left R-contramodules
are projective if and only if all left R-contramodules have projective covers if and
only if all the discrete quotient rings of R are left perfect. The key technique on
which the proofs are based is the contramodule Nakayama lemma for topologically
T-nilpotent ideals. In the second half of the paper, we present applications of
these results to tilting theory, pure module theory, and the Enochs conjecture. In
the categorical n-tilting-cotilting correspondence situation, if A is a Grothendieck
abelian category and the related abelian category B is equivalent to the category
of contramodules over a topological ring R belonging to one of our four classes,
then the left tilting class is covering in A if and only if it is closed under direct
limits in A, and if and only if the topological ring R is pro-perfect. We also prove
that all the discrete quotient rings of the topological ring of endomorphisms of
a Σ-pure-split module are perfect, and discuss the relations of covers with direct
limit closedness properties of the class Add(M) for a Σ-rigid or self-pure-projective
module/object M . The example of the tilting object related to an injective ring
epimorphism of projective dimension 1 is considered at the end.
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Introduction

0.0. In a classical paper of Bass [5] (based on his Ph. D. dissertation), it was shown
that every left module over an associative ring R has a projective cover if and only
if every flat left R-module is projective. Such rings were called left perfect, and a
number of further equivalent characterizations of them were provided in the paper.
Many years later, Enochs conjectured [14], and subsequently Bican, El Bashir, and
Enochs proved [10] that, over any associative ring, all modules have flat covers. This
assertion became known as the “flat cover conjecture/theorem”.

In the recent paper [35], coathored by the second-named author of the present
paper, it is shown that, over any complete, separated topological associative ring
with a countable base of neighborhoods of zero formed by open right ideals, all left
contramodules have flat covers. This provides a contramodule analogue of the result
of Bican, El Bashir, and Enochs. In fact, there are two proofs of the existence of flat
covers in their paper [10], one following the approach of Bican and El Bashir, and
the other one based on the results of Eklof and Trlifaj [13]. Both of these lines of
argumentation are extended to contramodules over topological rings with a countable
base of neighborhoods of zero in the paper [35].

0.1. In the present paper we extend the results of Bass’ paper [5] to the contramodule
realm. One reason why this is interesting is because perfect rings are relatively rare,
while pro-perfect topological rings (for many of which we prove that all contramodules
have projective covers and all flat contramodules are projective) are more numerous.
In particular, our results apply to the contramodules over all commutative pro-perfect
topological rings. This class of topological rings includes complete Noetherian local
commutative rings and the S-completions of S-almost perfect commutative rings (as
defined in our previous preprint [6]).

Here a pro-perfect topological ring is a complete, separated topological ring with a
base of neighborhoods of zero formed by open two-sided ideals such that all its discrete
quotient rings are perfect. In fact, it is only because of possible problems with non-
well-behaved uncountable projective limits that we do not claim applicability of our
results to all pro-perfect topological rings. Such problems do not exist for topological
rings with a countable base of neighborhoods of zero, and we find them manageable
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for commutative topological rings and topological rings having only a finite number
of semisimple discrete quotient rings.

Thus the three classes of topological rings for which our main results hold are the
complete, separated topological associative rings with a base of neighborhoods of
zero formed by open two-sided ideals such that either (a) the ring is commutative,
or (b) it has a countable base of neighborhoods of zero, or (c) it has only a finite
number of semisimple discrete quotient rings.

The assumption of existence of a base of neighborhoods of zero formed by open two-
sided ideals is somewhat restrictive, given that the definition of a left contramodule
over a topological ring only requires a base of neighborhoods of zero consisting of open
right ideals. Some, though not all, of our main results are applicable to topological
rings with a base of neighborhoods of zero formed by open right ideals. In particular,
we prove the existence of projective covers and projectivity of flat contramodules over
many topological rings R having a topologically T-nilpotent closed two-sided ideal
H such that the quotient ring R/H is a product of simple Artinian discrete rings
(endowed with the product topology).

Here a closed ideal H in a topological ring R is said to be topologically left
T-nilpotent if, for any sequence of elements a1, a2, a3, . . . in H, the sequence of
products a1, a1a2, a1a2a3, . . . converges to zero in R. Among out main technical
tools, we present two versions of the Nakayama lemma for topologically T-nilpotent
ideals. Firstly, a closed two-sided ideal H ⊂ R is topologically left T-nilpotent if and
only if any nonzero discrete right R-module has a nonzero submodule annihilated
by H. Secondly, if H ⊂ R is topologically left T-nilpotent and C is a nonzero left
R-contramodule, then the contraaction map H[[C]] −→ C is not surjective.

Moreover, there is a wider fourth class of topological rings R, containing the three
classes (a), (b), and (c), for which we show all flat left R-contramodules have pro-
jective covers if and only if all flat left R-contramodules are projective if and only if
all left R-contramodules have projective covers if and only if all the discrete quotient
rings of R are left perfect. This class (d) consists of complete, separated topologi-
cal rings with a base of neighborhoods of zero formed by open right ideals having a
topologically left T-nilpotent closed ideal H ⊂ R such that the quotient ring R/H
is a topological product of topological rings satisfying (a), (b), or (c). Topological
rings satisfying the condition (d) do not need to have a base of neighborhoods of zero
formed by open two-sided ideals.

0.2. The present paper consists roughly of three parts, the first of them consisting of
Sections 1–10, the second one of Sections 11–15, and the third one of Sections 16–19.
The above discussion in this introduction covers the first part.

In the second part, we apply the results of the first part in order to study direct
limit closedness and covering properties of classes of modules or, more generally,
classes of objects in abelian categories of much more general nature than the class
of all projective objects. In the third part, we specialize to some classes of modules
related to a homological epimorphism of associative rings.
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0.3. Enochs proved that a precovering class of modules closed under direct limits
is covering [14, Theorems 2.1 and 3.1], and later asked the question whether any
covering class of modules is closed under direct limits (see, e. g., [19, Section 5.4];
cf. [3, Section 5]). A hypothetical general positive answer to this question is sometimes
called “the Enochs conjecture”. A positive answer in many particular cases was
obtained in [3, Theorem 5.2 and Corollary 5.5]. In Section 15 of the present paper,
we essentially prove the following result (cf. Corollary 15.5 and its proof).

Let A be an associative ring and M be a left A-module. For any sequence of
endomorphisms a1, a2, a3, . . . of the A-module M , consider the left A-module

B = lim−→ (M
a1−→M

a2−→M
a3−→ · · · ),

and assume that the related short exact sequence of left A-modules

0 −−→
⊕∞

n=1
M −−→

⊕∞

n=1
M −−→ B −−→ 0

remains exact after applying the functor HomA(M,−). Assume further that the
topological ring R = HomA(M,M)op opposite to the ring of endomorphisms of the
left A-module M satisfies one of the conditions (a), (b), (c), or (d) (e. g., if the ring
R is commutative, then the condition (a) is satisfied).

Let Add(M) denote the class of all direct summands of (infinite) direct sums of
copies of M . Then the left A-module B has an Add(M)-cover for every sequence
of endomorphisms a1, a2, a3, . . . of the A-module M if and only if the class of left
A-modules Add(M) is closed under direct limits and if and only if all the discrete
quotient rings of the topological ring R are left perfect.

0.4. In Section 11 we prove that, given a hereditary complete cotorsion pair (L,E)
in an abelian category A, all the objects of A have L-covers if and only if all the
objects of E have L-covers in A. In Section 12 we discuss the direct limit closedness
properties of the n-tilting and n-cotilting classes in the n-tilting-cotilting correspon-
dence context, as developed in the paper [36]. We show that, whenever the n-tilting
cotilting correspondence connects a Grothendieck abelian category A with a certain
abelian category B, the left tilting class L is closed under direct limits in A if and
only if the class Add(T ) for the tilting object T ∈ A is closed under direct limits and
if and only if the class of all projective objects is closed under direct limits in B.

Assuming that B is the category of left contramdules over a topological associative
ring R (which is always the case, e. g., when A is the category of modules over an
associative ring) and that the ring R satisfies one of the conditions (a), (b), (c),
or (d), we prove in Section 13 that the latter three equivalent conditions hold if and
only if the class L is covering in A, if and only if the class Add(T ) is covering in A, if
and only if the class of projective objects is covering in B, and if and only if all the
discrete quotient rings of R are left perfect.

It is well-known that, given an n-tilting left module over an associative ring A,
the left tilting class L is closed under direct limits in the category of left A-modules
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if and only if the left A-module T is Σ-pure-split [19, Proposition 13.55]. In Sec-
tion 14 we show that, for any Σ-pure-split left A-module M , the class of all projec-
tive objects in the abelian category of left contramodules over the topological ring
R = HomA(M,M)op is closed under direct limits. It follows that all the discrete
quotient rings of R are left perfect.

Sections 16–18 provide background material for Section 19. We start our discussion
of ring epimorphisms in Section 16 with constructing the Matlis additive category
equivalences [25, Theorems 3.4 and 3.8] for an associative ring epimorphism. Notice
that Matlis category equivalences for certain noninjective epimorphisms of commuta-
tive rings were obtained in [32, Section 5], while for certain injective epimorphisms of
noncommutative rings the first of two Matlis category equivalences was constructed
in [15, Section 4]. We construct both the first and the second Matlis category equiv-
alences in what we believe is the maximal natural generality of an associative ring
epimorphism u : R −→ U satisfying TorR1 (U,U) = 0 (for the first equivalence) or
TorR1 (U,U) = 0 = TorR2 (U,U) (for the second one).

In the case when the ring R commutative, we also show in Section 16, using some
results of Hrbek and Angeleri Hügel–Hrbek, that whenever u is a homological ring
epimorphism and U is an R-module of projective dimension 1, it follows that U is
actually a flat R-module. In the general context of an associative ring R, assuming
that u is a homological ring epimorphism such that U has flat dimension at most 1
as a right R-module (resp., projective dimension at most 1 as a left R-module), we
discuss the abelian category of u-comodule (resp., u-contramodule) left R-modules
in Section 17. The former is defined as the full subcategory of all left R-modules
annihilated by the derived functor TorR0,1(U,−), while the latter is the Geigle–Lenzing

right Ext0,1
R -perpendicular subcategory to U in the category of left R-modules. In the

respective assumptions, we show that the u-comodules form a Grothendieck abelian
category, while the abelian category of u-contramodules is locally presentable with
a projective generator. We also discuss adjoint functors to the identity inclusions of
these full subcategories into the category of left R-modules.

In Section 18 we construct a triangulated version of the Matlis category equiva-
lences, as developed in the paper [32, Sections 4 and 6] for multiplicative subsets
in commutative rings and in the recent preprint by Chen and Xi [12, Section 4.1]
for homological epimorphisms of associative rings. Finally, in the last Section 19 we
restrict our attention to injective homological ring epimorphisms u : R −→ U and
discuss the related 1-tilting-cotilting correspondence situations and their direct limit
closedness and covering properties.

0.5. Specifically, we show that, when U has projective dimension at most 1 as a left
R-module and flat dimension at most 1 as a right R-module, the quotient module
K = U/R is a 1-tilting object in the abelian category of left u-comodules A, and the
related abelian category B is the category of left u-contramodules or, which is the
same, the category of left contramodules over the topological ring R = HomR(K,K)op

opposite to the endomorphism ring of the left R-module K. Assuming that the
topological ring R satisfies one of the conditions (a), (b), (c), or (d) (e. g., this
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holds when the ring R is commutative, as the ring R is then commutative, too) and
denoting by L the left 1-tilting class in A, we observe that the following conditions
are equivalent. Every left R-module has an L-cover if and only if every left R-module
has an Add(K)-cover if and only if the class of left R-modules L is closed under direct
limits if and only if the class Add(K) is closed under direct limits, and if and only if
all the discrete quotient rings of R are left perfect.

Furthermore, it is well-known [2] that the left R-module U⊕K is 1-tilting whenever
U has projective dimension at most 1 as a left R-module. Denoting by N the related
left tilting class in the category of left R-modules and assuming that the topological
ring R satisfies one of the conditions (a), (b), (c), or (d), we show that all left
R-modules have N-covers if and only if the class of left R-modules N is closed under
direct limits and if and only if both all the discrete quotient rings of the topological
ring R are left perfect and the associative ring U is left perfect. In particular, these
three conditions are equivalent if the ring R is commutative. The point is that
whenever the topological ring R = HomR(K,K)op satisfies (a), (b), (c), or (d), the
topological ring S = HomR(U ⊕K, U ⊕K)op satisfies (d).

Acknowledgment. The first-named author is partially supported by grants
BIRD163492 and DOR1690814 of Padova University. The second-named author’s
research is supported by the Israel Science Foundation grant # 446/15.

1. Preliminaries on Topological Rings

The material in Sections 1.1–1.4 below is well-known (some relevant references
are [42, Chapter VI] and [8]). Sections 1.5–1.10 go back to [27, Remark A.3] and [28,
Section 1.2]; for later expositions, see [30, Sections 2.1 and 2.3] and [35, Sections 1.2
and 5]. The material of Sections 1.11–1.12 may be somewhat new (it is implicit in [28,
Sections 1.3 and B.4]).

Throughout this paper, by “direct limits” in a category we mean inductive limits
indexed by directed posets. Otherwise, these are known as the directed or filtered
colimits.

1.1. Abelian groups with linear topology. A “topological abelian group” in this
paper will always mean a topological abelian group with a base of neighborhoods of
zero formed by open subgroups. Any collection of subgroups B in an abelian group A
such that for any two subgroups U ′ ∈ B and U ′′ ∈ B there exists a subgroup U ∈ B,
U ⊂ U ′ ∩U ′′, forms a base of neighborhoods of zero in a (uniquely defined) topology
on A compatible with the abelian group structure.

The completion A = AB̂ of a topological abelian group A is the abelian group
A = lim←−U∈B A/U endowed with the projective limit topology, in which a base of

neighborhoods of zero B in A is formed by the kernels U = Û of the projection
maps A −→ A/U . The topological group A = AB̂ does not depend on the choice of
a particular base of neigborhoods of zero B in a topological group A.
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A topological abelian groupA is said to be separated if the completion mapA −→ A
is injective, and complete if it is surjective. The projection maps A −→ A/U induce
isomorphisms A/U −→ A/U , so the completion A of a topological abelian group
A is always separated and complete (in the projective limit topology of A). The
completion map A −→ A is an isomorphism of topological abelian groups (i. e., an
additive homeomorphism) whenever A is separated and complete.

1.2. Subgroup and quotient group topologies. Let A be a topological abelian
group and A′ ⊂ A be a subgroup. Then the group A′ can be endowed with the
topology induced from A. If B is a collection of subgroups forming a base of neigh-
borhoods of zero in A, then the collection of subgroups B′ = {A′ ∩U | U ∈ B} forms
a base of neighborhoods of zero in A′.

Lemma 1.1. (a) If a topological abelian group A is separated, then any subgroup
A′ ⊂ A is separated in the induced topology.

(b) Let A be a complete, separated topological abelian group. Then a subgroup
A′ ⊂ A is complete in the induced topology if and only if it is closed in A.

(c) More generally, if A is separated and complete, then for any subgroup A′ ⊂ A
the induced map between the completions A′̂−→ Â= A provides a topological group
isomorphism of the completion A′̂ of the group A′ with the closure A′ ⊂ A of the
subgroup A′ ⊂ A (where the topology on A′ and A′ is induced from A). �

Let A be a topological abelian group, A′ ⊂ A be a subgroup, and A′′ = A/A′ be
the quotient group. Then the group A′′ can be endowed with the quotient topology,
in which a subset of A′′ is open if and only if its preimage in A is. If B is a collection
of subgroups forming a base of neighborhoods of zero in A, then the collection of
subgroups B′′ = {(A′+U)/A′ | U ∈ B} forms a base of neighborhoods of zero in A′′.

Lemma 1.2. (a) If a topological abelian group A is separated, then the quotient group
A/A′ is separated in the quotient topology if and only if the subgroup A′ is closed in A.

(b) Let A be a topological abelian group with a countable base of neighborhoods
of zero formed by open subgroups, and let A′ ⊂ A be a closed subgroup. Then the
quotient group A′′ = A/A′ is complete in the quotient topology.

Proof. We will only prove part (b). Let B be a countable base of neighborhoods of
zero consisting of open subgroups in A. Then for any U ∈ B we have a short exact
sequence of abelian groups

0 −−→ A′/U′ −−→ A/U −−→ A′′/U′′ −−→ 0,

where U′ = A′ ∩ U and U′′ = (A′ + U)/A′. Now (A′/U′)U∈B is a projective system
of abelian groups and surjective morphisms between them, indexed by a countable
directed set B. Hence the sequence remains exact after the passage to the projective
limits,

0 −−→ A′B̂′ −−→ AB̂ −−→ A′′B̂′′ −−→ 0,

where B′ = {U′ | U ∈ B} and B′′ = {U′′ | U ∈ B}. By assumption, we have A = AB̂ ;
by Lemma 1.1(b), A′ = A′B̂′ . Thus the completion map A′′ −→ A′′B̂′′ is bijective,
that is, the topological abelian group A′′ is (separated and) complete. �
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We are not aware of any counterexamples to the assertion of Lemma 1.2(b) in
the case of an uncountable base of neighborhoods of zero, but there seems to be no
reason for it to be true in full generality. In a different context of topological vector
spaces over the field of real numbers (in its real topology), such a counterexample is
suggested in [11, Exercise IV.4.10(b)].

1.3. Topological rings. In this paper, the word “ring” means “an associative ring
with unit” by default. Unless otherwise mentioned, all ring homomorphisms are sup-
posed to preserve units, and all modules are presumed to be unital. When considering
rings without unit or subrings without unit, as we will at some point in Section 4,
we will always explicitly refer to them as being “without unit”.

Given an (associative and unital) ring R, we denote the abelian category of (arbi-
trary unital) left R-modules by R–mod and the abelian category of right R-modules
by mod–R. The ring with the opposite multiplication to a ring R is denoted by Rop.

In this paper we are interested in topological associative rings R such that open
right ideals I ⊂ R form a base of neighborhoods of zero in R. A collection of right
ideals B in a ring R forms a base of neighborhoods of zero in a topology compatible
with the ring structure on R if and only if it satisfies the following conditions (cf. [42,
Section VI.4] and [8, Remark 1.1(ii), Claim 1.4, and Lemma 1.4]):

(i) for any two right ideals I ′ and I ′′ ∈ B, there exists a right ideal J ∈ B such
that J ⊂ I ′ ∩ I ′′; and

(ii) for any right ideal I ∈ B and any element r ∈ R, there exists a right ideal
J ∈ B such that rJ ⊂ I.

The completion R = RB̂ of a topological ring R is the abelian group R =
lim←−I∈B R/I endowed with the projective limit topology (in which a base of neigh-

borhoods of zero B in R is formed by the kernels I = Î⊂ R of the projection maps
R −→ R/I). One readily checks, using the conditions (i) and (ii), that there exists a
unique associative ring structure on R that is continuous with respect to the projec-
tive limit topology and such that the natural map R −→ R is a ring homomorphism.
Given two elements r′ = (r′I)I∈B and r′′ = (r′′I )I∈B ∈ R, in order to compute the
I-component rI of the product r = (rI)I∈B ∈ R, one has to find an open right ideal
J ∈ B such that J ⊂ I and r′IJ ⊂ I; then one can set rI = r′Ir

′′
J + I.

The open subsets I = Î are right ideals in R, so the topological ring R has
a base of neighborhoods of zero consisting of open right ideals. When the base of
neighborhoods of zero B in R consists of open two-sided ideals, the topological ring
R can be simply defined as the projective limit of (discrete) rings R/I. Then the
open subsets I = Î⊂ R are two-sided ideals.

A topological ring R is said to be separated (resp., complete) if it is separated
(resp., complete) as a topological abelian group.

1.4. Discrete modules. Let R be a topological ring with a base of neighborhoods
of zero formed open right ideals. A right R-module N is said to be discrete if for
every element b ∈ N the annihilator AnnR(b) = {r ∈ R | br = 0} is an open right
ideal in R. The annihilator of an element in a right R-module is always a right ideal
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in R, so topological rings with a base of neighborhoods of zero formed by open right
ideals are a natural setting for considering discrete right modules.

The full subcategory of discrete right R-modules discr–R ⊂ mod–R is a hereditary
pretorsion class in the abelian category of right R-modules mod–R, and all heredi-
tary pretorsion classes in mod–R appear in this way [42, Lemma VI.4.1 and Proposi-
tion VI.4.2]. Viewed as an abstract category, the category discr–R is a Grothendieck
abelian category. So, in particular, the abelian category discr–R is complete and
cocomplete, has exact direct limits, and an injective cogenerator.

One readily checks that any discrete right R-module has a unique discrete right
R-module structure compatible with its R-module structure (where R = R̂ denotes
the completion of the topological ring R). Thus the abelian categories of discrete
right R-modules and discrete right R-modules are naturally equivalent (in fact, iso-
morphic), discr–R ∼= discr–R.

1.5. Convergent formal linear combinations. Given an abelian group A and a
set X, we denote by A[X] = A(X) the direct sum of X copies of the abelian group
A, viewed as the group of all finite formal linear combinations

∑
x∈X axx of elements

of X with the coefficients in A. A formal linear combination
∑

x∈X axx belongs to
A[X] if and only if the set of all indices x ∈ X for which ax 6= 0 is finite.

Given a separated and complete topological abelian group A with a base of neigh-
borhoods of zero B consisting of open subgroups, and a set X, we denote by A[[X]]
the abelian group lim←−U∈B(A/U)[X]. Clearly, the group A[[X]] does not depend on

the choise of a particular base of neighborhoods of zero B in A. We interpret A[[X]]
as the group of all infinite formal linear combinations

∑
x∈X axx of elements of X

with the coefficients in A forming an X-indexed family of elements in A converging to
zero in the topology of A. This means that the subgroup A[[X]] ⊂ AX consists of all
the infinite formal linear combinations

∑
x∈X axx such that, for every open subgroup

U ⊂ A, one has ax ∈ U for all but a finite subset of indices x ∈ X.
The map assigning to a set X the abelian group A[[X]] extends naturally to a

covariant functor from the category of sets to the category of abelian groups. Given
a map of sets f : X −→ Y , one defines the induced map A[[f ]] : A[[X]] −→ A[[Y ]]
by the rule

∑
x∈X axx 7−→

∑
y∈Y
(∑

f(x)=y ax
)
y, where the sum of elements ax is

the parentheses is understood as the limit of finite partial sums in the topology of A.
Such a limit is unique and exists because the topological abelian group A is separated
and complete, while the family of elements (ax)x∈X , and consequently its subfamily
indexed by all x ∈ X with f(x) = y for a fixed y ∈ Y , converges to zero in A.

1.6. The monad structure. Let R be a complete, separated topological ring with
a base of neighborhoods of zero formed by open right ideals. Let us consider the
functor X 7−→ R[[X]] as taking values in the category of sets; so it becomes an
endofunctor TR = R[[−]] : Sets −→ Sets. The key observation is that the functor TR

has a natural structure of a monad on the category of sets [27, Remark A.3], [28,
Section 1.2], [30, Section 2.1], [35, Sections 1.1–1.2 and 5], [33, Section 1].

9



This means that the functor TR is endowed with natural transformations ε : Id −→
TR and φ : TR ◦TR −→ TR satisfying the monad equations (of unitality and associa-
tivity). The monad unit εX : X −→ R[[X]] is the “point measure” map, assigning to
an element x0 ∈ X the (finite) formal linear combination

∑
x∈X rxx ∈ R[[X]], where

rx0 = 1 and rx = 0 for all x 6= x0. The monad multiplication φX : R[[R[[X]]]] −→
R[[X]] is the “opening of parentheses” map, assigning a formal linear combination
to a formal linear combination of formal linear combination.

Given a set X and an element r ∈ R[[R[[X]]]], computing the element φX(r) ∈
R[[X]] involves opening the parentheses, computing the products of pairs of elements
in the ring R, and then computing the infinite sums. The coefficient tx of φ(r) =∑

x∈X txx at an element x ∈ X is an infinite sum of products of pairs of elements
in R, understood as the limit of finite partial sums in the topology of R. Thus it is
crucial for the definition of φX that R is separated and complete, and that all the
infinite sums involved converge. The latter is guaranteed by the assumption that
open right ideals form a base of neighborhoods of zero in R.

Indeed, let Y denote the set R[[X]]; then we have r =
∑

y∈Y ryy for some ry ∈ Y ,

and y =
∑

x∈x sy,xx for all y ∈ Y and some sy,x ∈ R. For any x ∈ X, the coefficient tx
is to be computed as tx =

∑
y∈Y rysy,x ∈ R. In order to show that this sum converges

in the topology of R, we have to check that, for every open right ideal I ⊂ R, the
product rysy,x belongs to I for all but a finite set of indices y ∈ Y . Now, one has
rysy,x ∈ I whenever ry ∈ I; and there is only a finite set of indices y with ry /∈ I,
because r ∈ R[[Y ]]. So the coefficient tx ∈ R is well-defined for every x ∈ X. In
order to check that

∑
x∈X txx ∈ R[[X]], that is tx ∈ I for all but a finite set of indices

x ∈ X, one has to use the condition (ii) from Section 1.3.

1.7. Contramodules. Let R be a complete, separated topological ring with a base
of neighborhoods of zero formed by open right ideals. By the definition, a left
R-contramodule is an algebra or module (depending on the terminology) over the
monad TR : X 7−→ R[[X]] on the category of sets.

This means that a left R-contramodule C is a set endowed with a map of sets
πC : R[[C]] −→ C, called the left contraaction map. The map πC must satisfy the
equations of contraunitality, telling that the composition πCεC with the monad unit
map εC is the identity map idC,

C −→ R[[C]] −→ C,

and contraassociativity, asserting that the two maps R[[R[[C]]]] ⇒ R[[C]], one of
which is the monad multiplication map φC and the other one is the map R[[πC]]
induced by πC, should have equal compositions with the contraaction map πC,

R[[R[[C]]]]⇒ R[[C]] −→ C.

We denote the category of left R-contramodules by R–contra.
In particular, any associative ring R can be considered as a topological ring with

the discrete topology. In this case, we have R[[X]] = R[X], and a left R-contramodule
is the same thing as a left R-module. So the above definition of an R-contramodule,
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restricted to the particular case when the topological ring R = R is discrete, provides
a fancy way to define the familiar notion of a module over an associative ring.

Now, for any complete, separated topological associative ring R with a base of
neighborhoods of zero formed by open right ideals, and for any left R-contramodule C,
one can compose the contraaction map πC : R[[C]] −→ C with the identity embedding
R[C] −→ R[[C]] of the set of all finite formal linear combinations into the set of all
convergent infinite ones. This defines a natural structure of an algebra/module over
the monad X 7−→ R[X] on the set C, which means a left R-module structure. Thus
all left R-contramodules have underlying structures of left modules over the ring
R, viewed as an abstract (nontopological) ring. We have constructed the forgetful
functor R–contra −→ R–mod. In particular, it means that all left R-contramodules,
which were originally defined as only sets endowed with a contraaction map, are
actually abelian groups.

The category R–contra is abelian [33, Lemma 1.1], and the forgetful functor
R–contra −→ R–mod is exact. The category R–contra is also complete and cocom-
plete, with the forgetful functor R–contra −→ R–mod preserving infinite products
(but not coproducts). Consequently, infinite products (but, generally speaking, not
coproducts) are exact in R–contra. Given two left R-contramodules C and D, we
denote by HomR(C,D) the abelian group of morphisms C −→ D in R–contra.

For any set X, the map πR[[X]] = φX endows the set/abelian group R[[X]] with
the structure of a left R-contramodule. It is called the free left R-contramodule
generated by a set X. For any left R-contramodule C, morphisms R[[X]] −→ C in
the category R–contra correspond bijectively to maps of sets X −→ C,

HomR(R[[X]],C) ∼= HomSets(X,C).

Hence free left R-contramodules are projective objects of the category R–contra.
There are also enough of them: for any left R-contramodule C, the contraaction map
πC : R[[C]] −→ C is an R-contramodule morphism presenting C as a quotient con-
tramodule of the free left R-contramodule R[[C]]. So the abelian category R–contra
has enough projectives, and a left R-contramodule is projective if and only if it is a
direct summand of a free one.

1.8. Contratensor product. As above, we denote by R a complete, separated
topological ring with a base of neighborhoods of zero formed by open right ideals.
Some of the simplest examples of non-free left R-contramodules are obtained by
dualizing discrete right R-modules.

Let A be an associative ring, and let N be an A-R-bimodule whose right R-module
structure is that of a discrete right R-module. Let V be a left A-module. Then the
induced left R-module structure of the abelian group HomA(N, V ) extends naturally
to a left R-contramodule structure. Indeed, to construct a left R-contraaction map
for the set D = HomA(N, V ), consider an element r =

∑
d∈D rdd ∈ R[[D]]. Set

f = πD(r) to be the left A-module map f : N −→ V taking any element b ∈ N to the

11



element
∑

d∈D d(brd) ∈ V ,

πD

(∑
d∈D

rdd
)

(b) =
∑

d∈D
c(brd),

where the sum in the right-hand side is finite, because one has brd = 0 for all but
a finite number of elements d ∈ D. Indeed, the annihilator ideal AnnR(b) ⊂ R is
open by assumption, and consequently, it has to contain the coefficient rd for all but
a finite number of elements d ∈ D.

Let N be a discrete right R-module and C be a left R-contramodule. The contra-
tensor product N �R C is an abelian group defined as the cokernel of (the difference
of) a natural pair of abelian group homomorphisms

N ⊗Z R[[C]]⇒ N ⊗Z C.

Here one of the maps N ⊗Z R[[C]] −→ N ⊗Z C is just the map N ⊗ πC induced
by the contraaction map πC : R[[C]] −→ C, while the other map is the composition
N ⊗Z R[[C]] −→ N[C] −→ N ⊗Z C, where (following our general notation system)
N[C] denotes the group of all finite formal linear combinations of elements of C with
the coefficients in N. The map N ⊗Z R[[C]] −→ N[C], induced by the right action
map N ⊗Z R −→ N, is well-defined due to the assumption that N is a discrete right
R-module. The map N[C] −→ N⊗Z C is just the obvious one, taking a finite formal
linear combination

∑
c∈C bcc, bc ∈ N, to the tensor

∑
c∈C bc ⊗ c.

For any A-R-bimodule N whose right R-module structure is that of a discrete right
R-module, any left R-contramodule C, and any abelian group V , there is a natural
adjunction isomorphism of abelian groups [35, Section 5]

HomA(N �R C, V ) ∼= HomR(C,HomA(N, V )).

The functor of contratensor product �R : discr–R ×R–contra −→ Z–mod preserves
colimits (i. e., is right exact and preserves coproducts) in both its arguments. For any
discrete right R-module N and any set X, there is a natural isomorphism of abelian
groups

N �R R[[X]] ∼= N[X].

1.9. Change of scalars. Let f : R −→ S be a continuous homomorphism of com-
plete, separated topological rings, each of them having a base of neighborhoods of
zero formed by open right ideals. Then for any set X there is the induced map of
sets/abelian groups f [[X]] : R[[X]] −→ S[[X]].

Let C be a left S-contramodule. Composing the map f [[C]] : R[[C]] −→ S[[C]]
with the contraaction map πC : S[[C]] −→ C, we obtain a map R[[C]] −→ C definin-
ing a left R-contramodule structure on the set C. We have constructed an exact,
faithful functor of contrarestriction of scalars f] : S–contra −→ R–contra forming
a commutative square diagram with the forgetful functors R–contra −→ R–mod,
S–contra −→ S–mod and the restriction-of-scalars functor S–mod −→ R–mod.
The functor f] also preserves infinite products.
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The functor f] has a left adjoint functor of contraextension of scalars f ] : R–contra
−→ S–contra. To construct the functor f ], one can first define it on free left R-con-
tramodules by the rule f ](R[[X]]) = S[[X]] for all sets X, and then extend to a
right exact functor on the whole category R–contra. As any left adjoint functor, the
functor f ] preserves coproducts.

Similarly, the map f endows any discrete right S-module with a discrete right
R-module structure. In other words, the conventional functor of restriction of scalars
mod–S −→ mod–R takes discrete right S-modules to discrete right R-modules. So
we have an exact, faithful functor of restriction of scalars f� : discr–S −→ discr–R.
The functor f� also preserves infinite coproducts.

As any colimit-preserving functor between Grothendieck abelian categories, the
functor f� has a right adjoint functor of coextension of scalars f � : discr–R −→
discr–S. The functor f � is left exact and preserves products.

For any discrete right S-module M and any left R-contramodule C there is a
natural isomorphism of abelian groups

f�(M)�R C ∼= M�S f
](C).

1.10. Reductions modulo ideals. Let R be a complete, separated topological ring
with a base of neighborhoods of zero formed by open right ideals.

Let N be a discrete right R-module, and J ⊂ R be a closed right ideal in R. Then
we denote by NJ ⊂ N the additive subgroup in N consisting of all the elements b ∈ N

such that br = 0 for all r ∈ J. If H is a closed two-sided ideal in R, then the subgroup
NH is an R-submodule in N.

Let R be an associative ring, C be a left R-module, and A ⊂ R be an additive
subgroup in R. As usually, we will denote by AC ⊂ C the subgroup in C spanned by
all the elements ac with a ∈ A and c ∈ C. Clearly, one has AC = A(RC) = (AR)C,
where AR ⊂ R is the right ideal generated by A. When J ⊂ R is a left ideal, the
subgroup JC is an R-submodule in C.

Let C be a left R-contramodule, and A ⊂ R be a closed additive subgroup in R.
Then A is a complete, separated topological abelian group in the topology induced
from R, and for any set X the group A[[X]] is a subgroup in R[[X]]. Following [27,
Remark A.3], [28, Section 1.3], [29, Section D.1], [35, Section 5], we will denote by
AiC ⊂ C the image of the map A[[C]] −→ C obtained by restricting the contraaction
map R[[C]] −→ C to the subgroup A[[C]] ⊂ R[[C]]. Clearly, one has AC ⊂ Ai C.

Let J ⊂ R be a closed left ideal. Then the composition of the identity embedding
R[[J[[X]]]] −→ R[[R[[X]]]] with the map φX : R[[R[[X]]]] −→ R[[X]] takes values
inside the subset J[[X]] ⊂ R[[X]]. It follows that, for any left R-contramodule C, the
subgroup Ji C ⊂ C is an R-subcontramodule in C.

For any closed right ideal J ⊂ R and any set X, one has

Ji (R[[X]]) = J[[X]] ⊂ R[[X]].
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Let I ⊂ R be an open right ideal. Then the right R-module R/I is discrete, and
for any left R-contramodule there is a natural isomorphism of abelian groups

(R/I)�R C ∼= C/(Ii C).

In particular, for any set X one has R[[X]]/(IiR[[X]]) ∼= (R/I)[X] and therefore
R[[X]] ∼= lim←−I

R[[X]]/(I i R[[X]]), where the projective limit is taken over all the
open right ideals I ⊂ R. It follows that the natural map

P −−→ lim←−I
P/(IiP)

is an isomorphism for every projective left R-contramodule P.

1.11. Strongly closed subgroups. Let A be a complete, separated topological
abelian group (with a base of neighborhoods of zero formed by open subgroups).
Let H ⊂ A be a closed subgroup. Then the quotient group Q = A/H is separated by
Lemma 1.2(a), but it does not seem to follow from anything that it needs to be com-
plete. Let Q = Q̂ be the completion of the topological group Q. Then he natural
morphism p : A −→ Q is the cokernel of the morphism H −→ A in the category of
complete, separated topological abelian groups. The group Q is a dense subgroup in
Q, and H is the kernel of p; but p needs not be surjective.

Given a set X, we have the induced map of sets/abelian groups p[[X]] : A[[X]] −→
Q[[X]]. The subgroup H[[X]] ⊂ A[[X]] is the kernel of p[[X]]. But even if the map p
is surjective (i. e., the topological group Q is complete), it does not seem to follow
from anything that the map p[[X]] is surjective. Essentially, the problem consists in
the following: given an X-indexed family of elements in the group Q converging to
zero in the topology of Q, how to lift it to an X-indexed family of elements in the
group A converging to zero in the topology of A?

We will say that a closed subgroup H in a complete, separated topological abelian
group A is strongly closed if the quotient group A/H is complete and, for every set
X, the induced map A[[X]] −→ (A/H)[[X]] is surjective. Clearly, any open subgroup
in a complete, separated topological abelian group is strongly closed.

Lemma 1.3. Let A be a complete, separated topological abelian group with a countable
base of neighborhoods of zero consisting of open subgroups. Then any closed subgroup
in A is strongly closed. �

Lemma 1.4. Let K ⊂ H ⊂ A be two embedded closed subgroups in a complete,
separated topological abelian group A. In this situation,

(a) if K is strongly closed in A, then K is strongly closed in H;
(b) if K is strongly closed in A and H/K is strongly closed in A/K, then H is

strongly closed in A;
(c) if H is strongly closed in A and A/K is complete, then H/K is strongly closed

in A/K;
(d) if H is strongly closed in A and K is strongly closed in H, then K is strongly

closed in A. �
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1.12. Strongly closed two-sided ideals. Let R be a complete, separated topolog-
ical ring with a base of neighborhoods of zero formed by open right ideals. Let H ⊂ R
be a closed two-sided ideal. Then the quotient ring S = R/H in its quotient topology
is a separated topological ring with a base of neighborhoods of zero formed by open
right ideals. Hence the completion S = Ŝ is a complete, separated topological ring
with a base of neighborhoods of zero formed by open right ideals.

The natural morphism p : R −→ S is a continuous homomorphism of complete,
separated topological rings with the kernel H, and the universal one with this prop-
erty; but it needs not be surjective. If R has a base of neighborhoods of zero consisting
of open two-sided ideals, then so do S and S.

The abelian category of discrete right S-modules or, which is equivalent, dis-
crete right S-modules is a full subcategory of the abelian category of discrete right
R-modules. In other words, the exact functor p� : discr–S −→ discr–R is fully faith-
ful. The full subcategory discr–S ⊂ discr–R is closed under arbitrary subobjects,
quotient objects, and coproducts.

For any discrete right R-module N, the discrete right R-module structure on
the submodule NH comes from a discrete right S-module structure. In other
words, the discrete right R-module NH belongs to the essential image of the functor
p� : discr–S −→ discr–R. This is the maximal R-submodule in N with this property.
The functor N 7−→ NH is the coextension-of-scalars functor with respect to the
morphism p : R −→ S, that is

p�(N) ∼= NH for all N ∈ discr–R.

Now let us assume that H ⊂ R is a strongly closed two-sided ideal. Then surjec-
tivity of the maps p[[X]] : R[[X]] −→ S[[X]] for all sets X implies that the exact
functor of contraextension of scalars p] : S–contra −→ R–contra is fully faithful. So
the abelian category S–contra is a full subcategory in the abelian category R–contra.
One easily observes that S–contra is closed under arbitrary subobjects, quotient
objects, and products in R–contra.

For any left R-contramodule C, the left R-contramodule structure of the quotient
contramodule C/(HiC) comes from a left S-contramodule structure. In other words,
the left R-contramodule C/(H i C) belongs to the essential image of the functor
p] : S–contra −→ R–contra. This is the maximal quotient R-contramodule of C with
this property. The functor C 7−→ C/(Hi C) is the contraextension-of-scalars functor
with respect to the morphism p : R −→ S, that is

p](C) ∼= C/(Hi C) for all C ∈ R–contra.

When open two-sided ideals form a base of neighborhoods of zero in R, one can
compute the contratensor product N �R C as

N �R C ∼= lim−→I
NI �R C ∼= lim−→I

NI �R/I (C/Ii C)

for any discrete right R-module N and left R-contramodule C, where the inductive
limits are taken over all the open two-sided ideals I ⊂ R (cf. [29, Section D.2]).
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1.13. Example. Let A be an associative ring and M be a left A-module. Consider
the associative ring R = HomA(M,M)op opposite to the ring of endomorphisms of
the A-module M . Then the ring A acts in M on the left and the ring R acts in M
on the right; so M is an A-R-bimodule.

For every finitely generated A-submodule E ⊂ M , consider the subgroup
Ann(E) = HomA(M/E,M) ⊂ HomA(M,M) consisting of all the endomorphisms of
the A-module M which annihilate the submodule E. Then Add(E) is a left ideal in
the ring HomA(M,M) and a right ideal in the ring R. Let B denote the set of all
right ideals in R of the form Ann(E), where E ranges over all the finitely generated
submodules in M . Then B is a base of a complete, separated topology compatible
with the associative ring structure on R [36, Theorem 7.1]. The right action of R in
M makes M a discrete right R-module [36, Lemma 7.5].

This example play a key role in the categorical tilting theory [36, 37], and it will be
also our intended example of a topological ring in Sections 13–15 and 19. Besides the
categories of left modules over an associative rings, there are also other/wider classes
of additive categories A such that for any object M ∈ A there is a natural structure
of a complete, separated topological ring with a base of neighborhoods of zero formed
by open right ideals on the ring R = HomA(M,M)op. A detailed discussion of these
can be found in [36, Sections 9.1 and 9.3].

2. Flat Contramodules

The interactions of flatness with adic completion were studied by Yekutieli for
ideals in Noetherian commutative rings [45] and in the greater generality of weakly
proregular finitely generated ideals in commutative rings [46]. In the work of the
second-named author of the present paper, the theory of flat contramodules was
developed for ideals in Noetherian commutative rings [28, Sections B.8–B.9], for
centrally generated ideals in noncommutative Noetherian rings [29, Section C.5], for
topological associative rings with a countable base of neighborhoods of zero formed
by open two-sided ideals [29, Section D.1], and for topological rings with a countable
base of neighborhoods of zero formed by open right ideals [35, Sections 5–7].

In this section, we obtain some very partial results for topological rings with an
uncountable base of neighborhoods of zero.

Let R be a complete, separated topological ring with a base of neighborhoods of
zero formed by open right ideals. A left R-contramodule F is called flat [35, Section 5]
if the functor of contratensor product with F

−�R F : discr–R −−→ Z–mod

is exact as a functor from the abelian category of discrete right R-modules to the
category of abelian groups. The class of flat left R-contramodules is closed under
coproducts and direct limits in the category R–contra [35, Lemma 5.6]. All projective
left R-contramodules are flat.
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If I ⊂ R is an open two-sided ideal, then the left R/I-module F/Ii F is flat for
any flat left R-contramodule F. Indeed, the functor −⊗R/I (F/IiF) : mod–R/I −→
Z–mod is exact, because there is a natural isomorphism

N ⊗R/I (F/Ii F) ∼= N �R F for all right R/I-modules N.

If open two-sided ideals form a base of neighborhoods of zero in R, then the converse
assertion also holds: a left R-contramodule F is flat if and only if the left R/I-module
F/Ii F is flat for every open two-sided ideal I ⊂ R. (Cf. Sections 1.10 and 1.12.)

The left derived functor

CtrtorRi : discr–R×R–contra −−→ Z–mod

is constructed using projective resolutions of the second (contramodule) argument.
So, if · · · −→ P2 −→ P1 −→ P0 −→ C −→ 0 is an exact complex in the abelian
category R–contra and Pi are projective left R-contramodules for all i ≥ 0, then

CtrtorRi (N,C) = Hi(N �R P•) for all N ∈ discr–R and i ≥ 0.

As always with derived functors of one argument, for any short exact sequence of left
R-contramodules 0 −→ A −→ B −→ C −→ 0 and any discrete right R-module N

there is a natural long exact sequence of abelian groups

(1) · · · −−→ CtrtorRi+1(N,C) −−→ CtrtorRi (N,A)

−−→ CtrtorRi (N,B) −−→ CtrtorRi (N,C) −−→ · · ·
Since the functor of contratensor product N �R − : R–contra −→ Z–mod is right
exact on the abelian category R–contra for every N ∈ discr–R, one has

CtrtorR0 (N,C) = N �R C.

Furthermore, for any short exact sequence of discrete right R-modules 0 −→ L −→
M −→ N −→ 0 and any complex of projective left R-contramodules P•, the short
sequence of complexes of abelian groups 0 −→ L�RP• −→M�RP• −→ N�RP• −→
0 is exact (because projective left R-contramodules are flat). Therefore, for any left
R-contramodule C there is a long exact sequence of abelian groups

(2) · · · −−→ CtrtorRi+1(N,C) −−→ CtrtorRi (L,C)

−→ CtrtorRi (M,C) −−→ CtrtorRi (N,C) −−→ · · ·

We will say that a left R-contramodule F is 1-strictly flat if CtrtorR1 (NF) = 0 for
all discrete right R-modules N. More generally, a left R-contramodule F is n-strictly
flat if CtrtorRi (N,F) = 0 for all discrete right R-modules N and all 1 ≤ i ≤ n. A left
R-contramodule F is ∞-strictly flat if it is n-strictly flat for all n > 0.

Clearly, all projective left R-contramodules are∞-strictly flat. It follows from the
exact sequence (1) that the class of all n-strictly flat left R-contramodules is closed
under extensions in R–contra for every n ≥ 0, and that the class of all ∞-strictly
flat left R-contramodules is closed under (extensions and) the passage to the ker-
nels of surjective morphisms. Given some n ≥ 1, the class of all n-strictly flat left
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R-contramodules is closed under the kernels of surjective morphisms if and only if it
coincides with the class of all ∞-strictly flat left R-contramodules.

From the exact sequence (2) one can conclude that every 1-strictly flat left
R-contramodule is flat. According to [35, proof of Lemma 6.10, Remark 6.11 and
Corollary 6.15], when the topological ring R has a countable base of neighborhoods
of zero (formed by open right ideals), the classes of flat, 1-strictly flat, and∞-strictly
flat left R-contramodules coincide.

Let us say that a short exact sequence of left R-contramodules 0 −→ A −→ B −→
C −→ 0 is contratensor pure if the induced sequence 0 −→ N�R A −→ N�R B −→
N �R C −→ 0 is exact (i. e., the map N �R A −→ N �R B is injective) for every
discrete right R-module N. If the left R-contramodule B is 1-strictly flat, then the
sequence 0 −→ A −→ B −→ C −→ 0 is contratensor pure if and only if the left
R-contramodule C is 1-strictly flat.

Lemma 2.1. (a) The class of all 1-strictly flat left R-contramodules is closed under
infinite coproducts in R–contra.

(b) The class of all 1-strictly flat left R-contramodules is closed under countable
direct limits in R–contra.

Proof. Part (a): let (Fα)α be a family of 1-strictly flat left R-contramodules. Choose
short exact sequences of left R-contramodules 0 −→ Kα −→ Pα −→ Fα −→ 0, where
Pα are projective left R-contramodules. Then the sequence

∐
α Kα −→

∐
αPα −→∐

α Fα −→ 0 (where the coproducts are taken in R–contra) is exact, as the functors
of coproduct are right exact in any abelian category. Therefore, there is a natural
surjective R-contramodule morphism from

∐
α Kα onto the kernel K of the morphism∐

αPα −→
∐

α Fα. The contratensor product functor �R preserves colimits, hence
for any discrete right R-module N the morphism N �R

∐
α Kα −→ N �R

∐
αPα is

injective (being isomorphic to the morphism
∐

αN �R Kα −→
∐

αN �R Pα, where
the coproducts are taken in the category of abelian groups). At the same time,
the morphism N �R

∐
α Kα −→ N �R K is surjective. It follows that the morphism

N�R

∐
α Kα −→ N�RK is an isomorphism and the morphism N�RK −→ N�R

∐
αPα

is injective, that is, the short exact sequence 0 −→ K −→
∐

αPα −→
∐

α Fα −→ 0
is contratensor pure. Since the left R-contramodule

∐
αPα is projective, it follows

that the left R-contramodule
∐

α Fα is 1-strictly flat.
Part (b): let F1 −→ F2 −→ F3 −→ · · · be a sequence of left R-contramodules and

R-contramodule morphisms between them. Then the colimit lim−→n
Fn is the cokernel

of the morphism id−shift :
∐∞

n=1 Fn −→
∐∞

n=1 Fn. Denote the image of this mor-
phism by L. Arguing as in part (a), we have a surjective morphism

∐∞
n=1 Fn −→ L

and an exact sequence 0 −→ L −→
∐∞

n=1 Fn −→ lim−→n
Fn −→ 0. The mor-

phism N �R

∐
n Fn −→ N �R

∐
n Fn is injective (being isomorphic to the morphism∐

nN�RFn −→
∐

nN�RFn) for every discrete right R-module N. At the same time,
the morphism N�R

∐
n Fn −→ N�Rlim−→n

Fn is surjective. It follows that the morphism

N�R

∐
n Fn −→ N�RL is an isomorphism and the morphism N�RL −→ N�R

∐
n Fn

is injective, that is, the short exact sequence 0 −→ L −→
∐

n Fn −→ lim−→n
Fn −→ 0
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is contratensor pure. Now, if the left R-contramodules Fn are 1-strictly flat for all
n ≥ 1, then the left R-contramodule

∐
n Fn is 1-strictly flat by part (a), and it follows

that the left R-contramodule lim−→n
Fn is also 1-strictly flat. �

Before formulating the next corollary, we notice that, if a left R-contramodule
F has projective dimension not exceeding n (as an object of the abelian category
R–contra) and F is n-strictly flat, then F is also ∞-strictly flat.

Corollary 2.2. Any countable direct limit of projective left R-contramodules has
projective dimension not exceeding 1 in R–contra. In particular, any such R-con-
tramodule is ∞-strictly flat.

Proof. The second assertion follows immediately from the first one together with
Lemma 2.1(b), while the first assertion is a corollary of the proof of Lemma 2.1(b).
In the notation of the latter, let us show that the morphism

∐
n Fn −→ L is an iso-

morphism (or, in other words, the morphism id−shift :
∐

n Fn −→
∐

n Fn is injective)
when all the left R-contramodules Fn, n ≥ 1, are projective.

Indeed, we have seen that the functor N�R− transforms the morphism
∐

n Fn −→
L into an isomorphism, for every discrete right R-contramodule. In particular, for
every open right ideal I ⊂ R, the map

∐
n Fn/IiFn −→ L/IiL is an isomorphism.

Passing to the projective limit over all the open right ideals I in R, we get an
isomorphism

∐
n Fn −→ lim←−I

L/I i L (because the map P −→ lim←−I
P/I iP is an

isomorphism for any projective left R-contramodule P). Now commutativity of the
triangle diagram (of abelian groups)

∐
n Fn −→ L −→ lim←−I

L/I i L together with

surjectivity of the morphism
∐

n Fn −→ L imply that both the maps
∐

n Fn −→ L
and L −→ lim←−I

L/Ii L are isomorphisms. �

In particular, let a1, a2, a3, . . . be a sequence of elements in the topological ring R.
For every n ≥ 1, the multiplication by an on the right is a left R-contramodule
morphism R −→ R (where R is viewed as a free left R-contramodule with one
generator). The direct limit

B = lim−→ (R
a1−→ R

a2−→ R
a3−→ · · · )

is called the Bass flat left R-contramodule associated with the sequence of elements
(an ∈ R)n≥1. According to Corollary 2.2, the Bass flat left R-contramodules are
∞-strictly flat and have projective dimension not exceeding 1.

In particular, when the topological ring R = R is discrete, the above construction
specializes to the classical definition of a Bass flat left R-module.

Lemma 2.3. If all Bass flat left modules over an associative ring R are projective,
then all flat left R-modules are projective (i. e., the ring R is left perfect).

Proof. Clear from the proof of the implication (5) =⇒ (6) in [5, Theorem P], which
only uses projectivity of the Bass flat modules. �

Corollary 2.4. Let R be a complete, separated topological ring with a base of
neighborhoods of zero formed by open right ideals. Assume that all Bass flat left
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R-contramodules are projective. Then the discrete ring R = R/I is left perfect for
every open two-sided ideal I ⊂ R.

Proof. In view of Lemma 2.3, it suffices to show that all Bass flat left R-modules are

projective. Let ā1, ā2, ā3, . . . be a sequence of elements in R and B = lim−→ (R/I
ā1−→

R/I
ā2−→ R/I

a3−→ · · · ) be the related Bass flat left R-module. Lift the elements ān ∈
R to some elements an ∈ R, and consider the related Bass flat left R-contramodule B.
Then we have B/I i B ∼= B, since the reduction functors preserve colimits (see
Sections 1.9–1.10). The left R-contramodule B is projective by assumption, hence
the left R-module B/IiB is projective, too. �

3. Projective Covers of Flat Contramodules

Let B be an abelian category with enough projective objects. An epimorphism
p : P −→ C in B is called a projective cover (of the object C) if the object P is
projective and, for any endomorphism e : P −→ P , the equation pe = p implies that
e is an automorphism of P (i. e., e is invertible).

A subobject K of an object Q ∈ B is said to be superfluous if, for any other
subobject G ⊂ Q, the equation K + G = Q implies that G = Q. If a suboboject
K ⊂ Q is superfluous then, for any subobject E ⊂ Q, the quotient K/E ∩ K is a
superfluous subobject of the quotient Q/E.

Lemma 3.1. Let P ∈ B be a projective object. Then an epimorpism p : P −→ C in
B is a projective cover if and only if its kernel K is a superfluous subobject in P .

Proof. Let p : P −→ C be a projective cover with the kernel K, and let G ⊂ P be a
subobject such that K +G = P . Then the restriction of p onto G is an epimorphism
s : G −→ C. Since P is projective, there exists a morphism f : P −→ G making the
triangle diagram P −→ G −→ C commutative. Let e : P −→ P be the composition
of the morphism f with the embedding G −→ P . Then pe = p, and by assumption
it follows that e is invertible. Hence G = P .

Conversely, let p : P −→ C be an epimorphism with a superfluous kernel K ⊂ P ,
and let e : P −→ P be an endomorphism satisfying pe = p. Let G ⊂ P be the
image of e; then K + G = P . By assumption, it follows that G = P , so e is
an epimorphism. Then, since P is projective, the kernel L of e must be a direct
summand of P . Denote by E ⊂ P a complementary direct summand. The equation
pe = p implies that L ⊂ K, hence K +E = P . Again by assumption, it follows that
E = P , so L = 0 and e is an automorphism of P . �

Lemma 3.2. Let R be an associative ring and F be a flat left R-module. Assume
that F has a projective cover p : P −→ F in R–mod, whose kernel L = ker(p) has
a projective cover q : Q −→ L. Then Q = 0, L = 0, and the R-module F = P is
projective.
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Proof. Let H ⊂ R be the Jacobson radical of the ring R. Then for any projective left
R-module T the submodule JT ⊂ T is the intersection of all maximal R-submodules
in T . Hence any superfluous submodule K ⊂ T is contained in JT . If the quotient
module T/K is flat, then K ∩ JT = JK, so we can conclude that K = JK.

Returning to the situation at hand, consider the R-module M = ker(q). Then
we have L = JL and M = JM , hence Q = JQ. According to [5, Proposition 2.7],
T = JT implies T = 0 for a projective left R-module T . Thus we have Q = 0, and
the remaining assertions follow. �

The following assertion is a slightly stronger version of the implication (2) =⇒ (3)
in [5, Theorem P].

Corollary 3.3. If all flat left modules over an associative ring R have projective
covers, then all flat left R-modules are projective (i. e., the ring R is left perfect).

Proof. Follows immediately from Lemma 3.2. �

In fact, a stronger assertion holds (cf. [5, proof of the last claim of Theorem 2.1]).

Corollary 3.4. (a) If a flat left module F of projective dimension not exceeding 1
over an associative ring R has a projective cover, then F is projective. In particular,
if a Bass flat left R-module B has a projective cover, then B is projective.

(b) If all Bass flat left modules over an associative ring R have projective covers,
then the ring R is left perfect.

Proof. Part (a) is a particular case of Lemma 3.2. Part (b) follows from part (a)
together with Lemma 2.3. �

Lemma 3.5. Let R be a complete, separated topological ring with a base of neigh-
borhoods of zero formed by open right ideals, I be an open two-sided ideal in R, and
R = R/I be the discrete quotient ring. Assume that a left R-contramodule C has a
projective cover p : P −→ C in R–contra. Then the induced map p̄ : P/I i P −→
C/IiP is a projective cover of the left R-module C/Ii C.

Proof. Set K = ker(p). Then 0 −→ K −→ P −→ C −→ 0 is a short exact sequence
in R–contra and 0 −→ K/(I i P) ∩ K −→ P/I i P −→ C/I i C −→ 0 is a short
exact sequence in R–mod. The left R-module P/I i P is projective, since the left
R-contramodule P is; and the R-submodule K/(IiP)∩K ⊂ P/IiP is superfluous,
since the R-subcontramodule K ⊂ P is. �

The following corollary is a stronger version of Corollary 2.4.

Corollary 3.6. Let R be a complete, separated topological ring with a base of
neighborhoods of zero formed by open right ideals. Assume that all Bass flat left
R-contramodules have projective covers. Then the discrete ring R = R/I is left
perfect for every open two-sided ideal I ⊂ R.

Proof. In view of Corollary 3.4(b), it suffices to show that all Bass flat left R-modules
have projective covers in R–mod. As in the proof of Corollary 2.4, let ā1, ā2, ā3, . . .
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be a sequence of elements in R and B be the related Bass flat left R-module. Lift
the elements ān ∈ R to some elements an ∈ R, and consider the related Bass flat left
R-contramodule B. Then we have B/I i B ∼= B. By assumption, we know that
the left R-contramodule B has a projective cover in R–contra; and by Lemma 3.5 it
follows that the left R-module B is has a projective cover in R–mod. �

Proposition 3.7. Let R be a complete, separated topological ring with a base of
neighborhoods of zero formed by open two-sided ideals, and let F be a 1-strictly flat
left R-contramodule. Assume that F has a projective cover p : P −→ F in R–contra,
whose kernel L = ker(p) has a projective cover q : Q −→ L. Then Q = 0, L = 0,
and the R-contramodule F = P is projective.

Proof. For any open two-sided ideal I ⊂ R, we have a short sequence of left
R/I-modules 0 −→ L/I i L −→ P/I i P −→ F/I i F −→ 0, which is exact
since CtrtorR1 (R/I,F) = 0. The left R/I-module F/I i F is flat, since the left
R-contramodule F is. Furthermore, the morphisms P/I i P −→ F/I i F and
Q/I i Q −→ L/I i L are projective covers in the category of left R/I-modules
by Lemma 3.5. Applying Lemma 3.2, we conclude that Q/I i Q = 0 for every
open two-sided ideal I ⊂ R. Since Q is a projective left R-contramodule, one has
Q = lim←−I

Q/IiQ (see Section 1.10), and therefore Q = 0. �

Corollary 3.8. Let R be a complete, separated topological ring with a base of neigh-
borhoods of zero formed by open two-sided ideals. Assume that all 1-strictly flat left
R-contramodules have projective covers. Then all 2-strictly flat left R-contramodules
are projective. �

Proof. Follows from Proposition 3.7 (since the kernel of a surjective morphism from
a projective R-contramodule to a 2-strictly flat one is 1-strictly flat). �

Corollary 3.9. Let R be a complete, separated topological ring with a base of neigh-
borhoods of zero formed by open two-sided ideals, and let F be an ∞-strictly flat
left R-contramodule of projective dimension not exceeding 1. Assume that F has a
projective cover in R–contra. Then F is a projective left R-contramodule.

Proof. Let p : P −→ F be a projective cover; set L = ker(p). Then L is a projective
left R-contramodule, since the projective dimension of F does not exceed 1. Setting
Q = L, q = id, and applying Proposition 3.7, we conclude that L = 0 and F = P. �

4. Topologically T-Nilpotent Ideals

Let H be a separated topological ring without unit. We will say that H is topolog-
ically nil if for any element a ∈ H the sequence of elements a, a2, a3, . . . converges
to zero in the topology of H. Furthermore, we will say that H is topologically left
T-nilpotent if for any sequence of elements a1, a2, a3, . . . in H the sequence of ele-
ments a1, a1a2, a1a2a3, . . . , a1a2 · · · an, . . . converges to zero in the topology of H.
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For examples of topologically left T-nilpotent two-sided ideals in topological rings
we refer to Section 9 and Examples 10.1–10.2.

The following discrete module version of Nakayama lemma is also a topological
version of the condition (7) and the implication (7) =⇒ (1) in [5, Theorem P].

Lemma 4.1. Let R be a complete, separated topological ring with a base of neigh-
borhoods of zero formed by open right ideals, and let H ⊂ R be a closed two-sided
ideal. Then H is topologically left T-nilpotent (as a topological ring without unit in
the topology induced from R) if and only if for any nonzero discrete right R-module
N the submodule NH ⊂ N of all the elements annihilated by H in N is also nonzero.

Proof. Assume that H is topologically left T-nilpotent, and let N be a nonzero discrete
right R-module. We have to show that N contains a nonzero element annihilated
by H. Choose an arbitrary nonzero element x ∈ N. Suppose x is not annihilated by
H; then there exists an element a1 ∈ H such that xa1 6= 0 in N. Suppose xa1 is not
annihilated by H; then there exists an element a2 ∈ H such that xa1a2 6= 0 in N,
etc. Assuming that NH = 0, we can proceed indefinitely in this way and construct a
sequence of elements (an ∈ H)n≥1 such that xa1 · · · an 6= 0 in N for all n ≥ 1.

Let I ⊂ R be the annihilator of x; then I is an open right ideal in R, so I ∩ H is
a neighborhood of zero in H. Since H is topologically left T-nilpotent, there exists
n ≥ 1 such that a1a2 · · · an ∈ I ∩ H. Hence xa1 · · · an = 0 in N. The contradiction
proves that NH 6= 0.

Conversely, assume that NH 6= 0 for every nonzero discrete right R-module N.
Assuming that NH 6= N, one then also has (N/NH)H 6= 0. Proceeding in a transfinite
induction, one constructs a filtration 0 = F0N ⊂ F1N ⊂ F2N ⊂ · · · ⊂ FαN = N of
the R-module N, indexed by some ordinal α, such that Fi+1N/FiN = (N/FiN)H 6= 0
for all ordinals i < α and FjN =

⋃
i<j FiN for all limit ordinals j ≤ α.

Now let (an ∈ H)n≥1 be a sequence of elements. In order to prove that H is
topologically left T-nilpotent, we have to show that, for every open right ideal I ⊂ R,
there exists n ≥ 1 such that a1 · · · an ∈ I ∩ H. Consider the discrete right R-module
N = R/I and its filtration (FiN)αi=0, as constructed above. Let x ∈ N denote the
image of the element 1 ∈ R.

We follow the argument in the proof of (7) =⇒ (1) in [5, Theorem P]. Let i0 ≤ α
be the minimal ordinal such that x ∈ Fi0N. Then i0 cannot be a limit ordinal; so
either i0 = 0, or i0 = i′0 + 1 for some ordinal i′0. Since the R-module Fi0N/Fi′0N
is annihilated by H, we have xa1 ∈ Fi′0N. Let i1 be the minimal ordinal such that
xa1 ∈ Fi1N; then i1 < i0. Once again, i1 cannot be a limit ordinal; so either i1 = 0,
or i1 = i′1 + 1 for some ordinal i′1, and then xa1a2 ∈ Fi′1N. Proceeding in this way, we
construct a decreasing chain of ordinals i0 > i1 > i2 > · · · , which must terminate.
Thus there exists n ≥ 1 such that xa1 · · · an ∈ F0N = 0, hence a1 · · · an ∈ I. �

The following version of contramodule Nakayama lemma is a generalization of [28,
Lemma 1.3.1] (which is, in turn, a generalization of [27, Lemma A.2.1]). For other ver-
sions of contramodule Nakayama lemma, see [29, Lemma D.1.2] and [35, Lemma 6.14].
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Lemma 4.2. Let R be a complete, separated topological ring with a base of neigh-
borhoods of zero formed by open right ideals, and let H ⊂ R be a closed subring
without unit. Assume that H is topologically left T-nilpotent (in the topology induced
from R). Then for any nonzero left R-contramodule C one has Hi C 6= C.

Proof. The argument follows the proof of [28, Lemma 1.3.1] with an additional con-
sideration based on the König lemma (in the spirit of a paragraph from [5, proof of
Theorem 2.1]). We will assume that H i C = C and prove that C = 0 in this case.
Indeed, let b ∈ C be an element.

By assumption, the contraaction map π : H[[C]] −→ C is surjective. Let h : C −→
H[[C]] be a section of the map π (so π ◦ h = idC). Introduce the notation h(d) =∑

c∈C hd,cc ∈ H[[C]] for all d ∈ C, where hd,c ∈ H and the C-indexed family of elements
c 7−→ hd,c converges to zero in the topology of H for every d ∈ C.

For any set X, define inductively H(0)[[[X]] = X and H(n)[[X]] = H[[H(n−1)[[X]]]]

for n ≥ 1. Let φ
(n)
X : H(n)[[X]] −→ H[[X]] denote the iterated monad multiplication

(“opening of parentheses”) map. Set b1 = h(b) ∈ H[[C]], and define inductively bn =
H(n−1)[[h]](bn−1) ∈ H(n)[[C]] for each n ≥ 2, where H(n−1)[[h]] : H(n−1)[[C]] −→ H(n)[[C]]

is the map induced by h. Put an = φ
(n)
C (bn) ∈ H[[C]] for all n ≥ 1.

Furthermore, set qn = φ
(n−1)
H[[C]] (bn) = H[[h]](an−1) ∈ H[[H[[C]]]] for all n ≥ 2. Then

H[[π]](qn) = an−1 and φC(qn) = an.
The abelian group H[[X]] is separated and complete in its natural topology with

a base of neighborhoods of zero formed by the subgroups (I ∩ H)[[X]] ⊂ H[[X]],
where I ⊂ R are open right ideals. For any map of sets f : X −→ Y , the map
H[[f ]] is continuous with respect to such topologies on H[[X]] and H[[Y ]]. Besides,
the map φX : H[[H[[X]]]] −→ H[[X]] is continuous, too, with respect to the above-
described topology on H[[X]] and the similar topology of H[[H[[X]]]] = H[[Y ]], where
Y = H[[X]] is viewed as an abstract set.

The key observation is that the sequence of elements an converges to zero in the
topology of H[[C]] as n → ∞. In order to prove this convergence, we will represent
the sequence of elements bn ∈ H(n)[[C]] by an infinite rooted tree B in the following
way. The root vertex (that is, the only vertex of depth 0) is marked by the element
b ∈ C. Its children (i. e., the vertices of depth 1) are marked by all the elements
c ∈ C, one such child for every element c. The edge leading from the root vertex b
to its child c is marked by the coefficient hb,c ∈ H in the formal linear combination
b1 = h(b) =

∑
c∈C hb,cc ∈ H[[C]].

The element b2 = H[[h]](b1) ∈ H[[H[[C]]]] has the form b2 =
∑

c∈C hb,ch(c), where
h(c) =

∑
c2∈C hc,c2c2 for every c ∈ C. The children of a vertex of depth 1 marked by c

in the tree B are marked by all the elements c2 ∈ C; and the edge leading from c
to c2 is marked by the element hc,c2 ∈ H.

Generally, the children of any vertex in B are marked by all the elements of C; we
will write that the children of any fixed vertex of degree n− 1 are marked by all the
elements cn ∈ C, one such child for every element cn ∈ C. Thus, a vertex v of depth n
in B is characterized by its root path, which passes from the root vertex b through
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vertices marked by c1 = c, c2, . . . , and comes to the vertex v marked by c(v) = cn.
So the set of all vertices of depth n in B is bijective to Cn = {(c1, . . . , cn) | ci ∈ C}.
The edge going from a vertex marked by cn−1 to its child marked by cn is marked by
the element hcn−1,cn ∈ H.

In addition to marking all the vertices and edges of B, let us also mark all the
root paths. A root path going from the root vertex b to a vertex marked by c1, to
a vertex marked by c2, etc., and coming to a vertex v marked by cn, goes along the
edges marked by the elements hb,c1 , hc1,c2 , . . . , hcn−1,cn ∈ H. We mark such a root
path by the product r(v) = hb,c1 · · ·hcn−1,cn ∈ H of the elements marking its edges.

The purpose of this construction is to observe that the element an ∈ H[[C]] can be
expressed as the infinite sum an =

∑
v∈Bn r(v)c(v) over the set Bn of all vertices of

depth n in the tree B. This sum converges in the topology of H[[C]].
In order to show that the sequence of elements an converges to zero in H[[C]],

choose a proper open right ideal I ⊂ R. Denote by BI the subtree of B formed by
all the vertices v ∈ B with r(v) /∈ I. The root vertex belongs to BI, since 1 /∈ I; and
whenever r(v) ∈ I for some v ∈ B, one also has r(w) ∈ B for all the descendants
w ∈ B of the vertex v; so BI is indeed a tree.

Furthermore, the tree BI is locally finite, because for every vertex v ∈ B with
c(v) = cn−1 there exists an open right ideal J ⊂ R such that r(v)J ⊂ I, and the
marking element hcn−1,cn of all but a finite subset of the edges going down from v
belongs to J∩H (as h(cn−1) =

∑
cn∈C hcn−1,cncn is an element of H[[C]]). So, denoting

by vcn ∈ B the child of v marked by cn, we have r(vcn) = r(v)hcn−1,cn ∈ I for all but
a finite subset of cn ∈ C.

Finally, the tree BI has no infinite branches, since the ring H is topologically
left T-nilpotent. Indeed, the sequence of the marking elements r(vn) of the root
paths of the vertices vn along any infinite branch in B converges to zero in H, hence
r(vn) ∈ I ∩ H for n � 0. By the König lemma, it follows that the tree BI is finite,
so it has a finite depth m. Thus an ∈ (I ∩ H)[[C]] for all n > m.

Now we can finish the proof of the lemma. Since the sequence an converges to zero
in H[[C]] as n → ∞, the sequence qn = H[[h]](an−1) ∈ H[[H[[C]]]] converges to zero
in the topology of H[[Y ]], where Y = H[[C]]. So the sum

∑∞
n=2 qn ∈ H[[H[[C]]]] is

well-defined as the limit of finite partial sums. Furthermore, we have H[[π]](qn+1) =
an = φC(qn) for all n ≥ 2 and H[[π]](q2) = a1 = b1. Hence

H[[π]]
(∑∞

n=2
qn

)
− φC

(∑∞

n=2
qn

)
= b1

(we recall that the maps H[[π]] and φC are continuous, as mentioned in the above
discussion). Therefore, b = π(b1) = 0 by the contraassociativity equation,

π ◦ (H[[π]]− φC) = 0.

�

Lemma 4.3. Let H be a separated topological ring without unit, with a base of neigh-
borhoods of zero formed by open right ideals, and let K ⊂ H be a closed two-sided
ideal. Then H is topologically left T-nilpotent if and only if both K and H/K are.
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Proof. The “only if” assertion is obvious; let us prove the “if”. Let a1, a2, a3, . . . be
a sequence of element in H, and let I ⊂ H be an open right ideal. Denote by āi the
images of the elements ai in H/K. For any open right ideal J ⊂ H, we will denote
by J ⊂ H/K the image of the ideal J . Then J is an open right ideal in H/K.

Since H/K is topologically left T-nilpotent, there exists an integer n1 ≥ 1 such
that the product ā1 · · · ān1 belongs to I. Let J1 ⊂ H be an open right ideal such
that a1 · · · an1J1 ⊂ I. Then there exists an integer n2 > n1 such that the prod-
uct ān1+1 · · · ān2 belongs to J1. Let J2 ⊂ H be an open right ideal such that
an1+1 · · · an2J2 ⊂ J1, etc. Proceeding in this way, we construct a sequence of in-
tegers 0 = n0 < n1 < n1 < n2 < · · · and open right ideals I = J0, J1, J2, . . . ⊂ H
such that ānm−1+1 · · · ānm ∈ Jm−1 and anm−1+1 · · · anmJm ⊂ Jm−1 for all m ≥ 1.

For every m ≥ 1, we have anm−1+1 · · · anm ∈ Jm−1 + K. Choose bm ∈ Jm−1 and
cm ∈ K such that anm−1+1 · · · anm = bm+cm. Since K is topologically left T -nilpotent,
there exists m ≥ 1 such that the product c1c2 · · · cm belongs to I ∩K. Now we have

a1 · · · anm = (b1 + c1) · · · (bm + cm) = c1c2 · · · cm + b1c2c3 · · · cm
+ (b1 + c1)b2c3c4 · · · cm + · · ·+ (b1 + c1)(b2 + c2) · · · (bm−2 + cm−2)bm−1cm

+ (b1 + c1)(b2 + c2) · · · (bm−1 + cm−1)bm

∈ I ∩K + J0 + (b1 + c1)J1 + · · ·+ (b1 + c1) · · · (bm−1 + cm−1)Jm = I.

�

5. Products of Topological Rings

Let Γ be a set and (Aγ)γ∈Γ be a family of topological abelian groups, each of them
with a base of neighborhoods of zero Bγ consisting of open subgroups. The product
topology on the Cartesian product A =

∏
γ∈ΓAγ has a base of neighborhoods of zero

formed by the subgroups
∏

δ∈∆ Uδ ×
∏

γ∈Γ\∆Aγ, where ∆ ⊂ Γ are finite subsets and

Uδ ∈ Bδ. The topological group A =
∏

γ∈ΓAγ does not depend on the choice of bases
of neighborhoods of zero Bγ in topological groups Aγ. When the topological groups
Aγ are separated, so is the topological group

∏
γ∈ΓAγ.

If A′γ ⊂ Aγ are subgroups in topological abelian groups Aγ and A′γ are viewed
as topological abelian groups in the induced topology, then the product topology
on
∏

γ∈ΓA
′
γ coincides with the induced topology on

∏
γ∈Γ A

′
γ ⊂

∏
γ∈ΓAγ. When

the subgroups A′γ are closed in Aγ, so is the subgroup
∏

γ∈Γ A
′
γ ⊂

∏
γ∈ΓAγ. If the

quotient groups A′′γ = Aγ/A
′
γ are viewed as topological abelian groups in the quotient

topology, then the product topology on A′′ =
∏

γ∈ΓA
′′
γ coincides with the quotient

topology on A′′ =
∏

γ∈ΓAγ
/∏

γ∈ΓA
′
γ.

Let (Aγ)γ∈Γ be a family of complete, separated topological abelian groups. Then
the group A =

∏
γ∈Γ Aγ is complete and separated in the product topology. Moreover,
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for any set X there is a natural isomorphism of abelian groups

A[[X]] ∼=
∏

γ∈Γ
Aγ[[X]].

If Hγ ⊂ Aγ are strongly closed subgroups then H =
∏

γ∈Γ Hγ is a strongly closed

subgroup in A =
∏

γ∈Γ Aγ (in the sense of Section 1.11).

If (Rγ)γ∈Γ is a family of topological rings (with or without unit), then R =
∏

γ∈ΓRγ

is a topological ring (with or without unit, respectively) in the product topology. If
each of the topological rings Rγ has a base of neighborhoods of zero formed by open
right (resp., two-sided) ideals, then the ring R also has a base of neighborhoods
of zero formed by open right (resp., two-sided) ideals. If Hγ are topologically nil
(resp., topologically left T-nilpotent) separated topological rings without unit, then
their product H =

∏
γ∈ΓHγ in its product topology is also a topologically nil (resp.,

topologically left T-nilpotent) topological ring without unit.
The following lemma is the main result of this section. Part (a) is an easy version of

part (b), which is a generalization of [27, Lemma A.2.2] (see also [41, Theorem 4.5]).

Lemma 5.1. Let (Rγ)γ∈Γ be a family of complete, separated topological rings, each
of them having a base of neighborhoods of zero formed by open right ideals; and let
R =

∏
γ∈Γ Rγ be their product. Then

(a) the coproduct functor (Nγ)γ∈Γ 7−→
⊕

γ∈Γ Nγ establishes an equivalence between
the Cartesian product of the abelian categories of discrete right Rγ-modules over all
γ ∈ Γ and the abelian category of discrete right R-modules;

(b) the product functor (Cγ)γ∈Γ 7−→
∏

γ∈Γ Cγ establishes an equivalence between the
Cartesian product of the abelian categories of left Rγ-contramodules over all γ ∈ Γ
and the abelian category of left R-contramodules.

Proof. Part (a): for every γ ∈ Γ, denote by eγ = (eγ,γ′)γ′∈Γ ∈ R the central idempo-
tent element whose γ′-component eγ,γ′ is equal to 0 ∈ Rγ′ for all γ′ ∈ Γ, γ′ 6= γ, and
whose γ-component eγ,γ is equal to 1 ∈ Rγ. For any discrete right R-module N, the
subgroup Neγ ⊂ N is the maximal R-submodule in N whose right R-module struc-
ture comes from a (discrete) right Rγ-module structure via the natural continuous
ring homomorphism pγ : R −→ Rγ. So, in the notation of Sections 1.9 and 1.12, we
have p�γ(N) = Neγ. We claim that the functor N 7−→ (Nγ = Neγ)γ∈Γ is quasi-inverse
to the functor (Nγ)γ∈Γ 7−→ N =

⊕
γ∈Γ pγ�Nγ, where N ∈ discr–R and Nγ ∈ discr–Rγ.

In other words, this simply means that any discrete right R-module N is the direct
sum of its submodules Neγ ⊂ N.

Indeed, the idempotents eγ ∈ R, γ ∈ Γ are orthogonal to each other, which easily
implies injectivity of the map

⊕
γ∈Γ Neγ −→ N. To prove surjectivity, consider an

element b ∈ N. Since N is a discrete right R-module by assumption, there exists
a neighborhood of zero U ⊂ R such that bU = 0. By the definition of the product
topology, there exists a finite subset ∆ ⊂ Γ such that J =

∏
γ∈Γ\∆ Rγ ⊂ U ⊂ R.

Consider the submodule NJ ⊂ N of all elements annihilated by the closed two-sided
ideal J ⊂ R; then we have b ∈ NJ. Now we have 1−

∑
δ∈∆ eδ ∈ J, hence b =

∑
δ∈∆ beδ

is a decomposition of the element b into the sum of elements beδ ∈ Neδ.
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Part (b): we keep our notation for the central idempotent elements eγ ∈ R. For
any left R-contramodule C, the map eγ : C −→ eγC represents eγC as a quotient group
of C. This is the maximal quotient R-contramodule of C whose left R-contramodule
structure comes from a left Rγ-contramodule structure via the homomorphism pγ.
So, in the notation of Sections 1.9 and 1.12, we have p]γ(C) = eγC. We claim that
the functor C 7−→ (Cγ = eγC)γ∈Γ is quasi-inverse to the functor (Cγ)γ∈Γ 7−→ C =∏

γ∈Γ pγ]Cγ, where C ∈ R–contra and Cγ ∈ Rγ–contra. In other words, this simply
means that the natural map

e = (eγ)γ∈Γ : C −−→
∏

γ∈Γ
eγC

is an isomorphism for any left R-contramodule C.
Indeed, let us construct an inverse map to e. Given a family of elements cγ ∈ eγC,

we consider them as elements of C and assign to them the element

f((cγ)γ∈Γ) = πC

(∑
γ∈Γ

eγcγ

)
.

Here it is important that the family of central idempotent elements eγ ∈ R converges
to zero in the topology of R, so the expression

∑
γ∈Γ eγcγ defines an element of the set

R[[C]] of all convergent infinite formal linear combinations of elements of C with the
coefficients in R (to which the contraaction map πC : R[[C]] −→ C can be applied).
To check that e◦f = id, it suffices to compute, for any family of elements (cγ ∈ C)γ∈Γ

and any fixed element γ′ ∈ Γ,

eγ′πC

(∑
γ∈Γ

eγcγ

)
= πC

(∑
γ∈Γ

eγ′eγcγ

)
= eγ′cγ′

using the contraassociativity equation. To check that f ◦ e = id, one computes, for
any element c ∈ C,

πC

(∑
γ∈Γ

eγ(eγc)
)

=
(∑

γ∈Γ
eγ

)
c = c

by the contraassociativity equation and because the infinite sum
∑

γ∈Γ eγ converges
to 1 in the topology of R. �

6. Projectivity of Flat Contramodules

In this section and in the next one, we consider the following setting. Let R be a
complete, separated topological associative ring with a base of neighborhoods of zero
formed by open right ideals. Let H ⊂ R be a strongly closed two-sided ideal in R
(see Sections 1.11–1.12). Assume that the quotient ring S = R/H is isomorphic, as
a topological ring, to the product

∏
γ∈Γ Sγ of a family of discrete rings Sγ (viewed

as a topological ring in the product topology), and that every ring Sγ is a classically
simple (i. e., simple Artinian) ring. In other words, Sγ is the matrix ring of some
finite order over a division ring (for every γ). Finally, we will also assume that the
ideal H is topologically left T-nilpotent.
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Denote the natural continuous ring homomorphisms by p : R −→ S, qγ : S −→ Sγ,
and pγ = pqγ : R −→ Sγ. Set Jγ = ker(pγ) ⊂ R. Recall that, according to the discus-
sion in Sections 1.9 and 1.12, the fully faithful functor of contrarestriction of scalars
p] : S–contra −→ R–contra has a left adjoint functor of contraextension of scalars
p] : R–contra −→ S–contra computable as p](C) = C/H i C. Similarly, the fully
faithful functor pγ] : Sγ–mod = Sγ–contra −→ R–contra has a left adjoint functor
p]γ : R–contra −→ Sγ–mod computable as p]γ(C) = C/Jγ i C. The fully faithful func-

tor qγ] : Sγ–mod −→ S–contra has a left adjoint functor q]γ : S–contra −→ Sγ–mod,
which can be computed in the same fashion.

Finally, according to Lemma 5.1(b), for any left S-contramodule D we have a
natural direct product decomposition D ∼=

∏
γ∈Γ qγ]q

]
γD. So, in particular, for any

left R-contramodule C one has C/Hi C ∼=
∏

γ∈Γ C/Jγ i C.
The analogous assertions hold for discrete right modules. The fully faithful functor

of corestriction of scalars p� : discr–S −→ discr–R has a right adjoint functor of
coextension of scalars p� : discr–R −→ discr–S computable as p�(N) = NH. The
fully faithful functor pγ� : mod–Sγ = discr–Sγ −→ discr–R has a right adjoint functor
p�γ : discr–R −→ mod–Sγ computable as p�γ(N) = NJγ . The fully faithful functor
qγ� : mod–Sγ −→ discr–S is a right adjoint functor q�γ : discr–S −→ mod–Sγ, which
can be computed similarly. Finally, by Lemma 5.1(a), for any discrete right S-module
M we have a natural direct sum decomposition M ∼=

⊕
γ∈Γ qγ�q

�
γM; so, in particular,

for any discrete right R-module N one has NH
∼=
⊕

γ∈Γ NJγ .

Lemma 6.1. Let R be a complete, separated topological associative ring with a base
of neighborhoods of zero formed by open right ideals, and let H ⊂ R be a topologically
left T-nilpotent strongly closed two-sided ideal. Let f : F′ −→ F′′ be a morphism of
flat left R-contramodules such that the induced morphism of left S-contramodules
F′/HiF′ −→ F′′/HiF′′ is an isomorphism. Then the morphism f is surjective and
its kernel is contained in

⋂
I⊂R I i F′ ⊂ F′, where the intersection is taken over all

the open right ideals I ⊂ R.

Proof. The conclusion that f is surjective does not depend on the flatness assumption
on F′ and F′′, and only requires surjectivity of the map F′/Hi F′ −→ F′′/Hi F′′. It
suffices to set C = coker(f), observe that C/Hi C = 0, and apply the contramodule
Nakayama Lemma 4.2 in order to conclude that C = 0.

In order to prove the assertion about ker(f), we will show that the map of abelian
groups N �R f : N �R F′ −→ N �R F′′ is an isomorphism for any discrete right
R-module N. In particular, it will follow that the map F′/IiF′ −→ F′′/IiF′′ is an
isomorphism for any open right ideal I ⊂ R, hence ker(f) ⊂ Ii F′ ⊂ F′.

Indeed, for any discrete right S-module M, one has p�M �R F′ = M �S p
]F′ =

M �S p
]F′′ = p�M �R F′′ (see Section 1.9), so the map M �R f is an isomorphism

for any discrete right R-module M annihilated by H. Now, according to the discrete
module Nakayama Lemma 4.1, any discrete right R-module N has an increasing
filtration 0 = F0N ⊂ F1N ⊂ F2N ⊂ · · · ⊂ FαN = N, indexed by some ordinal α,
such that the quotient module Fi+1N/FiN is annihilated by H for all ordinals i < α
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and FjN =
⋃
i<j FiN for all limit ordinals j ≤ α. Since the functors of contratensor

product with F′ and F′′ are exact on the abelian category discr–R by assumption,
and since they also preserve colimits, it follows by induction on i that FiN �R f is
an isomorphism for all 0 ≤ i ≤ α. �

Theorem 6.2. Let R be a complete, separated topological associative ring with a base
of neighborhoods of zero formed by open right ideals, let H ⊂ R be a topologically left
T-nilpotent strongly closed two-sided ideal, and let S = R/H be the quotient ring.
Let F be a flat left R-contramodule. Then the left R-contramodule F is projective if
and only if the left S-contramodule F/Hi F is projective.

Proof. The functor of contraextension of scalars f ] with respect to a continuous
homomorphism of topological rings f always takes projective contramodules to pro-
jective contramodules, since it is left adjoint to an exact functor of contrarestriction
of scalars f] (cf. Sections 1.9 and 1.12). So the “only if” assertion is obvious.

To prove the “if”, choose a set X0 such that the projective left S-contramodule
Q = F/Hi F is a direct summand of the free left S-contramodule S[[X0]]. Setting
X = Z≥0 × X0, so that S[[X]] is the coproduct of a countable family of copies
of S[[X0]] in S–contra, and using the cancellation trick, one can see that the left
S-contramodule Q⊕S[[X]] is isomorphic to S[[X]].

Consider the left R-contramodule F′′ = F ⊕ R[[X]] and put Q′′ = F′′/H i F′′ ∼=
Q ⊕ S[[X]]. Then Q′′ is a free left S-contramodule. Let us write Q′′ = S[[Y ]]
(where Y is a subset in Q′′ bijective to X). Set F′ = R[[Y ]] to be the free
left R-contramodule with Y generators. Then we have natural surjective left
R-contramodule morphisms F′′ −→ p]Q

′′ = S[[Y ]] and F′ −→ S[[Y ]]. Since F′ is a
projective left R-contramodule, the latter morphism lifts to a left R-contramodule
morphism f : F′ −→ F′′ satisfying the assumption of Lemma 6.1. (Notice that both
the left R-contramodules F′ and F′′ are flat.) Thus the morphism f is surjective
with ker(f) ⊂

⋂
I⊂R Ii F′.

Since the left R-contramodule F′ is projective (and even free) by construction, the
natural map F′ −→ lim←−I⊂R F′/I i F′ is an isomorphism (see Section 1.10). So one

has
⋂

I⊂R IiF′ = 0. Hence the morphism f is an isomorphism. We have shown that
F′′ is a free left R-contramodule. Finally, we can conclude the left R-contramodule
F is projective as a direct summand of F′′. �

The following corollary is a generalization of [27, Lemma A.3].

Corollary 6.3. In the assumptions formulated in the beginning of this section, all
flat left R-contramodules are projective.

Proof. The abelian category S–contra ∼=
∏

γ∈Γ Sγ–mod (see Lemma 5.1(b)) is
semisimple in these assumptions. So all left S-contramodules are projective, and
the assertion of the corollary follows from Theorem 6.2. �

30



7. Existence of Projective Covers

This section contains two proofs of its main result, which is Theorem 7.4. The first
one is very short, consisting only of two references: one of them to the main result of
the previous section, and the other one to a general theorem from category theory.
The second proof is longer and more explicit.

Theorem 7.1. Let B be a locally presentable abelian category with enough projective
objects. Assume that the class of all projective objects is closed under direct limits
in B. Then every object of B has a projective cover.

Proof. This is a particular case of [35, Theorem 2.7, or Corollary 3.7, or Corol-
lary 4.17]. (Cf. Sections 11 and 13 below for some background.) �

Corollary 7.2. Let R be a complete, separated topological associative ring with a
base of neighborhoods of zero consisting of open right ideals. Assume that all flat
left R-contramodules are projective. Then every left R-contramodule has a projective
cover.

Proof. The abelian category R–contra is locally presentable [35, Section 5]. All the
projective left R-contramodules are flat, and the class of all flat left R-contramodules
is closed under direct limits (see Section 2). Thus the assertion of the corollary follows
from Theorem 7.1. �

This is essentially all we need for our first proof of Theorem 7.4. To prepare ground
for the second one, we have to address the question of lifting of idempotents.

It is a classical fact in the associative ring theory that idempotents can be lifted
modulo any nil ideal. The following lemma provides a topological generalization. We
refer to Section 4 for the definition of a topologically nil topological ring without unit.

Lemma 7.3. Let R be complete, separated topological associative ring with a base of
neighborhoods of zero formed by open right ideals. Let H ⊂ R be a topologically nil
closed two-sided ideal, and let S = R/H be the quotient ring. Then any idempotent
element in S can be lifted to an idempotent element in R.

Proof. We adopt the argument from [22, Tag 00J9] to the situation at hand. Let
ē ∈ S be an idempotent element. Choose any preimage f ∈ R of the element ē ∈ S.
Proceeding by induction, we construct a sequence of elements ek ∈ R, k ≥ 0, starting
from e0 = f and passing from ek to ek+1 by the rule

ek+1 = ek − (2ek − 1)(e2
k − ek) = 3e2

k − 2e3
k, k ≥ 0.

A straightforward computation yields

e2
k+1 − ek+1 = (4e2

k − 4ek − 3)(e2
k − ek)2.

Now let us show that the sequence of elements ek ∈ R converges in the topology
of R as k → ∞, and that its limit e is an idempotent element in R whose image in
S is equal to ē. Indeed, set h = f 2 − f ; then we have h ∈ H, since ē2 − ē = 0 in S.
Notice that all the elements f , h, and ek belong to the subring generated by f in R
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over Z; so they commute with each other. It follows from the above formulas by a
simple induction on k that e2

k − ek ∈ h2kR for all k ≥ 0.
Let I ⊂ R be an open right ideal. Since the ideal H ⊂ R is topologically nil, there

exists n ≥ 1 such that hn ∈ I ∩ H. Choosing m such that 2m ≥ n, we find that
ek+1 − ek = (2ek − 1)(e2

k − ek) ∈ I for all k ≥ m. Thus the sequence of elements ek
converges in R as k → ∞, and we can consider its limit e ∈ R. We also have
e2
k − ek ∈ I for all k ≥ m, hence e2 − e ∈ I, and, as this holds for all the open right

ideals I ⊂ R, it follows that e2 − e = 0 in R. Finally, ek+1 − ek ∈ hR ⊂ H for all
k ≥ 0, hence e− f ∈ H, and therefore the image of e in S is equal to ē. �

Theorem 7.4. In the assumptions formulated in the beginning of Section 6, every
left R-contramodule has a projective cover.

First proof. The assertion follows from Corollaries 6.3 and 7.2. �

Second proof. Let us first show that for every left S-contramodule D there exists a
projective left R-contramodule P such that the left S-contramodule P/H i P is
isomorphic to D. Indeed, Lemma 5.1(b) applied to the ring S =

∏
γ∈Γ Sγ implies

that any left S-contramodule, viewed as an object of S–contra, is a coproduct of
irreducible left S-contramodules. The irreducible left S-contramodules are indexed
by the elements γ ∈ Γ and have the form qγ]Iγ, where Iγ is the (unique) irreducible
left Sγ-module.

One easily finds a (noncentral) idempotent element iγ ∈ S such that qγ]Iγ ∼= Siγ.

Lifting iγ to an idempotent element ĩγ ∈ R using Lemma 7.3, one can produce a

projective left R-contramodule Pγ = Rĩγ such that Pγ/H i Pγ
∼= Siγ. Finally,

coproducts of projective objects are projective, and the reduction functor C 7−→
p](C) = C/H i C preserves coproducts, which allows to construct a projective left
R-contramodule P such that P/HiP ∼= D.

Now let C be a left R-contramodule. Consider the left S-contramodule D =
C/H i C and find a projective left R-contramodule P such that P/H i P ∼= D.
Then we have two surjective left R-contramodule morphisms P −→ p]D and C −→
p]D. Since P ∈ R–contra is a projective object, we can lift the former morphism
to a left R-contramodule morphism f : P −→ C such that the induced morphism
P/HiP −→ C/Hi C is an isomorphism.

Arguing as in Lemma 6.1 and using the contramodule Nakayama Lemma 4.2, one
shows that the map f is surjective. We claim that the morphism f is a projective
cover of a left R-contramodule C. Indeed, in view of Lemma 3.1, it suffices to check
that K = ker(f) is a superfluous R-subcontramodule in P.

Let G ⊂ P be an R-subcontramodule such that K + G = P. The morphism of
left S-contramodules p](K) −→ p](P/G) is surjective, because the morphism of left
R-contramodules K −→ P/G is. On the other hand, the morphism p](K) −→ p](P)
is zero, since the composition K −→ P −→ C vanishes and the morphism p](P) −→
p](C) is an isomorphism. Therefore, the composition p](K) −→ p](P) −→ p](P/G)
also vanishes. It follows that p](P/G) = 0, that is P/G = H i (P/G). Applying
Lemma 4.2 again, we conclude that P/G = 0, as desired. �
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8. Proof of Main Theorem

Let R be a complete, separated topological associative ring with a base of neigh-
borhoods of zero formed by open two-sided ideals. We will need to assume that one
of the following three conditions holds:

(a) the ring R is commutative; or
(b) R has a countable base of neighborhoods of zero; or
(c) R has only a finite number of classically semisimple (semisimple Artinian)

discrete quotient rings.

The following theorem is the main result of this paper.

Theorem 8.1. Let R be a complete, separated topological associative ring with a
base of neighborhoods of zero formed by open two-sided ideals. Assume that one of the
conditions (a), (b), or (c) is satisfied. Then the following conditions are equivalent:

(i) all flat left R-contramodules have projective covers;
(i[) all Bass flat left R-contramodules have projective covers;
(ii) all left R-contramodules have projective covers;

(iii) all flat left R-contramodules are projective;
(iii[) all Bass flat left R-contramodules are projective;
(iv) all discrete quotient rings of R are left perfect;
(v) R has a topologically left T-nilpotent strongly closed two-sided ideal H such

that the quotient ring R/H is topologically isomorphic to a product of simple
Artinian discrete rings endowed with the product topology.

Proof. The implications (ii) =⇒ (i) =⇒ (i[) and (iii) =⇒ (iii[) are obvious. So are the
implications (iii) =⇒ (i) and (iii[) =⇒ (i[).

For any complete, separated topological ring R with a countable base of neigh-
borhoods of zero formed by open right ideals, any left R-contramodule has a flat
cover [35, Corollary 7.9]. Hence the condition (iii) implies (ii) under the assumption
of (b). Moreover, Corollary 7.2 provides the implication (iii) =⇒ (ii) for any complete,
separated topological ring R with a base of neighborhoods of zero formed by open
right ideals. (But we do not need to use either of these arguments.)

The condition (v) was already formulated in the beginning of Section 6. The impli-
cations (v) =⇒ (iii) and (v) =⇒ (ii) are provided by Corollary 6.3 and Theorem 7.4,
respectively, and hold for any complete, separated topological ring R with a base of
neighborhoods of zero formed by open right ideals.

The implication (iii[) =⇒ (iv) is provided by Corollary 2.4, and the implication
(i[) =⇒ (iv) by Corollary 3.6. Using the assumption of open two-sided ideals forming
a base of neighborhoods of zero in R, one can obtain the implication (i[) =⇒ (iii[)
from Corollaries 2.2 and 3.9.

It is the implication (iv) =⇒ (v) that needs both the assumption that R has a
base of neighborhoods of zero formed by open two-sided ideals and one of the con-
ditions (a), (b), or (c). Assuming (iv) and denoting by H(R) the Jacobson radical
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( = nilradical) of a left perfect discrete ring R, we set

H = lim←−I⊂RH(R/I) ⊂ R,

where the projective limit is taken over all the open two-sided ideals I in R. Here the
projective limit is well-defined, because for any surjective morphism of left perfect
rings f : R′ −→ R′′ one has f(H(R′)) = H(R′′). In order to finish the proof of the
theorem, it remains to apply the next proposition. �

Proposition 8.2. Let R be a complete, separated topological ring with a base of
neighborhoods of zero formed by open two-sided ideals such that all the discrete quo-
tient rings of R are left perfect. Assume that one of the conditions (a), (b), or (c) is
satisfied. Then H = lim←−I⊂RH(R/I) is a topologically left T-nilpotent strongly closed

two-sided ideal in R, and the quotient ring S = R/H is topologically isomorphic to
a product of simple Artinian discrete rings endowed with the product topology.

Proof. The two-sided ideal H ⊂ R is closed by construction and, viewed as a topo-
logical ring without unit, it is topologically left T-nilpotent as the projective limit of
T-nilpotent discrete rings without unit. In order to prove the remaining assertions,
let us consider the three cases separately.

(b) First of all, any closed subgroup in a topological abelian group with a countable
base of neighborhoods of zero is strongly closed (see Lemma 1.3).

Furthermore, for any discrete quotient ring R = R/I of the topological ring R, we
have a short exact sequence

0 −−→ H(R) −−→ R −−→ R/H(R) −−→ 0.

The transition maps in the projective system (H(R/I))I⊂R are surjective, so passing
to the (countable filtered) projective limit we get a short exact sequence

0 −−→ H −−→ R −−→ S = lim←−I⊂RR/H(R) −−→ 0.

This proves that the topological ring S is the topological projective limit of the
countable filtered projective system of semisimple Artinian discrete rings R/H(R)
and surjective morphisms between them. All such ring homomorphisms are projec-
tions onto direct factors, and it follows that S is a topological product of simple
Artinian discrete rings.

(c) Let J1 and J2 ⊂ R be two open two-sided ideals such that the quotient rings
R/J1 and R/J2 are semisimple Artinian. Since R = R/(J1 ∩ J2) is a left perfect
discrete ring by assumption, we have H(R) ⊂ J1/(J1∩J2) and H(R) ⊂ J2/(J1∩J2),
so H(R) = 0 and R is a semisimple Artinian ring, too. Since R only has a finite
number of semisimple Artinian discrete quotient rings, it follows that there exists a
unique minimal open two-sided ideal J ⊂ R such that R/J is semisimple Artinian.

Now if I ⊂ J ⊂ R is an open two-sided ideal, then H(R/I) = J/I. Thus we have
H = J, so H is an open (hence strongly closed) two-sided ideal in R and the quotient
ring R/H is a finite product of simple Artinian rings.
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(a) Any perfect commutative ring uniquely decomposes as a finite product of per-
fect commutative local rings, while any semisimple commutative ring uniquely de-
composes as a finite product of fields.

Let Γ be set of all open ideals G ⊂ R such that the discrete quotient ring R/G is a
field. Then for any open ideal I ⊂ R the subset ∆I ⊂ Γ of all G ∈ Γ such that I ⊂ G
is finite (and bijective to the spectrum of R/I). Furthermore, there exists a unique
collection of open ideals IG ⊂ R, G ∈ ∆I such that I ⊂ IG ⊂ G, the quotient rings
R/IG are local, and the natural ring homomorphism

R/I −−→
∏

G∈∆I

R/IG

is an isomorphism. Conversely, for any finite subset ∆ ⊂ Γ and any collection of open
ideals IG ⊂ G, G ∈ ∆ with local quotient rings R/IG, the intersection I =

⋂
G∈∆ IG

is an open ideal in R and the map R/I −→
∏

G∈∆ R/IG is an isomorphism.
For any two open ideals I′G, I′′G ⊂ G, G ∈ Γ such that the quotient rings R/I′G

and R/I′′G are local, the quotient ring R/(I′G ∩ I′′G) is local, too. Hence those of
the quotient rings R/IG by open ideals IG ⊂ G that are local rings form a directed
projective system, and we can form their projective limit

RG = lim←−IG⊂G
R/IG,

endowing it with the projective limit topology. There is a natural ring homomorphism
R −→ RG whose compositions with the projections RG −→ R/IG are surjective, so
these projections are surjective, too. In particular, there is a natural surjective ring
homomorphism RG −→ R/G, whose open kernel we denote by HG ⊂ RG.

It follows from these considerations that the topological ring R decomposes as the
product of topological rings RG,

R ∼=
∏

G∈Γ
RG,

and the topology on R coincides with the product topology. Furthermore, under this
isomorphism one has

H =
∏

G∈Γ
HG.

Now the ideal H ⊂ R is strongly closed as a product of open ideals HG ⊂ RG (cf. the
discussion in the beginning of Section 5), and the quotient ring

S = R/H ∼=
∏

G∈Γ
RG/HG =

∏
G∈Γ

R/G

is the topological product of discrete fields. �

We will say that a topological ring R is left pro-perfect if it is separated and
complete, has a base of neighborhoods of zero consisting of open two-sided ideals, and
all the discrete quotient rings of R are left perfect. According to Theorem 8.1, over a
left pro-perfect topological ring satisfying one of the conditions (a), (b), or (c) all left
contramodules have projective covers and all flat left contramodules are projective.
Conversely, any complete, separated topological ring with a base of neighborhoods
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of zero consisting of open two-sided ideals over which all Bass flat left contramodules
have projective covers is pro-perfect.

9. Examples

Two (classes of) examples of pro-perfect topological rings are discussed below.
Both of them are commutative topological rings.

Example 9.1. Let R be a complete Noetherian commutative local ring with the
maximal ideal m ⊂ R. We view R as a topological ring in the m-adic topology.
Then R = lim←−n≥1

R/mn is a separated and complete topological ring with a base

of neighborhoods of zero formed by the ideals mn ⊂ R. Furthermore, R is pro-
perfect, as all of its discrete quotient rings are Artinian and consequently perfect.
The maximal ideal m ⊂ R is strongly closed and topologically T-nilpotent.

By [28, Theorem B.1.1] or [33, Example 2.2(4)], the forgetful functor R–contra −→
R–mod is fully faithful, so the abelian category of R-contramodules is a full subcat-
egory in the category of arbitrary R-modules. This full subcategory consists of all
the so-called m-contramodule R-modules, which means the R-modules C such that
ExtiR(R[s−1], C) = 0 for all i = 0, 1 and all s ∈ m. It suffices to check this condition
for any chosen set of generators s1, . . . , sm ∈ m of the ideal m (or of any ideal in R
whose radical is equal to m) [31, Theorem 5.1].

According to Theorem 8.1, all R-contramodules have projective covers and all flat
left R-contramodules are projective. Let us explain how to obtain these results from
the previously existing literature. An R-contramodule is flat if and only if it is flat
as an R-module [28, Lemma B.9.2], [31, Corollary 10.3(a)]. All flat R-contramodules
are projective by [28, Corollary B.8.2] or [31, Theorem 10.5]. Moreover, the projective
objects of the category R–contra are precisely the free R-contramodules R[[X]] =
lim←−n≥1

(R/mn)[[X]] (see [28, Lemma 1.3.2] or [31, Corollary 10.7]).

Concerning the projective covers, one observes that all R-contramodules are
Enochs cotorsion R-modules [28, Proposition B.10.1], [31, Theorem 9.3]. Let C be
an R-contramodule, and let f : F −→ C be a flat cover of the R-module C. Let
p : P −→ C be a surjective morphism onto C from a projective R-contramodule P
with the kernel K. Then P is also a flat R-module, while K is a cotorsion R-module;
so p is a special flat precover of the R-module C. It follows that the R-module F is
a direct summand of P; hence F is also an R-contramodule. Thus the morphism f
is a projective cover of C in the category R–contra.

Example 9.2. Let R be a commutative ring and S ⊂ R be a multiplicative subset.
The S-topology on an R-module M has a base of neighborhoods of zero formed by the
R-submodules sM ⊂M , where s ∈ S. In particular, the ring R itself is a topological
ring in the S-topology. Let R = lim←−s∈S R/sR be its completion, endowed with the

projective limit topology [32, Section 2]. Then R is a complete, separated topological
commutative ring with a base of neighborhoods of zero formed by open ideals.
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Assume that the quotient ring R/sR is perfect for all s ∈ S. Then R is a pro-
perfect commutative topological ring, so Theorem 8.1 tells that all R-contramodules
have projective covers and all flat R-contramodules are projective. These results do
not seem to follow easily from the previously existing literature.

Let us discuss the category of R-contramodules R–contra in some more detail.
Following the proof of Proposition 8.2(a), the topological ring R decomposes as the
topological product R ∼=

∏
G∈R RG over the open ideals G ⊂ R such that the quotient

ring R/G is a field. (The same argument allows to obtain such a decomposition in
the slightly more general case of an S-h-nil ring R [6, Section 6].) Such open ideals
G ⊂ R correspond bijectively to the maximal ideals m ⊂ R for which the intersection
m∩S is nonempty, and the topological ring RG can be described as the S-completion
of the localization Rm of the ring R. By Lemma 5.1(b), the abelian category R–contra
decomposes as the Cartesian product of the abelian categories RG–contra.

By [6, Corollary 6.13], the localization RS of the ring R at the multiplicative
subset S, viewed as an R-module, has projective dimension at most 1. Thus the
full subcategory of S-contramodule R-modules R–modS-ctra ⊂ R–mod, consisting of
all the R-modules C such that ExtiR(RS, C) = 0 for i = 0 and 1, is an abelian
category, and the identity embedding R–modS-ctra −→ R–mod is an exact func-
tor [32, Theorem 3.4(a)]. The forgetful functor R–contra −→ R–mod factorizes as
R–contra −→ R–modS-ctra −→ R–mod [33, Example 2.4(2)]. We studied the category
R–modS-ctra in [6, Sections 4 and 6].

Still, the functor R–contra −→ R–modS-ctra is not an equivalence of categories, gen-
erally speaking [33, Example 1.3(6)]. A sufficient condition for it to be an equivalence
is that the S-torsion of R be bounded [33, Example 2.4(3)]. More generally, using the
decomposition of the category R–contra into the Cartesian product over the maximal
ideals m of the ring R with m∩S 6= ∅ and the similar decomposition of the category
R–modS-ctra [6, Corollary 6.15], one shows that the functor R–contra −→ R–modS-ctra

is an equivalence whenever the S-torsion in Rm is bounded for every m. When S is
countable, the functor R–contra −→ R–modS-ctra is an equivalence of categories if
and only if the S-torsion in R = lim←−s∈S R/sR is bounded [33, Example 5.4(2)].

Furthermore, [33, Example 3.7(1)] lists two conditions which, taken together, are
sufficient for the functor R–contra −→ R–modS-ctra to be fully faithful. By [6, Propo-
sition 2.1(2)], every S-divisible R-module is S-h-divisible, so one of the two conditions
always holds in our case. Hence the functor R–contra −→ R–modS-ctra is fully faith-
ful whenever the other condition holds, that is, whenever for every set X the free
R-contramodule R[[X]] = lim←−s∈S(R/sR)[X] is complete in its S-topology (or in other

words, its S-topology coincides with its projective limit topology [32, Theorem 2.3]).
In particular, the functor R–contra −→ R–modS-ctra is fully faithful whenever S

is countable [33, Example 3.7(2)]. In this case, every object of R–modS-ctra is an
extension of two objects from R–contra [33, Example 5.4(2)].
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10. Generalization of Main Theorem

The aim of this section is to generalize the result of Theorem 8.1 so that the class of
topological rings covered by its equivalent conditions includes all the rings satisfying
the assumptions formulated in the beginning of Section 6.

Let R be a complete, separated topological ring R with a base of neighborhoods
of zero formed by open right ideals. We are interested in the following condition on
the topological ring R, generalizing the conditions (a-c) of Section 8:

(d) there is a topologically left T-nilpotent strongly closed two-sided ideal K ⊂ R
such that the quotient ring R/K is isomorphic, as a topological ring, to the
product

∏
δ∈∆ Tδ of a family of topological rings Tδ, each of which has a base

of neighborhoods of zero consisting of open two-sided ideals and satisfies one
of the conditions (a), (b), or (c) of Section 8.

Here the quotient ring R/K is endowed with the quotient topology and the product
of topological rings

∏
δ Tδ is endowed with the product topology. The following

example shows that a topological ring satisfying (d) does not need to have a base of
neighborhoods of zero consisting of open two-sided ideals.

Example 10.1. Let R = HomZ(Q⊕Q/Z,Q⊕Q/Z)op be the opposite ring to the ring
of endomorphisms of the abelian group Q⊕Q/Z, endowed with the topology defined
in Section 1.13. This topological ring, occuring in tilting theory, was described in [36,
Example 7.12] as the matrix ring

R =

(
Q Af

Q
0 Ẑ

)
,

where Ẑ =
∏

p Zp is the product over the prime numbers p of the topological rings

of p-adic integers Zp endowed with the p-adic topology, Af
Q = Q ⊗Z Ẑ is the ring of

finite adeles of the field of rational numbers Q endowed with the adelic topology, and
the field Q itself is endowed with the discrete topology.

Consider the two-sided ideal K = Af
Q ⊂ R. Then one has K2 = 0, so this ideal is

even (finitely) nilpotent. It is also clearly strongly closed in R. The quotient ring
R/K is commutative, so it satisfies the condition (a). The topological ring R has a
base of neighborhoods of zero formed by the open right ideals(

0 rẐ
0 nẐ

)
⊂ R,

where r ∈ Q>0 and n ∈ Z>0 are an arbitrary positive rational number and a positive
integer. But every open two-sided (or even left) ideal in R contains K, so such ideals
do not form a base of neighborhoods of zero.

Example 10.2. Let α be an ordinal, and let (Mi) be an α-indexed sequence of left
modules over an associative ring R. Assume that all the morphisms between the
R-modules Mi go backwards, that is, HomR(Mi,Mj) = 0 for all 0 ≤ i < j < α. Let
Ti = HomR(Mi,Mi)

op be topological rings opposite to the endomorphism rings of
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the R-modules Mi, and let S = HomR(M,M)op be the topological ring opposite to
the ring of endomorphisms of the R-module M =

⊕
i<αMi.

Then there is a natural surjective morphism of topological rings p : S −→
∏

i∈α Ti.
Set K = ker(p) ⊂ S; then K is a strongly closed two-sided ideal in S and the topolog-
ical quotient ring S/K is isomorphic to the topological product

∏
i∈α Ti. Moreover,

the ideal K is topologically left T-nilpotent, because for every element b ∈ M and
any sequence of endomorphisms a1, a2, a3, . . . ∈ K one has ba1a2 · · · an = 0 in M for
n large enough (as one easily shows using König’s lemma).

Thus if for every i < α the topological ring Ti has a base of neighborhoods of zero
consisting of open two-sided ideals and satisfies one of the conditions (a), (b), or (c)
of Section 8, then the topological ring S satisfies the condition (d). Moreover, if
for every index i the topological ring Ti satisfies the condition (d), then so does the
topological ring S (as we will see below in Lemma 10.6(b)).

Lemma 10.3. (a) Let (Rγ)γ∈Γ be a family of topological rings. Then all the discrete
quotient rings of the topological ring R =

∏
γ∈Γ Rγ are left perfect if and only if all

the discrete quotient rings of the topological rings Rγ, γ ∈ Γ, are left perfect.
(b) Let R be a separated topological ring, and let K ⊂ R be a topologically left

T-nilpotent closed two-sided ideal. Then all the discrete quotient rings of the ring
R are left perfect if and only if all the discrete quotient rings of the topological ring
R/K are left perfect.

Proof. Part (a) holds, because the set of all discrete quotient rings of R coincides
with the union of the sets of all discrete quotient rings of Rγ. Part (b) follows from
its discrete version: if K is a left T-nilpotent two-sided ideal in an associative ring R
and the quotient ring R/K is left perfect, then the ring R is left perfect. The latter
is obtainable from the characterization of left perfect rings in [5, Theorem P (1)] and
the discrete version of Lemma 4.3. �

The following theorem is our generalization of Theorem 8.1.

Theorem 10.4. Let R be a complete, separated topological associative ring with a
base of neighborhoods of zero formed by open right ideals. Assume that the condi-
tion (d) is satisfied. Then the following conditions are equivalent:

(i) all flat left R-contramodules have projective covers;
(i[) all Bass flat left R-contramodules have projective covers;
(ii) all left R-contramodules have projective covers;

(iii) all flat left R-contramodules are projective;
(iii[) all Bass flat left R-contramodules are projective;
(iv) all discrete quotient rings of R are left perfect;
(iv′) all discrete quotient rings of R/K are left perfect;
(v) R has a topologically left T-nilpotent strongly closed two-sided ideal H such

that the quotient ring R/H is topologically isomorphic to a product of simple
Artinian discrete rings endowed with the product topology.

Conversely, if a complete, separated topological associative ring with a base of neigh-
borhoods of zero formed by open right ideals satisfies (v), then it also satisfies (d).

39



Proof. The first three paragraphs of the proof of Theorem 8.1 apply in our present
context as well. Furthermore, as in Theorem 8.1, the implication (iii[) =⇒ (iv) is
provided by Corollary 2.4, and the implication (i[) =⇒ (iv) by Corollary 3.6. The im-
plication (iv) =⇒ (iv′) is obvious, and the inverse implication (iv′) =⇒ (iv) is provided
by Lemma 10.3(b).

The final implication (iv′) =⇒ (v) holds in the assumption of the condition (d).
This one, as well as the converse implication (v) =⇒ (d), are provided by the following
proposition. In other words, the proposition below shows that (v) is equivalent to
the combination of (iv′) and (d). �

Proposition 10.5. Let R be a complete, separated topological ring with a base of
neighborhoods of zero formed by open right ideals. Suppose that there exists an ideal
K ⊂ R such that the condition (d) is satisfied and all the discrete quotient rings of
the ring R/K are left perfect. Then there exists an ideal H ⊂ R satisfying (v). Con-
versely, if an ideal H ⊂ R satisfies (v), then the same ideal K = H also satisfies (d).

Proof. The converse assertion is obvious: any simple Artinian ring endowed with the
discrete topology satisfies both (b) and (c), so a product of such rings is a product
of topological rings satisfying (b) and (c). To prove the direct implication, suppose
that K ⊂ R is an ideal satisfying (d) such that all the discrete quotient rings of R/K
are left perfect. Then we have R/K ∼=

∏
δ∈∆ Tδ, so any discrete quotient ring of Tδ

is at the same time a discrete quotient ring of R/K.
Applying Proposition 8.2 to the topological ring Tδ, we conclude that there exists

a left T-nilpotent strongly closed two-sided ideal Jδ ⊂ Tδ such that the quotient ring
Sδ = Tδ/Jδ is topologically isomorphic to a product of discrete simple Artinian rings,
Sδ
∼=
∏

γ∈Γδ
Sγ. According to the discussion in the beginning of Section 5, it follows

that J =
∏

δ Jδ is a left T -nilpotent strongly closed two-sded ideal in T =
∏

δ Tδ.
Furthermore, the topological quotient ring T/J ∼=

∏
δ∈∆ Sδ is isomorphic to the

topological product
∏

γ∈Γ Sγ of the discrete simple Artinian rings Sγ over the disjoint

union Γ =
∐

δ∈∆ Γδ of the sets of indices Γδ.
Now we have a surjective continuous ring homomorphism R −→ R/K ∼= T. Let

H ⊂ R be the full preimage of the closed ideal J ⊂ T under this homomorphism.
Then the ideal H is strongly closed in R by Lemma 1.4(b), H is left T-nilpotent
by Lemma 4.3, and the topological ring R/H ∼= T/J is the topological product of
discrete simple Artinian rings Sγ. �

The following lemma shows the class of all topological rings satisfying (d) is closed
under the operations that were used to define it.

Lemma 10.6. (a) Let (Rγ)γ∈Γ be a family of topological rings satisfying the condi-
tion (d). Then the topological ring R =

∏
γ∈Γ Rγ also satisfies (d).

(b) Let R be a complete, separated topological ring with a base of neighborhoods of
zero formed by open right ideals, and let J ⊂ R be a left T-nilpotent strongly closed
two-sided ideal. Assume that the topological quotient ring R/J satisfies (d). Then
the topological ring R satisfies (d).
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Proof. Similar to the proof of Proposition 10.5. The proof of part (a) is based on
the discussion in the beginning of Section 5, while the proof of part (b) uses Lem-
mas 1.4(b) and 4.3. �

11. Covers in Hereditary Cotorsion Pairs

In Section 3, we defined and discussed projective covers in abelian categories. Now
we will define covers by (objects from) arbitrary classes of objects.

Let A be a category and L ⊂ A be a class of objects. A morphism l : L −→ C in A
is called an L-precover (of the object C) if L ∈ L and all the morphisms from objects
of L to the object C factorize through the morphism l in the category A, that is, for
every morphism l′ : L′ −→ C with L′ ∈ L there exists a morphism f : L′ −→ L such
that l′ = lf . For example, if A is an abelian category with enough projective objects
and L ⊂ A is the class of all projective objects, then a morphism L −→ C with L ∈ L
is an L-precover if and only if it is an epimorphism.

A morphism l : L −→ C in A is called an L-cover if it is an L-precover and, for any
endomorphism e : L −→ L, the equation le = l implies that e is an automorphism
of L. Given another class of objects E ⊂ A, the definitions of an E-preeenvepe and
an E-envelope of an object of an object C ∈ A are dual to the above definitions
of an L-precover and an L-cover. These notions are due to Enochs [14]; a detailed
discussion of their properties in a relevant context can be found in the book [44].

Furthermore, suppose that A is an abelian category, and let L and E ⊂ A be two
classes of objects. Let L⊥1 ⊂ A denote the class of all objects X ∈ A such that
Ext1

A(L,X) = 0 for all L ∈ L, and let ⊥1E ⊂ A be the class of all objects Y ∈ A such
that Ext1

A(Y,E) = 0 for all E ∈ E. The pair of classes of objects (L,E) in A is called
a cotorsion pair (or a cotorsion theory) if E = L⊥1 and L = ⊥1E. A cotorsion pair
(L,E) is called hereditary if ExtnA(L,E) = 0 for all L ∈ L, E ∈ E, and n ≥ 1. These
definitions go back to Salce [38].

An epimorphism l : L −→ C in A is called a special L-precover if L ∈ L and
ker(l) ∈ L⊥1 . A monomorphism b : B −→ E in A is called a special E-preenvelope
if E ∈ E and coker(b) ∈ ⊥1E. The following lemma summarizes the properties of
precovers, special precovers, and covers.

Lemma 11.1. (a) Any special L-precover is an L-precover.
(b) If the class L is closed under extensions in A, then the kernel of any L-cover

belongs to L⊥1. In particular, any epic L-cover is special in this case.
(c) Let l : L −→ C be an L-cover, and let l′ : L′ −→ C be an L-precover. Then

there exists a split epimorphism f : L′ −→ L forming a commutative triangle diagram
with the morphisms l and l′. The kernel K of the morphism f is a direct summand
of L′ contained in ker(l′) ⊂ L′.

(d) Assume that an object C ∈ A has an L-cover, and let l′ : L′ −→ C be an
L-precover. Then the morphism l′ is an L-cover if and only if the object L′ has no
nonzero direct summands contained in ker(l′).
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Proof. Part (a) is [44, Proposition 2.1.3 or 2.1.4]. Part (b) is known as Wakamatsu
lemma; this is [44, Lemma 2.1.1 or 2.1.2]. Part (c) is [44, Proposition 1.2.2 or
Theorem 1.2.7], and part (d) is [44, Corollary 1.2.3 or 1.2.8]. �

Let (L,E) be a cotorsion pair in A. If c : L −→ C is an epimorphism in A with
L ∈ L and the object ker(c) ∈ A has a special E-preenvelope, then the object C has a
special L-precover. If b : B −→ E is a monomorphism in A with E ∈ E and the object
coker(b) ∈ A has a special L-precover, then the object B has a special E-preenvelope.
In particular, if there are enough injective and projective objects in A, then, given
a cotorsion pair (L,E) in A, every object of A has a special L-precover if and only
if every object of A has a special E-preenvelope. These results are known as Salce
lemmas [38]. A cotorsion pair (L,E) in A is called complete if every object of A has
a special L-precover and a special E-preenvelope.

Lemma 11.2. Let (L,E) be a hereditary complete cotorsion pair in an abelian cate-
gory A. Assume that every object of E has an L-cover in A. Then every object of A
has an L-cover.

Proof. Let A be an object in A. By assumption, A has a special E-preenvelope
a : A −→ E. Set L = coker(a); then we have a short exact sequence 0 −→ A −→
E −→ L −→ 0 in A with E ∈ E and L ∈ L. By assumption, the object E has an
L-cover m : M −→ E in A. Set F = ker(m); by Lemma 11.1(b), we have F ∈ E. Let
K denote the kernel of the composition of epimorphisms M −→ E −→ L; then we
have K ∈ L, since M , L ∈ L and the cotorsion pair (L,E) is assumed to be hereditary.
We have constructed a commutative diagram of four short exact sequences

0 0

0 A E L 0

0 K M L 0

F F

0 0

//

OO

//
a

OO

// //

//

OO

k

//

OO

m

// //

OO OO

OO OO

The morphism k : K −→ A is an epimorphism with the kernel F ∈ E, so it is a
special L-precover. By Lemma 11.1(a), k is an L-precover. Let us show that it is an
L-cover. Let h : K −→ K be an endomorpism such that kh = k. Consider a pushout
of the short exact sequence 0 −→ K −→ M −→ L −→ 0 by the morphism h and
denote it by 0 −→ K −→ N −→ L −→ 0. We have N ∈ L, since K, L ∈ L and
the class L is closed under extensions in A. In view of the universal property of the
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pushout, we have a commutative diagram of two morphisms of short exact sequences

0 A E L 0

0 K N L 0

0 K M L 0

// //
a

// //

//

OO

k

//

OO

n

// //

//

OO

h

//

OO

s

// //

with kh = k and ns = m. Since the morphism m : M −→ E is an L-cover and N ∈ L,
there exists a morphism r′ : N −→M such that mr′ = n. Moreover, one has mr′s =
ns = m, hence r′s : M −→M is automorphism. Setting r = (r′s)−1r′ : N −→M , we
have rs = idM and mr = m(r′s)−1r′ = mr′ = n.

It follows that the morphism r : N −→ M forms a commutative triangle diagram
with the morphisms N −→ L and M −→ L. Passing to the kernels of the latter
two morphisms, we obtain a morphism g : K −→ K such that gh = idK . We have
constructed a commutative diagram of two morphisms of short exact sequences

0 K M L 0

0 K N L 0

0 K M L 0

// // // //

//

OO

g

//

OO

r

// //

//

OO

h

//

OO

s

// //

whose composition is the identity endomorphism of the short exact sequence 0 −→
K −→M −→ L −→ 0.

Thus we have shown that any endomorphism h : K −→ K such that kh = k
is a (split) monomorphism. Furthermore, there is a commutative diagram of two
morphisms of short exact sequences

0 A E L 0

0 K M L 0

0 K N L 0

// //
a

// //

//

OO

k

//

OO

m

// //

//

OO

g

//

OO

r

// //

where kg = k, because mr = n (indeed, since a is a monomorphism, it suffices to
show that akg = ak, which follows from the equation mr = n and the commutativity
of the left squares of our diagrams).

Therefore, the morphism g : K −→ K is a (split) monomorphism, too, and we can
conclude that both g and h are isomorphisms. �
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12. Tilting-Cotilting Correspondence and Direct Limits

Given an exact category E (in Quillen’s sense), we denote by Einj and Eproj ⊂ E the
classes of all injective and projective objects in A, respectively. In particular, this
notation applies to abelian categories.

Let A be an additive category with set-indexed coproducts, and let B be an additive
category with set-indexed products. For any object T ∈ A and any set X, we denote
by T (X) ∈ A the coproduct of X copies of T in A. For any object W ∈ B and any set
X, we denote by WX ∈ B the product of X copies of W in B.

Furthermore, we denote by Add(T ) = AddA(T ) ⊂ A the class of all direct summands
of the coproducts T (X) of copies of the object T in the category A. Similarly, we denote
by Prod(W ) = ProdB(W ) ⊂ B the class of all direct summands of the products WX

of copies of the object W in B.
Let A be a complete, cocomplete abelian category (or, in other words, an abelian

category with set-indexed products and coproducts) with a fixed injective cogenerator
J ∈ A. So there are enough injective objects in the category A, and the class of all
injective objects is Ainj = Prod(J) ⊂ A.

Let n ≥ 0 be an integer, and let T ∈ A be an object satisfying the following two
conditions:

(i) the projective dimension of T (as an object of A) does not exceed n, that is
ExtiA(T,A) = 0 for all A ∈ A and i > n; and

(ii) for any set X, one has ExtiA(T, T (X)) = 0 for all i > 0.

Denote by E ⊂ A the class of all objects E ∈ A such that ExtiA(T,E) = 0 for
all i > 0. Notice that, by the definition, one has Ainj = ProdA(J) ⊂ E and, by the
condition (ii), AddA(T ) ⊂ E.

Furthermore, for each integer m ≥ 0, denote by Lm ⊂ A the class of all objects
L ∈ A for which there exists an exact sequence of the form

0 −−→ L −→ T 0 −−→ T 1 −−→ · · · −−→ Tm −−→ 0

in the category A with the objects Tm ∈ Add(T ). By the definition, Add(T ) = L0 ⊂
L1 ⊂ L2 ⊂ · · · ⊂ A. According to [36, Lemma 2.2], one has Ln = Ln+1 = Ln+2 = · · ·
(so we set L = Ln) and L ∩ E = Add(T ) ⊂ A.

According to [36, Theorem 2.4], every object of E is a quotient of an object from
Add(T ) in A if and only if every object of A is a quotient of an object from L. If this
is the case, we say that the object T ∈ A is n-tilting. For an n-tilting object T , the
pair of classes of objects (L,E) in A is a hereditary complete cotorsion pair, called
the n-tilting cotorsion pair associated with T .

Let B be a complete, cocomplete abelian category with a fixed projective generator
P ∈ B. So there are enough projective objects in B, and one has Bproj = Add(P ) ⊂ B.

The definition of an n-cotilting object W ∈ B is dual to the above definition of
an n-tilting object. In other words, an object W ∈ B is said to be n-cotilting if the
object W op is n-tilting in the abelian category Bop opposite to B.
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Specifically, this means, first of all, that the two conditions dual to (i) and (ii) have
to be satisfied:

(i*) the injective dimension of W (as an object of B) does not exceed n, that is
ExtiB(B,W ) = 0 for all B ∈ B and i > n; and

(ii*) for any set X, one has ExtiB(WX ,W ) = 0 for all i > 0.

On top of that, denoting by F ⊂ B the class of all objects F ∈ B such that
ExtiB(F,W ) = 0 for all i > 0, it is required that every object of F should be a
subobject of an object from Prod(W ) in B.

The following theorem from [36] describes the phenomenon of n-tilting-cotilting
correspondence.

Theorem 12.1. There is a bijective correspondence between (the equivalence classes
of) complete, cocomplete abelian categories A with an injective cogenerator J and an
n-tilting object T ∈ A, and (the equivalence classes of) complete, cocomplete abelian
categories B with a projective generator P and an n-cotilting object W ∈ B. The
abelian categories A and B corresponding to each other under this correspondence
are connected by the following structures:

(a) there is a pair of adjoint functors between A and B, with a left adjoint functor
Φ: B −→ A and a right adjoint functor Ψ: A −→ B;

(b) one has Φ(F) ⊂ E and Ψ(E) ⊂ F; the restrictions of the functors Φ and Ψ are
mutually inverse equivalences between the full subcategories E ⊂ A and F ⊂ B;

(c) the full subcategory E ⊂ A is closed under extensions and the cokernels of
monomorphisms, while the full subcategory F ⊂ B is closed under extensions and the
kernels of epimorphisms; hence they inherit exact category structures from their am-
bient abelian categories; the equivalence of categories E ∼= F provided by the functors
Φ and Ψ is an equivalence of exact categories (in Quillen’s sense); in other words,
the functor Φ preserves exactness of short exact sequences of objects from F, and the
functor Ψ preserves exactness of short exact sequences of objects from E;

(d) both the full subcategories E ⊂ A and F ⊂ B are closed under both the products
and coproducts in their ambient abelian categories; the functor Φ: B −→ A preserves
the products (and coproducts) of objects from F, while the functor Ψ: A −→ B pre-
serves the (products and) coproducts of objects from E;

(e) under the equivalence of exact categories E ∼= F, the injective cogenerator J ∈
E ⊂ A corresponds to the n-cotilting object W ∈ F ⊂ B, and the n-tilting object
T ∈ E ⊂ A corresponds to the projective generator P ∈ F ⊂ B;

(f) there are enough projective and injective objects in the exact category E ∼= F;
the full subcategories of projectives and injectives in E are Eproj = Add(T ) and Einj =
Ainj = Prod(J), while the full subcategories of projectives and injectives in F are
Fproj = Bproj = Add(P ) and Finj = Prod(W ).

Proof. The bijective correspondence is constructed in [36, Corollary 3.12] (based
on [36, Theorems 3.10 and 3.11]), and the assertions (e-f) are a part of that con-
struction (cf. [36, Proposition 1.6 and Theorem 1.4]). The adjoint functors Φ and Ψ
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are described in [36, beginning of Section 4], and parts (b-c) are also explained there.
Part (d) is [36, Lemma 4.3 and Remark 4.4]. �

Example 12.2. Suppose that there is an associative ring A such that the abelian
category A can be embedded into A–mod as a full subcategory closed under coprod-
ucts. So, in particular, the n-tilting object T ∈ A can be viewed as a left A-module.
Then the abelian category B can be described as the category of left contramodules
R–contra over the topological ring R = HomA(T, T )op from Section 1.13 (see [36,
Corollaries 7.2, 7.4, and 7.6]. Further examples of classes of abelian categories A for
which the category B admits such a description are discussed in [36, Section 9].

In the rest of this section we discuss the properties of direct limits in the n-tilting-
cotilting correspondence context. To make the exposition more accessible, we start
with the case of the direct limits indexed by the poset of natural numbers.

Lemma 12.3. In the context of the n-tilting-cotilting correspondence, assume that
countable direct limits are exact in the abelian category A. Then both the full subcat-
egories E ⊂ A and F ⊂ B are closed under countable direct limits in their am-
bient abelian categories, and the functor Ψ: A −→ B preserves countable direct
limits of objects from E. Furthermore, for any sequence of objects and morphisms
F1 −→ F2 −→ F3 −→ · · · with Fi ∈ F, the short sequence 0 −→

∐∞
i=1 Fi −→∐∞

i=1 Fi −→ lim−→i≥1
Fi −→ 0 with the map id−shift :

∐
i Fi −→

∐
i Fi is exact in B.

The functors of countable direct limit are exact in the exact category F.

Proof. For any sequence of objects and morphisms B1 −→ B2 −→ B3 −→ · · · in an
an abelian category B with countable coproducts, the short sequence

∐∞
i=1Bi −→∐∞

i=1Bi −→ lim−→i≥1
Bi −→ 0 is right exact in B. Moreover, for any sequence of

objects and morphisms A1 −→ A2 −→ A3 −→ · · · in an abelian category A with
exact countable direct limits, the short sequence 0 −→

∐∞
i=1Ai −→

∐∞
i=1 Ai −→

lim−→i≥1
Ai −→ 0 is exact in A, because it is the countable direct limit of split short

exact sequences 0 −→
∐j

i=1Ai −→
∐j+1

i=1 Aj −→ Aj+1 −→ 0 over j ≥ 1. In particular,
for any sequence of objects and morphisms E1 −→ E2 −→ E3 −→ · · · with Ei ∈ E,
the short sequence 0 −→

∐
iEi −→

∐
iEi −→ lim−→i

Ei −→ 0 is exact in A. Hence
it follows that lim−→i

Ei ∈ E, because the full subcategory E ⊂ A is closed under
coproducts and the cokernels of monomorphisms.

The functor Φ, being a left adjoint, preserves all colimits. Thus, for any sequence
of objects and morphisms F1 −→ F2 −→ F3 −→ · · · in F, the short sequence
0 −→ Φ(

∐
i Fi) −→ Φ(

∐
i Fi) −→ Φ(lim−→i

Fi) −→ 0, being isomorphic to the short

sequence 0 −→
∐

i Φ(Fi) −→
∐

i Φ(Fi) −→ lim−→i
Φ(Fi) −→ 0, is exact in A. This is

a short exact sequence in A with all the three terms belonging to E, so the functor
Ψ transforms it into a short exact sequence in B with all the three terms belong-
ing to F. We have a natural (adjunction) morphism from the right exact sequence∐

i Fi −→
∐

i Fi −→ lim−→i
Fi −→ 0 to the exact sequence 0 −→ ΨΦ(

∐
i Fi) −→

ΨΦ(
∐

i Fi) −→ ΨΦ(lim−→i
Fi) −→ 0, which is an isomorphism on the first two terms,
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and therefore on the third term, too. Hence the object lim−→i
Fi ∼= Ψ(lim−→i

Φ(Fi)) be-

longs to F and the short sequence 0 −→
∐

i Fi −→
∐

i Fi −→ lim−→i
Fi −→ 0 is exact.

Since the coproduct functors are exact in F (because they are exact in E) and the
cokernel of an admissible monomorphism is an exact functor, it follows that the func-
tors of countable direct limit are exact in F. The functor Ψ|E : E −→ B preserves
countable direct limits, because both the equivalence of categories E ∼= F and the
inclusion functor F −→ B do. This proves all the assertions of the lemma. �

Corollary 12.4. In the context of the n-tilting-cotilting correspondence, assume that
countable direct limits are exact in the abelian category A. Then the following three
conditions are equivalent:

(i) the full subcategory L is closed under countable direct limits in A;
(ii) the class of objects Add(T ) is closed under countable direct limits in A;

(iii) the class of all projective objects Bproj is closed under under countable direct
limits in B.

Proof. (i) =⇒ (ii) According to Lemma 12.3, the class E is closed under countable
direct limits in A. Hence, if the class L is closed under countable direct limits, too,
then so is the class L ∩ E = Add(T ).

(ii)⇐⇒ (iii) By the same lemma, the equivalence of categories E ∼= F transforms
countable direct limits of objects from E computed in A to countable direct limits
of objects from F computed in B. Thus the class Bproj = Ψ(Add(T )) ⊂ F is closed
under countable direct limits in B if and only if the class Add(T ) ⊂ E is closed under
countable direct limits in A.

(ii) =⇒ (i) Given an object L ∈ L, an exact sequence 0 −→ L −→ T 0 −→ · · · −→
T n −→ 0 with T j ∈ Add(T ) can be constructed in the following way. Let L −→ E
be a special E-preenvelope of L; then we have a short exact sequence 0 −→ L −→
E −→M −→ 0 with E ∈ E and M ∈ L. Since the class L is closed under extensions
in A, we have E ∈ L ∩ E = Add(T ). Set T 0 = E and M1 = M , and let M1 −→ T 1

be a special E-preenvelope of M1, etc. Proceeding in this way, one obtains an exact
sequence 0 −→ L −→ T 0 −→ T 1 −→ · · · −→ T n−1 −→ Mn −→ 0 with Mn ∈ L;
and one also has Mn ∈ E by cohomological dimension shifting, since the projective
dimension of T does not exceed n. It remains to set T n = Mn. Conversely, in any
exact sequence 0 −→ L −→ T 0 −→ T 1 −→ · · · −→ T n −→ 0 with L ∈ L and
T j ∈ Add(T ), the objects of cocycles belong to L, since the class L, being a left class
in a hereditary cotorsion theory, is closed under the kernels of epimorphisms.

Now, for any two objects A′ and A′′ ∈ A, their special E-preenvelopes A′ −→ E ′

and A′′ −→ E ′′, and a morphism A′ −→ A′′, there is a morphism E ′ −→ E ′′ forming
a commutative triangle diagram with the composition A′ −→ A′′ −→ E ′′. Using this
observation, for any sequence of objects and morphisms L1 −→ L2 −→ L3 −→ · · · in
L and any exact sequences 0 −→ Li −→ T 0

i −→ · · · −→ T ni −→ 0 with T ji ∈ Add(T ),
one can extend the sequence L1 −→ L2 −→ L3 −→ · · · to a sequence of morphisms
of exact sequences (0 → L1 → T 0

1 → · · · → T n1 → 0) −→ (L2 → T 0
2 → · · · → T n2 →
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0) −→ · · · . Passing to the direct limit, we obtain an exact sequence

0 −−→ lim−→i≥1
Li −−→ lim−→i≥1

T 0
i −−→ · · · −−→ lim−→i≥1

T ni −−→ 0

in the abelian category A. Since lim−→i
T ji ∈ Add(T ) for all j = 0, . . . , m, it follows

that lim−→i
Li ∈ L by the definition. �

The following proposition provides a generalization to noncountable direct limits.

Proposition 12.5. In the context of the n-tilting-cotilting correspondence, assume
that direct limits are exact in the abelian category A. Then both the full subcategories
E and F are closed under direct limits in their ambient abelian categories A and B,
and the functor Ψ: A −→ B preserves direct limits of objects from E. The functors
of direct limit are exact in the exact category F.

Proof. For any cocomplete abelian category A, a small category Γ, and a functor
A : Γ −→ A, the colimit of A(γ) over γ ∈ Γ can be computed as the cokernel of
the natural morphism

∐
φ : γ′→γ′′ A(γ′) −→

∐
γ A(γ), where the coproduct in the left-

hand side ranges over all the morphisms in Γ and the coproduct in the right-hand
side ranges over all the objects in Γ. Given an abelian category A with exact direct
limits, a directed poset Γ, and a Γ-indexed diagram A in A, the whole bar-complex
(∗)
· · · −−→

∐
γ0≤γ1≤γ2

A(γ0) −−→
∐
γ0≤γ1

A(γ0) −−→
∐
γ0

A(γ0) −−→ lim−→
γ∈Γ

A(γ) −−→ 0

is exact in A. Indeed, the complex (∗) is the direct limit (over β ∈ Γ) of the similar
bar-complexes related to the subposets Γβ = {γ ∈ Γ: γ ≤ β} ⊂ Γ and the sub-
diagrams A|Γβ of A. The bar-complex of any diagram indexed by a poset with a
maximum element is easily seen to be contractible (by the explicit contracting homo-
topy given by the morphisms taking the summand A(γ0) indexed by γ0 ≤ · · · ≤ γn
to the summand A(γ0) indexed by γ0 ≤ · · · ≤ γn ≤ β).

Now let E : Γ −→ E be a diagram in the exact category E indexed by a directed
poset Γ. Then the complex (∗) is an unbounded resolution of an object of A by objects
of E (since the full subcategory E ⊂ A is closed under coproducts). Since the full
subcategory E ⊂ A is defined as the class of all objects E ∈ A such that ExtiA(T,E) =
0 for all i > 0, and the tilting object T ∈ A has finite projective dimension, a simple
cohomological dimension shifting argument shows that lim−→γ∈Γ

E(γ) ∈ E. Moreover,

all the objects of cycles of the exact complex (∗) for the diagram E also belong to E.
So this complex is exact in the exact category E.

Applying the functor Ψ to the bar-complex for the diagram E, we get an exact
complex in the category F, which coincides, except possibly at his rightmost term,
with the bar-complex for the diagram Ψ ◦ E in B (because both the equivalence of
categories E ∼= F and the inclusion functor F −→ B preserve coproducts). Since the
bar-complex of any diagram in a cocomplete abelian category is exact at its rightmost
term, it follows that the natural morphism lim−→γ

Ψ(E(γ)) −→ Ψ(lim−→γ
E(γ)) is an

isomorphism and lim−→γ
Ψ(E(γ)) ∈ F. As any diagram in F can be obtained by applying
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the functor Ψ to a diagram in E, we can conclude that the full subcategory F ⊂ B
is also closed under direct limits, and the bar-complexes (∗) computing such direct
limits in F are exact. Exactness of the direct limit functors in F easily follows. �

Corollary 12.6. In the context of the n-tilting-cotilting correspondence, assume that
direct limits are exact in the abelian category A. Consider the following three prop-
erties:

(i) the full subcategory L is closed under direct limits in A;
(ii) the class of objects Add(T ) is closed under direct limits in A;

(iii) the class of all projective objects Bproj is closed under under direct limits in B.

Then the implications (i) =⇒ (ii)⇐⇒ (iii) hold.
If there is a functor from A to the category of morphisms in A assigning to every

object A ∈ A one of its special E-preenvelopes A −→ E, then all the three condi-
tions (i), (ii), and (iii) are equivalent.

Proof. Provable in the same way as Corollary 12.4, using Proposition 12.5 in place
of Lemma 12.3. �

Lemma 12.7. Let A be a locally presentable abelian category, (L,E) be a hereditary
complete cotorsion pair in A, and T be a set of objects in A such that E = T⊥≥1 is
the class of all objects E ∈ A such that ExtiA(T,E) = 0 for all T ∈ T and i > 0.
Then there exists a functor from A to the category of morphisms in A assigning to
every object A ∈ A one of its special E-preeenvelopes.

Proof. One says that a cotorsion pair (L,E) in A is generated by a set if there exists
a set of objects S in A such that E = S⊥1 . In a locally presentable abelian category
A, if a cotorsion pair (L,E) is generated by a set and every object of A is a subobject
of an object of E, then every object of A has a special E-preenvelope and such a
special preenvelope can be produced by the small object argument [35, Proposition 3.5
or Theorem 4.8(b)]. The construction of the small object argument in a locally
presentable category can be performed functorially [9, Proposition 1.3]. It remains
to show that there exists a set of objects S ⊂ A such that S⊥1 = E = T⊥≥1 .

Clearly, one has T ⊂ L. Arguing by induction, it suffices to show that for every
object S ∈ L and an integer i ≥ 2 there exists a set of objects S′ ⊂ L such that for
any given A ∈ A one has ExtiA(S,A) = 0 whenever Exti−1

A (S ′, A) = 0 for all S ′ ∈ S′.
Let λ be a regular cardinal such that the category A is locally λ-presentable and
the object S is λ-presentable. For every λ-presentable object B ∈ A endowed with
an epimorphism B −→ S, choose an epimorphism L −→ B onto B from an object
L ∈ L, and set S ′ to be the kernel of the composition L −→ B −→ S. Then one has
S ′ ∈ L, since the class L is closed under the kernels of epimorphisms.

Let S′ be the set of all objects S ′ obtained in this way. For any Ext class ξ ∈
ExtiA(S,A), there exists an object X ∈ A and two Ext classes η ∈ Ext1

A(S,X) and
ζ ∈ Exti−1

A (X,A) such that ξ = ζη. By [35, Lemma 3.4], any short exact sequence
0 −→ X −→ Y −→ S −→ 0 is A is a pushout of a short exact sequence 0 −→ X ′ −→
B −→ S −→ 0 in which the objectB is λ-presentable. The latter short exact sequence
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is, in turn, a pushout of the short exact sequence 0 −→ S ′ −→ L −→ S −→ 0. It
follows easily that Exti−1

A (S ′, A) = 0 for all S ′ ∈ S′ implies ExtiA(S,A) = 0. �

Corollary 12.8. In the context of the n-tilting-cotilting correspondence, assume that
A is a Grothendieck abelian category. Then the following three conditions are equiv-
alent:

(i) the full subcategory L is closed under direct limits in A;
(ii) the class of objects Add(T ) is closed under direct limits in A;

(iii) the class of all projective objects Bproj is closed under under direct limits in B.

Proof. Follows from Corollary 12.6 and Lemma 12.7. �

13. When is the Left Tilting Class Covering?

The results of this section are our version of [3, Theorem 3.6, Theorem 5.2, and
Corollary 5.5]. Our techniques, which are completely different from those of Šaroch
in [39] and Angeleri Hügel, Šaroch, and Trlifaj in [3], only allow us to reproduce
a small subset of (the tilting particular case of) their results, and only under the
somewhat restrictive assumptions of Theorem 10.4 on the topological ring R of en-
domorphisms of the tilting module. On the other hand, our approach provides some
information about the topological ring R, and is applicable to abelian categories A
much more general then the categories of modules.

We will say that a class of object L in a category A is precovering if every object
of A has an L-precover. Similarly, the class L is said to be covering if every object of
A has an L-cover.

For any class of objects M in a cocomplete category A, we denote by lim−→M =

lim−→
A M ⊂ A the class of all direct limits of objects from M in A. This means the

direct limits of diagrams A : Γ −→ A indexed by directed posets Γ and such that
A(γ) ∈ M for all γ ∈ Γ. The class of all countable direct limits of objects from M in
A will be denoted by lim−→ω

M = lim−→
A

ω
M ⊂ lim−→

A M.

Proposition 13.1. In the context of the n-tilting-cotilting correspondence, suppose
that A is a Grothendieck abelian category and B is the abelian category of left con-
tramodules over a topological ring R satisfying the assumptions formulated in the
beginning of Section 6. Then the class Bproj is closed under direct limits in B, every
object of B has a projective cover, the classes L and Add(T ) are closed under direct
limits in A, and every object of A has an L-cover and an Add(T )-cover.

Proof. Every left R-contramodule has a projective cover in our assumptions by The-
orem 7.4. Furthermore, by [35, Lemma 5.6] (see the discussion in the beginning
of Section 2), the class of flat left R-contramodules is closed under direct limits in
B = R–contra. By Corollary 6.3, all flat left R-contramodules are projective in our
assumptions. Hence the class of all projective objects Bproj is closed under direct
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limits in B. According to Corollary 12.8, we can conclude that the classes L and
Add(T ) are closed under direct limits in A.

Notice that the class L is precovering in A by Lemma 11.1(a), since (L,E) is a
complete cotorsion pair in A by [36, Theorem 2.4] (see the discussion in the beginning
of Section 12). A general argument going back to Enochs [14, Theorems 2.1 and 3.1]
tells that a precovering class closed under direct limits is covering. For Grothendieck
abelian categories, a proof of this assertion can be found in [4, Theorem 1.2] (and for
locally presentable categories, in [35, Theorem 2.7 or Corollary 4.17]).

Finally, for any object T in an additive category A, the class Add(T ) is precovering
in A, with the natural morphism T (HomA(T,A)) −→ A being an Add(T )-precover of an
object A ∈ A. If the class Add(T ) ⊂ A is closed under direct limits, it follows that it
is a covering class. �

Proposition 13.2. In the context of the n-tilting-cotilting correspondence, the fol-
lowing four conditions are equivalent:

(i) the class L is covering in A;
(ii) every object of E has an L-cover in A;

(iii) the class Add(T ) is covering in E;
(iv) the class Bproj is covering in F.

Furthermore, assume that countable direct limits are exact in the abelian cate-
gory A. Then the following three conditions (v-vii) are equivalent:

(v) all the objects from lim−→ω
Add(T ) have L-covers in A;

(vi) all the objects from lim−→ω
Add(T ) have Add(T )-covers in A;

(vii) all the objects from lim−→ω
Bproj have projective covers in B.

. Finally, assume that countable direct limits are exact in A and that B is the abelian
category of left contramodules over a complete, separated topological associative ring
R with a base of neighborhoods of zero formed by open right ideals, satisfying the
condition (d) of Section 10. Then all the conditions (i-vii) are equivalent to each
other and to the following six conditions (viii-xiii):

(viii) all the discrete quotient rings of R are left perfect;
(ix) the class Bproj is covering in B;
(x) the class Bproj is closed under direct limits in B;

(xi) the class Bproj is closed under countable direct limits in B;
(xii) the class Add(T ) is closed under countable direct limits in A;

(xiii) the class L is closed under countable direct limits in A.

Proof. The implication (i) =⇒ (ii) is obvious, and the inverse implication (ii) =⇒ (i)
is provided by Lemma 11.2.

(ii) =⇒ (iii) Let E ∈ E be an object, and let L −→ E be its L-cover in A. By
Lemma 11.1(b), the morphism L −→ E is a special L-precover; so its kernel belongs
to E. Since the class E is closed under extensions in A, it follows that L ∈ L ∩ E =
Add(T ). Hence, in particular, L −→ E is an Add(T )-cover of the object E.

(iii) =⇒ (ii) Given an object E ∈ E, let l : L −→ E be its Add(T )-cover, and let
l′ : L′ −→ E be one of its special L-precovers in A. By the above argument, we have
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L′ ∈ Add(T ); so l′ is also an Add(T )-precover of E. According to Lemma 11.1(c)
(which does not actually need the category to be abelian, but only idempotent-
complete additive; so it can be applied to Add(T )-precovers and Add(T )-covers in E),
the object ker(l) is a direct summand of ker(l′). So l is a special L-precover of E
in A. In particular, by Lemma 11.1(a), l is an L-precover of E in A. Since l is an
Add(T )-cover of E, it follows that l is an L-cover of E in A.

(iii)⇐⇒ (iv) Holds in view of the equivalence of categories E ∼= F taking the class
Add(T ) ⊂ E to the class Bproj = Fproj ⊂ F (see Theorem 12.1(b,f)).

(v)⇐⇒ (vi) By Lemma 12.3, we have lim−→ω
Add(T ) ⊂ lim−→ω

E = E, to the arguments

from the above proof of (ii)⇐⇒ (iii) apply.
(vi)⇐⇒ (vii) The equivalence of categories E ∼= F identifies the class of objects

Add(T ) ⊂ E with the class Bproj ⊂ F. By Lemma 12.3, it also identifies the class
lim−→ω

Add(T ) ⊂ E with the class lim−→ω
Bproj ⊂ F.

The implications (ii) =⇒ (v), (iii) =⇒ (vi), and (iv) =⇒ (vii) are obvious (as
lim−→ω

Add(T ) ⊂ E and lim−→ω
Bproj ⊂ F).

(vii) =⇒ (viii) Holds by Corollary 3.6 or Theorem 10.4 (i[) =⇒ (iv).
(viii) =⇒ (ix) If all the discrete quotient rings of R are left perfect and

(d) is satisfied, then all left R-contramodules have projective covers by Theo-
rem 10.4 (iv) =⇒ (ii).

The implications (ix) =⇒ (iv) and (x) =⇒ (xi) are obvious.
(viii) =⇒ (x) Follows from Theorem 10.4 (iv) =⇒ (iii), since the direct limits of pro-

jective contramodules are always flat.
(xi) =⇒ (viii) Holds by Corollary 2.4 or Theorem 10.4 (iii[) =⇒ (iv).
The equivalences (xi)⇐⇒ (xii)⇐⇒ (xiii) hold by Corollary 12.4. �

Corollary 13.3. In the context of the n-tilting-cotilting correspondence, assume that
A is a Grothendieck abelian category and B is the abelian category of left contramod-
ules over a complete, separated topological associative ring R with a base of neighbor-
hoods of zero formed by open right ideals, satisfying the condition (d) of Section 10.
Then the following conditions are equivalent:

(i) the class L is covering in A;
(ii) the class L is closed under direct limits in A;

(iii) the class Add(T ) is covering in A;
(iv) the class Add(T ) is closed under direct limits in A;
(v) the class Bproj is covering in B;

(vi) the class Bproj is closed under direct limits in B;
(vii) all the discrete quotient rings of R are left perfect.

Proof. The equivalences (ii)⇐⇒ (iv)⇐⇒ (vi) hold by Corollary 12.8. The implica-
tions (vii) =⇒ (i-vi) are provided by Proposition 13.1 (because, by Proposition 10.5
or Theorem 10.4 (iv) =⇒ (v), the assumptions formulated in the beginning of Sec-
tion 6 hold for any topological ring R satisfying the condition (d) of Section 10
whose discrete quotient rings are left perfect). The equivalences (i)⇐⇒ (v)⇐⇒
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(vi)⇐⇒ (vii) are provided by Proposition 13.2 (i)⇐⇒ (viii)⇐⇒ (ix)⇐⇒ (x), and the
implication (iii) =⇒ (i) by Proposition 13.2 (iii) =⇒ (i). �

14. Σ-Pure-Split Objects and their Endomorphism Rings

The following setting is more general then the n-tilting-cotilting correspondence
context described in Section 12. Let A be a cocomplete abelian category and M ∈ A
be an object. Then there exists a unique abelian category B with enough projective
objects such that the full subcategory Bproj ⊂ B is equivalent to the full subcategory
Add(M) ⊂ A.

The object M ∈ Add(M) corresponds to a projective generator P ∈ Bproj of the
category B. The abelian category B can be described as the category of modules
over the additive monad TM on the category of sets assigning the set TM(X) =
HomA(M,M (X)) to an arbitrary set X. The embedding functor Add(M) ∼= Bproj −→
B extends naturally to a right exact functor Ψ: A −→ B assigning to every object
N ∈ A the set HomA(M,N) endowed with a natural TM -module structure. The
embedding functor Bproj

∼= Add(M) −→ A can be extended uniquely to a right exact
functor Φ: A −→ B. The functor Φ is left adjoint to the functor Ψ. We refer to [36,
Sections 6.1–6.2] and [37, Section 1] for further details.

Let A be a cocomplete abelian category. We will say that a monomorphism
f : K −→ M in A is pure if for every cocomplete abelian category V with exact
direct limit functors, and any additive functor F : A −→ V preserving all colim-
its (that is, a right exact covariant functor preserving coproducts), the morphism
F (f) : F (K) −→ F (M) is a monomorphism in V. If this is the case, the object K is
said to be a pure subobject of the object M ∈ A.

A short exact sequence 0 −→ K −→ M −→ L −→ 0 in A is called pure if
the monomorphism K −→ M is pure, or equivalently, if the short sequence 0 −→
F (K) −→ F (M) −→ F (L) −→ 0 is exact in V for every functor F : A −→ V as
above. A long exact sequence K• in A is said to be pure if it is obtained by splicing
pure short exact sequences in A, or equivalently, if the complex F (K•) is exact in
V for every abelian category V with exact direct limits and any colimit-preserving
functor F : A −→ V.

For example, the bar-complex (∗) from the proof of Proposition 12.5 is pure exact
in any abelian category A with exact direct limits (because the image of (∗) under any
colimit-preserving functor F is a similar bar-complex in V, which is also exact, since
the direct limits are exact in V). As usually, this assertion has a separate (simpler)
version for countable direct limits: for any sequence of objects and morphisms A1 −→
A2 −→ A3 −→ · · · in an abelian category A with exact countable direct limits, the
short exact sequence 0 −→

∐∞
i=1Ai −→

∐∞
i=1 Ai −→ lim−→i≥1

Ai −→ 0 is pure exact in

A (because its image under F is the similar short exact sequence in V for the sequence
of objects and morphisms F (A1) −→ F (A2) −→ F (A3) −→ · · · ).
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Lemma 14.1. Let A = R–mod be the abelian category of left modules over an asso-
ciative ring R. Then a monomorphism (or a short exact sequence, or a long exact
sequence) in R–mod is pure in the sense of the above definition if and only if it is
pure in the conventional sense of the word (as in [19]).

Proof. A functor R–mod −→ Ab from the category of left R-modules to the category
of abelian groups Ab preserves colimits if and only if it is isomorphic to the functor
of tensor product A 7−→ N ⊗R A with a certain right R-module N [43, Theorem 1].
(Colimit-preserving functors R–mod −→ V can be similarly described as the functors
of tensor product with an object in V endowed with a right action of the ring R.) So
any pure exact sequence in R–mod in the sense of the above definition has remain
exact after taking the tensor product with any right R-module N , i. e., it is pure
exact in the conventional sense of the word.

Conversely, any pure short exact sequence of left R-modules the conventional sense
is a direct limit of split short exact sequences. Hence its image under any colimit-
preserving functor (and more generally, under any direct limit-preserving additive
functor) F : R–mod −→ V, taking values in an abelian category V with exact direct
limits, is exact. �

Furthermore, if A = R–contra is the category of contramodules over a topolog-
ical ring R, then the functors of contratensor product N �R − with discrete right
R-modules N preserve all colimits. Hence any pure short exact sequence in R–contra
in the sense of our present definition is contratensor pure in the sense of Section 2.

An object M ∈ A is said to be pure-split if every pure monomorphism K −→ M
is split in A. One says that an object T ∈ A is Σ-pure-split all the objects M from
the class Add(T ) ⊂ A are pure-split in A.

Proposition 14.2. Let A be a cocomplete abelian category with exact countable direct
limits and M ∈ A be a Σ-pure-split object. Then the class of object Add(M) ⊂ A is
closed under countable direct limits. In the related abelian category B = TM–mod,
the class of all projective objects Bproj is closed under countable direct limits.

In particular, if the monad TM : Sets −→ Sets is isomorphic to the monad TR for
a complete, separated topological associative ring R with a base of neighborhoods of
zero formed by open right ideals, then all the discrete quotient rings of the topological
ring R are left perfect.

Proof. Let M1 −→M2 −→M3 −→ · · · be a short sequence of objects and morphisms
in A with Mi ∈ Add(M). Then the short sequence 0 −→

∐∞
i=1 Mi −→

∐∞
i=1Mi −→

lim−→i≥1
Mi −→ 0 is pure exact in A. The object

∐∞
i=1 Mi belongs to Add(M), so it

follows that this short exact sequence splits. Hence the object lim−→i≥1
Mi is a direct

summand of
∐∞

i=1Mi, so it also belongs to Add(M).
Let P1 −→ P2 −→ P3 −→ · · · be a sequence of projective objects in B and

morphisms between them. Then the short sequence

(3)
∐∞

i=1
Pi −−→

∐∞

i=1
Pi −−→ lim−→i≥1

Pi −−→ 0
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is, at least, right exact in B. Now we use the same kind of going-back-and-forth
argument as the one in the proof of Lemma 12.3 in order to show that this sequence
is split exact under our new assumptions.

The functor Φ, being a left adjoint, preserves all colimits. Hence the image of (3)
under Φ is the similar short exact sequence for the sequence of objects and mor-
phisms Φ(P0) −→ Φ(P1) −→ Φ(P2) −→ · · · in the category A. According to the
above argument, it follows that the morphism id−shift :

∐∞
i=1 Φ(Pi) −→

∐∞
i=1 Φ(Pi)

is a split monomorphism in the full subcategory Add(M) ⊂ A. Applying the func-
tor Ψ in order to get back to the category B, we conclude that the morphism
id−shift :

∐
i Pi −→

∐
i Pi is a split monomorphism in Bproj. Thus the object lim−→i≥1

Pi

is a direct summand of
∐∞

i=1 Pi in B, so it belongs to Bproj.
In particular, if B ∼= R–contra, then the class of projective left R-contramodules

is closed under countable direct limits in R–contra. By Corollary 2.4, it follows that
all the discrete quotient rings of R are left perfect. �

Example 14.3. If A = A–mod is the category of left modules over an associative ring
A and M ∈ A is a left A-module, then the monad TM corresponds to the topological
ring R = HomA(M,M)op opposite to the endomorphism ring of the module M . The
ring A acts in M on the left and the topological ring R acts in M on the right,
making M a discrete right R-module [36, Theorem 7.1, Lemma 7.3, and Lemma 7.5]
(cf. Section 1.13). According to Proposition 14.2, if the A-module M is Σ-pure-split,
then all the discrete quotient rings of the topological ring R are left perfect.

Notice that all left perfect rings can be obtained in this way. If A is a left perfect
associative ring and M = A, then the A-module M is Σ-pure split (because all flat
left A-modules are projective) and the topology of the ring R = HomA(A,A)op = A
is discrete (because the A-module M is finitely generated).

The next proposition is an uncountable version of Proposition 14.2.

Proposition 14.4. Let A be a cocomplete abelian category with exact direct limits
and M ∈ A be a Σ-pure-split object. Then the class of object Add(M) ⊂ A is closed
under direct limits. In the related abelian category B = TM–mod, the class of all
projective objects Bproj is closed under direct limits.

Proof. For any directed poset Γ and a Γ-indexed diagram A : Γ −→ A, the bar-
complex (∗) from the proof of Proposition 12.5 is pure exact in A, according to the
above discussion. Now if A(γ) ∈ Add(M) ⊂ A for all γ ∈ Γ, then all the terms of the
complex (∗), except perhaps the rightmost one, belong to Add(M). Since the object
M is Σ-pure-split, it follows that the bar-complex (∗) is plit exact. In particular,
lim−→γ∈Γ

A(γ) is a direct summand of
⊕

γ0∈ΓA(γ0), hence lim−→γ
A(γ) ∈ Add(M).

For any Γ-indexed diagram B : Γ −→ B, the related bar-complex
(4)

· · · −−→
∐

γ0≤γ1≤γ2

B(γ0) −−→
∐
γ0≤γ1

B(γ0) −−→
∐
γ0

B(γ0) −−→ lim−→
γ∈Γ

B(γ) −−→ 0
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is, at least, exact at its rightmost term in the category B. The image of (4) under Φ
is the similar bar-complex for the diagram Φ ◦ Γ in the category A.

Now, if B(γ) ∈ Bproj for all γ ∈ Γ, then Φ(B(γ)) ∈ Add(M) and, according to the
above argument, the image of (4) under Φ is a split exact complex in Add(M). Ap-
plying the functor Ψ to get back to the category B, we conclude that the complex (4)
is split exact in Bproj except, perhaps, at its rightmost term. Since we also know that
it is exact at the rightmost term, it follows that the whole complex (4) is split exact
in B and lim−→γ

B(γ) ∈ Bproj. �

We will say that a morphism of left R-contramodules f : K −→M is a contratensor
pure monomorphism if the short exact sequence 0 −→ K −→ M −→ M/K −→ 0 is
contratensor pure in the sense of the definition in Section 2.

Proposition 14.5. Let R be a topological ring satisfying the assumptions formulated
in the beginning of Section 6 (e. g., R is left pro-perfect and one of the conditions (a),
(b), or (c) from Section 8 holds, or all the discrete quotient rings of R are left
perfect and the condition (d) of Section 10 is satisfied). Let M be a projective left
R-contramodule. Then any contratensor pure monomorphism K −→M in R–contra
is split.

Proof. For any complete, separated topological ring R with a base of neighborhoods of
zero formed by open right ideals, all the projective left R-contramodules are 1-strictly
flat. Hence, following the discussion in Section 2, if K −→ M is a contratensor
pure monomorphism and M ∈ R–contraproj, then the quotient contramodule M/K is
1-strictly flat, too. Furthermore, all 1-strictly flat left R-contramodules are flat.

Now, if R satisfies the assumptions from the beginning of Section 6, then all flat
left R-contramodules are projective by Corollary 6.3. Thus M/K ∈ R–contraproj and
the short exact sequence 0 −→ K −→M −→M/K −→ 0 splits. �

Lemma 14.6. In the context of the n-tilting-cotilting correspondence, suppose that
B is the abelian category of left contramodules over a topological ring R satisfying
the assumptions formulated in the beginning of Section 6. Let f : E −→ M be a
morphism in A such that E ∈ E, M ∈ Add(T ), and the morphism Ψ(f) : Ψ(E) −→
Ψ(M) is a contratensor pure monomorphism in B = R–contra. Then f is a split
monomorphism.

Proof. Follows from Proposition 14.5. �

15. Self-Pure-Projective and Σ-Rigid Objects,
Direct Limits, and Covers

In this section we reproduce and partly extend some of the results of Šaroch and
Angeleri Hügel–Šaroch–Trlifaj [39, 3] in a more general context than that of Sec-
tion 13. As usually in this paper, we also establish a connection with the left perfect-
ness properties of discrete quotient rings of the topological ring of endomorphisms.
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Let A be a cocomplete abelian category. An object Q ∈ A is said to be pure-
projective if, for any pure short exact sequence 0 −→ K −→ M −→ L −→ 0 (in the
sense of the definition in Section 14) in the category A, the short sequence of abelian
groups 0 −→ HomA(Q,K) −→ HomA(Q,M) −→ HomA(Q,L) −→ 0 is exact.

We will say that an object M ∈ A is self-pure-projective if, for any pure short exact
sequence 0 −→ K −→ M ′ −→ L −→ 0 in A with M ′ ∈ Add(M), the short sequence
of abelian groups 0 −→ HomA(M,K) −→ HomA(M,M ′) −→ HomA(M,L) −→ 0
is exact. The following lemma lists several classes of objects that are known to
be self-pure-projective, showing that self-pure-projective objects and, in particular,
self-pure-projective modules, are not uncommon.

Lemma 15.1. The following objects in a cocomplete abelian category A are self-pure-
projective:

(a) all pure-projective objects;
(b) all Σ-pure-split objects;
(c) all the objects belonging to Add(M), if M ∈ A is a self-pure-projective object;
(d) all the objects in the kernel L ∩ E of any cotorsion pair (L,E) in A such that

the class E ⊂ A is closed under coproducts and pure subobjects;
(e) in particular, when A = R–mod is the category of modules over an associative

ring R—any n-tilting left R-module is self-pure-projective.

Proof. The assertions (a-c) follow immediately from the definitions. To prove (d),
observe thatM ∈ L∩E andM ′ ∈ Add(M) impliesM ′ ∈ E; and if a (pure) subobjectK
of M ′ also belongs to E, then Ext1

A(M,K) = 0, and consequently HomA(M,M ′) −→
HomA(M,M ′/K) is a surjective map. Part (e) holds, because any n-tilting class E in
R–mod is definable, which implies, in particular, that it is closed under direct sums
and pure submodules [19, Definition 6.8 and Corollary 13.42]. �

Notice that if A is a complete, cocomplete abelian category with exact direct limits
and (L,E) is a cotorsion pair in A such that the class E ⊂ A is closed under pure
subobjects, then the class E is also closed under coproducts in A. Indeed, the right
class E in a cotorsion pair (L,E) is always closed under products in A. For any family
of objects Aα ∈ A, the natural morphism

∐
αAα −→

∏
αAα is a direct limit of split

monomorphisms, hence
∐

αAα is a pure subobject of
∏

αAα.

Remark 15.2. Let (L,E) be a cotorsion pair in the category of left modules over
an associative ring R. In this context, if the class E is closed under direct limits in
R–mod, then it is definable [39, Theorem 6.1]. If the cotorsion pair (L,E) is hereditary
and the class E is closed under unions of well-ordered chains in R–mod, then the class
E is definable as well [40, Theorem 3.5]. In both cases, the class E ⊂ R–mod is closed
under (direct sums and) pure submodules, and it follows that all the R-modules in
the class L ∩ E are self-pure-projective.

We will say that an object M in a cocomplete abelian category A is Σ-rigid if
Ext1

A(M,M (X)) = 0 for all sets X. If an object M is Σ-rigid, then all the objects
M ′ ∈ Add(M) are Σ-rigid as well. If (L,E) is a cotorsion pair in A and the class E is
closed under coproducts, then all the objects M ∈ L ∩ E are Σ-rigid.

57



For the rest of this section, we are working with a fixed object M in a cocomplete
abelian category A. We consider the related abelian category B = TM–mod and the
pair of adjoint functors Ψ: A −→ B and Φ: B −→ A, as in Section 14. Furthermore,
we denote by G ⊂ A the full subcategory formed by all the objects G ∈ A for
which the adjunction morphism Φ(Ψ(G)) −→ G is an isomorphism, and by H ⊂ B
the full subcategory of all the objects H ∈ B for which the adjunction morphism
H −→ Ψ(Φ(H)) is an isomorphism. One has Ψ(G) ⊂ H and Φ(H) ⊂ G, and the
restrictions of the functors Ψ and Φ to the full subcategories G and H are mutually
inverse equivalences between them [16, Theorem 1.1],

Ψ|G : G ∼= H :Φ|H.
By construction, we have Add(M) ⊂ G and Bproj ⊂ H.

Lemma 15.3. Let A be a cocomplete abelian category, M ∈ A be an object, and
B = TM–mod be the related abelian category. Suppose that the class of all projective
objects in B is closed under (arbitrary or countable) direct limits. Then the class of
objects Add(M) ⊂ A is also closed under (arbitrary or countable, resp.) direct limits.

Proof. Let Γ be a directed poset and A : Γ −→ A be a diagram such that the object
A(γ) belongs to the class Add(M) for all γ ∈ Γ. Applying the functor Ψ, we obtain
a diagram B = Ψ ◦ A : Γ −→ B such that B(γ) is a projective object in B for all
γ ∈ Γ. Applying the functor Φ to get back to the category A, we come to the original
diagram A ∼= Φ ◦ B. Now the functor Φ, being a left adjoint, preserves all colimits,
so the natural morphism lim−→γ∈Γ

A(γ) ∼= lim−→γ∈Γ
Φ(B(γ)) −→ Φ

(
lim−→γ∈Γ

B(γ)
)

is an

isomorphism in A. Since lim−→γ∈Γ
B(γ) is a projective object in B by assumption and

Φ(Bproj) = Add(M), the desired conclusion follows. �

Now we proceed to discuss the properties of self-pure-projective objects. As usually,
we start with the countable case (when our results will be also applicable to Σ-rigid
objects).

Proposition 15.4. Let A be a cocomplete abelian category with exact countable direct
limits, M ∈ A be an object that is either self-pure-projective or Σ-rigid, B = TM–mod
be the related abelian category, and G ⊂ A and H ⊂ B be the related two full subcate-
gories. Then one has lim−→

A

ω
Add(M) ⊂ G and lim−→

B

ω
Bproj ⊂ H. The functor Ψ preserves

countable direct limits of objects from Add(M) in A (taking them to countable direct
limits of the corresponding projective objects in B).

Proof. Let M1 −→M2 −→M3 −→ · · · be a sequence of objects and morphisms in A
with Mi ∈ Add(M). Then the short sequence

(5) 0 −−→
∐∞

i=1
Mi −−→

∐∞

i=1
Mi −−→ lim−→i≥1

Mi −→ 0

is pure exact in A. Since the object M is either self-pure-projective or Σ-rigid by
assumption and

⊕∞
i=1Mi ∈ Add(M), the functor HomA(M,−) transforms the short

exact sequence (5) into a short exact sequence of abelian groups.
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Now, the abelian category B = TM–mod is endowed with a faithful exact forgetful
functor TM–mod −→ Ab, and the composition of the functor Ψ with this forgetful
functor is isomorphic to the functor HomA(M,−). It follows that the image of the
sequence (5) under the functor Ψ is exact in B.

The functors Ψ and Φ restrict to mutually inverse equivalences between Add(M) ⊂
A and Bproj ⊂ B; so, in particular, they transform coproducts of objects from Add(M)
in A to coproducts of projective objects in B and vice versa. The short sequence

(6)
∐∞

i=1
Ψ(Mi) −−→

∐∞

i=1
Ψ(Mi) −−→ lim−→i≥1

Ψ(Mi) −→ 0

is, at least, right exact in B; and the natural morphism from the sequence (6) to the
image of the sequence (5) under the functor Ψ is an isomorphism at the leftmost and
the middle terms. Hence it is also an isomorphism at the rightmost terms, that is,
the natural morphism lim−→i

Ψ(Mi) −→ Ψ(lim−→i
Mi) is an isomorphism.

The functor Φ, being a left adjoint, preserves all colimits. Since the adjunction
morphism ΦΨ(Mi) −→Mi is an isomorphism for all i, it follows that the adjunction
morphism ΦΨ(lim−→i

Mi) −→ lim−→i
Mi is an isomorphism, too. Thus lim−→i

Mi ∈ G.

We have shown that lim−→
A

ω
Add(M) ⊂ G, and we have also seen that the functor Ψ

transforms countable direct limits of objects from Add(M) in A to countable direct
limits in B. Therefore, we have lim−→

B

ω
Bproj = Ψ(lim−→

A

ω
Add(M)) ⊂ Ψ(G) = H. �

Corollary 15.5. Let A be a cocomplete abelian category with exact countable direct
limits, M ∈ A be an object that is either self-pure-projective or Σ-rigid, and B =
TM–mod be the related abelian category. Consider the following four properties:

(i) the class of objects Add(M) ⊂ A is closed under direct limits;
(ii) the class of all projective objects in B is closed under direct limits.

(iii) the class of objects Add(M) ⊂ A is closed under countable direct limits;
(iv) the class of all projective objects in B is closed under countable direct limits;
(v) all the objects from lim−→ω

Add(M) have Add(M)-covers in A;

(vi) all the objects from lim−→ω
Bproj have projective covers in B.

Then the implications (ii) =⇒ (i) =⇒ (iii)⇐⇒ (iv) =⇒ (v)⇐⇒ (vi) hold.
Furthermore, assume that the monad TM : Sets −→ Sets is isomorphic to the

monad TR for a complete, separated topological associative ring R with a base of
neighborhoods of zero formed by open right ideals. Consider the property

(vii) all the discrete quotient rings of the topological ring R are left perfect.

Then the implication (vi) =⇒ (vii) holds. If R satisfies the condition (d) of Sec-
tion 10, then all the properties (i-vii) are equivalent to each other.

Proof. The implications (i) =⇒ (iii) =⇒ (v) and (ii) =⇒ (iv) =⇒ (vi) are obvious. The
implication (ii) =⇒ (i) is provided by Lemma 15.3. The equivalences (iii)⇐⇒ (iv)
and (v)⇐⇒ (vi) follow immediately from Proposition 15.4.

The implication (iv) =⇒ (vii) is provided by Corollary 2.4, and the implication
(vi) =⇒ (vii) by Corollary 3.6.
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Assuming that the topological ring R satisfies the condition (d), the implication
(vii) =⇒ (ii) is provided by Theorem 10.4 (iv) =⇒ (iii), because the direct limits of
projective contramodules are always flat. �

Remark 15.6. When A is a Grothendieck abelian category, the condition (i) of Corol-
lary 15.5 implies that the class of objects Add(M) is covering in A [4, Theorem 1.2].
The same conclusion holds in the more general case of a locally presentable abelian
category A [35, Theorem 1.7 or Corollary 4.17] (cf. the proof of Proposition 13.1).
Furthermore, if the category A is locally presentable, then the category B is locally
presentable by [36, Proposition 8.1] (see [35, Section 1.1 in the introduction] and [33,
Section 1] for some background). So, by Theorem 7.1, the condition (ii) implies that
all the objects of B have projective covers.

The next proposition is the uncountable version of Proposition 15.4.

Proposition 15.7. Let A be a cocomplete abelian category with exact direct limits,
M ∈ A be a self-pure-projective object, B = TM–mod be the related abelian cate-
gory, and G ⊂ A and H ⊂ B be the related two full subcategories. Then one has
lim−→

A Add(M) ⊂ G and lim−→
B Bproj ⊂ H. The functor Ψ preserves direct limits of ob-

jects from Add(M) in A (taking them to direct limits of the corresponding projective
objects in B).

Proof. Let Γ be a directed poset and A : Γ −→ A be a diagram in A with A(γ) ∈
Add(M) for all γ ∈ Γ. Then the bar-complex (∗) from the proof of Proposition 12.5
is pure exact in A. As all the terms of this complex, except perhaps the rightmost
one, belong to Add(M) and the object M is self-pure-projective, it follows that the
functor HomA(M,−) takes the complex (∗) to an exact sequence of abelian groups.
As in the proof of Proposition 15.4, we conclude that the functor Ψ transforms the
complex (∗) into an exact complex in B.

On the other hand, the similar bar-complex (4) constructed in the abelian category
B for the diagram B = Ψ ◦ A is exact, at least, at its rightmost term. Furthermore,
the natural morphism from the complex (4) to the image of the complex (∗) under Ψ
is an isomorphism at all the terms, except perhaps the rightmost one. It follows that
this morphism of complexes is an isomorphism at the rightmost terms, too; that is,
the natural morphism lim−→γ∈Γ

Ψ(A(γ)) −→ Ψ(lim−→γ∈Γ
A(γ)) is an isomorphism.

The argument finishes in the same way as the proof of Proposition 15.4. �

Corollary 15.8. Let A be a Grothendieck abelian category, M ∈ A be a self-pure-
projective object, and B = TM–mod be the related abelian category. Consider the
following six properties:

(i) the class of objects Add(M) ⊂ A is closed under direct limits;
(ii) the class of all projective objects in B is closed under direct limits;

(iii) the class of objects Add(M) is covering in A;
(iv) all the objects of B have projective covers;
(v) all the objects from lim−→Add(M) have Add(M)-covers in A;

(vi) all the objects from lim−→Bproj have projective covers in B.
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Then the equivalences (i)⇐⇒ (ii) and (v)⇐⇒ (vi) hold, and the implications (i) =⇒
(iii) =⇒ (v) and (ii) =⇒ (iv) =⇒ (vi) hold as well.

Furthermore, assume that the monad TM : Sets −→ Sets is isomorphic to the
monad TR for a complete, separated topological associative ring R with a base of
neighborhoods of zero formed by open right ideals. Consider the property

(vii) all the discrete quotient rings of the topological ring R are left perfect.

Then the implication (vi) =⇒ (vii) holds. If R satisfies the condition (d) of Sec-
tion 10, then all the properties (i-vii) are equivalent to each other.

Proof. The equivalences (i)⇐⇒ (ii) and (v)⇐⇒ (vi) follow from Proposition 15.7.
The implications (i) =⇒ (iii) and (ii) =⇒ (iv) were explained in Remark 15.6.
The implications (iii) =⇒ (v) and (iv) =⇒ (vi) are obvious.
For the implications (vi) =⇒ (vii) and (vii) =⇒ (ii), see Corollary 15.5. �

16. Matlis Category Equivalences for a Ring Epimorphism

Let u : R −→ U be a ring epimorphism, i. e., in other words, a homomorphism of
associative rings such that the multiplication map U ⊗R U −→ U an isomorphism of
R-R-bimodules. Then one has U ⊗R D ∼= D ∼= HomR(U,D) for all left U -modules
D, and the functor of restriction of scalars U–mod −→ R–mod is fully faithful. The
similar assertions hold for the right modules. We will say that a certain R-module
“is a U -module” if it belongs to the image of the functor of restriction of scalars.

We will use the simple notation U/R for the cokernel of the map u : R −→ U . So
U/R is an R-R-bimodule.

A left R-module M is called a u-comodule (or a left u-comodule) if

U ⊗RM = 0 = TorR1 (U,M).

Similarly, a right R-module N is said to be a u-comodule (or a right u-comodule) if
N ⊗R U = 0 = TorR1 (N,U).

A left R-module C is called a u-contramodule (or a left u-contramodule) if

HomR(U,C) = 0 = Ext1
R(U,C).

By [18, Proposition 1.1], the class of all left u-comodules is closed under di-
rect sums, cokernels of morphisms, and extensions in R–mod. The class of all left
u-contramodules is closed under products, kernels of morphisms, and extensions.

We will use the notation pd RE for the projective dimension of a left R-module E
and fdER for the flat dimension of a right R-module E.

Borrowing the terminology going back to Harrison [20] and Matlis [25], we will say
that a left R-module A is u-torsion-free if it is an R-submodule of a left U -module,
or equivalently, if the map A −→ U ⊗R A induced by the ring homomorphism u
is injective. Similarly, we will say that a left R-module B is u-h-divisible if it is a
quotient module of a left U -module, or equivalently, if the map HomR(U,B) −→ B
induced by u is surjective.
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Clearly, the class of all u-torsion-free left R-modules is closed under subobjects,
direct sums, and products in R–mod. Any left R-module A has a unique maximal
u-torsion-free quotient module, which can be computed as the image of the natural
R-module morphism A −→ U ⊗R A. The class of all u-h-divisible left R-modules
is closed under quotients, direct sums, and products. Any left R-module B has a
unique maximal u-h-divisible submodule, which can be computed as the image of the
natural R-module morphism HomR(U,B) −→ B.

A left R-module A is said to be u-torsion if its maximal u-torsion-free quotient
module vanishes, or equivalently, if U ⊗R A = 0. A left R-module B is said to
be u-h-reduced if its maximal u-h-divisible submodule vanishes, or equivalently, if
HomR(U,B) = 0.

Let us warn the reader that our terminology is slightly confusing: a left R-module
with no nonzero u-torsion submodules does not need to be u-torsion-free (unless
fdUR ≤ 1, as we will see below). Similarly, a left R-module with no u-h-reduced quo-
tient modules does not need to be u-h-divisible (unless pd RU ≤ 1). The problem is
that, unless such homological dimension conditions are imposed on the R-R-bimodule
U or the ring homomorphism u, the classes of u-torsion-free and u-h-divisible left
R-modules do not need to be closed under extensions.

The following theorem provides what appears to be the maximal natural generality
for the first of the two classical Matlis category equivalences [25, Theorem 3.4] (going
back to Harrison’s [20, Proposition 2.1]).

Theorem 16.1. Assume that TorR1 (U,U) = 0. Then the restrictions of the ad-
joint functors M 7−→ HomR(U/R,M) and C 7−→ (U/R) ⊗R C are mutually inverse
equivalences between the additive categories of u-h-divisible left u-comodules M and
u-torsion-free left u-contramodules C.

Before proceeding to prove the theorem, let us formulate and prove a lemma.

Lemma 16.2. If TorR1 (U,U) = 0, then
(a) for any left R-module M , the left R-module HomR(U/R,M) is a u-torsion-free

u-contramodule;
(b) for any left R-module C, the left R-module (U/R) ⊗R C is a u-h-divisible

u-comodule.

Proof. Part (a): the left R-module HomR(U/R,M) is u-torsion-free as an R-submod-
ule of the left U -module HomR(U,M). Furthermore, since U ⊗R U = U , we have
(U/R)⊗R U = 0, and therefore HomR(U,HomR(U/R,M)) = 0.

To show that Ext1
R(U,HomR(U/R,M)) = 0, one observes that our assumptions

U ⊗R U = U and TorR1 (U,U) = 0 imply TorR1 (U/R,U) = 0, because the map
(R/ ker(u))⊗R U −→ U is an isomorphism.

For any left R-module L, R-R-bimodule E, and left R-module M such that
TorR1 (E,L) = 0, there is a natural injective map of abelian groups

Ext1
R(L,HomR(E,M)) −−→ Ext1

R(E ⊗R L, M).

In particular, Ext1
R(U,HomR(U/R,M)) is a subgroup of Ext1

R((U/R)⊗R U, M) = 0.
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The proof of part (b) is dual-analogous. The left R-module (U/R) ⊗R C
is u-h-divisible as a quotient R-module of the left U -module U ⊗R C. Since
U ⊗R (U/R) = 0, we have U ⊗R (U/R)⊗R C = 0.

For any right R-module B, R-R-bimodule E, and left R-module C such that
TorR1 (B,E) = 0, there is a natural surjective map of abelian groups

TorR1 (B ⊗R E, C) −−→ TorR1 (B, E ⊗R C).

In particular, TorR1 (U, (U/R)⊗RC) is a quotient group of TorR1 (U⊗R (U/R), C) = 0.
For a more high-tech derived category/spectral sequence presentation of the same
argument, see Lemmas 16.6–16.7 below. �

Proof of Theorem 16.1. By Lemma 16.2, the functor M 7−→ HomR(U/R,M) take
u-h-divisible left u-comodules to u-torsion-free left u-contramodules and back (in
fact, they take arbitrary left R-modules to left R-modules from these two classes). It
remains to show that the restrictions of these functors to these two full subcategories
in R–mod are mutually inverse equivalences between them.

Let M be a u-h-divisible left u-comodule. We will show that the adjunction mor-
phism (U/R)⊗RHomR(U/R,M) −→M is an isomorphism. Since M is u-h-divisible,
we have a natural short exact sequence of left R-modules

0 −−→ HomR(U/R,M) −−→ HomR(U,M) −−→ M −−→ 0.

Since the left R-module HomR(U/R,M) is u-torsion-free, we also have a natural short
exact sequence of left R-modules

0 −→ HomR(U/R,M) −→ U⊗RHomR(U/R,M) −→ U/R⊗RHomR(U/R,M) −→ 0.

Since M is a u-comodule, applying the functor U ⊗R − to the former short exact
sequence produces an isomorphism U ⊗R HomR(U/R,M) ∼= U ⊗R HomR(U,M) =
HomR(U,M). Now we have a natural morphism from the latter short exact sequence
to the former one, which is the identity on the leftmost terms and an isomorphism
on the middle terms. Therefore, it is an isomorphism on the rightmost terms, too.

Let C be a u-torsion-free left u-contramodule. Let us show that the adjunction
morphism C −→ HomR(U/R, (U/R)⊗R C) is an isomorphism. Since C is u-torsion-
free, we have a natural short exact sequence of left R-modules

0 −−→ C −−→ U ⊗R C −−→ (U/R)⊗R C −−→ 0.

Since the left R-module (U/R) ⊗R C is u-h-divisible, we also have a natural short
exact sequence of left R-modules

0 −→ HomR(U/R, (U/R)⊗RC) −→ HomR(U, (U/R)⊗RC) −→ (U/R)⊗RC −→ 0.

Since C is a u-contramodule, applying the functor HomR(U,−) to the former short
exact sequence produces an isomorphism U ⊗R C = HomR(U, U ⊗R C) ∼= HomR(U,
(U/R)⊗R C). We have a natural morphism from the former short exact sequence to
the latter one, which is the identity on the rightmost terms and an isomorphism on
the middle terms. Therefore, it is an isomorphism on the leftmost terms, too. �
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Let K• denote the two-term complex R −→ U , with the term R placed in the
cohomological degree −1 and the term U in the cohomological degree 0. We will view
K• as an object of the bounded derived category of R-R-bimodules Db(R–mod–R).
So, there is a distinguished triangle

(7) R −−→ U −−→ K• −−→ R[1]

in the triangulated category Db(R–mod–R).
Alternatively, the complex K• can be considered as an object of the bounded

derived category of left R-modules Db(R–mod) endowed with a right action of the
ring R by its derived category object endomorphisms, or as an object of the bounded
derived category of right R-modules Db(mod–R) endowed with a left action of R.
Then (7) is viewed as a distinguished triangle in Db(R–mod) or Db(mod–R).

By an abuse of notation, given a left R-module B, we will denote simply by

ExtnR(K•, B) = Hn(RHomR(K•, B)) = HomDb(R–mod)(K
•, B[n])

the abelian group of all morphisms K• −→ B[i] in the derived category of left
R-modules. The right action of R in the object K• ∈ Db(R–mod) induces a left
R-module structure on the groups ExtiR(K•, B).

Similarly, we set
TorRi (K•, A) = H−i(K• ⊗L

R A)

for any left R-module B. Here K• is viewed as an object of the bounded derived
category of right R-modules for the purpose of computing the derived tensor product
K•⊗L

R A, and then the left action of R in the object K• ∈ Db(mod–R) induces a left
R-module structure on the groups TorRi (K•, A).

Lemma 16.3. For every left R-module C, there are natural isomorphisms of left
R-modules

(a) TorRn (K•, C) = 0 = ExtnR(K•, C) for n < 0;
(b) TorRn (K•, C) = TorRn (U,C) and ExtnR(K•, C) = ExtnR(U,C) for all n > 1;
(c) TorR0 (K•, C) = (U/R)⊗R C and Ext0

R(K•, C) = HomR(U/R,C).

Proof. All the assertions follow immediately from the (co)homology long exact se-
quences obtained by applying the functors RHomR(−, C) and −⊗L

R C to the distin-
guished triangle (7). �

Furthermore, for any left R-modules A and B there are five-term exact sequences
of low-dimensional Tor and Ext induced by the distinguished triangle (7):

(8) 0 −−→ TorR1 (U,A) −−→ TorR1 (K•, A)

−−→ A −−→ U ⊗R A −−→ TorR0 (K•, A) −−→ 0

and

(9) 0 −−→ Ext0
R(K•, B) −−→ HomR(U,B) −−→ B

−−→ Ext1
R(K•, B) −−→ Ext1

R(U,B) −−→ 0.

Both (8) and (9) are exact sequences of left R-modules.
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Borrowing the terminology of Matlis [25], we will say that a left R-module A is
u-special if the map A −→ U ⊗R A is surjective. Equivalently (in view of the exact
sequence (8) or Lemma 16.3(c)), this means that TorR0 (K•, A) = 0. Similarly, a left
R-module B is u-cospecial if the map HomR(U,B) −→ B is injective. Equivalently
(by the exact sequence (9) or Lemma 16.3(c)), this means that Ext0

R(K•, B) = 0.
The next lemma provides another characterization of u-special and u-cospecial

modules.

Lemma 16.4. (a) A left R-module A is u-special if and only if its maximal u-torsion-
free quotient module is a U-module.

(b) A left R-module B is u-cospecial if and only if its maximal u-h-divisible sub-
module is a U-module.

Proof. Part (b): if B is u-cospecial, then the morphism HomR(U,B) −→ B is in-
jective, so HomR(U,B) is the maximal u-h-divisible submodule of B. Conversely, if
the maximal u-h-divisible submodule of B is a U -module D, then HomR(U/R,B) =
HomR(U/R,D) = 0.

Part (a): if A is u-special, then the morphism A −→ U ⊗R A is surjec-
tive, so U ⊗R A is the maximal u-torsion-free quotient module of A. Con-
versely, if the maximal u-torsion-free quotient module of A is a U -module D,
then HomR(A,HomZ(U/R, Q/Z)) = HomZ(D,HomR(U/R, Q/Z)) = 0 (since
HomZ(U/R, Q/Z) ⊂ HomZ(U, Q/Z) is a u-torsion-free left R-module), hence
U/R⊗R A = 0. �

The following theorem is our version of the second Matlis category equivalence [25,
Theorem 3.8] (going back to Harrison’s [20, Proposition 2.3]).

Theorem 16.5. Assume that TorR1 (U,U) = 0 = TorR2 (U,U). Then the restrictions
of the functors M 7−→ Ext1

R(K•,M) and C 7−→ TorR1 (K•, C) are mutually inverse
equivalences between the additive categories of u-cospecial left u-comodules M and
u-special left u-contramodules C.

Before proving the theorem, we formulate two lemmas, which extend the result of
Lemma 16.2.

Lemma 16.6. (a) If TorR1 (U,U) = 0, then the left R-module TorR0 (K•, A) is a
u-comodule for any left R-module A.

(b) If TorR1 (U,U) = 0 = Tor2
R(U,U) = 0, then the left R-module TorR1 (K•, A) is a

u-comodule for any left R-module A such that TorR0 (K•, A) = 0.
(c) If TorR1 (U,U) = 0 and fdUR ≤ 1, then the left R-module TorR1 (K•, A) is a

u-comodule for any left R-module A.

Proof. There is a spectral sequence

E2
pq = TorRp (U,TorRq (K•, A)) =⇒ E∞pq = grp TorRp+q(U ⊗L

R K
•, A),

where TorRn (U⊗L
RK

•, A) = H−n(U⊗L
RK

•⊗L
RA) = 0 whenever H−i(U⊗L

RK
•) = 0 for

all 0 ≤ i ≤ n. Since U⊗RU = U , the latter condition holds whenever TorRi (U,U) = 0
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for all 1 ≤ i ≤ n. Thus E∞pq = 0 whenever p + q ≤ 1 in the assumptions of part (a),
whenever p + q ≤ 2 in the assumptions of part (b), and for all p, q ∈ Z in the
assumptions of part (c).

The differentials are ∂rpq : Er
pq −→ Er

p−r,q+r−1, r ≥ 2. Now all the differentials
involving Er

0,0 and Er
0,1 vanish for the dimension reasons, so E∞0,0 = 0 = E∞0,1 implies

E2
0,0 = 0 = E2

0,1. This proves part (a). Furthermore, the only possibly nontrivial
differentials involving Er

0,1 and Er
1,1 are

∂2
2,0 : E2

2,0 −−→ E2
0,1 and ∂2

3,0 : E2
3,0 −−→ E2

1,1.

When Tor0
R(K•, A) = 0, one has E2

p,0 = 0 for all p ∈ Z. When fdUR ≤ 1, one has

E2
pq = 0 for p ≥ 2 and all q. In both cases, E∞0,1 = 0 = E∞1,1 implies E2

0,1 = 0 = E2
1,1,

proving parts (b) and (c). �

Lemma 16.7. (a) If TorR1 (U,U) = 0, then the left R-module Ext0
R(K•, B) is a

u-contramodule for any left R-module B.
(b) If TorR1 (U,U) = 0 = Tor2

R(U,U) = 0, then the left R-module Ext1
R(K•, B) is a

u-contramodule for any left R-module B such that Tor0
R(K•, B) = 0.

(c) If TorR1 (U,U) = 0 and pd RU ≤ 1, then the left R-module Ext1
R(K•, B) is a

u-contramodule for any left R-module B.

Proof. Dual-analogous to Lemma 16.6 (and similar to [32, Lemma 1.7]). �

Proof of Theorem 16.5. Let M be a u-cospecial left u-comodule. By Lemma 16.7(b),
the left R-module Ext1

R(K•,M) is a u-contramodule. Furthermore, the exact se-
quence (9) for the R-module M reduces to a four-term sequence

0 −−→ HomR(U,M) −−→ M −−→ Ext1
R(K•,M) −−→ Ext1

R(U,M) −−→ 0.

Denoting by E the image of the map M −→ Ext1
R(K•,M), we have two short exact

sequences of left R-modules 0 −→ HomR(U,M) −→ M −→ E −→ 0 and 0 −→
E −→ Ext1

R(K•,M) −→ Ext1
R(U,M) −→ 0.

The assumptions that U ⊗R U = U and TorRi (U,U) = 0 for i = 1 and 2 imply
that U ⊗R D = D and TorRi (U,D) = 0 for all left U -modules D and i = 1, 2.
Hence (by Lemma 16.3 and the exact sequence (8) for the R-module D) we have
TorRi (K•, D) = 0 for −1 ≤ i ≤ 2. In particular, this applies to the left U -modules
D = HomR(U,M) and Ext1

R(U,M).
Now from the long exact sequences of TorR∗ (K•,−) related to our two short

exact sequences of left R-modules we see that both the maps TorRi (K•,M) −→
TorRi (K•, E) −→ TorRi (K•,Ext1

R(K•,M)) are isomorphisms for i = 0 and 1. In
particular, TorR0 (K•,Ext1

R(K•,M)) ∼= TorR0 (K•,M) = (U/R) ⊗R M = 0, since
U ⊗RM = 0. Hence the left R-module Ext1

R(K•,M) is u-special.
Furthermore, the map TorR1 (K•,M) −→ M in the short exact sequence (8) is

an isomorphism, since U ⊗R M = 0 = Tor1
R(U,M). Thus we obtain a natural

isomorphism TorR1 (K•,Ext1
R(K•,M)) ∼= M .

The dual-analogous argument shows that the left R-module Tor1
R(K•, C) is a

u-cospecial u-comodule for any u-special u-contramodule C, and provides a natural
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isomorphism Ext1
R(K•,TorR1 (K•, C)) ∼= C. One has to observe that HomR(U,D) = D

and ExtiR(U,D) = 0 for for all left U -modules D and i = 1, 2, hence ExtiR(K•, D) = 0
for −1 ≤ i ≤ 2, etc. �

In the rest of this section we discuss how our theory simplifies and improves in the
assumptions that the projective dimension of the left R-module U and/or the flat
dimension of the right R-module U do not exceed 1.

Lemma 16.8. (a) Assume that TorR1 (U,U) = 0 and fdUR ≤ 1. Then a left R-module
A is u-torsion-free if and only if TorR1 (K•, A) = 0.

(b) Assume that TorR1 (U,U) = 0 and pd RU ≤ 1. Then a left R-module B is
u-h-divisible if and only if Ext1

R(K•, B) = 0.

Proof. This is similar to [32, Lemma 5.1(b)]. Let us prove part (a). The “if” claim
follows immediately from the exact sequence (8). To prove the “only if”, assume
that A is u-torsion-free. Then the exact sequence (8) implies that the left R-module
morphism TorR1 (U,A) −→ TorR1 (K•, A) is an isomorphism. Since TorR1 (K•, A) is a
left u-comodule by Lemma 16.6(c) and TorR1 (U,A) is a left U -module, they can only
be isomorphic when both of them vanish. �

It is clear from the definition and Lemma 16.8(a) that, when TorR1 (U,U) = 0 and
fdUR ≤ 1, the full subcategory of u-torsion-free R-modules is closed under extensions,
subobjects, direct sums, and products. So u-torsion-free R-modules form the torsion-
free class of a certain torsion pair in R–mod. The related torsion class is the class of
all u-torsion R-modules, that is, all left R-modules A such that U ⊗R A = 0.

Similarly, it is clear from the definition and Lemma 16.8(b) that, whenever
TorR1 (U,U) = 0 and pd RU ≤ 1, the full subcategory of u-h-divisible R-modules
is closed under extensions, quotients, direct sums and products. So u-h-divisible
R-modules form the torsion class of a certain torsion theory in R–mod. The related
torsion class is the class of all u-h-reduced R-modules, that is, all left R-modules B
such that HomR(U,B) = 0.

It is clear from the definition that the full subcategory of u-special left R-modules is
closed under extensions, quotients, and direct sums. Hence it is the torsion class of a
torsion pair in R–mod. When TorR1 (U,U) = 0 and fdUR ≤ 1, the related torsion-free
class can be described as the class of all u-torsion-free u-h-reduced left R-modules.

Similarly, the full subcategory of u-cospecial left R-modules is closed under exten-
sions, subobjects, direct sums, and products. Hence it is the torsion-free class of a
torsion pair in R–mod. When TorR1 (U,U) = 0 and pd RU ≤ 1, the related torsion
class can be described as the class of all u-h-divisible u-torsion left R-modules.

Remark 16.9. Notice that every left u-comodule is u-torsion, but the converse im-
plication does not need to be true. The torsion class of all u-torsion left R-modules
does not need to be hereditary, i. e., a submodule of a u-torsion R-module does not
need to be u-torsion. In fact, if TorR1 (U,U) = 0 and fdUR ≤ 1, then any one of these
two properties holds if and only if U is a flat right R-module.
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Indeed, if the classes of left u-comodules and u-torsion left R-modules coincide,
then the class of u-torsion left R-modules is closed under kernels and quotients,
hence it is also closed under submodules. In particular, from the exact sequence (8)
we see that for any left R-module A the left R-module TorR1 (U,A) is a submodule of
the left R-module TorR1 (K•, A). By Lemma 16.6(c), the latter is a u-torsion module
(and even a u-comodule). If the class of all u-torsion left R-modules is closed under
submodules, then TorR1 (U,A) is a u-torsion left R-module. Being simultaneously a
left U -module, it follows that TorR1 (U,A) = 0.

Examples of noncommutative homological ring epimorphisms of projective dimen-
sion 1 (on both sides) that are not flat (on either side) do exist. We are grateful to
J. Št’ov́ıček for bringing the following one to our attention. Let k be a field, k[x] be
the polynomial ring in one variable x with the coefficients in k, and kx ⊂ k[x] be
the one-dimensional k-vector subspace spanned by x. Then the embedding of matrix

rings R =
(
k k⊕kx
0 k

)
−→

(
k[x] k[x]
k[x] k[x]

)
= U is an injective ring epimorphism such that

TorR1 (U,U) = 0 and pd RU = pdUR = fd RU = fdUR = 1.
On the other hand, if u : R −→ U is an epimorphism of commutative rings such

that TorR1 (U,U) = 0 and pd RU ≤ 1, then U is a flat R-module. Indeed, assume first
that u is injective. Then U⊕U/R is a 1-tilting R-module [2, Theorem 3.5], hence C =
HomZ(U ⊕ U/R, Q/Z) is a 1-cotilting R-module of cofinite type [19, Theorems 15.2
and 15.18]. The 1-cotilting class associated with C consists of all the R-submodules of
U -modules; in other words, it is what we call the class of all u-torsion-free R-modules.
Hence the torsion class in the 1-cotilting torsion pair associated with C is the class of
all u-torsion R-modules. According to [21, Proposition 3.11], any 1-cotilting torsion
pair of cofinite type in the category of modules over a commutative ring is hereditary.
By the above argument, it follows that fd RU = 0.

More generally, let u : R −→ U be a (not necessarily injective) homological epi-
morphism of commutative rings such that pd RU ≤ 1. Then U ⊕ U/R is a 1-silting
R-module [24, Example 6.5], and a 2-term projective resolution of the complex U⊕K•
is the related silting complex. Hence C = HomZ(U ⊕ U/R, Q/Z) is a cosilting
R-module of cofinite type [1, Corollary 3.6]. The cosilting class associated with C
consists of all the u-torsion-free R-modules, and the torsion class in the cosilting
torsion pair is the class of all u-torsion R-modules. By [1, Lemma 4.2], any cosilting
torsion pair of cofinite type in the category of modules over a commutative ring is
hereditary. Once again, we can conclude that U is a flat R-module.

17. Abelian Categories of u-Comodules and u-Contramodules

In this section, as in the previous one, u : R −→ U is an associative ring epimor-
phism. For most of the results, we will have to assume that u is a homological ring
epimorphism, that is, TorRi (U,U) = 0 for i ≥ 1. In fact, we will mostly have to as-
sume either that the flat dimension of the right R-module U does not exceed 1 (when
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discussing left u-comodules), or that the projective dimension of the left R-module
U does not exceed 1 (when considering left u-contramodules).

Let us denote the full subcategory of left u-comodules by R–modu-co ⊂ R–mod, and
the full subcategory of left u-contramodules by R–modu-ctra ⊂ R–mod. For any left
R-module C, we set Γu(C) = TorR1 (K•, C) and ∆u(C) = Ext1

R(K•, C). The natural
left R-module morphisms (occuring in the exact sequences (8–9)) are denoted by
γu,C : Γu(C) −→ C and δu,C : C −→ ∆u(C).

Proposition 17.1. Assume that fdUR ≤ 1. Then
(a) the full subcategory R–modu-co is closed under the kernels, cokernels, extensions,

and direct sums in R–mod. So R–modu-co is an abelian category and the embedding
functor R–modu-co −→ R–mod is exact;

(b) assuming also that TorR1 (U,U) = 0, the functor Γu : R–mod −→ R–modu-co is
right adjoint to the fully faithful embedding functor R–modu-co −→ R–mod.

Proof. Part (a) is a particular case of [18, Proposition 1.1] or [31, Theorem 1.2(b)]. To
prove part (b), notice that Γu(A) ∈ R–modu-co for any A ∈ R–mod by Lemma 16.6(c).
We have to show that for every left R-module A, every left u-comodule M , and an
R-module morphism M −→ A there exists a unique R-module morphism M −→
Γu(A) making the triangle diagram M −→ Γu(A) −→ A commutative.

Indeed, looking on the exact sequence (8), the composition M −→ A −→ U ⊗R A
vanishes, since U ⊗RM = 0. Now the obstruction to lifting the morphism M −→ A
to a morphism M −→ TorR1 (K•, A) lies in the group Ext1

R(M,TorR1 (U,A)), and the
obstruction to uniqueness of such a lifting lies in the group HomR(M,TorR1 (U,A)).
Once again, TorR1 (U,A) is a left U -module, and any R-module morphism from M
into a left U -module D vanishes, since U ⊗RM = 0. Finally, we have Ext1

R(M,D) =
Ext1

U(U ⊗RM, D) = 0 for any such D, since TorR1 (U,M) = 0 and U ⊗RM = 0. �

Proposition 17.2. Assume that pd RU ≤ 1. Then
(a) the full subcategory R–modu-ctra is closed under the kernels, cokernels, exten-

sions, and products in R–mod. So R–modu-ctra is an abelian category and the embed-
ding functor R–modu-ctra −→ R–mod is exact;

(b) assuming also that TorR1 (U,U) = 0, the functor ∆u : R–mod −→ R–modu-ctra

is left adjoint to the fully faithful embedding functor R–modu-ctra −→ R–mod.

Proof. Part (a) is a particular case of [18, Proposition 1.1] or [31, Theorem 1.2(a)].
The proof of part (b) is based on Lemma 16.7(c) and dual-analogous to the proof of
Proposition 17.1(b); cf. [32, Theorem 3.4]. �

Lemma 17.3. Assume that fdUR ≤ 1, pd RU ≤ 1, and TorR1 (U,U) = 0. Then
(a) for any u-h-divisible left R-module B, the left R-module Γu(B) is also

u-h-divisible;
(b) for any u-torsion-free left R-module A, the left R-module ∆u(A) is also

u-torsion-free.

Proof. Let us prove part (a). Following Lemma 16.8(b), we have to check that
Ext1

R(K•,TorR1 (K•, B)) = 0. Since B is u-h-divisible, we have TorR0 (K•, B) =
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(U/R)⊗RB = 0, so the five-term exact sequence (8) reduces to a four-term sequence.
Furthermore, Ext∗R(K•, D) = 0 for any left U -module D. Thus it follows from (8)
that Ext1

R(K•,TorR1 (K•, B)) = Ext1
R(K•, B) = 0 (cf. the proof of Theorem 16.5).

The proof of part (b) is dual-analogous. �

Lemma 17.4. Assume that TorR1 (U,U) = 0 and fdUR ≤ 1. Then R–modu-co is a
Grothendieck abelian category. If J is an injective cogenerator of the abelian category
R–mod, then Γu(J) is an injective cogenerator of R–modu-co.

Proof. By Proposition 17.1(a), the full subcategory R–modu-co is closed under direct
limits in R–mod; it is also an abelian category with an exact embedding functor
R–modu-co −→ R–mod. Hence the direct limit functors in R–modu-co are exact, and
it remains to show that this category has a set of generators.

By Proposition 17.1(b), the functor Γu = TorR1 (K•,−) is right adjoint to the
embedding functor R–modu-co −→ R–mod. Viewed as a functor R–mod −→ R–mod,
the functor TorR1 (K•,−) clearly preserves direct limits; hence it follows the functor
Γu : R–mod −→ R–modu-co preserves direct limits, too.

Now let G denote the set of all u-comodule left R-modules of the form Γu(G),
where G ranges over (representatives of the isomorphism classes of) all the finitely
presented left R-modules. We claim that G is a set of generators of R–modu-co.

Indeed, let M be a u-comodule left R-module; then we have M ∼= Γu(M). Let
(Gα) be a diagram of finitely presented left R-modules, indexed by some directed
poset, such that M ∼= lim−→α

Gα. Then we have M ∼= Γu(M) ∼= lim−→α
Γu(Gα). So M

is the direct limit of a diagram of objects from G in R–modu-co, hence it is also a
quotient of a coproduct of copies of objects from G.

The functor Γu takes injective objects in R–mod to injective objects in R–modu-co,
since it is right adjoint to an exact functor. To show that Γu(J) is an injective
cogenerator of R–modu-ctra when J is an injective cogenerator of R–mod, it suffices
to compute HomR(M,Γu(J)) = HomR(M,J) 6= 0 when 0 6= M ∈ R–modu-co. �

Lemma 17.5. Assume that TorR1 (U,U) = 0 and pd RU ≤ 1. Then R–modu-ctra is a
locally presentable abelian category with a projective generator ∆u(R) ∈ R–modu-ctra.

Proof. Following [35, Example 4.1(1-2)], if λ is a regular cardinal such that the left
R-module U is λ-presentable (i. e., isomorphic to the cokernel of a morphism of
free left R-modules with less than λ generators), then the category R–modu-ctra is
locally λ-presentable. Since the functor ∆u is left adjoint to an exact (fully faithful)
functor R–modu-ctra −→ R–mod, it takes projective left R-modules to projective
u-contramodule left R-modules. Finally, one has HomR(∆u(R), C) = HomR(R,C) =
C 6= 0 for any object 0 6= C ∈ R–modu-ctra. �

According to the discussion in [35, Section 1.1 in the introduction], [36, Section 6.1],
and [33, Examples 1.2(4) and 1.3(4)], the abelian category B = R–modu-ctra with its
natural projective generator P = ∆u(R) can be described as the category of modules
over an additive monad Tu on the category of sets. For any set X, the coproduct P (X)

of X copies of the object P in the category B can be computed as P (X) = ∆u(R
(X)),
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where R(X) = R[X] is the free R-modules with generators indexed by X. The monad
Tu assigns to every set X the set HomB(P, P (X)) = ∆u(R

(X)). In particular, to a one-
element set ∗, the monad Tu assigns the underlying set of the R-module P = ∆u(R).
In fact P = Tu(∗) ∈ Tu–mod ∼= B is the free Tu-module with one generator.

For any additive monad T on the category of sets, the set T(∗) has a natural
associative ring structure. This is the ring of endomorphisms of the forgetful functor
T–mod −→ Ab. In particular, the ring R = Tu(∗) can be computed as the opposite
ring to the ring of endomorphisms

∆u(R) = Ext1
R(K•, R) = HomDb(R–mod)(K

•, R[1]) ∼= HomDb(R–mod)(K
•, K•).

of the derived category object K• ∈ Db(R–mod). Notice that the right action of the
ring R by endomorphisms of the derived category object K• ∈ Db(R–mod) induces
a natural ring homomorphism R −→ R.

Lemma 17.6. Let u : R −→ U be an epimorphism of commutative rings such that
Tor1

R(U,U) = 0. Then the ring R = HomDb(R–mod)(K
•, K•) is commutative. In

particular, if u is injective, then the ring R = HomR(U/R,U/R) is commutative.

Proof. This is a generalization of [32, Proposition 3.1]. Let us prove the equivalent
assertion that the ring R = HomDb(R–mod)(K

•[−1], K•[−1]) is commutative (where
K•[−1] is the complex R −→ U with the term R placed in the cohomological de-
gree 0 and the term U placed in the cohomological degree 1). Denote by K the full
subcategory in Db(R–mod) consisting of the single object K•[−1] (and all the objects
isomorphic to it). Then the functor of truncated tensor product

L• ⊗̄M • = τ≥−1(L• ⊗L
RM

•)

defines a unital tensor (monoidal) category structure on the category K with the unit
object K•[−1]. In other words, there is a natural isomorphism K•[−1] ⊗̄K•[−1] ∼=
K•[−1] transforming both the endomorphisms f ⊗̄ id and id ⊗̄ f into the endomor-
phism f for any f : K•[−1] −→ K•[−1]. The commutativity of endomorphisms
follows formally from that (see the computation in [32]).

When u is a homological epimorphism, one does not need to truncate the tensor
product, so one can use the functor ⊗L

R instead of ⊗̄. When u is an injective epimor-
phism, it suffices to consider the full subcategory spanned by the object K = U/R
in R–mod and the functor TorR1 (−,−) in the role of the tensor product operation.
Then one has to use the natural isomorphism TorR1 (K,K) ∼= K. �

The next lemma shows that the second assertion of Lemma 17.6 also holds for
noninjective ring epimorphisms u of projective dimension ≤ 1.

Lemma 17.7. Let u : R −→ U be an epimorphism of associative rings such that
Tor1

R(U,U) = 0 and pd RU ≤ 1. Then the associative ring homomorphism

HomDb(R–mod)(K
•, K•) −−→ HomR(U/R,U/R)

produced by applying the degree-zero cohomology functor H0 : Db(R–mod) −→ R–mod
to the complex K• ∈ Db(R–mod) is surjective. In particular, if the ring R is commu-
tative, then so is the ring HomR(U/R,U/R).
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Proof. Let I ⊂ R be the kernel of the map u. Then we have a natural distinguished
triangle

I[1] −−→ K• −−→ U/R −−→ I[2]

in Db(R–mod–R), and we can also consider it as a distinguished triangle in
Db(R–mod). Applying the functor HomDb(R–mod)(K

•,−[∗]) to this triangle, we
see that the map HomDb(R–mod)(K

•, K•) −→ HomD(R–mod)(K
•, U/R) is surjective,

because HomD(R–mod)(K
•, I[2]) = Ext2

R(K•, I) ∼= Ext2
R(U, I) = 0 Lemma 16.3(b)

and since pd RU ≤ 1. Finally, we have HomD(R–mod)(K
•, U/R) = Ext0

R(K•, U/R) ∼=
HomR(U/R,U/R) by Lemma 16.3(c).

This proves the first assertion of the lemma. The second one follows from the first
one together with the first assertion of Lemma 17.6. �

18. Triangulated Matlis Equivalence

In this section we reproduce some of the results of Chen and Xi [12, Section 4.1].
The approach in [12] is based on the technique of complete Ext-orthogonal pair in
abelian categories, which was introduced by Krause and Št’ov́ıček in [23] (see also [7]).

In this section, we restrict ourselves to the case of a homological ring epimorphism,
following the approach by the second-named author in [32]. The aim is to show what
can be asserted when some of the assumptions of [12] are not made. Besides, we
work with arbitrarily bounded or unbounded derived categories, while the assertions
of [12, Corollary 4.4] are formulated for bounded derived categories only.

Let u : R −→ U be a homological epimorphism of associative rings, that is a ring
homomorphism such that the natural map of U -U -bimodules U ⊗R U −→ U is an
isomorphism and TorRi (U,U) = 0 for all i > 0. Then, according to [18, Theorem 4.4],
[26, Theorem 3.7], the restriction of scalars with respect to u is a fully faithful functor
between the unbounded derived categories D(U–mod) −→ D(R–mod). We denote
this functor, acting between the bounded or unbounded derived categories, by

u∗ : D
?(U–mod) −−→ D?(R–mod),

where ? = b, +, −, or ∅ is a derived category symbol.
In the case of the unbounded derived categories (? = ∅), the functor u∗ has

a left adjoint functor Lu∗ : D(R–mod) −→ D(U–mod) and a right adjoint functor
Ru! : D(R–mod) −→ D(U–mod). When U is a right R-module of finite flat dimension,
the functor Lu∗ also acts between bounded derived categories,

Lu∗ : D?(R–mod) −−→ D?(U–mod).

When U is a leftR-module of finite projective dimension, the functor Ru! acts between
bounded derived categories,

Ru! : D?(R–mod) −−→ D?(U–mod).

Since the trianguated functor u∗ is fully faithful, its left and right adjoints Lu∗ and
Ru! are Verdier quotient functors.
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Theorem 18.1. (a) Assume that fdUR ≤ 1. Then the kernel of the functor
Lu∗ : D?(R–mod) −→ D?(U–mod) coincides with the full subcategory D?

u-co(R–mod) ⊂
D?(R–mod) of all complexes of left R-modules with u-comodule cohomology modules.
Hence for every symbol ? = b, +, −, or ∅, we have a triangulated equivalence

D?(R–mod)/u∗D
?(U–mod) ∼= D?

u-co(R–mod).

(b) Assume that pd RU ≤ 1. Then the kernel of the functor Ru! : D?(R–mod) −→
D?(U–mod) coincides with the full subcategory D?

u-ctra(R–mod) ⊂ D?(R–mod) of all
complexes of left R-modules with u-contramodule cohomology modules. Hence for
every symbol ? = b, +, −, or ∅, we have a triangulated equivalence

D?(R–mod)/u∗D
?(U–mod) ∼= D?

u-ctra(R–mod).

Proof. Part (a): the functor Lu∗ is constructed as the derived tensor product
Lu∗(A•) = U ⊗L

R A
• for any complex of left R-modules A•. In particular, when

fdUR ≤ 1, we have short exact sequences of cohomology

0 −−→ U ⊗R Hn(A•) −−→ Hn(Lu∗(A•)) −−→ TorR1 (U,Hn+1(A•)) −−→ 0

for any complex A• ∈ D?(R–mod) and all n ∈ Z. It follows immediately that
Lu∗(A•) = 0 if and only if Hn(A•) ∈ R–modu-co for all n ∈ Z.

Part (b): the functor Ru! is constructed as the derived homomorphisms Ru!(B•) =
RHomR(U,B•) for any complex of left R-modules B•. In particular, when pd RU ≤ 1,
we have short exact sequences of cohomology

0 −→ Ext1
R(U,Hn−1(B•)) −−→ Hn(Ru!(B•)) −−→ HomR(U,Hn(B•)) −−→ 0

for any complex B• ∈ D?(R–mod) and all n ∈ Z. It follows immediately that
Ru!(B•) = 0 if and only if Hn(B•) ∈ R–modu-ctra for all n ∈ Z. �

Corollary 18.2. Assume that fdUR ≤ 1 and pd RU ≤ 1. Then for every symbol
? = b, +, −, or ∅ there is a triangulated equivalence

D?
u-co(R–mod) ∼= D?

u-ctra(R–mod)

provided by the mutually inverse functors RHomR(K•[−1],−) : D?
u-co(R–mod) −→

D?
u-ctra(R–mod) and K•[−1]⊗L

R − : D?
u-ctra(R–mod) −→ D?

u-co(R–mod).

Proof. More generally, in the context of Theorem 18.1(a), the functor D?(R–mod)
−→ D?

u-co(R–mod) right adjoint to the embedding D?
u-co(R–mod) −→ D?(R–mod) is

computed as K•[−1]⊗L
R−. Similarly, in the context of Theorem 18.1(b), the functor

D?(R–mod) −→ D?
u-ctra(R–mod) left adjoint to the embedding D?

u-ctra(R–mod) −→
D?(R–mod) is computed as RHomR(K•[−1],−) (cf. [32, Proposition 4.4]). �

In addition to the assumptions on the projective and flat dimension of the left
and right R-module U that we used above, the results below in this section require
certain assumptions about the properties of injective and projective left R-modules
vis-à-vis the homological ring homomorphism u : R −→ U . Specifically, these are the
assumptions that injective left R-modules are u-special and projective left R-modules
are u-cospecial, or in other words, the left R-modules TorR0 (K•, J) = U/R ⊗R J
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and Ext0
R(K•, F ) = HomR(U/R, F ) vanish for all injective left R-modules J and

projective left R-modules F (cf. Lemmas 16.3(c) and 16.4).

Theorem 18.3. (a) Assume that fdUR ≤ 1 and (U/R) ⊗R J = 0 for all injective
left R-modules J . Then, for any conventional derived category symbol ? = b, +, −,
or ∅, the triangulated functor

D?(R–modu-co) −−→ D?(R–mod)

induced by the exact embedding of abelian categories R–modu-co −→ R–mod is fully
faithful, and its essential image coincides with the full subcategory

D?
u-co(R–mod) ⊂ D?(R–mod),

providing an equivalence of triangulated categories

D?(R–modu-co) ∼= D?
u-co(R–mod).

(b) Assume that pd RU ≤ 1 and HomR(U/R, F ) = 0 for all projective left
R-modules F . Then, for any conventional derived category symbol ? = b, +, −,
or ∅, the triangulated functor

D?(R–modu-ctra) −−→ D?(R–mod)

induced by the exact embedding of abelian categories R–modu-ctra −→ R–mod is fully
faithful, and its essential image coincides with the full subcategory

D?
u-ctra(R–mod) ⊂ D?(R–mod),

providing an equivalence of triangulated categories

D?(R–modu-ctra) ∼= D?
u-ctra(R–mod).

Proof. This is an application of the general technique formulated in [32, Theorem 6.4
and Proposition 6.5]. Let us explain part (b). The pair of functors ExtiR(K•,−),
i = 0, 1, is a cohomological functor between the abelian categories R–mod and
R–modu-ctra, that is, for every short exact sequence of left R-modules 0 −→ A −→
B −→ C −→ 0 there is a short exact sequence of left u-contramodules (cf. Lem-
mas 16.3(a-b) and 16.7(c))

0 −−→ Ext0
R(K•, A) −−→ Ext0

R(K•, B) −−→ Ext0
R(K•, C)

−−→ Ext1
R(K•, A) −−→ Ext1

R(K•, B) −−→ Ext1
R(K•, C) −−→ 0.

Since, by our assumption, the functor Ext0
R(K•,−) annihilates projective left

R-modules, it follows that our cohomological functor Ext∗R(K•,−) is the left derived
functor of the functor ∆ = ∆u = Ext1

R(K•,−) : R–mod −→ R–modu-ctra, that is
L1∆u = Ext0

R(K•,−) and Li∆u = 0 for i > 1.
By Lemma 17.2(b), the functor ∆u is left adjoint to the exact, fully faithful embed-

ding functor R–modu-ctra −→ R–mod, so we are in the setting of [32, Theorem 6.4]. It
remains to point out that L1∆u(B) = Ext0

R(K•, B) = 0 for all left u-contramodulesB.
Notice that the class R–mod∆-adj = Ker(L>0∆) of ∆-adjusted left R-modules, playing
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a key role in the argument in [32, Section 6], is nothing but the class of u-cospecial
left R-modules in our context, according to Lemma 16.4.

Similarly, in part (a) one observes that the pair of functors TorRi (K•,−), i = 0, 1 is
a homological functor between the abelian categories R–mod and R–modu-co, hence,
whenever the functor TorR1 (K•,−) annihilates injective left R-modules, it is the right
derived functor of the functor Γ = Γu = TorR1 (K•,−) : R–mod −→ R–modu-co, that is
R1Γu = TorR0 (K•,−) and RiΓ = 0 for i > 1. It remains to point out that R1Γu(A) =
TorR0 (K•, A) = 0 for all left u-comodules A. As above, we notice that the class
R–modΓ-adj = Ker(R>0Γ) of Γ-adjusted left R-modules is just the class of u-special
left R-modules discussed in Section 16. �

Remark 18.4. Conversely, if fdUR ≤ 1 and the triangulated functor Db(R–modu-co)
−→ Db(R–mod) is fully faithful, then (U/R) ⊗R J = 0 for all injective left
R-modules J . A proof of this can be found in [12, Lemma 3.9 and Proposition 4.2]
(cf. [32, Remark 6.8]). Similarly, if pd RU ≤ 1 and the triangulated functor
Db(R–modu-ctra) −→ Db(R–mod) is fully faithful, then HomR(U/R, F ) = 0 for all
projective left R-modules F [12, Lemma 3.9 and Proposition 4.1].

The following corollary is the main result of this section. It is our (unbounded
derived) version of [12, Corollary 4.4].

Corollary 18.5. Let u : R −→ U be a homological ring epimorphism. Assume that
fdUR ≤ 1 and pd RU ≤ 1. Suppose further that (U/R)⊗R J = 0 for all injective left
R-modules J and HomR(U/R, F ) = 0 for all projective left R-modules F . Then for
every conventional derived category symbol ? = b, +, −, or ∅, there is a triangulated
equivalence between the derived categories of the abelian categories R–modu-co and
R–modu-ctra of left u-comodules and left u-contramodules,

D?(R–modu-co) ∼= D?(R–modu-ctra).

Proof. According to Corollary 18.2 and Theorem 18.3(a-b), we have a chain of trian-
gulated equivalences

D?(R–modu-co) ∼= D?
u-co(R–mod) ∼= D?

u-ctra(R–mod) ∼= D?(R–modu-ctra).

�

Example 18.6. The conditions that (U/R) ⊗R J = 0 and HomR(U/R, F ) = 0
hold for any injective ring epimorhism u : R −→ U . Indeed, if u is injective and J
is an injective left R-module, then any left R-module morphism R −→ J can be
extended to a left R-module morphism U −→ J . Hence the left R-module J is
u-h-divisible (i. e., a quotient R-module of a left U -module). Thus U/R ⊗R U = 0
implies U/R ⊗R J = 0. Similarly, the map F −→ U ⊗R F is injective for any flat
left R-module F , so F is u-torsion-free (i. e., an R-submodule of a left U -module).
Therefore, HomR(U/R,U) = 0 implies HomR(U/R, F ) = 0.
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19. Injective Ring Epimorphisms of Projective Dimension 1

In this section we discuss the covering properties of the tilting modules and objects
related to an injective homological ring epimorphism u : R −→ U . Since u is injective,
the two-term complex of R-R-bimodules K• = (R→ U) is naturally quasi-isomorphic
to the quotient bimodule U/R; so we set K = U/R. Recall that, assuming pd RU ≤ 1,
the left R-module U ⊕ K is 1-tilting [2, Theorem 3.5]. Another 1-tilting-cotilting
correspondence situation associated with an injective ring epimorphism u is described
in the following two theorems.

Theorem 19.1. Assume that fdUR ≤ 1 and pd RU ≤ 1. Then the two abelian
categories A = R–modu-co and B = R–modu-ctra are connected by the 1-tilting-
cotilting correspondence in the following way. The injective cogenerator is J =
Γu(HomZ(R,Q/Z)) ∈ A, and the 1-tilting object is T = K ∈ A. The projective
generator is P = ∆u(R) ∈ B, and the 1-cotilting object is W = HomZ(K,Q/Z) ∈ B.
The functor Ψ: A −→ B is Ψ = HomR(K,−), and the functor Φ: B −→ A is
Φ = K ⊗R −. The 1-tilting class E ⊂ A is the class of all u-h-divisible u-comodule
left R-modules, and the 1-cotilting class F ⊂ B is the class of all u-torsion-free
u-contramodule left R-modules. The equivalence of exact categories E ∼= F is the
first Matlis category equivalence of Theorem 16.1.

Consider the topological ring R = HomR(K,K)op opposite to the ring of endo-
morphisms of the left R-module K, as defined in Section 1.13. Then (as we already
mentioned in Section 17) the right action of the ring R in the R-R-bimodule K
induces a homomorphism of associative rings R −→ R.

Theorem 19.2. Assume that pd RU ≤ 1. Then the forgetful functor R–contra −→
R–mod is fully faithful, and its essential image coincides with the full subcategory of
u-contramodule left R-modules R–modu-ctra ⊂ R–mod. So we have an equivalence of
abelian categories R–contra ∼= R–modu-ctra.

Proof of Theorems 19.1 and 19.2. We discuss the proofs of the two theorems simul-
taneously, because they are closely related (even though the assumptions in The-
orem 19.1 are slightly more restrictive than in Theorem 19.2). We start with the
following proposition, which may be of independent interest.

Proposition 19.3. Let A be a complete, cocomplete abelian category with an injective
cogenerator J , and let B be a complete, cocomplete abelian category with a projective
generator P . Suppose that there is a derived equivalence Db(A) ∼= Db(B) taking the
object J ∈ A to an object W ∈ B ⊂ Db(B) and the object P ∈ B to an object
T ∈ A ⊂ Db(A). Then, for any integer n ≥ 0, the following conditions are equivalent:

(I) the projective dimension of the object T in the category A does not exceed n;
(II) the injective dimension of the object W in the category B does not exceed n;

(III) the standard t-structures on the derived categories Db(A) and Db(B), viewed
as two t-structures on the same triangulated category D using the triangulated
equivalence Db(A) ∼= Db(B), satisfy the inclusion Db,≤0(A) ⊂ Db,≤n(B), or
equivalently, Db,≥n(B) ⊂ Db,≥0(A).
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If any one of these conditions is satisfied, then the object T ∈ A is n-tilting; the object
W ∈ B is n-cotilting; and the abelian category A with the injective cogenerator J and
the n-tilting object T and the abelian category B with the n-cotilting object W are
connected by the n-tilting-cotilting correspondence. The n-tilting class E ⊂ A is the
intersection A ∩ B ⊂ D viewed as a full subcategory in A, and the n-cotilting class
F ⊂ B is the same intersection B ∩ A ⊂ D viewed as a full subcategory in B (hence
the equivalence of exact categories E ∼= F). The functor Ψ: A −→ B assigns to an
object A ∈ A the degree-zero cohomology of the related complex in Db(B), and the
functor Φ: B −→ A assigns to an object B ∈ B the degree-zero cohomology of the
related complex in Db(A), that is, Ψ(A) = H0

B(A) and Φ(B) = H0
A(B).

Proof. This is essentially the material of [36, Sections 1 and 3] (the description of the
functors Φ and Ψ can be found in the beginning of [36, Section 4]). So we only give
a brief sketch of the argument.

Notice, first of all, that the inclusions Db,≤0(B) ⊂ Db,≤0(A) and Db,≥0(A) ⊂ Db,≥0(B)
always hold in our assumptions, because an object Z ∈ D belongs to Db,≥0(B) if and
only if HomD(P,Z[i]) = 0 for all i < 0, and HomD(S,Z[i]) = 0 for Z ∈ Db,≥0(A), all
i < 0, and all S ∈ A (in particular, for S = T ). Similarly one shows that the two
inclusions in (III) (which are obviously equivalent to each other) are equivalent to (I)
on the one hand and to (II) on the other hand, (I)⇐⇒ (III)⇐⇒ (II).

The inclusion A −→ Db(A) preserves coproducts, because the coproduct functors
are exact in A; and the inclusion B −→ Db(B) preserves products, because the product
functors are exact in B. Furthermore, we have A ∩ B = A ∩ Db,≤0(B) ⊂ D, since
B = Db,≤0(B) ∩ Db,≥0(B) and A ⊂ D≥0(A) ⊂ D≥0(B). The full subcategory Db,≤0(B)
is closed under coproducts in D (those coproducts that exist in D), because the left
part of any t-structure is closed under coproducts. Hence the full subcategory A ∩ B
is closed under coproduct in D, and consequently in A and B. Similary, the full
subcategory A ∩ B is closed under products in D, and consequently in A and B. So
the products and coproducts of objects of E computed in A agree with the products
and coproducts of objects of F computed in B. (Cf. [36, Lemma 4.3 and Remark 4.4].)

Now we can see that ExtiA(T, T (X)) = HomDb(A)(T, T
(X)[i]) = HomDb(B)(P, P

(X)[i])

= 0 for all i > 0, and similarly ExtiB(WX ,W ) = 0 for all i > 0 and all sets X. This
proves the n-tilting axiom (ii) for T and the n-cotilting axiom (ii*) for W ; while the
axioms (i) and (i*) are provided by the conditions (I) and (II). It remains to apply [36,
Proposition 1.5 and Corollary 3.4(b)] in order to conclude that the object T ∈ A is
n-tilting and the object W ∈ B is n-cotilting. It is also clear from the construction of
the n-tilting-cotilting correspondence in [36, Theorems 3.10-3.11 and Corollary 3.1]
that the triples (A, J, T ) and (B, P,W ) are connected by such. �

Now Theorem 19.1 is simplest obtained by applying Proposition 19.3 (for n = 1)
to the derived equivalence of Corollary 18.5. To be more precise, the latter derived
equivalence, obtained from the “recollement” of Theorem 18.1, needs to be shifted
by [1] before it becomes a tilting derived equivalence. The triangulated equivalence
in Corollary 18.2 is provided by the functors RHomR(K•[−1],−) and K•[−1]⊗L

R −,
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while in our present context one has to consider the equivalence provided by the
functors RHomR(K,−) and K ⊗L

R −.
The assumptions of Corollary 18.5 hold in our case by Example 18.6. The

left R-module J = Γu(HomZ(R,Q/Z)) is an injective cogenerator of R–modu-co

by Lemma 17.4, and the left R-module P = ∆u(R) is a projective generator of
R–modu-ctra by Lemma 17.5. Furthermore, the R-R-bimodule K is both a left and a
right u-comodule, and consequently HomZ(K,Q/Z) is a left u-contramodule.

Now we can can compute that RHomR(K,T ) = HomR(K,K) = Ext1
R(K,R) = P ,

since Ext1
R(K,K) = Ext2

R(K,R) = 0. Similarly, RHomR(K, J) = HomR(K, J) =
HomR(K,HomZ(R,Q/Z)) = HomR(K,Q/Z) = W , since Ext1

R(K, J) = Ext1
A(K, J)

= 0 (as A = R–modu-co ⊂ R–mod is a full subcategory closed under extensions).
Finally, any one of the conditions (I–III) of Proposition 19.3 is easily verified. This
finishes the proof of Theorem 19.1.

Alternatively, one can check that K ∈ R–modu-co is a 1-tilting object in the way
similar to the argument in [36, Example 5.1]. Following [36, Corollary 7.2], the
abelian category B corresponding this tilting object in the abelian category A =
R–modu-co can be described as B = R–contra. The functor Ψ is then still computed as
Ψ = HomR(K,−) [36, Corollary 7.4], while Φ is the functor of contratensor product
Φ = K �R − with the discrete right R-module K [36, Corollary 7.6] (which is
the same thing as the tensor product K ⊗R − provided that the forgetful functor
R–contra −→ R–mod is fully faithful, cf. [36, Lemma 7.9]). Comparing this approach
to the previous one yields R–contra ∼= B ∼= R–modu-ctra, that is the assertion of
Theorem 19.2 (in the assumpions of Theorem 19.1).

A direct proof of Theorem 19.2 (in full generality) can be given based on [33,
Proposition 2.1]. For any set X, we have to construct a natural isomorphism of left
R-modules ∆u(R[X]) ' R[[X]]. Indeed,

∆u(R[X]) = Ext1
R(K,R[X]) ∼= HomR(K,K[X]) ∼= R[[X]]

by [36, proof of Theorem 7.1].
Let us spell out this argument a bit more explicitly. There are enough projec-

tive objects of the form P = ∆u(R[X]) in R–modu-ctra, and these are precisely
the images of the free R-contramodules R[[X]] under the forgetful functor. To
show that the whole image of the forgetful functor R–contra −→ R–mod lies inside
R–modu-ctra, observe that the forgetful functor preserves cokernels, the full subcate-
gory R–modu-ctra ⊂ R–mod is closed under cokernels, and every left R-contramodule
is the cokernel of a morphism of free left R-contramodules.

As an abelian category with enough projective objects is determined by its full
subcategory of projective objects, in order to prove that the functor R–contra −→
R–modu-ctra is an equivalence of categories it suffices to show that it is an equivalence
in restriction to the full subcategories of projective objects. In other words, we have
to check that the natural map HomR(R[[X]],R[[Y ]]) −→ HomR(R[[X]],R[[Y ]]) is
isomorphism for all sets X and Y . Indeed, we have

HomR(R[[X]],R[[Y ]]) ∼= R[[Y ]]X ∼= HomR(R[[X]],R[[Y ]]),
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where the second isomorphism holds because, by Theorem 16.1,

HomR(R[[X]],R[[Y ]]) ∼= HomR(K[X], K[Y ]) ∼= HomR(K,K[Y ])X ∼= R[[Y ]]X

as K[X] is a u-h-divisible left u-comodule and HomR(K,K[X]) ∼= R[[X]].
The proof of Theorems 19.1 and 19.2 is finished. �

Remark 19.4. Let u : R −→ U be an injective ring epimorphism such that U is a
flat left R-module. Then the set of all right ideals I ⊂ R such that R/I ⊗R U = 0
is a base of neighborhoods of zero in a topological ring structure on R (in fact, it
is the set of all open right ideals in this topological ring structure). This is called
the perfect right Gabriel topology associated with a left flat ring epimorphism [42,
Sections XI.2–3]. Let us denote by T the completion of the ring R with respect to
this topology (see Section 1.3). Then U/R is a discrete right R-module (since U is
a flat left R-module and U/R ⊗R U = 0), and consequently, also a discrete right
T-module. The right action of T in U/R commutes with the left action of R, since
the right action of R does. It follows that the right action of T in U/R induces a
continuous homomorphism of topological rings T −→ R = HomR(U/R,U/R)op.

Hence for every set X we have the induced map of sets T[[X]] −→ R[[X]]. In fact,
we have a commutative triangle diagram of ring homomorphisms R −→ R −→ T;
so the map T[[X]] −→ R[[X]] is a left R-module morphism. Now let us assume
additionally that U is a left R-module of projective dimension not exceeding 1.
Then, by [34, Proposition 9.2], T[[X]] is a u-contramodule left R-module. By the
adjunction property of the functor ∆u (see Proposition 17.2(b)), there exists a unique
left R-module morphism ∆u(R[X]) −→ T[[X]] forming a commutative triangle di-
agram with the adjunction map δu,R[X] : R[X] −→ ∆u(R[X]) and the natural map
R[X] −→ T[[X]]. The composition ∆u(R[X]) −→ T[[X]] −→ R[[X]] is the isomor-
phism ∆u(R[X]) ' R[[X]] from the above proof of Theorem 19.2.

There is a further set of additional assumptions listed in [34, Theorem 9.6] under
which one can claim that the map ∆u(R[X]) −→ T[[X]] is an isomorphism, too.
One needs the perfect Gabriel topology on the ring R to satisfy the condition (Tω)
from [34, Section 2] and to be ω-cofaithful in the sense of [34, Section 9]. Then it
follows that the map T[[X]] −→ R[[X]] is bijective for every set X. In particular,
the associative ring homomorphism T −→ R is an isomorphism. It still does not
seem to follow from anything that it is an isomorphism of topological rings (that is,
that the topologies on T and R are the same); but it is a bijective continuous ring
homomorphism inducing a bijective map T[[X]] −→ R[[X]] for every set X.

When the perfect Gabriel topology on the ring R associated with an injective left
flat ring epimorphism u : R −→ U has a base of neighborhoods of zero consisting of
centrally generated ideals (e. g., the ring R is commutative), the above-mentioned
two additional assumptions concerning this topology hold automatically [34, Corol-
lary 9.7]. Thus, if pd RU ≤ 1, then the continuous ring homomorphism T −→ R is
bijective and induces bijective maps T[[X]] −→ R[[X]] for all sets X.
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In the rest of this section, we discuss the covering and direct limit closedness
properties of the tilting objects U ⊕K ∈ R–mod and K ∈ R–modu-co in connection
with the perfectness properties of the related rings.

Assuming that pd RU ≤ 1, denote by (N,G) the 1-tilting cotorsion pair in R–mod
associated with the 1-tilting left R-module U ⊕ K. Then G is the class of all
u-h-divisible left R-modules (cf. Lemma 16.8(b)).

Assuming that fdUR ≤ 1 and pd RU ≤ 1, we also have the 1-tilting cotorsion pair
in the abelian category A = R–modu-co associated with the 1-tilting object K. The
right class E in this pair is the class of all u-h-divisible left u-comodules A∩G (because
the functors Ext1

R and Ext1
A agree). Moreover, the left class L in the 1-tilting cotorsion

pair in A coincides with A∩N, as one can see by comparing its descriptions as the left
Ext1-orthogonal class to the right class in the pair, on the one hand, and as the class
of all finitely Add(K)-coresolved objects, on the other hand (see [36, Theorem 2.4] or
the beginning of Section 12). Thus we have E = A ∩ G and L = A ∩ N.

Let us start with the 1-tilting object K ∈ R–modu-co. We keep the notation F
for the 1-cotilting class in the abelian category R–modu-ctra = B = R–contra (so the
exact category F is equivalent to E = A ∩ G).

Proposition 19.5. Assume that fdUR ≤ 1 and pd RU ≤ 1. Then the following nine
conditions are equivalent:

(i) every left R-module has an A ∩ N-cover;
(ii) every module from G has an A ∩ N-cover;

(iii) every module from A has an A ∩ N-cover;
(iv) every module from A ∩ G has an A ∩ N-cover;
(v) every left R-module has an Add(K)-cover;

(vi) every module from G has an Add(K)-cover;
(vii) every module from A has an Add(K)-cover;

(viii) every module from A ∩ G has an Add(K)-cover;
(ix) every (contra)module from F has a projective cover in the abelian category

R–modu-ctra = B = R–contra.

If any one of these equivalent conditions holds, then all the discrete quotient rings of
the topological ring R are left perfect.

Proof. The implications (i) =⇒ (ii), (iii) =⇒ (iv) and (v) =⇒ (vi), (vii) =⇒ (viii) are
obvious. The equivalence of the four conditions (iii), (iv), (vi), and (ix) is a particular
case of the equivalence of the four conditions (i-iv) in Proposition 13.2.

The implication (iii) =⇒ (i) holds because the embedding functor A −→ R–mod
has a right adjoint Γu. Given a left R-module C, let L −→ Γu(C) be an A ∩ N-cover
of the the module Γu(C) ∈ A; then the composition L −→ Γu(C) −→ C is an
A ∩ N-cover of C.

To check the implication (vi) =⇒ (v), recall that G is the class of all u-h-divisible
left R-modules and Add(K) ⊂ G. Every left R-module C has a unique maximal
u-h-divisible R-submodule h(C). Let M −→ h(C) be an Add(K)-cover of h(C); then
the composition M −→ h(C) −→ C is an Add(K)-cover of C.
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Finally, the implication (viii) =⇒ (vi) follows from Lemma 17.3(a). Let C be a
u-h-divisible left R-module; then the left R-module Γu(C) belongs to A ∩ G. If
M −→ Γu(C) is an Add(K)-cover of Γu(C), then the composition M −→ Γu(C) −→
C is an Add(K)-cover of C. �

Theorem 19.6. Assume that fdUR ≤ 1 and pd RU ≤ 1, and assume further that
the topological ring R satisfies the condition (d) of Section 10. Then the following
conditions are equivalent:

(i) all left R-modules have A ∩ N-covers;
(ii) all left R-modules from lim−→ω

Add(K) have A ∩ N-covers;

(iii) the class of left R-modules A ∩ N is closed under (countable) direct limits;
(iv) all left R-modules have Add(K)-covers;
(v) all left R-modules from lim−→ω

Add(K) have Add(K)-covers;

(vi) the class of left R-modules Add(K) is closed under (countable) direct limits;
(vii) all the objects of B have projective covers;
(viii) all the objects from lim−→

B

ω
Bproj have projective covers in B;

(ix) the class of objects Bproj is closed under (countable) direct limits in B;
(x) all the discrete quotient rings of the topological ring R are left perfect.

In particular, if the ring R is commutative and pd RU ≤ 1, then the ten condi-
tions (i-x) are equivalent. The condition (x) can be rephrased by saying that the
topological ring R is pro-perfect in this case.

Proof. The implications (i)⇐⇒ (iv) =⇒ (x) hold by Proposition 19.5.
The conditions (iii), (vi), and (ix) are equivalent to each other, for countable direct

limits, by Corollary 12.4, and for uncountable ones, by Corollary 12.8. Notice that
A = R–modu-co is a Grothendieck abelian category by Lemma 17.4.

The conditions (ii), (v), and (viii) are equivalent to each other by Proposition 13.2.
Alternatively, the conditions (v) and (viii) are equivalent by Corollary 15.5 (and

their uncountable versions are equivalent by Corollary 15.8). These two corollaries
also provide another proof of the equivalence of (vi) and (ix). Notice that the left
R-module K is always self-pure-projective by Lemma 15.1(c,e), as a direct summand
of a 1-tilting left R-module U ⊕K (and K is also Σ-rigid, of course).

All the conditions (vii-x) are equivalent to each other (in our assumptions) by
Theorem 10.4. This also establishes the equivalence of the countable and uncountable
versions of the condition (viii). The condition (x) implies (i), (iii), (iv), and (vi) by
Proposition 13.1 (in view of Proposition 19.5 (i)⇐⇒ (iii) and (v)⇐⇒ (vii)).

If the ring R is commutative, then so is the ring R by Lemma 17.6. So condition (a)
of Section 8 is satisfied. (It is worth recalling that pd RU ≤ 1 implies fd RU = 0 for
commutative rings R, by Remark 16.9.) �

Now let us discuss the 1-tilting left R-module U ⊕K. We denote by S the topo-
logical ring HomR(U ⊕K, U ⊕K)op, and denote by by H ⊂ S–contra the 1-cotilting
class associated with the 1-cotilting left S-contramodule HomZ(U⊕K, Q/Z). So the
exact category H is equivalent to G.
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Lemma 19.7. (a) All the discrete quotient rings of the topological ring S are left
perfect if and only if the ring U is left perfect and all the discrete quotient rings of
the topological ring R are left perfect.

(a) If the topological ring R satisfies the condition (d) of Section 10, then so does
the topological ring S.

Proof. We have HomR(U,U)op = U , HomR(K,K)op = R, and HomR(U/R,U) = 0.
So S is the matrix ring (cf. Example 10.1)(

U K
0 R

)
where K = HomR(U,U/R) is a nilpotent strongly closed two-sided ideal in S (obvi-
ously, K2 = 0). Now we have S/K = U ×R, so part (a) follows from Lemma 10.3.
Furthermore, the discrete ring U trivially has a countable base of neighborhoods of
zero and satisfies the condition (b) of Section 8, hence it remains to apply Lemma 10.6
in order to prove part (b). �

Theorem 19.8. Assume that pd RU ≤ 1 and that the topological ring R satisfies the
condition (d) of Section 10. Then the following conditions are equivalent:

(i) all left R-modules have N-covers;
(ii) all left R-modules from lim−→ω

Add(U ⊕K) have N-covers;

(iii) the class of left R-modules N is closed under (countable) direct limits;
(iv) all left R-modules have Add(U ⊕K)-covers;
(v) all left R-modules from lim−→ω

Add(U ⊕K) have Add(U ⊕K)-covers;

(vi) the class of left R-modules Add(U ⊕ K) is closed under (countable) direct
limits;

(vii) the left R-module U ⊕K is Σ-pure-split;
(viii) all the objects of S–contra have projective covers;
(ix) all the objects from lim−→ω

S–contraproj have projective covers in S–contra;

(x) the class of all projective left S-contramodules is closed under (countable)
direct limits in S–contra;

(xi) all the discrete quotient rings of the topological ring S are left perfect;
(xii) the ring U is left perfect and all the discrete quotient rings of the topological

ring R are left perfect.

In particular, if the ring R is commutative and pd RU ≤ 1, then the twelve condi-
tions (i-xii) are equivalent.

Proof. The condition (iii) (for uncountable direct limits) is equivalent to (vii) by [19,
Proposition 13.55]. All the seven conditions (i-vii) are equivalent to each other by [3,
Theorem 3.6, Theorem 5.2, and Corollary 5.5].

The conditions (xi) and (xii) are equivalent by Lemma 19.7. The equivalence of
all the ten conditions (i-vi, viii-xi) is provable in the same way as the equivalence of
the ten conditions in Theorem 19.6. Alternatively, the implications (vii) =⇒ (vi), (x),
(xi) hold by Propositions 14.2 and 14.4.

The last assertion of the theorem is essentially the same as in Theorem 19.6. �
82



Example 19.9. Let R be a commutative ring and S ⊂ R be a multiplicative
subset consisting of regular elements. Denote the multiplicative subset of all reg-
ular elements in R by S ⊂ Sreg ⊂ R. Set U = S−1R; then the localization map
u : R −→ U is an injective flat epimorphism of commutative rings. The topological
ring R = HomR(U/R,U/R) is naturally topologically isomorphic to the S-completion
lim←−s∈S R/sR of the ring R (viewed as the topological ring in the projective limit topol-

ogy), which was discussed in Example 9.2.
Assume that pd RS

−1R ≤ 1, and set K = U/R. Then the homomorphism of
commutative rings R −→ S−1R = U satisfies the assumptions of Theorems 19.6
and 19.8. By Theorem 19.6, the class of R-modules A ∩ N is covering (if and only if
the class Add(K) ⊂ R–mod is covering and) if and only if the ring R/sR is perfect
for every s ∈ R. By Theorem 19.8, the class of R-modules N is covering (if and only
if the class Add(U ⊕K) ⊂ R–mod is covering and) if and only if two conditions hold:
the ring R/sR is perfect for every s ∈ R, and the ring S−1R is perfect.

The latter two conditions are equivalent to the following two: one has S−1R =
S−1
regR, and the ring R is almost perfect (in the sense of the paper [17]). It is

worth noticing that the condition that all the rings R/sR are perfect already im-
plies pd RS

−1R ≤ 1 [17, Lemma 3.4], [6, Corollary 6.13].
For example, let R = Z be the ring of integers, p be a prime number, and S =
{1, p, p2, p3, . . . } ⊂ R be the multiplicative subset in Z generated by p. Then the class
of abelian groups A∩N ⊂ Ab is covering, but the class N ⊂ Ab is not. Alternatively,
let S ′ ⊂ Z be the multiplicative subset of all integers not divisible by p. Then, once
again, the related class A ∩ N′ ⊂ Ab is covering, but the class of abelian groups
N′ ⊂ Ab is not.

References
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