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DIFFERENTIAL FORMS ON MODULI SPACES
OF PARABOLIC BUNDLES

FRANCESCO BOTTACIN

ABSTRACT. Let X be a smooth projective variety, and let
PB be a moduli space of stable parabolic bundles on X. For
any flat family F, of parabolic bundles on X parametrized
by a smooth scheme Y, and for any integer m, with 1 <
m < dim X, we construct a closed differential form Q = Qg
on Y with values in H™ (X, Ox). By using the vector-valued
differential form  we then prove that, for any ¢ > 0, the choice
of a (nonzero) element o € H*(X, Q;Lm), determines, in a
natural way, a closed differential m-form Q, on the smooth
locus of PB.

Introduction. In this paper we want to provide another example
of a general phenomenon, which can be roughly stated as follows:
“geometric structures” on a variety X determine similar structures on
various kinds of moduli spaces of sheaves on X.

Let X be a smooth n-dimensional projective variety, defined over an
algebraically closed field k of characteristic 0. In [4] we proved that,
if X admits nonzero differential forms of degree m, then the choice of
any such m-form o determines a closed differential m-form Q, on the
smooth locus of the moduli space M of stable sheaves on X.

In this paper we shall prove a similar result for moduli spaces of
parabolic bundles. More precisely, let us denote by PB a moduli space
of stable parabolic bundles on X. Then we show that, for any m < n
and any i < n—m, the choice of a (nonzero) element o € H*(X,Q4™),
determines a closed differential m-form €2, on the smooth locus of the
moduli space PB. For instance, by taking m = 2, this result can be used
to construct pre-symplectic structures on moduli spaces of parabolic
bundles.
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This paper is organized as follows. In Section 1 we recall the defi-
nitions of parabolic sheaves and parabolic bundles on a higher dimen-
sional variety X, then in Section 2 we recall some useful results about
cup-products and trace maps. We also introduce the symmetrized trace
map and study its graded commutativity properties.

In Section 3 we construct, for any flat family F, of parabolic bundles
on X parametrized by a smooth scheme Y, and for any integer m with
1 <m < dim X, a closed differential m-form Q = Qg on Y with values
in H™(X, Ox).

Finally, in Section 4, we use the vector-valued differential form €2
to define, for any o € H*(X,Q4™), a differential m-form Q, on the
smooth locus PB*™ of the moduli space PB of stable parabolic bundles
on X. The closure of 2, will then follow from the closure of €.

The paper ends with the discussion of some examples illustrating
possible applications of this result.

1. DParabolic sheaves. In this section we shall briefly recall
the definitions of parabolic sheaves and parabolic bundles on higher
dimensional varieties. For more details we refer the reader to [1, 6].

Let X be a nonsingular projective variety of dimension n, defined
over an algebraically closed field k of characteristic 0, and let Ox(1)
be a very ample invertible sheaf on X. We shall fix an effective Cartier
divisor D on X.

Definition 1.1. A parabolic structure over D on a coherent, torsion-

free Ox-module E is the data of a filtration
F,:E=F(E)DFy)(E)D>---DF,(F)DF1(E)=E(-D),
where E(—D) denotes the image of F ®p, Ox(—D) — E, together
with a sequence of real numbers a, = (ai,...,q;), called weights,
such that
< <ag < - <oy<l.

A parabolic sheaf on X is a coherent, torsion-free Ox-module E with
a parabolic structure over D.

Remark 1.2. There is another definition of parabolic sheaves, which
is closer to the original definition of parabolic bundles on curves (cf.
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FIGURE 1. The R-filtered sheaf E, associated to a parabolic sheaf (E, Fy, ax).

[1]): a parabolic structure over D on a torsion-free sheaf E is given by
a sequence of subsheaves of E|p,

Blp = Fh(E) 5 FA(E) > - > Fh(E) > Fif{(B) =0,

together with a system of weights 0 < a3 < as <--- <y < 1.

Our definition is related to this one by setting

Fi(E) = ker(E — E|p/F5(E)).

All definitions related to parabolic sheaves can be stated more effi-
ciently in terms of R-filtered sheaves (see [8] for the definition), whose
introduction seems to be due originally to Simpson.

Given a parabolic sheaf (E, F,, a..), we define its associated R-filtered
sheaf E, = (E,), for 0 <z < 1, by setting Fy = FE and E,, = F;(E) if
a;—1 <z < «;, where we have set ap = 0 and ;1 = 1. The definition
of E, can be extended to all z € R by setting F,y; = E.(—D).
Figure 1 illustrates the R-filtered sheaf corresponding to a parabolic
sheaf (E, F,, a.) with weights 0 < a1 < as < a3 < 1.

From now on an R-filtered sheaf F, = (E,).cr associated to a
parabolic sheaf (E, Fy, a,) as above, will simply be called a parabolic
sheaf.

If E, is an R-filtered sheaf, we shall always write E for the sheaf Fj.
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Definition 1.3. A homomorphism of R-filtered sheaves ¢ : E, — E.,
is a homomorphism of Ox-modules ¢ : E — E’ such that ¢(E,) C E.,
for any = € R.

We shall denote by Hom (E,, E.) the sheaf of homomorphisms of R~
filtered sheaves from F, to E.; it is a subsheaf of Hom (E,E’). We
shall also write End (E,) for Hom (E, Ey).

With these definitions the notion of parabolic homomorphism of two
parabolic sheaves becomes very simple:

Definition 1.4. If F, and E. are two parabolic sheaves, a parabolic
homomorphism ¢ : E, — FE! is a homomorphism of R-filtered sheaves.

Now let Y be a locally Noetherian scheme defined over k, and let us
denote by p: X XY — X and ¢: X XY — Y the canonical projections.
We shall need the following definition:

Definition 1.5. A Y-flat family of parabolic sheaves on X is a triple
(E, F,,a,), where E is a Y-flat family of coherent torsion-free sheaves,
F, is a filtration of E and «, is a system of weights, such that all the
sheaves E/F;(FE) are flat over Y.

If (E, Fy, o) is a Y-flat family of parabolic sheaves, it follows from
the definition that all the subsheaves F;(E) of E are flat over Y. This
implies that we can associate to (E,Fi,a,) an R-filtered sheaf E,
as before; hence, we can denote a Y-flat family of parabolic sheaves
(E, Fy, o) simply by its associated R-filtered sheaf E,.

In the sequel we shall be particularly interested in a special class
of parabolic sheaves, namely locally free parabolic sheaves (also called
parabolic bundles).

Definition 1.6. A parabolic sheaf E, is said to be locally free, or a
parabolic bundle, if, for any x, E, is a locally free O x-module and, for
any z, y, with ¢ <y <z +1, E;/E, is a locally free Op-module.

The obvious definition of a Y-flat family of locally free parabolic
sheaves (or parabolic bundles) on X is left to the reader.
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2. Preliminaries on trace maps.

2.1. Cup-product and trace maps. In this section we shall
generalize, to the case of parabolic bundles, the description of trace
maps given in [4] for ordinary sheaves.

Let E, be a parabolic bundle on X, and let £nd (E,) be the sheaf
of parabolic endomorphisms of E,. Since £nd (E,) is a subsheaf of
End (E), the usual trace map

tr : End (F) — Ox
restricts to a trace map, denoted by the same symbol,
tr : End (E.) — Ox.

This map, in turn, induces natural maps (also called trace maps and
denoted again by the same symbol)

tr : H(X,&End (B.)) — HY(X, Ox).

For any 7 and j there is a natural cup-product (or Yoneda composition)
map

HY(X,End (E,)) x H (X,&nd (E,)) = H™(X,&End (E.))

and the composition of cup-product and trace is graded commutative in
the following sense: if « € H'(X,End (E,)) and 8 € H¥ (X, End (E.)),
then

(2.1) tr(aoB) = (—1)¥tr (B oa)

as an element of H*(X,Ox).

Analogous maps can also be defined in a relative situation. Let Y be a
locally Noetherian scheme defined over k, and denote by p: X XY — X
and ¢ : X XY — Y the canonical projections. Let F, be a Y-flat family
of parabolic bundles on X.

Then, for any 7 and j, there is a cup-product map

R'q.End (E,) x Riq.End (E.) — R q,End (E.)
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and a trace map
tr : R'q.&nd (E.) — R'q.Oxxy = H'(X,0x) ®), Oy

satisfying (2.1) for any sections a and 3 of the sheaves Riq.End (E.)
and R’q.End (E.), respectively.

2.2. The symmetrized trace map. Let E, be a parabolic
bundle on X. For any integer m > 1 let us consider the “symmetrized
composition map”

(2.2) End (E,) x -+ x End (E,) ~5 End (E.)

m

defined by setting
1
S(¢17¢27 e 7¢m) = W Z ¢a(1) © ¢o’(2) O---0 ¢a(m)7
" 0EG,

where the sum runs over the group &,,, of permutations of m elements.

We define the “symmetrized trace,” denoted by Str, to be the com-
position of S with the usual trace map:

1
(2.3) Str(¢1,d2,...,0m) = — Z tr (Po(1) © Do(2) © " © Do(m))-
' oEG,

The map
(2.4) Str: End (Ey) X -+ x End (E,) — Ox

is totally symmetric and multi-linear.

For m = 2, we have Str (¢1, ¢2) = tr (¢1 0¢2), because the usual trace
satisfies the following symmetry property:

tr (1 0 o) = tr (2 0 ¢1).

The symmetrized trace map (2.4) induces a map, also denoted by Str,
(2.5) . ' .
Str: H'(X,&nd (E,)) x - x H™(X,&End (E.)) — H* T (X, Ox).
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This map satisfies a kind of graded commutativity property similar to
the one stated in (2.1).

Proposition 2.1. Let ¢, € H*(X,&End (E.)), for h = 1,... ,m.
For any integer p, with 1 < p <m — 1, we have:

Str (¢17 D) ¢P7 ¢P+17 ey ¢m) = (_1)ipip+18tr (¢17 DY) ¢P+17 ¢p7 sy ¢m)7
i.e., whenever we mutually exchange two adjacent elements ¢, and

¢pr1, the value of Str acquires the factor (—1)3°8(#p)deg(dpi1) —
(_l)ipizﬂrl'

Proof. The proof is analogous to the proof of Proposition 1.1 in [4]. O

In the sequel we shall be interested in a special case of (2.5). By
taking all ¢5, equal to 1, we get the map

Str: H'(X,End (E,)) x --- x HY(X,&End (E,)) — H™(X,Ox),

m

satisfying

Str (¢1,... 7¢p7¢p+17"' 7¢m) = —StI‘ (¢1,... 7¢p+17¢p7"' ,¢m),

for every p € [1,m — 1].

Since every permutation o of {1,2,... ,m} may be expressed as the
product of a certain number s of transpositions of adjacent elements
Tpp+1, and since the sign of ¢ is given by sgn (o) = (—1)%, we deduce
the following result:

Corollary 2.2. For any m > 1, the map

Str: H'(X,End (E.)) x --- x H (X, End (E.)) — H™(X, Ox)

m

is alternating, i.e., for any permutation o of {1,2,... ,m}, we have:

Str (aa'(l)) Qg(2)y--+ s acr(m)) = sgn (U)Str (ala Qzy ..., Oém)-
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Now let Y be a locally Noetherian scheme defined over k, and let
FE, be a Y-flat family of parabolic bundles on X. The preceding
constructions can be generalized to this relative situation (exactly as
in the case of the usual trace map, described in subsection 2.1). We
leave the details to the reader and just state the relative version of
Corollary 2.2:

Corollary 2.3. Let E, be a Y -flat family of parabolic bundles on X.
For any m > 1, the map
(2.6)
Str: R'q.End (E.) x -+ x R*'q.End (E.) — R™q.(Oxxy)

m

~ H™(X,0x) ® Oy

s alternating.

Remark 2.4. In this section we have assumed, for simplicity of
exposition, that E, is a parabolic bundle (or a family of parabolic
bundles) on X. If, more generally, E, is a parabolic sheaf on X (i.e., if it
is not necessarily locally free), it is necessary to replace the cohomology
groups H*(X,&nd (E,)) with the “parabolic Ext” groups Ext!(E,, E,)
(see [8] for the definition). The construction of trace maps, cup-
products and symmetrized trace maps can be naturally extended to
this more general setting.

3. Vector-valued differential forms. Let Y be a smooth scheme
of finite type over k and F, a Y-flat family of parabolic bundles on X.
In this section we shall define, for any such F, and any integer m, with
1 <m < n=dimX, a vector-valued m-form on Y (more precisely, a
differential form of degree m on Y with values in H™(X,Ox)). Then
we shall prove that these differential forms are closed.

Let us begin by recalling that, for any parabolic bundle F, on X,
the set of isomorphism classes of infinitesimal deformations of Fj is
canonically identified with H!(X,End (F,)). It follows that, for any
family E, of parabolic bundles on X parametrized by Y, there is a
map, called the Kodaira-Spencer map,

(3.1) p:TY — R'q.End (E.),
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that sends a tangent vector v € T},Y to the class p(v) € HY (X, End (E.y))
corresponding to the infinitesimal deformation of the parabolic bundle
E,, along the direction of v.

Now, for any m as above, we define an H™ (X, Ox)-valued differential
m-form Q = Qg, on Y by setting

Q:TY x - xTY — R'q.End (E,) x -++ x R*q.End (E,)
N——————

— H™(X,O0x) ® Oy,

where the first map is induced by the Kodaira-Spencer map (3.1), and
the second one is the symmetrized trace map (2.6). In other words, we
set

(3.2) Qvg, ... ,Um) =Str(p(v1), .-, p(vm)),

for any sections vy, ... ,v,, of the tangent bundle TY. It follows from
Corollary 2.3 that 2 is a vector-valued differential form of degree m.

Remark 3.1. Let E, be a Y-flat family of parabolic bundles on X
and L be a line bundle on Y. We can define another Y-flat family of
parabolic bundles E; on X by setting E, = E, ® ¢*(L). These two
families of parabolic bundles may be considered as equivalent because,
for every closed point y € Y, the parabolic bundles F,, and Eiy on X
are isomorphic. Under these hypotheses, the differential m-forms Qp,
and g are equal.

Remark 3.2. Let us observe that in the definition of g, we do not use
directly the parabolic bundle E,, but rather the sheaf R'q.End (E.).
This is very important because in most interesting applications, when
we take as Y a suitable moduli space of stable parabolic bundles on X,
a global universal family of parabolic bundles E, does not exist, but the
sheaf R1g.End (E.) onY is, nevertheless, well defined (cf. Remark 4.3).
It follows that our definition of the differential form Qg, remains valid
also in these more general situations.

Then we have:
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Theorem 3.3. For any Y -flat family E, of parabolic bundles on X,
and any integer m, with 1 < m < dim X, the construction described
above defines a closed m-form on'Y with values in H™ (X, Ox).

The proof of this result can be obtained by a suitable modification of
the proof of the analogous result for a Y-flat family of ordinary vector
bundles (see [4, Theorem 2.8]).

4. Differential forms on moduli spaces. In this section we shall
apply the results of Section 3 to the construction of closed differential
forms on moduli spaces of parabolic bundles.

Let X be a nonsingular projective variety defined over an algebraically
closed field k of characteristic 0, and let Ox(1) be a very ample
invertible sheaf on X.

In order to construct moduli spaces of parabolic sheaves we need,
as usual, a suitable notion of stability. This was introduced in [6],
where moduli spaces of semi-stable parabolic sheaves were constructed
in great generality. We only state here the results we shall need in the
sequel.

Proposition 4.1. Let us fix a sequence of rational numbers o, =
(o1y...,0p) with 0 < ap < a2 < -+» < oy < 1, and polynomials
H,H,,... ,H;. Then there exists a quasi-projective moduli space PS
parametrizing isomorphism classes of stable parabolic sheaves E, having
a, as system of weights and such that the Hilbert polynomial of E is H
and the Hilbert polynomial of E/F;1(FE) is H;, fori=1,...,1.

Let us restrict our attention to the open subset PB of the moduli space

PS which parametrizes isomorphism classes of parabolic bundles.
Infinitesimal deformation theory for parabolic sheaves (cf. [8]) yields

the following result:

Proposition 4.2. The tangent space Tg, PB to the moduli space
PB at a point E, is canonically identified with the cohomology group
HY(X,End (E.)) and the obstruction to the smoothness of PB at the
point E, lies in H*(X,End (E,)).
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If X is a nonsingular curve, the moduli space PB is smooth because
the obstruction group H2(X,End (E,)) trivially vanishes. The same
thing happens if X is a smooth projective surface with an effective
divisor D such that H°(X,w%"'(—D)) # 0: in this case the vanishing of
the obstruction group is a consequence of the stability of the parabolic
bundle (cf. [3, Proposition 3.2]). On the other hand, when dim X > 3,
the moduli spaces of stable bundles or stable parabolic bundles on X
are usually singular. We shall denote by PB*™ the smooth locus of the
moduli space PB.

Remark 4.3. On the moduli space PB there does not exist, in general,
a universal family of parabolic bundles &,, not even locally in the Zariski
topology. In any case, a universal family &£, on PB exists locally in the
étale topology (or in the complex analytic topology, if £ = C). As
noted in Remark 3.1, these local universal families are not uniquely
determined, in fact they are defined only up to tensoring with the pull-
back of a line bundle on PB. In general, these ambiguities prevent
the local universal families from glueing together to a globally defined
one. On the other hand, when we consider the sheaf of parabolic
endomorphisms End (&, ), these ambiguities disappear, and these locally
defined sheaves glue together to a globally defined one on PB. For
this reason, we shall abuse the notation and write End (£,) even if the
universal family &, does not exist on PB.

With these notations, we can state the global version of Proposi-
tion 4.2:

Proposition 4.4. Let &, be a (locally defined) universal family of
parabolic bundles on PB°™. Then there is a natural isomorphism (given
by the Kodaira-Spencer map)

TPB*™ = R'q,.End (E.).

We can now apply the results of the preceding section to construct
natural differential forms on the moduli space PB°™.

sm

More precisely, by setting Y = P and denoting by &, a locally
defined universal family on Y, we have, for any m with 1 < m <n =
dim X, a vector-valued m-form

(4.1) Q:TPB™ x - x TPB*™ — H™(X,Ox) @ Opgem.
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Let us now assume that, for some 7 < dim X, there exists a nonzero
element o € H'(X, 2%{™). The multiplication by o defines a map

(4.2) H™(X,0x) -2 HT™(X, Q™).

Finally, if we denote by nx € H'(X, Q%) the cohomology class of the
polarization Ox (1), we have a map

n—i—m

(4.3) HA™(X, Q™) "™ HM(X, Q%) = k.

By composing the vector-valued differential form Q with the maps (4.2)
and (4.3), we obtain an ordinary (scalar-valued) m-form, which we
denote by Q,:

Q, : TPB™ X+« Xx TPB*™ — Opgem.

Since the vector-valued form 2 is closed, it follows that €2, is a closed
differential m-form.

We can summarize these results as follows:

Theorem 4.5. Let X be a smooth n-dimensional projective variety.
Foranym < n, i <n-—m, and any o € Hi(X,Q?'m), there is a
naturally defined closed differential m-form Q, on the smooth locus
PB°™ of the moduli space of stable parabolic bundles on X .

Remark 4.6. The construction of the differential m-form Q (hence
also of §2,) can be extended to the smooth locus PS*™ of the moduli
space PS of stable parabolic sheaves. Then, whenever PB*" is a dense
open subscheme of PS*™, the closure of Q on PB*™ obviously implies
the closure of Q2 on PS*™. We conjecture that this is always true, i.e.,
that the m-form Q on PS*™ is always closed.

Remark 4.7. Let us analyze in more detail the construction of 1-forms
on the moduli space PB. Let

(4.4) det : PB — Pic (X)
be the map sending a parabolic bundle E, to the determinant line

bundle of the underlying vector bundle E. Then, for any F, € PB, the
trace map
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tr: HY(X,&nd (E,)) — H'(X,Ox)
is naturally identified with the tangent map to (4.4) at the point E,.

We remark that the choice of an element o € H'(X, Q4!) determines
a (translation-invariant) closed 1-form w, on Pic (X), defined as follows:
for any L € Pic (X), the map

wy(L) : T Pic(X) — k

is given by the composition of the following maps:

n—i—1

HY(X,0x) -2 HVY(X, QY " H™(X,Q%) > k.

It follows that the 1-form Q, on PB constructed from o € H*(X, Q%)
is the pull-back, via the determinant map, of the 1-form w, on Pic (X);
Q, = (det)*w,.

Let us now describe some examples of applications of Theorem 4.5.

Let X be a smooth variety with an effective divisor D, and let us
consider parabolic vector bundles on X with trivial parabolic structure
over D, i.e., vector bundles E with parabolic structure given by

E = F(F) D> F»(E) = E(-D),

and weight o; = 0. In this case the moduli space PB coincides with the
moduli space M of stable vector bundles on X, and the construction of
closed differential forms on PB specializes to the construction of closed
forms on M, described in [4].

As another application let us recall that in [5] Maruyama proved that
a certain moduli space of parabolic bundles on the projective plane,
with parabolic structure over a line, can be identified with a moduli
space of marked SU (r)-instantons on the sphere.

Generalizing this result, Biquard proved in [2] that, for a smooth
projective surface X and an effective divisor D, a moduli space of
irreducible anti self-dual connections on the restrictions to X \ D of
an SU (2)-bundle on X can be identified with a moduli space of stable
parabolic SL (2)-bundles on X. In this case our results can be applied
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to construct natural differential forms on these moduli spaces of anti
self-dual connections.

Let us now describe in more detail our construction applied to the
case of a smooth projective surface X with a holomorphic 2-form
o€ H' (X, wx).

Let D be an effective divisor on X, and let PBB be a moduli space of
parabolic bundles on X with parabolic structure over D. The choice
of o determines a closed holomorphic 2-form €, on PB*™. This 2-form
will usually be degenerate, i.e., it will define a so-called pre-symplectic
structure on PB*™. Giving the 2-form Q, is equivalent to giving the
corresponding “Hamiltonian” morphism

H,(E.): Tg.PB — T}, PB,

for any F, € PB™.
Since T, PB = H'(X,Hom (E., E.)), by the version of Serre du-
ality for parabolic bundles ([8, Proposition 3.7]), we have T}, PB =

HY(X,Hom (E,,E, ® wx(D))), where E, is the R-filtered sheaf de-
fined by setting, for any = € [0, 1],

~ E, if ¢ # a4,
Bo{f et
Eo,, ifz=aq
and by extending the definition to all x € R by setting Ez+1 =
E.(-D).
We remark that there is a natural injective morphism of R-filtered

sheaves R
j:E.— E,®0Ox(D).

For x # q; this is the map
E, > E,® Ox(D)

induced by the multiplication by s, where s is a section defining the
effective divisor D, while for z = a; the map j is given by the natural
inclusion

Eai — Eot-;+1 ® OX(D) = Eai+1*1
defined by the parabolic structure over D.
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Let us now consider the composition of the following maps:

E, -5 E, ®wyx -2 E, @ wx (D).

By applying the functor Hom (EL, -) we get an induced map on the first
cohomology groups

HY(X, Hom (B, E,)) 223 HY(X, Hom (E,, B, ® wx(D))).

Finally, by recalling the construction of the 2-form 2, on PB, it is now
easy to prove that this map is precisely the Hamiltonian map H, (FE.).

Remark 4.8. An explicit description of the Hamiltonian morphism
corresponding to a pre-symplectic structure on PB can also be given
when X is a variety of dimension > 3. We shall describe it very briefly,
skipping all details.

So, let X be a smooth n-dimensional variety, D an effective divisor
on X and o a holomorphic 2-form on X, as above. In this case, Serre
duality implies that Tj, PB =~ H"~ (X, Hom (E., E, @ wx(D))), hence
the Hamiltonian morphism corresponding to the 2-form ., on PB°™
will be a map
(4.5)

H,(E,) : H'(X,Hom (E,, E,)) — H" (X, Hom (E,, E, ® wx (D))),

for any E, € PB*™. To describe this map let us consider the “parabolic
Atiyah class” a(E,) € H'(X,Hom (E., E. ® Q%)) associated to the
parabolic bundle E, (this is the parabolic analogue of the usual Atiyah
class a(E) € HY(X,Hom (E,E ® Q%)) of a vector bundle E). By
repeatedly composing the parabolic Atiyah class a(E,) with itself, we
obtain classes in H'(X,Hom (E., E. ® (Q%)®")), for any i > 1. Then,
by composing with the map induced by the natural map (2%)®* — Q%
we get classes a(E.)" € H'(X,Hom (E.,E. ® Q%)). We can now
describe the Hamiltonian morphism (4.5) (possibly up to a nonzero
constant factor) as the composition of the following maps: first we
consider the map

H'(X,Hom (E.,E.)) — H"'(X,Hom (E., E. ® Q"))
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induced by the composition with the cohomology class a(E,)" 2; then
we compose with the map

H" Y(X,Hom (E., E. ® Q% %) -2 H" (X, Hom (E., E. ® wx))

determined by the wedge product with o € H°(X, Q% ), and finally we
compose with the map

H" Y(X,Hom (E,,E, ®wy)) - H" Y(X, Hom (E,, E, ® wx(D)))

induced by the natural inclusion j : E, < E* ® Ox (D).

As another example let us take m = n = dim X and assume that
there exists a nonzero section o of the canonical line bundle Kx = Q7%.
In this case the map (4.3) is the identity; hence, the n-form €, is given
by the composition of Q in (4.1) with the map

H"(X,0x) % H"(X,Kx) = k.

A vparticularly interesting situation arises when X has an effective
canonical divisor and we take D € |K x|. In this case there is a canonical
choice (up to a scalar multiple) of a section o € H°(X, Kx), namely,
the section defining the effective divisor D. It follows that, on the
moduli space PB*™ of stable parabolic bundles on X with parabolic
structure over D, there is a canonical closed differential n-form Q.

Another special case where there is a canonical choice of the section
o is when the canonical line bundle of X is trivial. In this case the
natural choice for 0 is 0 =1 € H°(X, Kx) & k. It follows that, in this
case too, there is a canonical n-form on the moduli space PB*™.
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