ATIYAH CLASSES OF LIE ALGEBROIDS
FRANCESCO BOTTACIN

ABSTRACT. Given a smooth morphism of analytic spaces m: X — Y, we
introduce the notion of a relative Lie algebroid (A, £) over X. By replacing
the relative tangent sheaf Tx/y with the Lie algebroid A, we define the no-
tion of a relative (A, )-connection on a quasi-coherent O x-module €. Then,
we define the (A, #)-Atiyah class of £ as the obstruction to the existence of
a holomorphic (A, #)-connection on €. Many results of the classical theory
of connections can be restated in the more general setting of Lie algebroid
connections. As an application we prove the following result.

Let X be a complex manifold and (A,f) a Lie algebroid over X. For
any quasi-coherent sheaf of commutative Ox-algebras F, let us write g; =
H=YX,A® F). The (A, f)-Atiyah class of A yields maps g; ® g; —> gi+;-
These maps define a graded Lie algebra structure on the graded vector space
g* = @, gi- In a similar way, for any holomorphic vector bundle £ over X,
let us write V; = H'~}(X, E® F). Then, for any i and j, the (4, {)-Atiyah
class of E yields a map g; ® V; — Viy;, and these maps define a structure
of graded module on the graded vector space V* = j V;, over the graded
Lie algebra g®. This generalizes a similar result proved by Kapranov in [K].
Similar results have been obtained by Chen, Stiénon and Xu in [CSX], by
using different techniques.

INTRODUCTION

The theory of connections is a central topic in differential geometry. A
rather natural generalization of the classical notion of connection on a vector
or principal bundle over a differentiable manifold X is obtained by replacing
the tangent bundle of X with a Lie algebroid (A, ) over X; this leads to the
notion of a Lie algebroid connection.

Most of the results of the classical theory of connections (e.g., the Chern—
Weil theory of characteristic classes) extend to Lie algebroid connections. We
refer to [M] for an introduction to Lie algebroids and to [LF] for a detailed
account on Lie algebroid connections.

While Lie algebroid connections on a smooth vector bundle over a differ-
entiable manifold X always exist (this is a consequence of the existence of
partitions of unity on X), when X is a complex manifold there is an obstruc-
tion to the existence of a global holomorphic Lie algebroid connection on a
holomorphic vector bundle E over X. This obstruction is given by a coho-
mology class that is the analogue of the Atiyah class of E; we call it the
(A, #)-Atiyah class of E. As a special case, if we take £ = A, we may look at
the (A, f)-Atiyah class of A itself.

Key words and phrases. Atiyah classes, connections, differential forms, jets, Lie
algebroids.
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As happens for their classical counterparts, the new Atiyah classes arising
from Lie algebroid connections present very interesting features.

In the classical case, i.e., when the Lie algebroid (A, ) is the tangent bundle
of a complex manifold X, M. Kapranov [K]| (inspired by ideas of M. Kont-
sevich) discovered the fundamental role played by the Atiyah class of Tx in
the construction of the topological invariants of 3-dimensional manifolds, pre-
viously introduced by L. Rozansky and E. Witten. One of the main results
contained in Kapranov’s paper may be restated as follows. Let Tx[—1] denotes
the shifted tangent sheaf of X, considered as an object in the derived category
DT (X) of bounded below complexes of sheaves of Ox-modules with coherent
cohomology. Then the Atiyah class of the tangent bundle of X determines
a map Tx[—1] ® Tx[—1] — Tx|[—1], which makes Tx[—1] into a Lie algebra
object in DT (X).

As an application of the general theory of Lie algebroid connections, we
prove that similar results hold if we replace the tangent bundle of a complex
manifold X with a Lie algebroid A over X. In this case the role of the Atiyah
class of Ty is played by the (A, #)-Atiyah class of A.

More precisely, we prove that, given a Lie algebroid (A, f) over X and a
quasi-coherent sheaf of commutative Ox-algebras F, there is a map

H(X,AQF)@ H (X, A F) - HH X Ax F)

obtained by composing the cup-product of two cohomology classes with the
(A, #)-Atiyah class of A. If we set g; = H (X, A® F), the collection of maps
9i ® g; — git; defines a graded Lie algebra structure on the graded vector
space g* = D, 9:-

In a similar way, for any holomorphic vector bundle £ over X, we can define
a map

H(X, A F)@ H(X,E® F) - HY X E® F),

by using the (A, f)-Atiyah class of E. If we write V; = H'™Y (X, E ® F), we
get a collection of maps g; ® V; — V4, for any ¢ and j, defining a structure
of graded module on the graded vector space V* = ; Vj, over the graded Lie
algebra g°.

We remark that, in a recent paper, Z. Chen, M. Stiénon and P. Xu [CSX]
developed a general theory of Atiyah classes relative to pairs consisting of
a Lie algebroid A over X and a Lie subalgebroid of A, over the same base
manifold. They also proved a generalization of Kapranov’s results by using
different techniques.

This paper is organized as follows. In Section 1 we develop the basic theory of
holomorphic Lie algebroids and Lie algebroid connections in a relative setting.
More precisely, we introduce the notion of a relative Lie algebroid over X,
where 7: X — Y is a smooth morphism of analytic spaces. Then we define
relative (A, f)-connections on a quasi-coherent sheaf of Ox-modules £ and
study their basic properties.
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In Section 2 we introduce the sheaf of first (A, f)-jets of £ and define the
(A, 1)-Atiyah class of £ as the obstruction to the existence of a global holo-
morphic (A, f)-connection on £. We also prove that the (A4, f)-Atiyah class of
A is symmetric.

In Sections 3 and 4 we define the sheaves of higher (A, £)-jets and the sheaf
of (A, t)-differential operators. Then, in Section 5, we prove a version of the
so-called ‘cohomological Bianchi identity,” originally proved in [K] for the usual
Atiyah class of a vector bundle.

Finally, in the last section, we show how Kapranov’s results can be general-
ized to the framework of Lie algebroid connections. The proofs are obtained
by following Kapranov’s original argument, with suitable modifications. Note
that the basic tool needed for proving that the composition with the (A, f)-
Atiyah class of A defines a graded Lie algebra structure on the graded vector
space g* = @, H (X, A® F) is precisely the cohomological Bianchi identity,
which implies the graded Jacobi identity for the graded Lie bracket.

1. PRELIMINARIES

1.1. (A, f)-connections. Let 7: X — Y be a smooth morphism of analytic
spaces (or a smooth morphism of schemes, defined over a field of characteristic
0). We denote by Tx/y = Homo, (Q_lx/y, Ox) the relative tangent sheaf (which

is locally free, since 7 is smooth).

Definition 1.1. A relative Lie algebroid over X is a locally free sheaf of Ox-
modules A, with a 77!Oy-linear morphism [-,-]: A ® A — A which defines a
Lie algebra structure on the spaces of sections, together with a homomorphism
of Ox-modules §: A — Tx/y, called the anchor map, such that the induced
map on the spaces of sections §: I'(A) — I'(Tx/y) is a homomorphism of Lie
algebras, and for any sections ay,as € I'(A) and f € I'(Ox), the following
Leibniz identity holds:

(1.1) la1, fas] = flai, as] + fa1(f) as.

Remark 1.2. Let us denote by X, the fiber of m: X — Y over a point y € Y. If
(A, 1) is a relative Lie algebroid over X we shall denote by A, the restriction of
Ato X, and by §,: A, — Tx, the map induced by §. The previous definition
implies that, for any y € Y, (A, 1,) is a Lie algebroid over X,,. Thus a relative
Lie algebroid over X may be thought as a family of Lie algebroids over the
fibers X,, parametrized by the points y € Y.

Let b: Q}(/Y — A* = Homo, (A, Ox) be the dual of the anchor map, and
let da: Ox — A* be the 7~ !'Oy-derivation defined by d4 =b o dx/y

dx/v
1
Ox —— QX/Y

NG
da
A*
where dyy: Ox — QY sy is the usual relative differential.
Let now & be a quasi-coherent O x-module.
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Definition 1.3. A relative (A, £)-connection on & is a 7! Oy-linear morphism

ViESERA

such that
V(fs) = fV(s)+s@dalf),

for any local sections s of £ and f of Ox.

For any section a € I'(A), we define
Vo E—E
by setting V,(s) = (Vs,a). The map V, is 7 'Oy-linear and satisfies the
following identity:
Va(fs) = [Va(s) +ta(f)s.
We also have
vf1a1-i-f2a2 - flva,l + f2va2~

Remark 1.4. If V and V' are two relative (A, #)-connections on &, their dif-
ference V' — V is Ox-linear, hence V' — V € Homp, (£,€ ®@ A*). It follows
that the space Conn44) (&) of relative (\A, £)-connections on £ is an affine space
modeled on the vector space Homp, (€, & ® A*).

1.2. Extension of a relative (A, f)-connection. We can extend the 7~ !1Oy--
derivation d4: Ox — A* to an operator

da: AP A* — APTLA
by setting, for any section o of AP A*,
p+1

(dac)(ar,. .. apn) = Y (=) Maiafar, ... a, ... ape)

=1
+ Z(—l)”joz([ai, CLj], ag, ... ,CALI'7 NP ,&j, ce 7CLP+1)
i<j
where [-,+]: A® A — A is the Lie bracket of the relative Lie algebroid A (the
Leibniz identity (1.1) implies that d4(«) is actually a section of APT1A*).
The fact that §: A — Tx/y induces a homomorphism of Lie algebras, to-
gether with the Jacobi identity for the Lie bracket on A, imply that d 4od 4 = 0,
hence we have a complex
(1.2) 0 — Ox 24 A" 24 A28 24,

called the (A, #)-de Rham complex.
Let now V: & — £ ® A* be a (A, f)-connection on €. As in the classical
case, we shall extend V to an operator

V:iEQNA — E@ NPTTA
by requiring that
Vis®@a)=(Vs) ANa+s®dy(a),

for any sections s of £ and a of APA*.
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Then we can define the (A, f)-curvature of V by setting
R=VoV:&—=EQNA"

It is immediate to check that R is Ox-linear, hence it is a section of End(€) ®
N2A*. A (A, f#)-connection is called flat if its (A, f)-curvature vanishes. The
(A, f)-curvature R satisfies an analogue of the classical Bianchi identity.

2. (A,1)-JETS AND ATIYAH CLASSES.

For a quasi-coherent Ox-module £ let us consider the standard 1-jet exact
sequence (also called Atiyah sequence)

(2.1) 0 — E@Qy — Jxy(€) — E—0

(which is split as a sequence of 7~ 'Oy-modules but not, in general, as a se-
quence of Ox-modules).

We can define the sheaf of first (A, 4)-jets of £ by pushing forward the
previous exact sequence via the map idg ®b: &€ ® Q5 y & ® A*. Hence, by
definition, we have a commutative diagram (morphism of extensions)

(2.2) 0—=E® N,y — Jy)y(6) —=E—0

I

00— EQU ——= Jly () —=E—=0

Note that the exact sequence
(2.3) 0 —=EQA — Jup(E) —E—0

is split as a sequence of 7~ !Oy-modules but not, in general, as a sequence of
Ox-modules.

Remark 2.1. As sheaves of 771Oy-modules, we have
Note that J(1 A (€) has two structures of Ox-module: one is given by

f-(S,O‘)Z(fS,fO’),

for sections f € I'(Ox), s € I'(€) and 0 € I'(€ ® A*); we shall call this the left
Ox-module structure.
The other one is defined by setting

(s,0)- f=(fs,fo+s®daf),

and is called the right Ox-module structure.
Unless otherwise stated, we shall always consider J(1 A (€) as an Ox-module
with its right module structure.

It is well known that the data of a relative connection on £ is equivalent
to a splitting of the exact sequence (2.1). A similar result holds for relative
(A, t)-connections:
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Lemma 2.2. A splitting of the sequence (2.3) is equivalent to a relative (A, 1)-
connection on .

Proof. As sheaves of 7~!Oy-modules, we have
hence a splitting of (2.3) is given by a homomorphism of Ox-modules
¢: € — J(IAﬁ)(E), s ¢(s) = (s,V(s)),

for some map V: & — £ ® A*. Since ¢ is Ox-linear, we have ¢(fs) = ¢(s)f,
for sections f € I'(Ox) and s € I'(€). But ¢(fs) = (fs,V(fs)) and ¢(s)f =
(5,V(s))f = (fs, fV(s) + s ® da([)), hence the map V must satisfy the
identity

V(fs) = FV(s) + 5 © da).
So, requiring that ¢ be a homomorphism of Ox-modules is equivalent to re-
quiring that V be a (A, f)-connection on £. O
Definition 2.3. The (A, #)-Atiyah class of £ is the class

a(Ayﬁ)(S) € Extl((‘f,g ® A")
corresponding to the extension (2.3).

From Lemma 2.2 we obtain the following result:

Corollary 2.4. A relative (A, t)-connection on & ezists if and only if the
(A, 8)-Atiyah class of € vanishes.

Let us now compare the (A, f)-Atiyah class of £ with its usual Atiyah class.
The usual Atiyah class of £ is the class a(€) € Ext' (€, E@Q% /y) corresponding

to the extension (2.1). The morphism of extensions (2.2) induces a morphism
Ext'(£,€ ® Qyy) = Ext!(£,€ @ A").

It is now immediate to verify that the (A4, f)-Atiyah class of £ is the image of
the usual Atiyah class a(€) under the previous map.

Remark 2.5. Exactly as the usual Atiyah class can be used to define the Chern
classes of £, we could use the (A, f)-Atiyah class to define what we may call
(A, #)-Chern classes.

If we consider the morphism Ext'(£,€& ® Qﬁ(/y) — Ext'(£,€ @ A), in-
duced by the map b: Q3 iy A*, and we apply the trace maps, we obtain a
commutative diagram

ide ®b

Ext'(€,€ ® QY ) — Ext!(£,£ @ A%)

g Ltr

H'(X, QL) H'(X, A

Since the first Chern class of £ is given by ¢;(£) = tr(a(€)), we find that
b(c1(E)) = tr(aan(€)) (and a similar statement holds for all higher Chern
classes). It follows that the (A,f)-Chern classes that we could define using
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a (A, f)-connection on & are not particularly interesting because they are
the image of the usual Chern classes of £ under the maps H'(X, Q% /Y) —

H' (X, A"A*) induced by the morphism b: Q% y — A"

2.1. (A, t)-connections on A. Let us consider now the special case & = A.
Let V: A - A® A* be a (A, t)-connection on A.
For any section a € I'(A) we define the derivation V,: A — A by setting
Vu(b) = (Vb,a).
Then we define the (A, )-torsion of V by setting
T(a,b) = V4(b) — Vi(a) — [a,b],

for sections a, b of A. It is easy to see that T' € Home, (A2A, A). A (A, 1)-
connection on A is said to be torsion-free if its (A, f)-torsion vanishes.

The following result, proved in [K], carries over into this more general setting
(with a similar proof).

Theorem 2.6. Let (A, 1) be a relative Lie algebroid over X and let
aapn(A) € Ext'(4,A® A") = Ext'(A® A, A)

be its (A, f)-Atiyah class. Then aay(A) is symmetric, i.e., it belongs to
Ext'(S* A, A).

Proof. Let Conn(44) (A) be the sheaf whose sections over U C X are the holo-
morphic (A, f)-connections defined on Aly. As seen in Remark 1.4, this is an
affine space over I'(U, End(A) ® A*). Then Conng44(A) is a sheaf of torsors
over End(A) ® A*. Sheaves of torsors over End(A) @ A* are classified by el-
ements of H*(X,End(A) ® A*) = Ext' (A4, A® A*), and a4 (A) is precisely
the element that classifies Conn(4 ) (A).

Similarly, let Connsz) (A) be the sheaf whose sections over U C X are the
torsion free (A, )-connections on A|y. Then Conn&’ﬁ) (A) is a sheaf of torsors
over S*(A*) ® A. Since the sheaf of torsors Conn(4y(A) is obtained from
Conn(’y 4y (A) by “change of scalars” (i.c., from $*(A") ® A to A*® A*® A), it
follows that the classifying element a(ay)(A) € H'(X, A* @ A* ® A) actually
belongs to the summand H'(X,S*(A*) @ A) = Ext!(S* A, A). O

3. HIGHER (A, #)-JETS.

In this section we shall briefly describe how it is possible to define sheaves
of higher order (A, #)-jets.
For a quasi-coherent Ox-module £ we have already seen that J(1A7u)(5) =

E @ (€ ® A*), with the structure of Ox-module (on the right) given by
(570)'f: (f57f0+3®dAf)'
We can now define the sheaf of 2" (A, #)-jets of £ by setting
Joan(E) =TupE) @ (ERSFPA) =@ (ER A) @ (E2S A,

as 7 'Oy-modules, where S? A* denotes the symmetric square of A*.
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Let dg;}, cO0x = S? Q% Iy be the quadratic differential expressed, in suitable
local coordinates z;, by

d? ¢ _ . )
D = 2! Z 8zz(92] dz © dzj,

where © denotes the symmetric product.

Let us define the quadratic derivation dg): Ox — S* A* as the composition
i = (o) 0df),

d3)y
201
Ox —£520k

bOb
e

S? A
The structure of (right) Ox-module on J(2 15 (€) is defined by setting

(s,o,7)- f = (fs,fa+s®dAf,fT+0®dAf+s®dEj)f),

for sections f € I'(Ox), s € T(E), 0 € T'(€ ® A*) and 7 € T(£ @ S* A*) (here,
by o @ daf we mean the image of 0 @ duf € £ ® A* ® A* in £ ® S* A* under
the symmetrisation map £ ® A* @ A* — £ ® S* A*).

There is an exact sequence of Ox-modules

(3.1) 0= ERSPA = Jly(E) = Jluy(E) =0

(which is split as a sequence of 77'Oy-modules but not, in general, as a se-
quence of Ox-modules).
More generally, for any » > 1 we can define inductively the sheaf of r-th
(A, t)-jets of £ by setting
Tan(€) =T @ (E@S A) = PES A),
i=0
as 7' Oy-modules, where S A* denotes the i-th symmetric power of A*. The

right) Ox-module structure of J7, ., (€) is defined as follows. For any j > 0,
(Af)
let dfi) : Ox — S’ A* be the composition dg) =(Sh)o d;}y

a9
X/Y

Ox —2S QL

) Sih
Ny

S A

where dX/Y' Ox — 5 Qﬁqy is given locally by

oI f
d(j/yf* Z WdZH@@leJ
i1 12

-----
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Let (so,s1,...,5,) be a section of Ji, (£), with s; € I'(€ ® S" A*). Then,
for any f € I'(Ox), we set (so,51,...,8) - f = (to,t1,-..,t.) where, for each
h=0,...,r, the section t, € I'(£ ®S" A*) is given by the following expression:

h
th = Z Sj ® dg‘l_])f
§=0
There is an exact sequence
(3.2) 0= ERS A" = Jluy(E) = T4 (E) =0

(which is split as a sequence of 7~ !Oy-modules but not, in general, as a se-
quence of Ox-modules).
Finally, note that, for any r, there is a homomorphism of sheaves of abelian
groups
diane: € = Jay(E)
that is Ox-linear for the right Ox-module structure of Ji, , (€). All the veri-
fications are left as exercises.

4. (A, f)-DIFFERENTIAL OPERATORS.

Let us recall that D = Dx/y, the sheaf of rings of finite-order (holomorphic)
differential operators on X over Y, is generated, as an algebra, by Ox and by

Tx/v-
In a similar way, we define D(44) to be the algebra generated by Ox and A,
with the commutation relations given by

(4.1) af =#(a)(f)+ fa and aya; = aza; + [ay, az],

where a, aq, as are sections of A and f is a section of Ox.
The sheaf of non-commutative rings D(44) is endowed with a filtration

— =0 =1 e =r ..

such that
<r
Dy = J DGy

r>0
where, for each r, the Ox-module Daﬁ) is the dual of the sheaf of r-th (A, £)-
jets J{A,ﬁ)((’)x),
Dy = Homoy (Jiag(Ox), Ox).

If D is the usual ring of differential operators on X over Y, the anchor map
t: A — Tx/y induces a homomorphism of filtered rings

ﬂ: D(A,ﬁ) — D.

The map o: Da y = S" A, that associates to a (A, f)-differential operator its
highest order term, is well defined and is called the principal symbol map. For
every r > 0, there is an exact sequence

<r-—1 <r r
O—>D(—A,ﬂ) —>D(_A,u) —S5"A—=0
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which is the dual of
0—-S" A — J(TAM(O)() — JZ:;%(OX) — 0.

The associated graded ring of the filtered ring D44 is isomorphic to the
symmetric algebra over A

gr (Diay) =S (A).

Let us recall that a relative flat connection on a coherent sheaf of Ox-modules
£ is equivalent to a structure of D-module on £. In a similar way it is easy to
prove that a relative flat (A, #)-connection on £ is equivalent to a structure of
D 44)-module on £.

5. KAPRANOV’S ‘COHOMOLOGICAL BIANCHI IDENTITY.’

In this section we shall generalize the so-called ‘cohomological Bianchi iden-
tity,” proved by Kapranov in [K], to the setting of Lie algebroid connections.

Let X be a complex manifold, (A, #) a Lie algebroid over X, and D4y the
sheaf of rings of (A, §)-differential operators.

Remark 5.1. Let E be a vector bundle over X and E* its dual bundle. The
exact sequence

0— E*®@A" — Jup(E*) — E* — 0

computes the (A, §)-Atiyah class of E*, a(a)(E*) = —az(E).
By dualizing, we obtain the exact sequence

(5.1) 0— E— D5, (E) —E®A—0,

where D=/, (E) = D(SAlﬁ) ®o, F, that also computes the class

(A9
—a(ap(E) € Ext(E® A, E) = Ext'(E, E® A%).

Let M be a locally free left D4 4-module, endowed with a good filtration M;
by vector bundles. The D4 -module structure on M is equivalent to a flat
(A, f)-connection V: M — M ® A*. Tt follows that, for any j, we have an
induced map V,;: M; — M;;; ® A*.

The following result is a generalization of a similar statement, proved in

[AL]:
Lemma 5.2 ([AL], n. (4.1.2.3)). Let M be as before. Then:
(a) The class —a(a g (M;) is given by the following composition of maps
M; T M /Mooy s (Mo /M) @ A* 22945 VL @ A,

where ;. M; — M;/M,; 1 is the projection, V;: M;/M; 1 — (M1 /M;)®A* is
induced by the (A, #)-connection V, and o is the element of Ext'(M;y 1 /M;, M;)

that corresponds to the exact sequence

0— Mz — MiJrl — Mi+1/Mi — 0.
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(b) The class —aa g (M;/M;_y) is equal to the difference between the com-
position of morphisms
and the composition

Qi—1

mi—1[1 Vi-1[l
Mi/Mi—l — Mz_l[l] A) (Mz_l/MZ_Q)[]_] A

(M;/M;_1) @ A*[1].

Proof. The proof is the same as in [AL], since it follows from purely formal
properties of extension classes. 0

Remark 5.3. The map V;: M;/M;_; — M;+1/M; ® A* induced by the (A, §)-
connection V on M, corresponds to the so-called “symbol multiplication map”

My A® Mj/Mj—l — Mj+1/Mj.
If we denote by f; € Extl(MiH/Mi, M;/M;_1) the composition

a; T 1
M1 /M; — M;[1] U (M;/M;_1)[1],

then part (b) of the previous lemma can be restated by saying that the class
—ay A,u)(Mz‘ /M;_1) is given by the difference between the following two compo-
sitions of morphisms:

A® M;/M;_y 2 M, /M, LN (M;/M;_1)[1],

and

A® M;/M;_4 La®ho, g ® (M;—1/M;_2)[1] LIDL (M;/M;_1)[1],

i.e., we can write
(5.2) —aa(Mi/M;_1) = fiopi —pia[l] o (14 ® fio1).
If £ is a vector bundle over X, we can consider the D4 y-module M =

Diay ®@oy E, with the filtration given by M; = Da,ﬁ) ® FE. The exact se-

quence
0—>M1—>M2—>M2—>0
My My M,
becomes
<2

0—A®RE — — S*(A)® E — 0.

E

Let us denote by ¢ € Ext'(S*(A) ® F, A ® E) the corresponding extension
class. Let 0 : A® A — S*(A) be the symmetrization map. From Lemma 5.2
and the subsequent remark, it follows that:

Lemma 5.4. With the above notations, we have

CL(AJ)(A(X) E) = —f o (O’® 1) —-1® a(Am(E).
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Proof. Since M; = Dy, @ E, we have My/My = A® E and My/M, =

S*(A) ® E. From (5.2) we know that —agap(M;/My) = —an(A @ E) is
the difference between the following composition of morphisms:
A9 AR E 225 X (A) @ E - A® E[l]

and
AgAeE 290 4o ] 2% A B

Hence —a(Avn)(A X E) = § o (O’ (29 1) +1® CL(A7ﬁ)(E). ]

Now we introduce some notation in order to state the main result.
Let a, b€ HY(X,End(E) @ A*). Their cup-product is

a~bec H*(X,End(E) ® End(F) @ A* @ A*).
Consider the map
End(E) ® End(E) ® A* @ A* — End(E) @ S*(A*)
PRY©a®f($¢]@ (a0 p)
We denote by [a « b] € H*(X,End(E) ® S*(A*)) the image of a — b under the
induced map in cohomology.
Let a € HY(X,End(E) @ A*) = Ext'(E, E® A*) = Ext' (A® E, E), and let
c € Ext'(A® A, A). Let us consider the composition
SHA)QE— AR A® E <5 Aw E[1] - E[2)
We denote by
axc € Hom(S*(A) ® E, E[2]) = Ext*(S*(A) ® E, E)
= H*(X,End(E) ® S*(A"))
the corresponding element.

Theorem 5.5 (Cohomological Bianchi identity). Let a4y (E) € Ext'(E, E®
A*) = HY(X,End(E) @ A*) be the (A,1)-Atiyah class of a vector bundle E.
Let acag)(A) € Ext'(A4, A ® A*) = HY(X,End(A) @ A*) be the (A, t)-Atiyah
class of A. Then we have the identity

2lacan(B) ~ aap(B)] + a@y(E) xaay(4) =0
in H*(X,End(E) ® S*(A*)).
Proof. Let M = D44 ® E, with the filtration

— _ <1 o <2
0CMy=FECM =D, ®ECM =D,

The exact sequence 0 — My — My — M; /My — 0 is

O—>E—>D(§Alﬁ)®E—>A®E—>0,

whose extension class is —aa ) (E) € Ext'(A®FE, A). The next exact sequence
0— Ml/MQ — MQ/MQ — MQ/Ml — 0 is

0> A®E — My/My — S*(A)®@ E — 0,

whose extension class we have denoted by &.

QEC---
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Standard results (cf., for instance, [BB]) tell us that the composition (Yoneda
product) of these two extensions is zero: a4 (£) o0& =0
S}(A) @ E -5 Ae E[1] 227, gy,
From Lemma 5.4 we have
aap(A®E)=—=£o0(0®1) = 1®ay(F).
The (A, #)-Atiyah class of a tensor product of vector bundles is given by
(a5 (A® E) = auyn(A) @1+ 1@ auy(E),

hence
2(1®@ ag(E)) +aug(A) @1=—o(c®1).

Now we take the Yoneda product of the previous expression with a4 (E) (on
the left), and we recall that aa4(E) o0& = 0.
We get

2[agay (E) ~ aay(B)] + ag(E) * aag(A) = 0.

6. THE LIE ALGEBRA STRUCTURE

Let X and (A, 1) be as before, and let F be a quasi-coherent sheaf of com-
mutative Ox-algebras. We consider the composition of the following maps:
first we take the cup-product

H(X,AQF) H(X,AQF) - HY (X, A A® F ® F)
followed by the map
HY X, AQAQRFQF) - H(X,AQ A® F)

induced by the commutative multiplication F ® F — F.
Then we take the Yoneda product with a4 (A) € H*(X, Hom(S*(A), A)):

HH (X, A9 A® F) = HTV (X, A® F).
So, for any ¢ and j, we obtain maps
H(X, A F)@ H(X,A® F) - HHX A® F).
Let us set g; = H"Y(X,A® F). Then we can rewrite the previous maps as
follows:
9i 0G5 = Bitj
Theorem 6.1. The maps above define a graded Lie algebra structure on the
graded vector space g* = D, ;.

Proof. Let «; € g;, oj € g;, and let us denote the bracket by [a, o] € gi;.
The bilinearity of the bracket is obvious. The (graded) antisymmetry is given
by the following expression:

o), i) = —(=1)" [, o).
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This follows immediately from the graded commutativity of the cup-product.
It remains only to prove the (graded) Jacobi identity:

(—1) ™o, [og, o] + (=1)7 [y, [, o] 4+ (= 1) [, [ov, o] = 0.

Let us denote the left-hand side by 6(«;, o, ). This defines an element
6 € Hom(A3g®, g*), and we can check that 6(a, a;, ay) is obtained by taking
the cup-product

o aj o€ HVPP 33X A9 AR A® F)

followed by the Yoneda composition with an element of H?(X, Hom(S*(A), A)).
This element turns out to be the symmetrization of

[a(A7ﬁ)(A) ~ a(Am(A)] S H2(X, Hom(A ® SZ(A), A))
Now we use the cohomological Bianchi identity (for £ = A):
2]aan(A) = awp(A)] +ap(A) *auy(A) = 0.

From the definition, it follows that the symmetrization of a4 (A) * agaz(A)
is 0, hence the same is true for the symmetrization of [a(ag(A) ~ aag(A)].
This finally means that 6 = 0, which proves the Jacobi identity. 0]

Let X, (A,f), F be as before, and let E be a holomorphic vector bundle
over X. We consider now the composition of the following maps: first we take
the cup-product

H(X,AQF) H(X,E®F) - H(X, A9 E® F)

(where we have used the multiplication F ® F — F, as before). Then we take
the Yoneda product with a4y (E) € H'(X,Hom(A ® E, E)):

HY X, AR E®F)— HY X E® F).

If weset g, = H ' (X,A® F) and V; = H'"(X, E ® F), for any ¢ and j, we
have maps g; ® V; — Vi;;. We can now prove the following result:

Theorem 6.2. The maps above define a structure of graded module on the
graded vector space V*® = @j V;, over the graded Lie algebra g°.

Proof. Let o; € g;, oj € g; and v, € V. We must prove that
[, o]v, — ci(oog) + (—1)7 e (ayog) = 0.

The left-hand side defines an element ¢ € Hom(A?g®* ® V*,V*), and we can
check that ¢ is obtained by taking the cup-product

o aj v € HITF3(X AR AQ E® F)

followed by the Yoneda composition with an element of H2(X, Hom(S*(A) ®
E,E)). This element is precisely

20aap(B) = ap(B)] + acan(E) * aagy(A),
which vanishes by the cohomological Bianchi identity. ([l
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