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Introduction

Let R be a complete discrete valuation ring with perfect residue field & of positive character-
istic p and field of fractions K. In this paper we consider a K-1-motive Mg as in [15] and its
associated Barsotti-Tate group. This last does not in general extend to a Barsotti-Tate group
over R. However, with some assumptions, it extends to a logarithmic Barsotti-Tate group over
R. This follows from [15] and Kato’s results on finite logarithmic group schemes. Once chosen
a uniformizing parameter 7w of R, any logarithmic Barsotti-Tate group over R is described by
two data (G, N) where G is a classical Barsotti-Tate group over R and N is a homomorphism
of classical Barsotti-Tate groups. Moreover, if R = W (k), N induces a W (k)-homomorphism
N: M(Gy) — M(G},) on Dieudonné modules such that FAN'V = N and N2 = 0. In the first
part of the paper we recall these constructions and we show how to relate N with the “geomet-
ric monodromy” introduced by Raynaud. In the second part of the paper we give an explicit
description of A in terms of additive extensions and integrals. In the last part of the paper
we describe how to recover the logarithmic Barsotti-Tate group attached to a 1-motive from
concrete schemes endowed with a suitable logarithmic structure.

1. 1-motives

Definition 1. Let S be a scheme. An S-1-motive M = [u: Y — G] is a two term complex (in
degree -1, 0) of commutative group schemes over S such that:

i)Y is an S-group scheme that locally for the étale topology on S is isomorphic to a constant
group of type 7",
it) G is an S-group scheme extension of an abelian scheme A over S by a torus T,

1) u is an S-homomorphism'Y — G.

Morphisms of S-1-motives are usual morphisms of complexes.
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Definition 2. Let My be a K-1-motive. One says that My

i) has good reduction if My extends to a 1-motive over R, i.e. if
— Yk is not ramified over R,
— T, has good reduction over R,
— Ak has good reduction over R,
—ug extends to a homomorphism u:Y — G.
(Hence G extends to a semi-abelian R-group scheme G.)

i1) has semistable reduction if
— Yk is not ramified over R,
— Tk has good reduction over R,
— Ak has semistable reduction over R.
(Hence G extends to a smooth R-group scheme with semi-abelian special fibre.!)

i11) has potentially semistable (resp. good) reduction if it acquires semistable (resp. good) reduc-
tion after a finite extension of K.

) is strict if Gx has potentially good reduction.

Observe that any K-1-motive has potentially semistable reduction. However, even if we allow
base change, the morphism ux does not in general extend over R. A simple example is the Tate
curve ug : Z — Gy, ik with ug (1) = 7 the uniformizing element. It has semistable reduction but
no good reduction.

In the following we will consider only K-1-motives or R-1-motives. For more details see
Raynaud’s paper [15]. We recall now a definition from [10] 4.6.1.

Definition 3. A log 1-motive over R is a triple (Y,G,uk) where Y, G are commutative group
schemes over R with Y (resp. G) satisfying condition i) (resp. ii)) in Definition 1 for S =
Spec (R) and uk: Y — Gk is a homomorphism on generic fibres.

Observe that if (Y, G, uk) is log 1-motive then [ugx: Yx — G| is a strict K-1-motive.

1.1. The Barsotti-Tate group attached to a K-1-motive

Let n be any positive integer and denote by , H the kernel of n-multiplication on a group H. For
any K-1-motive Mk = [ux: Yk — Gk one can construct an exact sequence of finite n-torsion
group schemes over K:

(1) n(n7uK): 0—,Gx — Mg — YK/NYK — 0
where , M is the cokernel of the homomorphism

Y () Yk Xay GK;

L Cf. [15] §4.
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here the fibre product is taken with respect to ux on Yx and the n-multiplication on Gg. As
explained in [15] 3.1, , Mg is the H"1(C(M,n)) with C(M,n) the cone of the n-multiplication
on the 1-motive Mk, i.e.

CM,n): Yk, — Yx®Gg — Gk
y = (—nz,—uk(y))
(¥,9) = uk(y) —ng

in degree —2, —1, 0.

Definition 4. The p-divisible group or Barsotti- Tate group of the K -1-motive My is im(pm M ).

In the previous notations we have then an exact sequence of BT-groups:

0 — lim(pmGg) — lim(p,m M) — lim(Yx /p™Yik) — 0.

It is clear that if My has good reduction then lim(, Mg) extends to a BT-group over R. We

want to understand what happens in the general case. We state now a result that we will need
later.

Lemma 1. Let notations be as above.
i) Consider the following diagram obtained via push-out by uk:

—n

0 Yx Yk Yi /nYK —0

P l

0——=Gg ——=Yg Iy, Gk — =Y /nYx ——0

The short exact sequence n(n,ur) in (1) is isomorphic to the sequence of kernels for the
n-multiplication of the lower sequence.
ii) Consider the following diagram obtained via pull-back by uk

0 nGK Yk Xgy Gk —= Y ——0
0 nGK Gk - Gk 0

The short exact sequence n(n,ug) in (1) is isomorphic to sequence of cokernels for the
n-multiplication of the upper sequence.

Raynaud shows in [15] that to any K-1-motive it is possible to associate in a canonical way a
K-1-motive with potentially good reduction M} having the same BT-groups. His construction
makes use of rigid analytic methods. As a consequence, working with BT-groups attached to a
K-1-motive, one can always assume the K-1-motive to be strict. We will do so in the sequel.
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1.2. Geometric monodromy

Given a strict K-1-motive, the failure of good reduction is controlled by a pairing, the so-called
geometric monodromy. To define it we need to recall some facts on the Poincaré bundle.

Remark 1. Let My = [ug: Yk — Gk] be a K-1-motive with Y% be the group of characters
of the torus part Tx of Gk and Ak the abelian variety Gx /Txk. It is known? that to give a
1-motive as above is equivalent to giving morphisms hx: Y — Ak, hjc: Vi — Aj (with A%
the dual variety of Ax) and a trivialization si: Yi X Y5 — Pg of the pull-back via hx x hi, of
the biextension Pk . Suppose that Gx has good reduction. Then both Ak and the dual abelian
variety A} have good reduction and the Poincaré bundle Pk extends to a biextension P in
Biext! (A4, A*; G, r) on Néron models. Also hy, h}; extend to morphisms h, h* over R and the
pull-back of P via h x h* provides a biextension PY in Biextl(Y, Y*; Gy, r). Moreover this is
trivial on generic fibres because of the existence of the trivialization sg.

Definition 5 ([15] §4.3). Let M = [ux: Yk — Gk be a strict K-1-motive and Y3 the group
of characters of Tk . The geometric monodromy of My is a morphism

(2) p:Ye @Y — Q
defined as follows:

i) Suppose that G has good reduction. Then PY € Biext!(Y, Y*: G r) is trivial on generic
fibres (see Remark 1). Hence the biextension PY is the pull-back of

0—=Gnr—6G—iZ—0

via a unique® py € Hom(Yx @ Y3, Z) = Hom(Y @ Y*,i.Z) = Biext’(Y,Y*;i.Z). One sets
K= Ho-

ii) In the general situation, Gi reaches good reduction after a Galois extension K’ of K. Now
the monodromy on K' is compatible with Galois action and can be descended to a p as in

(2).

Observe that Q has to be thought of as the group of values of the valuation of the algebraic
closure of K with Z the group of values assumed on K.

Let K" be the maximal unramified extension of K, v: (K"™)* — Z the valuation and R""
its valuation ring. Observe that in the hypothesis of ¢) there is a valuation vp on Px (K"") and
that 10 = vp o sk holds. Moreover if the abelian part is trivial, then Px = G, k', hx and hj,
are the structure morphisms and sg: Yx @ Y& — G, k is the usual pairing (y, y*) — y*(y).
Hence po(y,y*) = v(y*(y)). These results can be generalized. See also 4.6/6 in [15].

Lemma 2. Let notations be as above. Suppose that Gg has good reduction over a finite field
extension L of K. Then the geometric monodromy pairing u coincides with the pairing

Vi ®Vi =@ (5y") = tunly (1)

2 See for example [3] 10.2.14 and [1] I, 2.3.3.
3 Notations are those in [6] VIII; we used that Biext' (Y, Y™*; G) = Biext' (Yi, Yi5; G ).
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where e is the index of ramification of L/K, vy, is the extension of the valuation of L to L',
t € Ti(L"™) is any point whose image in the component group Z of Trun (as well as of Grun)
coincides with the image of uk (y) and y*(t) € (L"™)* for any y*: Tpum — Gy pun.

Proof. We may reduce to the case L = K. As explained above po(y,y*) is obtained via the
valuation on P (K"). Consider the push-out

(3) 0 Tk Gk Ax 0
T
OHGm,K Gy* AK 0

where Gy« = Pr|ay xh+(y+)- The valuation vp on Pg (K"") restricts to a vy~ on Gy~ (K"™") and
to (Y, ¥*) = vy=(gy« © ur (y)) holds. Let now ¢ € T (K"™) be a point having the same image as
ur (y) in the component group Z?. Then one has is vy« (gy« o ux (y)) = v(y*(t) for any character
y* and uk (y) —t € G(R™). To conclude it is now sufficient to observe that vy o g is zero on
G(R"™) and that v(y*(t)) = vy« (gy«t). O

1.3. Devissage

Once having realized that the defect of good reduction is controlled by the geometric monodromy;,
Raynaud explains, under the hypothesis that the geometric monodromy takes integer values, how
to decompose a strict 1-motive into the sum of two 1-motives, the first having potentially good
reduction and the second codifying the monodromy.

Theorem 1. Let My = [ug: Y — Gk| be a strict K-1-motive such that the geometric mon-

odromy 1 factors through Z. Then for any choice of a uniformizing parameter m of R there is a
canonical decomposition

(4) UK = U+ U
where u%ﬂ factors through the torus part Tk and is given by the formula

u%ﬂ: Yk — Tk = Hom(Yg, G k) - Gk
(5) y = (y" )

while u}(’ﬂ has potentially good reduction.
Proof. [15], 4.5.1 O

Remark 2. If both Gi and Yi have good reduction (i.e. if Mg comes from a log 1-motive), the

geometric monodromy factors through Z and the 1-motive u}(ﬂr in the previous decomposition

has good reduction.
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Remark 3. Let notations be as above and p: Gx — Ak be the morphism of G in its abelian
quotient. It is clear that pouyx = pou}(’w has potentially good reduction. Moreover the push-out of
n(n, ug) with respect to p,,: nGx — nAk (the restriction of p to the kernels of n-multiplication)
is n(n, p o ugk ). More precisely we have:

(6) nTK nTK
n(n,uk): 0 nGK n My —2 Y /nYr —0
J{pn \Lg
n(n, poug): 0 nAK WM ! Yk /nYx ——0

Suppose that the hypothesis of Theorem 1 holds. We wish to compare the sequence of finite
n-torsion group schemes n(n,ux) in (1) associated to ux with the sequences associated to u}(ﬂr
and u%(,w.

Lemma 3. Let Mg : [uk: Y — Gk| be a strict K-1-motive such that the geometric monodromy
factors through Z. Let ug = uy . + u% . be the decomposition of Theorem 1. Then n(n,ux) is
isomorphic to 1(n, uf ) + n(n, uy ) where + denotes Baer’s sum.

Proof. Consider the homomorphism
HOID(YK, GK) i) Eth(YK, nGK) = EXt%/nZ(YK/nYK, nGK)

that associates to a 1-motive ug the pull-back of 0 — ,Gx — Gk LGk —0 by ug, resp. the
sequence of cokernels of such pull-back. Here the subscript Z/nZ stands for extensions in the
category of Z/nZ-modules. We have already seen in Lemma 1 ii) that the isomorphism class of
n(n,ur) is O(ug). The result follows from the fact that 9 is a homomorphism. 0O

Lemma 4. Given a K-1-motive ug: 7" — ng,K; (the isomorphism class of) the sequence
n(n,uk) extends over R if and only if u%{’w is divisible by n, i.e. if and only if n(n, U%{w) 18

isomorphic to the trivial sequence.

Proof. Recall the following diagram

Hom(Z", G, z) —> Hom(Z", GZ, ) —2—> Ext'(Z", p? ) —> 0

| | |

Hom(Z", GY, o) —"> Hom(Z", G, ;) —2= Ext"(Z", p? 1) —>0

| |

Zrd Zrd
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where as above 0 is obtained by pull-back. Suppose now that n(n,ux) = d(ux) extends over
R. The same is true for n(n, “}mr) because u}ﬂw has good reduction and hence also n(n,u%(’ﬂ)
extends over R. Let wg be a 1-motive with good reduction such that n(n,wx) = n(n, u%k ).
Define w} = wg — u%(’ﬂ; observe that this is also the Raynaud decomposition of w} and that
d(wl) = 0. Hence there exists a 1-motive wf such that n - wf = wi. Let wf = wk . + wk ,
be Raynaud’s decomposition. It is clear that the n-multiplication preserves Raynaud’s decom-
positions and hence n - wy . = wg while n - w} = —uf . Hence uj . is divisible by n.
O

1.8.1. Geometric monodromy a la Kato. In the following we will work with group schemes as
sheaves of Z-modules on the flat site. We wish to understand better the K-1-motive u%’ﬂ in (4)
in order to compare Kato’s monodromy and Raynaud’s monodromy.

Given an étale group scheme Ny isomorphic to some Z" over an algebraic closure of K,
denote by N). the étale group scheme Hom(Ng,Z) and by NP its Cartier dual. We have
ZVP = G, ¢ and NP = Ng ®z G, k. The geometric monodromy p: Yx ®z Yz — Z of ug,
provides a morphism

(7) v: Yg — Hom(Y3,Z) =: (Yi)Y
y — uly,—)
and hence a morphism of tori
(®) vRid:  Yg ®2Gmi — (Y£)' @2 G i = (V)P = Tk.

Let Hg (1) denote the Cartier dual of the Pontrjagin dual* for any finite étale K-group scheme
Hg. Then p, = Z/nZ(1) and if n kills Hx one has Hy (1) = Hg ®z/nz M,,. Hence we can
introduce a “monodromy” homomorphism of level n

(9) Up: YK/nYK(l) =Yg ®z p,, — (Yié)v ®z 1y, = nTk (‘_’ nGK)

as the restriction of v ® id to the n-torsion subgroups. It was defined in [15] 4.6.
Consider now the Tate 1-motive

72— Gp g, 11— .

It is clear from (5) that u% . has the following factorization

Ty :=idy, Q7 r®i L
(10) Y o —F Y ®7 G,k iy (Y)Y @2 Gm g =Tk — Gk
Y — YR — w(y, —) ®Qm = )

where v was defined in (7).

Lemma 5. Let (Y,G,ugk) be a log 1-motive and denote by v: Ty — G the torus part. Then
the homomorphism

Hom(Y,G) x Hom(Yx ® Gy, k', Tk) — Hom(Yk, Gk)
(11) (ulawK) — u}<+bowKo7ry

s an isomorphism.

4 The Pontrjagin dual of Hy is Hom(Hx,Q/Z).
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The homomorphism 7y was defined in (10).

Proof. The surjectivity is clear because any homomorphism ux on the right hand side represents
a K-1-motive and we have just seen how to decompose ux as sum of a 1-motive u}(ﬂr and a
l-motive u% , = to(r®id)omy, with v the monodromy homomorphism. In our hypothesis u .
extends to a R-1-motive ul. Hence ug is the image of the pair (ul,v ®id). For the injectivity:
the first group on the left injects into Hom (Y, Gk ), so we are reduced to showing that given a
wg € Hom(Yx ® Gy, k, Tk) the K-1-motive ¢ o wg o wy has good reduction if and only if wx
is trivial. Denote by p(wg) the pairing corresponding to wg via the canonical isomorphisms

HOHI(YK (24 Gm,K, TK) = HOHl(Y;;-, Y]\(/) = HOIH(YK X YI?? Z)

The image of (0,wg) via the map in (11) is a K-1-motive; let u(wg) denote its geometric
monodromy. Such K-1-motive has good reduction if and only if pu(wg) = 0 and this last occurs
if and only if wxg =0. O

We restrict again to the consideration of the 1-motive w: Z — G, x, 1 — 7. Observe that
it satisfies the hypothesis of remark 2 and that in this case U}(,w is trivial. Let denote by

(12) Onr: 0=, = nEx — Z/nZ — 0

the short exact sequence n(n, ). The following results will be used in Theorem 4 to compare
Raynaud’s monodromy and Kato’s monodromy.

Theorem 2. Let n be a positive integer and 9:{,1{ the short exact sequence just defined. Suppose
that ui is a strict K-1-motive as in Theorem 1 with ux = u}gﬂ + u%wr its Raynaud decomposi-
tion.

i) The geometric monodromy of ux and the one of u%{,w coincide.

it) The short ezact sequence n(n,u% ) associated to My = [u% .: Y — Tk] is isomorphic to
the push-out via v, of the sequence

Ok @z/mz Y /YK 0 — pp @z/n7 Yo /0YK — 0Bk Qz/mz Yie /YK — Y /nYK — 0

Proof. The first fact follows immediately from the definition of u% . For the second assertion,
consider the factorization of uﬁfﬂr described in (10). It says that there is a commutative diagram

n(n, wy): 00— (YR)" nMF Y /nYg —0
77(7% u%{m—) : 0 nTK nMIQ( YK/nYK —(

where M = [my: Yk — Yk ® Gy, k]. It is clear that n(n,7y) = 027K ® Yk /nYk by definition
of wy . Hence n(n, u%ﬁr) is isomorphic to vy, (6], x ® Yk /nYk), i.e to the push-out via v;, of the
sequence 0] x ®z/nz Y /nY. O
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Corollary 1. Suppose furthermore that Y and Gg have good reduction and consider the fol-
lowing homomorphism

v Exté/nz(%,nG) X Hom(nYTKK(l),nGK) — EX‘C%MZ(%,"G;{)
(13)

(n' , h) = Mk + (0] x Oz/nz )

where N}, means the restriction of n' to generic fibres.

i) If ug: Y — Gk is a K-1-motive with Raynaud decomposition uyx = u}(m + uﬁ(,ﬂ, then the
class of n(n,ux) lies in the image of W. More precisely it corresponds to the pair (n(n,ul),vy)
where v, is the “monodromy” homomorphism of level n as in (9) and ul is the R-1-motive
that extends U}(,w-

i) If Yk 27" and G = ng,}@ then ¥ is an isomorphism.

Proof. The first assertion is an immediate consequence of the previous Theorem, part i). We
restrict then to the case ,Gx = qu and Y /nYx = Z" /nZ". For the surjectivity it is sufficient to
remark that any extension class on the right is represented by a n(n, uk) for a strict K-1-motive
ug because of the vanishing of H'(K, an’K) = Extl(Z,Gf,ln’K). For the injectivity: the group
of extensions on the left injects in the group of extensions on the right. It remains to check
that h.(0] x ® Z"/nZ") extends over R if and only if h = 0. Now, h: p; — pnd extends to
many homomorphisms f : mK an,K. Choose one of them and let ug: Z" — an,K be
hy oy with w7 as in (10). It is clear that h coincides with the monodromy homomorphism
of level n of the K-1-motive u. By hypothesis n(n,ux) = h. (0]  ® Z"/nZ") extends over
R. Hence ugx = uj, + % , with u . divisible by n (see Lemma 4). This implies that the
monodromy of ux that equals the monodromy of u%(m is a multiple of n and hence its monodromy
homomorphism of level n is trivial, i.e. h=0. O

Theorem 2 ii) and its corollary are the only original results of the first part of this paper.
They become interesting once one realizes that Kato proves an analogous result for extensions
of finite logarithmic group schemes (cf. Theorem 3). The comparison of these two results makes
it possible to extend ,, Mk to a finite logarithmic group scheme over R.

We close this section by giving an example that should clarify all the previous constructions.

1.8.2. Tate’s curve. Let n be a positive integer and
ug:Z —Gug; leg=er”t 0<s<n-1, 0<r, e€R*

an elliptic curve with split multiplicative reduction. The canonical decomposition of Theorem 1
provides u%(m: Z — Gp i, 1 — 75 and u}(m: 7 — Gk, 1+ €. The geometric monodromy
w:Z @7 — 7Z depends only on ur‘;(ﬂr and it sends 1 ® 1 to rn + s. The “monodromy” homo-
morphism of level n, v,,: Z/nZ @ p,, = p,, — W, is the s-multiplication. It is also clear that
n(n, U%mr) is isomorphic to s - 07 .
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2. Finite logarithmic group objects

For the theory of logarithmic spaces we refer to [12] and [9]. We need also some definitions and
results in [7], [8].

Let m be a fixed uniformizing element of R and T the spectrum of R with the standard log
structure given by the chart N — R, 1 — 7. Denote by TfllOg the logarithmic flat site over T.

A finite (representable) logarithmic group G over R is a sheaf of abelian groups over Téog that
is represented by a fine saturated log-scheme over R, log flat and of Kummer type over R so
that its underlying scheme is finite over R. For an example, consider Tate’s elliptic curve Ex
defined via 7w: Z — Gy, i, 1 +— 7. Kato shows how to extend Ex to a group object E™ in the
category of valuative logarithmic spaces over R. This is explained by Illusie in [12] 3.1. The kernel
of n-multiplication on E”, denoted by ,(E"), is obtained via log blow-ups from a logarithmic
space having

_1 Rz

_ n—1 7

(14) nE = SpeC <€Bi:0 (.T?—?TQ)

as underlying scheme. Moreover there is a short exact sequence of finite logarithmic groups given
by

(15) 0r: 0—Z/nZ(l) — ,(E") = Z/nZ — 0.

(cf. [12] 3.2.1.4) whose restriction to generic fibres is the short exact sequence 6] - that we used
in Theorem 2 (cf. [12] 3.2.1.4.).

Let now F' (resp. H) be n-torsion finite (resp. finite étale) group schemes over R endowed
with the inverse image log structure. A result of Kato (cf. [7] p. 84) says that extensions (of
sheaves in Tj®)

ne: 0—-F—-G°% - H-0

correspond bijectively (up to isomorphisms) to pairs (G, N) where
' 0> F—-G'—H-0

is a classical extension of group schemes over R and N: H(1) — F' is a morphism of R-group
schemes where H(1) = H ®z/,7 p,,. Moreover n'°¢ is the Baer sum of 7! and the push-out by
N of the extension 0] ®z/,z H.

Theorem 3 (Kato). Let notations be as above. There is an isomorphism

Extgn(H, F) x Hom(H (1), F) = Extyus(H, F)
(', N) = 0%+ N0 ® H)
Proof. cf. [7]. O

Observe that the statement of this theorem is similar to that of Corollary 1. We will explain
in Theorem 4 that they are deeply related. Before proceeding we need the following result.
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Lemma 6. Let Mg = [uix: Yk — Gk| be a K-1-motive and suppose that it comes from a log
1-motive (Y, G, ug). Having fired a uniformizing parameter © of R, let ux = u}(’ﬂ + “%(,w be
Raynaud’s decomposition of Theorem 1. Then:

i) u}(,ﬂ extends to a R-1-motive ul;

it) The monodromy homomorphism of level n of uk, i.e. vy: Y /nYx (1) — .Gk, extends to a
homomorphism v, g: Y/nY (1) — ,G.

Proof. Both assertions are evident because it follows from the hypothesis that the torus part Tk
of Gk extends to a torus over R; hence also its group of characters Y} extends to an étale group
over R, say Y*. This implies that the geometric monodromy takes values in Z and it extends to
a biadditive map Y ® Y* — Z over R. This last provides the homomorphism v,, g we are looking
for. O

We can now state the relation between Raynaud’s geometric monodromy of a K-1-motive
and Kato’s monodromy of its logarithmic BT-group.

Theorem 4. Let Mk = [ug: Y — G| be a K-1-motive coming from a log 1-motive (Y, G, uk).
Let v, g be the homomorphism in Lemma 6 with ul:Y — G the R-1-motive that extends the
ug . of Raynaud’s decomposition.

The sequence n(n,ux) in (1) extends (up to isomorphisms) to a sequence of finite loga-
rithmic group schemes and precisely, in the notations of Theorem 8, to the one associated to
(n(nv u}r), VmR)'

In particular, v, (i.e. Raynaud’s monodromy homomorphism of level n associated to uy ) is
Kato’s monodromy homomorphism N restricted to generic fibres.

Proof. We know from Lemma 3 and Theorem 2 that n(n,ux) is isomorphic to
1(n, wjc ) + (n)« (0 ® Yic /nYic).-

Moreover, as u . extends to an R-1-motive ul (cf. Lemma 6) also n(n, u ) extends to a se-
quence of classical group schemes n(n,ul); on the other hand the sequence 07 x in (12) extends
to the sequence of logarithmic groups that we denoted by 67 in (15). Hence the sequence of loga-
rithmic groups n(n, ul) + (vy.g)«(0F @Y /nY) restricted to generic fibres is (up to isomorphisms)
n(n,ug). O

As all constructions above behave well with respect to inclusion homomorphisms ,m Mg —
pm+1 M we can conclude that:

Corollary 2. With hypothesis as above, let M' denote the R-1-motive [ul:Y — G]. The
BT-group of ug, lim(,m Mg ), extends to a logarithmic BT-group lim(p,m M, vym r) where lim,m M*

is the BT-group of M}.

Remark 4. As suggested in [10] 4.7 in the case of equal characteristic p one could use the previous
corollary for giving an alternative construction of the functor Dj,4 in loc. cit. that associate to
a log 1-motive over R a Dieudonné crystal.
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Remark 5. Let F = (Z/nZ)" and H = p¢. The decomposition in Theorem 3 restricted to generic
fibres coincides with the isomorphism of Corollary 1. In particular this is true working with the
K-1-motive Ex = [ug: Z — Gy, k| given by 1 — g = en™" ™%, 0 < s <n — 1,e € R*. The kernel
of n-multiplication , Ex extends (up to isomorphism) to a finite logarithmic group (, E, N)
where N is the s-multiplication on u,, and ,, £ is the finite group scheme that lies in the middle
of n(n,ul) for ut: Z — G p, 1— e

3. Monodromy on Dieudonné modules

Throughout this section R = W(k) and Mg = [ux: Yk — Gg] will be a fixed K-1-motive
with Y =2 Z". We will suppose that Gx has good reduction and its extension over R, G,
has split torus part of rank d > 0. We have seen in Corollary 2 that under these hypotheses
the BT-group M g (p) := li_r)n(pm M) associated to ug extends to a logarithmic BT-group, say

M (p)'°® = (M (p), N) where M(p) = liln(pm M}) is a classical BT-group over R and
N:Y ®z ppe — Y @ ppee — lim(pm Q)

is the monodromy homomorphism: the first morphism is vz ® id where vy is the extension of
v: Y — Y3 in (7) over R, which exists since Y, Y}: are unramified.

3.1. The identification of Dieudonné modules of Q,/Z, and pye

For the theory of Dieudonné modules we refer to [5]: If G is a BT-group over k, its Dieudonné

module is M(G) = Hom(G, W k), where Hom means homomorphisms of k-formal groups. In
particular, M((Qp/Zp)r) = (W (k) is a free W (k)-module of rank 1 whose canonical generator

¢ is the natural embedding of (Q,/Z,)) in CW), once Q,/Z,, is identified with CW (F,); more

precisely, ¢ corresponds to the covector y = (...,y_2,y_1) € C/ﬁ/k(k(@?/zl’) defined by y_; =
Zaer/Zp a—;fa, where fo(b) = dqp is the Kronecker delta.

Let us recall that elements of M((G) can also be described as isomorphism classes of rigidified
extensions of G by G, (as fppf sheaves, cf. [11] §5.2 or [13] §15). Given a ¢ € M(G), the
corresponding additive extension is obtained as the pull-back via ¢ of the extension

OHGakaC/ﬁ/kia\ﬁ/kﬂo

where V' is the Verschiebung of CwW k; it will be denoted by cngod . In particular, one can prove
that the extension

40— Gap — F — (Qp/Zp) — 0,

is isomorphic to the push-out of

(16) ot 0= Z — Z[1/p| L Q,/Z, — 0
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via the canonical homomorphism Z — G, . Let o: Q,/Z, — Z[1/p] be the section of f such
that 0 < o(a) < 1, for a € Qp/Z,. The factor set of (e (and hence of (24%) corresponding to
the section o is then

(17) 7 (Qp/Zp) X (Qp/Zp) = Z ( = Gar), (a,0) = [o(a) +0(b)]

where square brackets mean integral part. The extension ¢3%! has a canonical lifting (¢3%!)r

to R obtained as the push-out of (p~ in (16) (now as a sequence over R) via the morphism
Z — Gg,g. The restriction of (C;‘éiod) g on generic fibres splits, and the map

h: imZ/p'Z = Q,/Zy — Gax, avr o(a)

is the trivialisation. Let K[X] be the affine algebra of G, x and let h} : K[X] — KZ/?'Z i > 0,
be the corresponding K-homomorphisms; one gains an element

(18) X)) = S o(a)fe € K%/% = limK/7'%,
a€Qp/Zyp

If P denotes the coproduct of K@ /Z» then

Ph*(X) — 180" (X) = h*(X)@1 = Y [o(a) + o(b)|fa®fy € RO/ “r QR 2,
a,beQy,/Zy

this tells us that 2*(X) is an integral of second kind® of R%/Z».

Moreover, the covector y, and hence ¢, can be recovered from h*(X). In fact by a direct
computation one can check that h*(X) = >°7°, p*iﬂfi, where j_; € R%/%» is a lifting of
y_; € kO/%.

Also the Dieudonné module of p,e is a free W (k)-module of rank 1. Let R[[Y]] be the affine

algebra of p,ec g, where Y is the canonical parameter and let I(Y") € Z,)[Y] be the Artin-Hasse
logarithm of 1 +Y, i.e.

exp(—I(Y) —p (V)P —p A —...)=1+Y,

then, M((ppe)i) = 6W (k), where 6 = (...,1o(Y0),10(Y0)), and ly(Yp) is the image of {(Y") in the
affine algebra of ptpe k.

Let us remark that —log(1+Y) = I(Y) +p~H(Y)P —|—p’2l(Y)p2 + ... is the integral of first
kind of (pp)r obtained by lifting 4.

Let (Qp/Zp)y, = lim(Z/p"Z), be the Pontrjagin dual of (Qp/Zy)x; then ppe i is the Cartier
dual of (Q,/Z,)); as a consequence there exist two perfect pairings of W (k)—modules:

(= =)ot Mppoe ) xM((Qp/Zp)i) = W (k) (=, =)p : M((Qp/Zp)i) xM((Qp/Zp)i) — W (k).

5 We recall that given the algebra A of a formal group over R, an integral of the second kind of A
is an element f € A®pK such that df € 2r(A) and Pf — f®1 — 1&f € ARA, where P denotes the
coproduct in A; we will denote by I>(A) the R-module of integrals of the second kind. Moreover if
Pf — f®1 —1&f =0, f is called an integral of the first kind.



14 A. Bertapelle, M. Candilera, V. Cristante

We will denote by
(19) id(1) : M(papes 1) — M((Qp/Zp)r)
the W (k)—isomorphism such that
(m,n)c = (id(1)(m),n)p
for every m € M(ppe 1) and n € M((Q,/Z,))). One can check that id(1)(d) = ¢, so that
Foid(1) oV =id(1).

3.2. Monodromy and additive extensions

We want to define a W (k)-endomorphism of the Dieudonné module M(M (p);) depending on
the monodromy N. (See also [7] 5.2.2.) We proceed as follows:

X M(Ng) idy (1)
MY vV ® lllpoo’k) e MY ®z Ilfpoo’k) A MY ®z Qp/Zp)k

| |

M(M(p)g) oo Mo MM ()

where the vertical map on the left comes from the obvious inclusion
Y@ ppn gy = hin(p’“Tk) - lil)ll(pmMTlﬁk)
and the vertical map on the right is obtained from the projection
hin(pm M;k) —Y Qz (QP/ZP)IC'
Recall now that both Y and Y* are constant groups and hence
(20) MY™ @ ppoe ) = Y @ M(ptp= i), MY ® ppoe i) = VY @2 M(ppoe 1)-

The morphism M(Ny) is then
M(Ny) = vV ®id,

where vV: Y* — YV comes from the geometric monodromy g and is the transpose of v in (7)
(on special fibres). Using decompositions as in (20) we can define

(21) idy (1) :==id ®id(1): YV @ M(ppee ) — VY @ M((Qp/Zyp) )

where id(1) is the canonical identification explained in (19). The map idy (1) is an isomorphism
of W (k)-modules such that F oidy (1) o V =idy (1) and the dotted arrow N turns out to be a
W (k)-homomorphism such that N? =0 and FNV = N.

We want now to describe how the composition idy (1) o M(Ny) works: Given an element
X®0 €Y ®M(mye i), with § the canonical generator of M(pt,e 1),

(idy (1) o M(Nk)) (x ® 0) = idy (1) (" (x) @ 6) = v (x) ® .
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Remark 6. The construction above could also be done restricting to kernels of p™-multiplication
p» M and hence working with the monodromy homomorphism of level p”,

Vpn 2 Y QL[Pp"L — Y™ @ pyn.

This is what Kato does in [7] 5.2.2. Hence the construction above is simply a way to summarize
Kato’s construction for all p™.

The element vV (x)®¢ € YV OM((Qp/Zy)r) = M(Y ®(Q,/Z,)i) can be described in different

ways; we give here some examples without proofs:

i)

ii)

iii)

If we interpret it as extension of Y ® (Q,/Z,)i by the additive group G, , vV (x) ® ¢ is
represented by the pull-back of the sequence C;*god with respect to
¥ (x),1d): Y @z Qp/Zp — Qu/Zy.

Given an extension of Q,/Z, by G, x, the push-out with respect to the m-multiplication and
the pull-back with respect to the m-multiplication provide isomorphic sequences. In a similar
way one proves that the sequence (vV(x),id)* ggod is also isomorphic to the push-out with
respect to (#V(x),id) of the sequence ¥ ® (244

Starting with the 1-motive 7: Z — G, i, consider the sequence

0— G,k = Fxk = Qp/Zy, — 0

obtained first applying push-out p,n — G, x to the sequence n(p™,m) as in (1) and then
passing to limit on Z/p"Z. The sequence extends over R (passing to Néron models) and then
provides a sequence on component groups

0—Z— ¢p —Qy/Z, — 0

over k that coincides with the opposite of the sequence (e in (16). The minus sign depends
on Lemma 1.

More generally, given the 1-motive ufr i Yg — Tx and a character xy € Y*, the sequence
vV (x) ® ( is obtained as follows: first consider the push-out ,»Tx — Tk in n(p™, uer) and
then pass to limit on Yy /p™Yx. At this point we have a sequence

(22) 0—Tk = Fx - Yk ®Qp/Z, — 0.

Passing to Néron models and taking the induced sequence on component groups we get a
sequence

(23) 0—-Y* - ¢r - Y ®Q,/Z, — 0.

This sequence is nothing else than the opposite of push-out with respect tov: Y — Y*V of the
sequence Y ®(pe. Once fixed a character x € Y*, we can consider the induced homomorphism
xV:Y*V — Z (evaluation at y). Now the additive extension turns out to be opposite of the
push-out of (23) via the composition of x" with the canonical homomorphism Z — G .
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iv) We can also describe vV (x) ® ¢ in terms of integrals of the second kind generalizing what
was done in (17) and (18).
Once fixed an isomorphism Y = @;Ze;, the factor set v in (17) provides a factor set of
Y ® (e

Yov: Y®(Q,/Z,) XY ®(Q,/Z,) - Y ®z7Z,
<Zez®az,§:ez®bl> > Zel® [O’(az)ﬂ-()’(bl)]

and hence a factor set

Y ®(Qp/Zp) XY ®(Qp/Zy) — Ga,rs
(24) (Z € ®ai,zei ®bz‘> — Z[a(ai) + o (b)) u(ei, x)

of (¥V(x),id).(Y ®C§§od). This factor set becomes trivial on generic fibres and a trivialization
is given by
h: Yk @ Qp/Zp — Gox, Zei ® ai — pleq, x)o(aq).

If we read this trivialization in terms of formal groups and then pass to the affine algebras,
h corresponds to a K-homomorphism

nre K[X] N K@i@?/zpei7 X — Z Zu(ei,x)a(ai)fa
a€D;iQp/Zype;

where f,: ®; Qy/Zpe; — K is 1 in a and 0 otherwise. Also in this case h*(X) is an integral
of the second kind in K ®:@»/Zo¢ that is sent to the class of (1 (x),id).(Y ® (34) via the
map

LY ®@Qp/Zp) = M(Y @ Qp/Zy).

Remark 7. The above constructions involve the part u%(’ﬂ in Raynaud’s decomposition of the
1—motive ug. In particular, the multiplicative factor set

Y @ (Qp/Zp) x Y ® (Qp/Zyp) — G i

whose valuation is the opposite of the additive factor set in (24), gives the extension obtained
by taking the push-out with respect to x of the sequence (22). If we think of the valuation as
a sort of logarithm killing elements in R*, something similar in form, even if quite different in
nature, happens when working with 1-motives of the type u}(m: Y — Tk, and u%(,ﬂ =0: Also
in the present situation we have a multiplicative factor set, it may be chosen as follows:

(26) <Z e; & ag, Z e; ® bz) — H u(ei, X)_[U(ai)—"-a’(bi)]’
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where the u(e;, x) are principal units in R, so that the corresponding sequence extends to R.
Now, we can obtain from this an additive factor set by just taking the p-adic logarithm. As
before, the additive factor set we get,

(Z e; ® a;, Z € ® bi) — Z —[o(ai) + o (bi)]log(u;)

is trivial on generic fibres and its trivialisation provides an integral of the second kind h(x) €
K®/%Zr and the BT-group of u}(ﬁﬂ is completely determined by the W (k)-module generated by
the h(x), as x varies in the group of the characters of T (cf. [5], IV). Finally, let us observe
that if one is just interested in computing the monodromy, then the use of the valuation is quite
appropriate, but if one needs to consider the integrals of ug » = uj . + u% ., i.e. one needs
to integrate logarithmic differentials (in the style of [2]), one is forced to extend the p—adic

logarithm defining log 7 in a way allowing one to distinguish the integrals of u}(ﬂr from those of

2
(g

4. The finite logarithmic group that extends ,, Mg

Throughout this section we work with a strict K-1-motive ug : Z" — G where Gk is a semia-
belian scheme with split torus part G’fn’ x and with abelian quotient Ak having good reduction.
Given the n-torsion ,, M of such a 1-motive, we know from Theorem 4 that it extends to a finite
logarithmic group over R, ,, M'°%, but we still know little concerning the scheme ,, M underlying
M2 In this section we are going to describe the logarithmic group scheme , M8 for any n and
precisely we will show that , M8 is the valuative space associated to (Spec (,A), M4) where
nA is an algebra over R, constructed in a somewhat canonical way, and M4 is a logarithmic
structure on Spec (,A) such that the structure morphism over R induces a morphism of log
schemes (Spec (,A), M4) — T.

We have seen that ,, Mk is an extension of Yx /nYk by ,,G, hence a ,,G g-torsor over Yi /nYk.
If ,Gx = pd, it is easy to describe the algebra of ,, Mg; cf. [14], [4]. For example for the Tate
curve m: Z — Gy, g we denoted , Mg by

(27) wEic = Spec (K"%[a]/(a" = by,0))

with by, : = Z;:(} miv;, where {vg, -+ ,v,_1} is the canonical basis of K%/"2_ See also (14).

For the general case, we read from (6) that ,, M is indeed a pl-torsor over the finite K-group
scheme ané. Recalling that Pic(nM;é) =0, , Mk can easily be described via [14] IIT £4.

Lemma 7. Let By be the algebra of ,Mi:. Then
nMy = Spec (Bg [T, , Tl /(T{" — b1, ..., Tj — ba))
for suitable b; € By, i =1,...,d.

We need now to describe how the b; above depend on Raynaud’s decomposition of the
1-motive ug.



18 A. Bertapelle, M. Candilera, V. Cristante

4.1. The 1-motive w1

Before proceeding with the description of , My we need to know what happens when working
with the 1-motive #=1: Z — G, k, 1+ 7! Its n-torsion group scheme is

1 KZ/nZ
(28) »Ef = Spec nflm A
(xm =i ™ i)
with {vg, -+ ,v,—1} the canonical base of KZ/"Z gyer K. It is clear that we can not extend its

algebra over R via the equation z™ — Z?;Ol 7 %v;. However, nE% is isomorphic to the group

scheme obtained from (15) by push-out with respect to —1 or by pull-back with respect to —1.
Hence it is also

1 Z/nZ
(29) JE} = Spec oSl —
(y" —wvo — 252y ")

because —1: Z — 7Z sends vg +— vg, v; > v,_; for i > 0. Moreover this scheme extends over R
to

(30) nEi—Spec< L )).

(" — w0 — Sy

We can endow ,, E= with the logarithmic structure coming from the special fibre and it becomes
a logarithmic group scheme over R. Denote by n(ﬂi) its valuative logarithmic space; this lies
in the middle of —67 for 67 as in (15).

Another decomposition of a 1-motive that will be useful later is the following:

Lemma 8. Let ux be a 1-motive as in Theorem 1. Suppose furthermore that Yk is split and
also the torus part Tk of Gk is split. Once fized a uniformizing parameter m € R, a basis (e;);
of Yk 2 Z" and a basis (ef); of Y75 there are decompositions

_ 1 2 .1 + -
Ug = U’K,ﬂ' + U’K,7r - uK,ﬂ" + uK,ﬂ' + uK,ﬂ"
where the first one is the decomposition in Theorem 1. The second decomposition is uniquely

determined by the following conditions:

— “35,775 Yk — Gk factor through the torus part.

—If u* (resp. u~) denotes the geometric monodromy of u}ﬂ (resp. of uy ), then one has

wt(ej,er) >0 (resp. p~(ej,ef) <0).
— Uk = U U ond =t 4

Proof. We are reduced to working with u%(ﬁ. We define

+. x e w(ej,er) if this is positive
pEYk @Y =2, (e ) = {O otherwise

Similar for p~. Moreover uli(’Tr is defined as done for “%(,w in (10) with g% in place of u. O
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Remark 8. Recall the decomposition in Lemma 8 and the factorization u%{m = (v ®id)mwy. Let
us construct v*: Y — (Y)Y from the geometric monodromy p* as in (7). Then we have

factorizations u;r(ﬂr = (vt @id)my (resp. ugx , = (v~ ® id)wy ') with

7 Y = Yk @Gk, yey@m L

4.2. A general result on short exact sequences

Looking at the diagram (6) where ,Tx = pl we realize that we should move our attention from
the horizontal sequence in the middle n(n,uk) to the vertical sequence in the middle, because,
as we have already observed p,,-torsors can easily be described. Moreover we need to know how
such a ”vertical sequence” depends on the analogous sequences for u}r x and ufr, - For this we
need a general result.

Let:0—151L £ P — 0 be an exact sequence of group schemes over a base scheme S.
Let N be another group scheme over S and consider two extensions n*: 0 — L — M? — N — 0,
i=1,2.Let n: 0 — L — M — N — 0 be a sequence isomorphic to the Baer sum n' + 7.
Consider then the following diagrams

I I I I
. J h J h
lk igi ik ig
Cf f
0 P Q N 0 0 P Q N 0

where the vertical sequence on the left is ¢ and the upper horizontal sequence is n* for i = 1,2
(resp. ). Call 9 for i = 1,2 (resp. ¢) the vertical sequence in the middle. Suppose now that
there is a sequence

0 0—1—M>—N=0

such that n? = w,7%. Summarizing we have

n e 771 + w*f]Q.

We are going to see that a similar relation holds also for the vertical sequences 1), 1)!.

Now k,w,7? is isomorphic to the trivial extension and we choose a section o of f2. Moreover
k.n = k,.n' and there is then an isomorphism 7 : Q — Q' depending on o. It is also not difficult
to check that

(31) Y= ()P + (of)
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Consider also the following push-out diagram

2 0 I M? N 0
l \ \ T2 J/
w N )
2 h?
w, i = n? 0 L M? N 0
lk \Lg2
f2
k.n? 0 P Q? N 0

where lower sequence is isomorphic to the trivial one. We denoted by 12 the exact sequence
involving ¢ and 72. There exists then a canonical homomorphism ¢¢: N — @Q? such that

JciLQ _ 92(5;
it is not difficult to check that o is a section of f2. Moreover by construction it satisfies

(Uc)*w2 ~ 772

Taking now o = ¢ in (31) and setting t: = 17"

(32) EE

we get that

4.8. wMp as torsor under pu

Let ugx be a 1-motive as in Theorem 1. We have then a decomposition ux = uj . +u% , and an
isomorphism of sequences 1(n, ux) = n(n, ug ) +n(n, uk ) for n(n, —) the sequence introduced
in (1).

The n-torsion pn Mg of uk lies in the middle of n(n, ux) and we have already seen what it
looks like in Lemma 7. Moreover 7(n, u ) = w.1(n, G5 ), where the 1-motive % : Y — Tk is
obtained from u%(ﬂr by forgetting the inclusion Tx — G and w is this inclusion restricted to
kernels of n-multiplication. Hence we are in the situation of the subsection 4.2.

Considering diagram (6) for n(n, uk ) in place of n(n, ux ) we get

(33) WTx =—— Tk
T
1
n(n, uje ) 0 e WML~ Vi Y ——>0
fl
n(n, puj ) 0 nAx QX Yie /nYi — 0.

Let ¢(n, u}(ﬂ) be the vertical sequence in the middle of this diagram and ¥ (n, uk ») the corre-
sponding vertical sequence in the middle of (6). By (32) we have

(34) ’L/J(n, U'K) = L*’(/J(n7 u}(,w) + f*n(nu ’EL%{)
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for ¢ the isomorphism , M# — Q% constructed as in §4.2 By abuse of notations, we denote by
n M} also the group scheme in the middle of t*¢(n, u}(’ﬂ); indeed it is isomorphic to the one in

the middle of n(n, u}(ﬂ) The scheme ,, M}, is a pud-torsor over ,,Mj: and hence
nMIl( = Spec (BK[Tlv e 7Td]/(T{L - b§1)7 [N ,Tg — b&l))) .

On the other hand, call , M3 the group in the middle of 7(n,@%). It is a pl-torsor over Z" /nZ"
and hence it has the form

WM2 = Spec (KZT/"ZT [Ty, Ta/ (T =62, ... T — by))) .

Hence the group in the middle of f*n(n, uK ) will be

Spec(BK[T17~-~,T]/(T1 —b() )

Recall now that uK = uK » T Uk . by Lemma 8 and hence n(n, uK )
Let
Spec (K% /" [Ty, T /(T] = bf ..., T = b))

be the group scheme in the middle of the sequence n(n, u}w) and analogously for uy . with
elements b; € K Z'/nZ" in place of b;-". Using the sequence

(35) 0 — p(X) = (X, 0x)™ ™ I(X,0x)" — H(X, ul) — 0
we may assume that bEZ) = b;rb; and
by = bIbFb; forall 1<i<d.

Recall now that the vertical sequence on the left in (6) or (33) extends over R because G i has
good reduction and that also ,, M I‘? extends to a finite group scheme over R, say ,M“ = Spec (B),
because the K-1-motive

PUK 7" — GK — AK

has good reduction. Finally also n(n,u}(’ﬂ) extends over R and hence the same is true for the
vertical sequence 9 (n, u}(ﬂ) and so we may assume b(l) € B*. This implies that if we want to

extend ,, Mg over R we have to understand better nMIQ( and hence b b+b Recall the
description of u?2 % in (10) where now Yy = Z" and Tk = Gm . It is an easy exercise to check
that

(2

b = (byp)=i=t# Tl with by, Zﬁjvj e RY /2

with vg,...,vn_1 the standard basis of K%/ (resp. of RZ/”Z), ey, ...,e, the usual basis of
Z" and e} the character in Y7 such that e}(T},) = i, p* the geometric monodromy of uj; .

Moreover pt(ej,ef) > 0 by definition of u})ﬂ; hence b € B for all 4. In a similar way

n—1
T (bﬂ,lm)Z}'ﬁ —r7(e50¢7)  with br-tint =vg+ Z =iy, € RU,

i
i=1
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Hence also b; € B for all i because = (ej,e;) < 0 by definition of Up .- Summarizing, b; =
bgl)bz(?) = bgl)bjbi_ € B for all i. Hence , Mk extends to a finite scheme over Spec (B)

(36) nM = Spec (B[Tl, s ,Td]/(Tln — bl, ce ,Tg — bd)) .
The following lemma says that , M is indeed a “nice” model.

Lemma 9. Let notations be as above and endow ,M* = Spec (B) with the inverse image log
structure of the base T. Let (, M, M ) be the scheme (36) with the logarithmic structure induced
by the special fibre. Then the canonical morphism , Mg — nM;? extends to a unique morphism of
logarithmic groups over R. Moreover the following universal property holds: For any fine saturated
logarithmic scheme (S, Mg) over (n M, M_ pra) there is a bijection between the scheme theoretic
morphisms Sk — oMy over , M3 and the logarithmic morphisms (S, Mg) — (o, M, M, rr) over
(nMA M ppa).

Proof. We may assume S = Spec (C') affine. Any ané—morphism Sk — M is described as
a homomorphism of Bg-algebras ¢ : Bx[Th, -, Tn]/(T]* — b;) — Ck. The only problem for
the extension is to prove that the images of all T; lie in C' and more precisely in I'(S, Mg).
However b; = bgl)bz@) with bz(-l) € B* and bgz) € I'(Y, My) for any logarithmic space over the
group Z/nZ endowed with the inverse image log structure because of the description of b§2) in
terms of by ,, and b.-1 ,,. Moreover px (T7') = ¢ (b;) € I'(S, Mg). It is now sufficient to recall
that .S is saturated to conclude that also ¢ (T;) € I'(S,Mg). O

Proposition 1. Let notations be as above. The finite group scheme , Mg over nM;? extends
(up to isomorphisms) to a finite logarithmic group , M'°® that is the valuative logarithmic space
associated to a logarithmic scheme whose underlying scheme is

(37) oM = Spec (B[T1,--- ,Ty]/ (] — b1,..., T —ba)).

Moreover the diagram (6) extends to a diagram of finite logarithmic groups with , M8 in the
maddle.

Proof. Tt remains only to prove that ,,M with the logarithmic structure induced by the special
fibre induces a group functor on the category of fine saturated logarithmic schemes over R, i.e.
it is in TfllOg . However this is immediate consequence of the previous lemma.

Also the assertion on the diagram follows applying the previous lemma. O

Observe that we had already proved in Theorem 6 that ,, Mk extends to a logarithmic group
over T', however, in the hypothesis of this section, it is possible to describe it in terms of algebras
and not only as a “sum” of two extensions.
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