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Notations

Here there follow the most used notations throughout the thesis.

n-dimensional real Euclidean space;

the set of all (n x m) real matrixes;

the set of positive real numbers;

the minimum between the real numbers a and b;

the maximum between the real numbers a and b;
the space of continuous functions ¢ : [0,T] — R?
such that ¢(0) = x;

the space of absolutely continuous functions ¢ :
[0, T] — R¥ such that ¢(0) = x;

the set of all Lebesgue measurable functions ¢ :
[0, T] — R? such that [ |¢(s)|P ds < +oo;

the set of essentially bounded measurable functions
¢:[0,T] — R%

the set of functions ¢ € L*([0,T];R%) such that
Jo le(s)2ds < N;

the space of all continuous functions ¢ € C([0, T]; R¥)
where T is a fixed positive real number;

the Wiener measure over the space W¢;

the Borel o-algebra of W

the standard m-dimensional brownian motion;

the filtration o(W; : 0 < s < f);

the augmentation of the filtration generated by the
brownian motion W;;

a filtered probability space;

the expectation of the random variable X with respect
to IP;

vii



viil Chapter o Notations

MP[0,T] the set of all progressively measurable processes v such that
E[fy [[os]]? ds] < o;

MUP[0,T]  the set of processes v € MF[0, T] such that fOT lvs||Pds < C
for almost all w;

AP[0,T]  the set of all progressively measurable processes v such that
P( [ [|os]|P ds < c0) = 1;



Introduction

The theory of large deviations is concerned with the study of probabilities
of rare events. It is not difficult to understand why rare events are impor-
tant, to be persuaded it suffices to think about a lottery where events like
hitting a jackpot can have an enormous impact.

Principles of large deviations may be effectively applied in informa-
tion theory and risk management; in physics, an application arises in
Thermodynamics and Statistical Mechanics.

At this point a non expert reader may wonder what is meant by rare
event and large deviations in mathematical terms. We postpone the for-
mal definition to the first chapter, and we begin by considering a very
simple example on a familiar territory to provide some motivation as to
what this thesis is about.

Let X, X5,..., X, be a sequence of ii.d. random variables defined
on a probability space (Q), F,IP) with values in R, mean ¢ € R and
variance 02 € (0,+o0). As usual we denote by E the expectation under
the measure IP. Let us define the random variables S, = X; + - - - + X,.
Thanks to the law of large numbers it follows that IP-almost surely

1
ESH _> ]/l.

The central limit theorem states that
a\l/ﬁ(sn _un) = Z ~ N(0,1)

in law. Accordingly we have an asymptotic estimate of the probability

that S, differs from un by an amount of order /n, specifically P(S, —

un > ay/n) — P(Z > a/c). These deviations are “normal”.

Here we are interested in the case that S, differs from un by an
amount of order n; these deviations are “large”. An example is provided
by the events {S, > (i +a)n}, a > 0, whose probability is easily seen to
go to zero as n — oo. The question is: how fast? The theory states that
the decay is exponential in 7, hence

limsup%loglP Se > (u+a)] < —I(a), a>0.

n——+400

ix



X Chapter o Introduction

The function @ — I(a) is known as the rate function; the knowledge of
the function I is crucial when we need a correct evaluation of integrals
of exponential functionals of S, as n — oo, in which rare events play a
considerable role.

Usually, the theory of large deviations is formulated in terms of a lim-
iting behavior of normalized logarithms of probabilities of certain events,

1
- logP(X" € A).

In the weak convergence approach, these probabilities are replaced by
normalized logarithms of expectations of exponentials of continuous func-
tions,

1 —nh(X")
m log IE [e .

We will refer to the study of the asymptotics of normalized logarithms
of such expectations as the Laplace principle, which in the case of Polish
spaces is equivalent to the large deviation principle.

To throw a glimpse on the weak convergence approach, let us consider
a family of random variables {X€}c-o with values in a Polish space X,
for example, we may consider the solutions of a stochastic differential
equation with small noise

dXte = be(t/ Xte) dt + \/E(Te(t/ Xte) dW; XS =X

The sequence is said to satisfy the Laplace principle with rate function I
if for all bounded and continuous functions & mapping X" into R

. _hx9) .
€£r51+ —elogE {e € } = xlg)f({h(x) +I(x)}.
A crucial step in the weak convergence approach is to rewrite the left
hand side of the above display as a variational formula over the set of
probability measures on X, which we denote by P(X'). Specifically, if u°
is the distribution of X over X, then it is not difficult to prove that

h(X€)
—clogE |e” ¢ | = inf / hdy +€eR € } 0.1
8 [ } WGP(X){ |ty + eR(y[[f) (0.1)
where R(-||-) denotes the relative entropy.

Next one would like to send € to zero; the limit obtained will yield the
rate function I. To this end, usually, it is convenient to derive a different
formula starting from the one given on the right hand side of (o.1). In



Contents X1

the example of small noise diffusions it can be proved, under certain
hypotheses, that

b9 1 /T -
—elogIE[e € }—Hz}f]E[z/O |vs]|= ds + f(X°) (0.2)

where X7 is the solution of the controlled stochastic equation
dX" = be(t, X0) dt + 0e(t, X{¥)eve dt + Veoe(t, X57) dW.

Now we can carry out the passage to the limit exploiting the convergence
in distribution of X for suitable controls v,,.

The use of weak convergence methods may be convenient in many
situations, for example one can avoid awkward discretization methods
that are employed in other approaches. The method provides a routine
which can be applied in a wide range of problems: we refer to Dupuis
and Ellis| [1997] for examples of applications of this approach.

A summary of this thesis is as follows. Chapter [1| deals with the
basic definition of large deviation principle and with its connection with
the Laplace principle in the special setting of Polish spaces and good
rate functions. A short section about relative entropy is inserted since it
represents a cornerstone in the weak convergence approach. The chapter
is mainly based on|Dupuis and Ellis|[1997, chapter 1], and on Dembo and
Zeitouni [1998, chapter 4.3].

In chapter 2| we state a representation formula for bounded functionals
of the Brownian motion W on bounded times, and we derive a represen-
tation formula for a process X which is the strong solution to a stochastic
differential equation driven by W. The representation formula for the
Brownian motion is due to Bou and Dupuis| [1997], though we cover all
the details for the proof of representation formula (o.2).

In chapter 3| we shall see an application of the weak convergence ap-
proach and of the formula (0.2), given in chapter [2} specifically, we derive
a large deviation principle for small noise It6 processes under minimal
assumptions; for the proof we have followed the approach found in Bou
and Dupuis| [1997], though the obtained result is more general since we
assume that the coefficients may depend on € and on the whole trajectory.
We show in details a couple of examples for which the assumptions are
satisfied. Particularly important is the case of Itd0 processes with locally
lipschitz coefficients and sublinear growth at infinity, which requires a lo-
calization argument in order to apply the general theorem; the result can
be used to prove, as a corollary, a large deviations principle for small ran-
dom perturbations of systems with memory [see Mohammed and Zhang,
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2006], and to recover Schilder’s theorem and Freidlin-Wentzell estimates
as special cases. Finally, we state and prove a large deviation principle
for positive diffusions when the diffusion term is Holder continuous, for
which a particular case is the CEV model [see Baldi and Caramellino,
2011].

Some preliminary material required to be able to follow the proofs in
the thesis is provided in the Appendix.



Large Deviations Principle and
Laplace Principle

1.1  Formal definition

In this work the Large deviation principle will be established in an equiv-
alent form, that of the Laplace principle. Our main references for this
chapter are |[Dupuis and Ellis| [1997] and Dembo and Zeitouni| [1998].

We introduce the general notion of a large deviation principle, briefly
LDP. We give such a principle over a family of random variables indexed
by € > 0, for it will be convenient for our purposes in the sequel.

Let us set down some notation. Throughout this chapter, {X€}c~0 is a
family of random variables defined on a probability space (Q2, F,P) and
taking values in a Polish space X, that is, a complete separable metric
space, whose metric will be denoted by d.

Definition 1.1. A function I is called a (good) rate function on X, or simply
(good) rate function, if I maps X to [0, +oco| and if I has compact sublevel sets,
which means that for each M < +oo the sublevel set

{x e X :1(x) < M}
is compact. For a subset A C X we define I(A) = infyca I(x).

Remark 1.1. It is almost immediate to check that a function having compact
sublevel sets is lower semicontinuous and that it attains its infimum on any
nonempty closed set.
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For the sake of simplicity, we shall consider only the case of a good
rate function. In the general definition the assumption of having compact
sublevel sets is dropped for the weaker assumption of lower semiconti-
nuity.

We are now ready to define the classical concept of a large deviation
principle.

Definition 1.2 (LDP). Let I be a rate function on X. The family {Xe}eso is
said to satisfy a large deviation principle on X with rate function I if the
following two conditions hold:

(i) upper bound: for each closed subset F C X,

limsupeloglP(X® € F) < —I(F)
€0+

(ii) lower bound: for each open subset A C X,

o c S
hergéﬂfelog]P(X €A)>—-I(A)

It is not difficult to prove that if a family satisfies a large deviation
principle with rate function I, then the function is unique.

Example 1.1. A class of large deviation results involves the empirical
means of i.i.d. random variables taking values in R?. To be precise, con-
sider the empirical means S, = % ;7:1 Xj, n € N, for ii.d. d-dimensional
random vectors X; distributed with common law y € P(RY). The loga-
rithmic moment generating function associated with the law y is defined
by

Aly) = logE [ewﬂ ,  yeRY,

where (y, x) is the usual inner product in R?. Let ¥ = E[X].

When * exists and is finite, and E[|X; — %|?] < oo, then S, — X in
probability as n — +o0 by the weak law of large numbers. Cramr’s the-
orem characterizes the rate of this convergence by the following convex
rate function

A% (x) = sup{(y,x) — A(y)}
yeRd

namely the Fenchel-Legendre transform of A(y). In other words,

(i) upper bound: for each closed subset F € R

limsupllog]P(SAn € F) < —A*(F)

n—r+o0 n
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(i) lower bound: for each open subset A € R?

1 A
o1 S A
lifi‘i?of , logP(5, € A) > —A*(A)
A proof of this theorem in more general settings can be found in Dembo
and Zeitouni| [1998, see section 2.2].

Example 1.2. Another class of large deviation results involves the sample
path of stochastic processes which may satisfy a stochastic differential
equation depending on a parameter €. Specifically, let X¢ denote a family
of processes which converges to some deterministic limit as e — 0. A
natural question that arises is what is the rate of this convergence. A
classical result in this setting is Schilder’s theorem which studies the
asymptotics of the rescaled Brownian motion.

Let W denote a standard d-dimensional Brownian motion and for
any € > 0 consider the process X¢ = {X¢ : t € [0, T]} which satisfies the
stochastic differential equation

dXE = /e dW,

with initial condition Xy = 0. Clearly X{ = /e W;. As € — 0 the law
of X¢ converges weakly to the Dirac measure which is concentrated at
the zero function, actually || X¢| — O almost surely. We would like
to understand how fast the probability of X¢ being away from the zero
function goes to zero.

X¢ takes values in the space C([0,T];IRY), which is a Polish space
when equipped with the supremum norm. Let ACy([0, T];R?) be the
space of all absolutely continuous functions vanishing at zero. Schilder’s
theorem states that {X¢}.-( satisfies the large deviation principle on the
Polish space C([0, T];RY) with good rate function

I(§) = { LT Igl2de  if g € ACy([0, T];RY),

0 otherwise.

A proof of this theorem can be found in [Dupuis and Ellis [1997], or in
[Dembo and Zeitouni) |1998, see theorem 5.2]. An alternative proof of
Schilder’s theorem is given as a corollary in Section

1.2 Equivalent formulation of the LDP

The first step in deriving an equivalent formulation of the large devia-
tions principle passes through the important Varadhan integral Lemma
[Varadhan, 1966].
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Theorem 1.1 (Varadhan). Assume that the family {X€}c~ satisfies the large
deviation principle on a Polish space X with good rate function I and let h :
X — R be any continuous function. Assume further the tail condition

. .. _hxe)
A}Ilinoohglglf —elogE [e ¢ 1{h(Xe)S,M}} = +o0 (1.1)
Then )
El_l)I(I)1+ —elogE {e T} = xlggf({h(x) +I(x)}. (1.2)

This theorem is the natural extension of Laplace’s method for study-
ing the asymptotics of certain integrals on R. Indeed, let X = R and
assume for the moment that the law of X¢ possesses a density with re-
spect to the Lebesgue measure with a form such that dIP(X€ € dx)/dx ~
e~!(x)/¢ Then

/ e/ gP(XE € dx) ~ / o~ (H)F1() /e 3o
R R

if we assume that I(-) and h(-) are twice differentiable, with h + I con-

vex and possessing a unique global minimum at some %, then Taylor’s

theorem yields

(x —%)°
2

h(x) +I(x) = h(x) + () + (h(x) + 1(x))"|x=¢

where ¢ € [%, x]. Therefore,

2

/ e /€ P(XE € dx) m e~ (OTI(D)/e / B
R R

where B(-) > 0. The content of Laplace’s method is that on a logarithmic
scale the rightmost integral may be ignored.
Theorem [1.1]is a direct consequence of the following two lemmas.

Lemma 1.1. If h : X — R is upper semicontinuous and the large deviations
lower bound holds with rate function I, then
limsup —elogE [e_@} < inf{h(x) + I(x)}. (1.3)
€—0 xeX
Proof. Fix a point x € X and ¢ > 0. Since k() is upper semicontinuous,
there exists an open neighborhood G of x such that sup, ¢ h(y) < h(x) +
0. Hence

liminfelogE [e_@] > liminfelog [E [1 (Xe)e_h(fe)}
e—0 & — e—0 & G

S _ o c
> —h(x) (5+11€r£>1&£1felog]l°(X €G)
> —h(x) —6—1(G)
> —h(x) —I(x) — 4.
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Recall that we have chosen x € X and § > 0 arbitrarily, therefore after
taking the supremum over x € X and sending 6 — 0+, we obtain

limsup —elogE [e_h(%e)} < inf{h(x)+I(x)}.
e—0+ xeXx

O]

Lemma 1.2. If h : X — R is a lower semicontinuous function for which the
tail condition holds, and the large deviations upper bound holds with good
rate function I, then

hmmf eloglE[ } > mf {h( )+ I(x)}. (1.4)

Proof. Consider first a function # bounded from below, and let M > 0
be such that inf, #(x) > —M. For such functions the tail condition (1.1)
clearly holds true. Fix &« < oo and 6 > 0 and let ¥;(a) = {x : I(x) <
a} denote the compact sublevel set of the good rate function I. Since I
and h are lower semicontinuous, for every x € ¥;(«) we find an open
neighborhood A, of x such that

inf I(y) > I(x) =6,  inf h(y) > h(x) — & (1.5)
YyEAy YEA

Since

‘P[(DC) C U Ay

xe¥(a)

and ¥j(«a) is compact, one can extract a finite subcover, for example Ay,
i=1,...,N. Therefore

_h(fe)} < }_%{IE [e_hge)l{x%mi}] +eeP < <6 >C>

N o nxp-0) J—
< Ze ¢ IP(X EAXi)—'_ee Axt
i=1

where the last inequality follows by (1.5). Finally, we apply the large de-
viations upper bound to the closed sets A,., and to (UN; A,.)¢ C ¥;(«),

liminf — eloglE[ h<X€)}

e—0+
> mln{mm{h %) —o+1(A x")}’M+1<<G Axi>c>}

{mm{h xi) + I(x;) — 2(5},M+¢x}

| \/

1

{mf{h }M—i—zx}—Z(S.
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Thus, for any function & bounded from below, the lemma follows by
taking the limits 6 — 0 and « — co.
To treat the general case, it suffices to consider

hy(x) =h(x)V (=M) > h(x)

and use the preceding result to show that for every M < +o0

liminf —elogE [e_ wge) }
e—0+ &

h(XE)

< Linxe<—my

> N _
> xlg)f{{h(x) +I(x)} A hglgﬁ clogE [e
The tail condition completes the proof of the lemma by taking the
limit M — +oo0. O

We have just proved that the large deviations principle implies the
validity of the limit relation (1.2). Since the converse holds true, it is
convenient to restate property in terms of a definition.

Definition 1.3. Let {X¢}es0 be a family of random variables with values on
X, and I be a good rate function on X. The family {X¢} is said to satisfy the
Laplace principle on X with rate function I if for all bounded continuous
functionsh: X — R

. _h(xe) .
elir& —elogE [e e } = xlg)f({h(x) +I(x)}

We say that {X€} satisfies the Laplace principle lower bound if

€

(XE)
L St}
lzg(ﬂlf elogE [e } > ;g/%{h(x) +1(x)},

for all bounded continuous functions h. We say that {X¢} satisfies the Laplace
principle upper bound if

n(X€)
o St}
herg(}ﬂf elogE [e } < xlggfv{h(x) +1(x)}

for all bounded continuous functions h.

Remark 1.2. If we evaluate the Laplace limit for h = 0 we can observe that
the infimum of the rate function I on X equals zero. Since I is a function with
compact sublevel sets, there exists a point ¥ € X such that I1(X) = 0.

With the last definition in mind, we can restate Varadhan’s integral
lemma by saying that the large deviation principle implies the Laplace
principle.
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In the next theorem we prove that the converse holds true. In the
proof which follow the assumption of goodness of the rate function will
be of great importance. In some ways the equivalence of the Laplace
principle and of the large deviation principle can be seen as an analogue
of Portemanteau theorem, where the equivalence between the weak con-
vergence of probability measures and certain limits involving closed and
open sets is proved.

Theorem 1.2. The Laplace principle implies the large deviation principle with
the same rate function. In other words, if I is a good rate function on a Polish
space X and {X¢} satisfies

. _hxe) .
513& —elogE [e e } = xlg)f({h(x) +I(x)}

for all bounded continuous functions h, then {X€} satisfies the large deviation
principle on X with rate function 1.

Proof. By assumption, given a rate function I on X, for all bounded and
continuous functions h

. _h(x%) .
€£%1+ —elogE [e € } = xlg)f({h(x) +I(x)}
We want to prove that for each closed set F C X" the family X¢ satisfies

limsup eloglP(X€ € F) < —I(F)
e—0+

and that for any choice of an open set A C X the family X¢ satisfies

liminfelogP(X® € A) > —I(A)

e—0+

Large deviation upper bound. For any given closed set F, we consider

.} 0 ifxecF

Plx) = { +oo, ifx € F°
clearly ¢ is lower semicontinuous. Next we would like to approximate ¢
through a sequence of bounded continuous function, so that the Laplace

principle is applicable. With this aim, we define for any j € IN the func-
tion

the function

hj(x) = j(d(x, F) A1)

where d(x, F) denotes the distance from x to F. Clearly k; is bounded
by j and Lipschitz continuous of constant j, hence continuous. Moreover
hi 1 ¢ as j — oo. Therefore,

c _9x9) )
eloglP(X® € F) =e€logE |e” ¢ | <elogE |[e” "«



8 Chapter 1 Large Deviations Principle and Laplace Principle

And so, by sending € — 04, we get through the Laplace principle:

limsupeloglP(X® € F) < — 1nf {h (x)+ I(x)}.
e—0+
To complete the proof of the large deviation upper bound we need to
show that the right hand side of the above inequality goes to —I(F) as
j — oo,
Since hj < ¢,

Inf {h;(x) +1(x)} < inf {¢p(x) +I(x)} = inf I(x) = I(F),

hence
11msup 1nf {h (x)+I(x)} < I(F)

]—)oo

Next we have to prove the converse inequality. It is clear that if I(F) = 0
then there is nothing to prove. Thus, we assume I(F) > 0.
By construction h]- = 0 on F, therefore

ing (b (x) + 1)) = min { inf {1y () + 106)}, inf {(x) + 10}
= min {I(F),xig_fc{hj(x) + I(x)}} .
We are done once we prove that

liminf inf {h;(x) + I(x)} > I(F). (1.6)
j—oo  xe€F°
We argue by contradiction. Assume that is not true. If I(F) = oo,
then there exists a real number M > 0 such that
liminf inf {#;(x) 4+ I(x)} < M.
j—oo  x€F°
If I(F) < oo, we just take M = I(F). Let us fix 0 < € < M/2, then
there exists a subsequence of {j};cn such that for all indexes all j in this

subsequence
inf {h;(x) +1(x)} <M —2e.
x€F°

Moreover, for each j there exists Xj € F¢ such that
h]-(x]-) + I(x]-) <M —e.

We claim that d(x;, F) — 0 as j — 0. Indeed, otherwise we can find a
subsequence of j € IN and ¢ > 0 such that d(x;, F) > ¢ for any such j.
Along that subsequence we have h;(x;) = j(d(xj, F) A1) > j(6 A1) — o0
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as j — oo. Since hj(x;) + I(x;) < M —e < +00, we have a contradiction.
Being F closed, for any j € IN there exists y; € F such that d(xj, F) =
d(xj,y;); by the previous claim, d(x;,y;) — 0 as j — co. Observe that
sup e ! (xj) < M — ¢, thus {x;} is contained in the compact sublevel set
{x € X : I(x) < M — €} (In fact, the rate function is good by assumption).
Then, taking a further subsequence if necessary, we may assume that
there exists ¥ € {x € X' : I(x) < M — €} such that d(xj, %) — 0 as j — oco.
Through the triangular inequality we get d(y;, %) < d(y;, x;) +d(x;, %) —
0. Now recall that F is closed, hence ¥ € F, and I(x) > I(F) > M.
This last statement contradicts the hypothesis that ¥ € {x € X : I(x) <
M — €}. The large deviation upper bound is proved.

Large deviation lower bound. Let A be an open set. The statement is
obviously true when I(A) = co, hence we can that I(A) < co. Let x € A
be any point such that I(x) < oc. Since A is open, we can find § > 0 such
that the open ball B(x, d) of center x and radius ¢, is entirely contained in
A. Define the function

h(y)iM<d<y5’x)A1),

where M is a fixed real number greater than I(x). The function / is
obviously positive, bounded by M and continuous; in addition we have
h(x) =0, and h(y) = M whenever y € B(x,J). Next we use the Laplace
lower bound with the function h. We have

E [ "] <o P(X € B(x,0)) + P(X° € B(x,5))
<e ¢ +P(X¢ € B(x,6)),

Taking the lim inf on both sides, we get

. . . _hx)
— > €
max {hrergélfelogP(X € B(x,0)), M} > hergéﬂfelog]E [e }

~ inf {n(x) +1(x))
> —h(x) —I(x) = —1(x).

v

Recall that M > I(x) and that B(x,d) C A; accordingly —M < —I(x) and
P(X¢ e A) > P(X® € B(x,0)). Therefore

liminfeloglP(X€ € A) > liminfelogP(X® € B(x,9))
€—0 €—0
> —I(x) > —inf{I(x) : x € A} = —I(A).

This ends the proof of the lower bound. ]
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Remark 1.3. If we look at the preceding proof, we can observe how the Laplace
principle upper bound implies the large deviation lower bound and the Laplace
principle lower bound implies the large deviation upper bound.

Remark 1.4. In the proof of the upper bound we have seen in particular that, if
we put F = {¢}, then

lim inf {h;(x) +I(x)} = I(Z),

j—mooxeX
where hi(x) = j(d(x,) A1) as above.

The above remark leads to an immediate proof of the uniqueness of
the rate function I via the Laplace principle.

Theorem 1.3. Assume that {X¢} satisfies the Laplace principle on X with rate
function I and with rate function J. Then 1(&) = J(¢) forall { € X.

Proof. For j € IN and { € & consider hj(x) = j(d(x,¢) A1). By the
Laplace principle and the above remark we get

lim lim —elog E [e_hj(e)(e)] = lim inf {h;(x) + I(x)} = I(¢)

j—00 €0 j—ooxelX
and
h]'(X€>
lim lim —elog E [e_e} = lim inf {h;(x) + J(x)} = J().
j—o0e—0 j—ooxelk
Thus 1(§) = J(§)- -

1.3 Relative Entropy

In this section we explore the concept of relative entropy and its connec-
tion with the evaluation of certain integrals through a variational formula.

Let (E, &) be a measurable space and P(E) be the set of probability
measures on E.

Definition 1.4. For any fixed 0 € P(E), the relative entropy is a map R(-||6)
from P(E) into [0, +o0] defined by

R(v[|6) i/E <1Ogjg> d,

whenever vy € P(E) is absolutely continuous with respect to 6, and R(7y||0) =
+o0 otherwise. Clearly R(-||-) : P(E) x P(E) — [0, +o0].
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Let us remark that the above definition is actually well-posed. In-
deed, if y is absolutely continuous with respect to 8 the Radon-Nikodym
derivative dvy/df exists in L!. Moreover, observe that the function s(logs)~
is bounded for s € [0,00). Thus,

N g = [ (16597
/E<logd9> d’y—/Ede (logd9> df < co.

It follows that the integral makes sense and that

DY g0 [0 (10 M
/E<10gd€> d’y—/Ede <log d9> ae

We have introduced the relative entropy in order to prove a variational
formula which is the starting point for deriving large deviation principles
through a weak convergence approach.

Proposition 1.1. Let (E, &) be a measurable space, k a bounded £ —measurable
function which maps E into R, and 6 a probability measure on (E,E). Then the
following variational formula holds

—1/‘kd9:'f{R 0 /kd} .
og | ¢ o (7110) + dy (1.7)

Moreover, let «yo denote the probability measure on E which is absolutely contin-
uous with respect to 0 and has Radon-Nikodym derivative

—k(x)
do (x) = e
de Jre7kde

then, the infimum in is attained uniquely at 7.

Before demonstrating the proposition, we state and prove two prop-
erties about the relative entropy which we shall use in a moment.

Lemma 1.3. Let (E, &) be a measurable space and «y,0 € P(E) be two proba-
bility measures on E. Then R(-y||@) > 0 and R(y||0) = 0 if and only if v = 6.

Proof. Clearly, if R(7||#) = +oo there is nothing to prove, so we can as-
sume that R(7y||#) < 400 and hence that -y is absolutely continuous with
respect to 6. Next recall that slogs > s — 1 for s > 0 with equality if and
only if s = 1. Thus

dy, dy dy

= —_ —_ > —_ — -
R(v|l0) EdelogdeG_ o 1d60 =0

with equality if and only if dy/df = 1 6-a.e. if and only if v = 6. O
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We are now ready to prove the variational formula.

Proof of Proposition It is clear that it suffices to prove over the set
of probability measures such that R(7y||#) < +co. Thus, we show

—log/Ee_kG = inf{R(’yH@) +/Ekd'y :v € P(E),R(7||0) < oo}

We have already remarked in the preceding proof that, if R(y[|) < oo,
then 7 is absolutely continuous with respect to 6. Let o be such that
R(7||f) < 4oo. Since 6 is absolutely continuous with respect to o, then
7 is also absolutely continuous with respect to yg. Therefore, we have

d
R(’y|]9)+/lskd7:/b_ <logdg> d’y+/Ekd7
:/ (10 drY) d’y+/ (lo drYO) d’y+/kd'y
E gd’Yo AT E
ok
:R(’Y||’YO)+/E (logfekdf)> d7+/]5kd’¥
E

= R(yl70) —log [ e*a0

It follows by the previous lemma that

R('y]]9)+/kd'y > —1og/e*’<d9,
E E

with equality if and only if R(7y||70) = 0, and again because of the lemma,
if and only if 79 = 7. O



Representation formula

2.1 Representation formula for Brownian motion

In this section we state a variational representation formula for the Brow-
nian motion. The formula is due to Dupuis and Bou and the proof can
be found in Bou and Dupuis| [1997].

We are interested in this formula since it becomes useful in deriving
various results in the field of large deviation theory.

Let W be a standard d-dimensional Brownian motion. Then for any
measurable and bounded function f mapping C([0, T];R?) into R, the
following holds

T .
—1logE [e‘f(w)} = infE B/ l|os||>ds + f (W—l—/ 0s ds)} ,
v 0 0

where E denotes the expectation with respect to the probability space
where the Brownian motion is defined, and the infimum is over all pro-
cesses that are progressively measurable with respect to the augmentation
of the filtration generated by the Brownian motion.

The importance of the previous representation resides in the fact that
we can characterize exponential functionals whenever the functional of
interest can be expressed in terms of a measurable functional of the Brow-
nian motion. In this work we shall see an application to the integrals of
small noise Ito6 processes.

From now on we shall restrict our attention to the canonical probabil-
ity space (W™, B,60), where W™ = C([0, T|;R™) is a Polish space under

13
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the supremum norm, B = B(C([0, T];R™)) is the Borel c-algebra, 6 is the
m-dimentional Wiener measure, and T > 0 is a fixed real number. Under
6 the process W : [0, T] x W™ — R™ defined by

Wi(w) = w(t)  (Lw) € [0,T] x W™

with the filtration B;N = 0(W,;0 < s <t), is an m-dimensional Brownian
motion. Instead of the natural filtration we shall take into account the
augmented filtration (G¢);, obtained by considering the collection of sets
with measure zero N and defining for all ¢ € [0, T

Qt :U(BINUN)

It is a basic property that W; remains a Brownian motion with respect to
the augmented filtration.
Next we recall the definition of progressively measurable processes.

Definition 2.1. A stochastic process X on (W™, B) is said to be progressively
measurable with respect to the filtration (G )y, if for every t the map

Xs(w) : [0,8] x W™ — R?
is (B([0,t]) ® G¢) \ B(R?)-measurable.

Definition 2.2. We denote by M?[0, T] the set of all Gi-progressively measur-
able processes v : [0, T] x W — RY satisfying

T
E U ||vs||2ds} < o0
0

where || - || denotes the standard norm in R?. We say that v € M20, T) provided
that there exists C > 0 such that

T
| les)lPas < c,
0
for 0-almost all w € W™.

Clearly, M2[0, T] C M?[0,T]. We consider that subset because a lot
of technicalities simplify in the proofs which follow.

Now we have all the elements to state precisely the Theorem we have
anticipated at the beginning of this chapter.

Theorem 2.1. Let f be a bounded Borel-measurable function which maps VW™
into R. Then

_logIE[ef(W)] = inf IE[/OTHUSHZ(JZS —|—f<W—|—/0.vsds)]. (2.1)

ve M?2(0,T]
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Proof. For the proof we refer to Bou and Dupuis| [1997]. Here we provide

only a sketch of the main ideas for the proof of the upper bound, to stress

the importance of the variational formula given in Proposition
Consider v € M%[O, T, then by Girsanov’s theorem the process

t
W, =W, — / vy ds, te[0,T] (2.2)
0

is a d-dimensional Brownian motion with respect to a measure v, whose
Radon-Nykodim derivative with respect to 6 is given by

d'Yv_ T 1 /T 2
70 —exp[/0 vdeS—E/O llos | ds]. (2.3)

Using the definition of R(7,||6) and we get

dvyy o T 1 T 5
R('yZ,HG):/Wdlog Ty, — B /O vdes—E/o os||2ds .

where [EY denotes the expectation with respect to y,. Thanks to (2.2) and
to the martingale property of the stochastic integral,

T T T
Rpo0) =8| [ odt [ oufPas = [ ool
0 0 2 Jo

_E? 1/T|\v 2 ds
2 [" ol as|

Consequently,

RO10)+ [ fin =[5 [MoulPas £ (Wt [ ouas)].

Now from Proposition [1.1] we obtain

T :
—log]E[e_f(W)] < inf [E° [/ Hvs||2ds+f<l7\/+/ Usdsﬂ.
0eM2[0,T] 0 0

This is not the desired upper bound, since the expectation depends on v.
Using the preceding formula and through an approximation argument it
is possible to find

—log]E[e_f(W)] < ]E[/OTHvs||2ds+f<W+/O'Usds)}

for all v € M?[0,T]. In the approximation argument it is necessary to
exploit some properties of R(-||-), for example the lower semicontinuity
is needed. O
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2.2 Representation formula for Ité processes

Let b(-,-) and o(-, -) be predictable functions from [0, T] x W* to R? and
to R, respectively (see definition in the Appendix). Fix x € RY,
and consider the stochastic functional differential equation

dXt = b(t,X)dt+0’(t,X)th (24)

for t € [0, T] and with initial condition Xy = x.
Suppose that the equation has a strong solution. Then there exists
a B(C[0, T];R™)) \ B(C[0, T]; R?))-measurable function

e W — wH

such that
X = h[W] f-a.e.

[see Rogers and Williams, 2000, Theorem 10.4, page 126]. Hence, for any
f: W? — R bounded and measurable, f ok is a bounded and measur-
able map from W™ into R. Therefore, the representation formula for the
Brownian motion implies

—logE {e_f(x)] = —logE [e‘f"h(w)}

. 1 /T 2 ’
_ve,/\l/lI}f[O,T}]E[z/O [lvs ]| ds+foh<W—|—/0 vsdsﬂ (2.5)

where [E is the expectation with respect to 0.

There are some situations in which we can prove something more.
Consider the following controlled stochastic functional differential equa-
tion, which is the controlled counterpart of .

AX? = b(t, X°) dt + o(t, X")v dt + o (t, X7) dW,, (2.6)

for t € [0, T}, and with initial condition X = x, where v : [0, T] x W™ —
R™ is a given progressively measurable process, adapted to the aug-
mented filtration generated by W;, and such that

T
E U ||vs||2ds} < +oo
0

If both equations and have a unique strong solution then
the representation formula above simplifies. The next theorem gives a
representation formula for diffusions that are strong solutions of in
terms of the solutions of the controlled equation (2.6).
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Theorem 2.2. Assume that strong uniqueness and strong existence hold for

equations (2.4) and (2.6). Let X be the unique strong solution of equation (2.4)
and X° the unique strong solution of (2.6). Then for any bounded Borel measur-

able function f : C([0, T];RY) — R the following formula holds

_ . 1T v

Proof. By assumption X is a strong solution to (2.4). Therefore, by the
previous discussion the representation formula for the Brownian motion
yields

—logE [e_f(x)] = —1logE [e‘f"h(w)}

= [ / Hvstds—i—foh(W—i—/vsdsﬂ
ZJEMZOT]

The representation will be established once we verify that h[W +
Jo vsds] = X? f-a.e. Such an equality comes from strong existence and
uniqueness of solutions of the controlled problem.

For continuous and adapted processes W we consider the map ¥

¥ (W) (w) = x+/ s, hl[W(w)].)ds + </O U(s,h[W]_)dWs> (w),

where w € W. The map ¥ is certainly well defined when W is given by

Wt +/vs

with v € M2[0, T]. In this situation, for 8-almost all w € W,
Y (W =x+ / s, h[W(w)]s)ds+

+ /O o (5, B[W ()]s )os(w)ds + ( /0 a(s,h[W]s)dWs> (@), (28)

where W is the coordinate process on W™. Since h[W] is a solution of
(2-4), by construction we have

hW(w)] =¥ (W)(w) fa.s..

We claim that h[W(w)] = ¥(W)(w) #-almost surely. Notice that if we can
prove the claim, then, thanks to (2.8), it will follow

hW], = (W
= x+/ s, h[W ds+/Ota(s,h[W].)vsds+/Ota(s,h[W],)dWs,
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accordingly, h[W]; is a strong solution of with respect to W. By
assumption, equation has a unique strong solution X°, therefore,
h[W + [, vsds] = X7, f-almost everywhere.

Let us prove our claim. We first derive the formula above when

T
/ |os(w)||*ds < N 0 —a.e.
0

By Girsanov’s theorem there exists a measure y equivalent to 6 such
that W is a m-dimensional Brownian motion with respect to . To sum-
marize, we have the canonical set-up

(W™, {G},6,W)
and the set up
(Wm/ {gt}/ Y, W)

By Theorem 10.4, page 126 of Rogers and Williams| [2000], h(W). satisfies,
on [0, T] and with respect to 7y

WW). = x+ [ b(s,iIW])ds + [ (s, hIW] )W,
0 0
Since 7 is equivalent to 0, it follows that
hW] =¥ (W), f-a.s.

This ends the discussion, at least when v € M%[O, T].
The next step is to show that h[W] = ¥(W). holds even in the case

T
/ |vs(w)||>ds < +o0 6 —a.e.
0

We argue through an approximation argument. For any N € IN, define
the set

T
Iy — {w W . / os () |2 ds < N}
0

and the processes vl (w) = vs(w)1pn (w), WN(w) = W(w) + [; ol (w) ds.
We observe that I'y C I'y41 and 0(UyenI'n) = 1.

Since each vN € M%[O, T, by the previous result, there exists an event
Gy with probability one such that

hWY (w)]. = ¥ (W) (w).

for all w € Gy. Let us define G = Nyen Gn, clearly 8(G) = 1. Next we
notice that for each N € IN we find Hy C I'y with measure 0 such that
for all w € I'y N Hy;

YWY (w) =¥ (W)(w)
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Indeed, it suffices to notice that W = WV on Iy, hence, by the property
of locality of the stochastic integral, there exists Hy C I'y with measure
0 such that for all w € T'y N H§ and for all ¢ € [0, T

/Ota(s,h,(VVN))dWs — /Ota(s,h,(wwws.
Accordingly, for all w € Ty N HY, and for all ¢ € [0, T]
‘I’(WN)t—/ b(s,h ds+/ o (s, b (WN)) dWN
_ b(s,h,(vv))ds+/ o (s, . (WN ))vﬁ‘]ds+/0ta(s,h_(WN))dWs
—/ s,h( ds+/ s, h( vsds—i—/ota(s,h,(W))dWS
_/ (s, h.( ds+/ (s, h.(W)) dW, = ¥ (W),.

Let us set H = Uyen Hn, clearly 6(H) = 0.
We have 0(GNH  NUnenIn) = 1. f w € GNH N Uyen 'y, then
dM € NN such that w € G N H§; N Ty, therefore,

Y(W)(w). = ¥Y(WM)(w),
= h[WM(w)]. = h[W(w)].

where the first equality is due to the fact that w € Hf; N Ty, the second
one is true since w € G C Gy, the last is true since w € I'y;. Reading
the leftmost term and the rightmost term of the last display, our claim is
proved. O
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LDP for small noise Itd processes

3.1 General LDP

In this section we state and prove a large deviation principle for Itd pro-
cesses. We make assumptions in order to prove the principle through a
weak convergence approach in a very general setting. We shall see in the
subsequent sections how to verify the hypotheses in particular situations.

Let us define W¥ = C([0,T],IRY) for d € N. Let, for € > 0, be and b
be predictable functions mapping [0, T] x W* into R?, and o, and ¢ pre-
dictable maps from [0, T] x W* into R**™. Let (W™, 13,) be the canonical
probability space for a m-dimensional Brownian motion W;, and let (G;)
be the augmented filtration generated by W.

Let x € RY. For € > 0 we consider the stochastic functional differential
equation over [0, T]

dX{ = be(t, XE) dt + Veoe(t, X) dW,, (3-1)
and with v € M?[0, T] its controlled counterpart
AXy" = be(t, X77) dt + oe(t, X9 )vp dt + V/eoe(t, X77) AW, (3-2)

both with initial condition X§* = X§ = x. Observe that if € = 0, then the
first equation becomes a deterministic functional equation

o) =+ [ Bl 9()) s
21
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Similarly, if € = 0, and we pick v € 12 [0, T], then the second equation
reduces to

t t
#0) =x+ [ bls,p()ds+ [ o(s,9()vsds. (3
Let us introduce the following assumptions:

H1 The coefficients b and ¢ are predictable and b(t,-), o(t,-) are sup-
posed to be uniformly continuous on compact subsets of W, uni-
formly in t € [0, T]. We require (-, ¢) € L?[0, T] for any ¢ € W,

H2 The coefficients be, 0. are predictable maps, be — b and 0. — o
uniformly on the whole wi, uniformly in ¢ € [0, T].

H3 For all € sufficiently small, we require pathwise uniqueness and exis-
tence in the strong sense for the equation (3.1).

Hy For any v € L?([0, T];IR™), the equation has a unique solution.
In this case we will define the map

I, : L2([0, T|; R™) — W*
which takes v € L?[0, T] to the unique solution of equation (3.3),

Hs We assume that, for all N € N, the map I'y is continuous when
restricted to

Sy = {f € L2[0,T]: /OTHszst < N} c L2[0,T],

endowed with the weak topology of L.

Hé If {e,} is a sequence such that €, — 0 as n — oo, and {v, }yen C
M?2[0, T] such that there exists a constant N > 0 with

T
sup |\v§(w)||2ds <N
nelN

for 0-almost all w € W™, then the family {X"},cN is tight and

such that
T

sup | E[|o(s, X.5"")|?]ds < +oo
neN /0

Remark 3.1. We shall see in the next section that assumption Hz can be weak-
ened. Specifically, we shall require the uniform convergence of be and o, to b and
o only on the bounded subsets of W*.
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Remark 3.2. The hypothesis H5 will play a minor role, since it is needed only
to guarantee that the rate function has compact sublevel sets, and accordingly is
good.

Theorem 3.1. Assume (H1-H6). Then the family {X¢} of solutions of the
stochastic differential equation with initial condition X¢(0) = x, taking
values in the Polish space W, satisfies the Laplace principle in W* with (good)
rate function I, given by

1 (T
L = inf 7/ 2 4
@) (0e L2 ([0,TIRY s r=Ta(0)} 2 Jo [[ot]]
whenever {v € L2([0, T;R") : ¢ = Tx(v)} # @, and 1,(¢) = oo otherwise.

Proof of the lower bound. The first step in proving the theorem is the La-
place principle lower bound. Fix x € R?. We have to show that for any
bounded and continuous function f mapping W? into R, the following
limit relation holds

(X€)

imnf—elog E|e~ 5[ inf ((9) +1:(¢))

Clearly it suffices to prove that any sequence {€, },en such that e, — 0
has a subsequence for which the above limit relation holds.

Let {€, }nen be such that €, — 0. By assumption H3, for any n € N,
X" = X is a strong solution of equation (3.1). Therefore, as in Section
there exists a measurable map " : W™ — W* such that X" = h"(W).
f-almost surely. Specifically, the representation formula holds, and
we get

—€enlogE [ef(e)i )] = —€,logE |:€f0h6n(W):| (3-4)

T :
=€, inf IE[l/ ||vs||2ds+1foh”<W+/ vsds>}
vem20,T] |2 Jo €y 0

. 1 /T 2 . 1 :
_UE&Q{O,T]]EL/O |lvs||[“ds+ foh <W+\/a/0 vsds>].

Fix § > 0. We claim that for every n € IN there exists v" € M?[0, T] such
that

T
sup Hv’;Hst <N,
nelN

where N is a real number to be specified, and such that

E

i)
1 T n||2 n 1 "o .
E 2 ), |ot||*ds+ foh™ [ W+ vl ds 0. (3.5)

VEn Jo

_ X
€

—eylogE [e
>
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We prove the claim. The definition of infimum implies that for any
n € N there exists u" € M?2[0, T] such that

xm)
—€plogE [efe);] >

1 /T 1 : 0
> - n||2 n / n 2.
]E[Z/O |ull[*ds+ foh <W+\/€7 ; usds)]

Observe that if we set M = || f ||, then

1 T ny2
lEf/ lud||=ds| <
2 Jo

<E|foh"(W uds —€plo IEe’f(exn) +é<2M+é
=~ \/» n 108 7= >
Therefore,
1 /T L2 o
sup E —/ |ull||[“ds| <2M+ = < oo. (3.6)
nelN 2 Jo 2

Now define the stopping time
t
% =inf{t e [0,7]: / lutl2ds > NYAT.
0

The processes ul"N = uf1j,11(s) belong to M2[0,T]. By Chebichev’s
inequality and

T
B(u" £ 1N < 6 (/ Jut|2ds > N) < MLz
0

This observation implies that

- 1T n,N |2 n nN
—eylogE e e | > E E./o |\ul™||“ds+ foh \/>/ ds

MM +6) &6
- (7)

The computation for (3.7) is not difficult, although we write it down for
completeness. It suffices to observe that

]EB/T||u§H2ds+foh”( }/'ugds)}
E[ / HunNHst_i_fohn( \ﬁ/ nNds>}+

e A Ay )

E[ / IIu”Nllzds+foh"<w+ "Ndsﬂ—zMe(u"#u"fN)

Ven Jo
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Using the estimate about the event {u" # u"N} one finds the result.
Finally, if in (3.7), we take N such that

M(4M + 6)

<0
N 2

and we set v = u™N, then the claim is proved.
Let {v"} C M?2[0,T] as above. If we can prove that the controlled
stochastic equation

AXI" = be, (8, XY dt 4 o, (£, X" )0} dt 4 \/enoe, (t, X)) AW,

has a unique strong solution, then we will be able to show that

h" <w+ \/1? /O o ds) = X" f-ae, (3.8)

by arguing as in the proof of Theorem Let us define the process

- 1 t
W, = W; + /v”ds
T e Jo

Since ,
/ [07||*ds < N f-ae,
0

Girsanov’s theorem is applicable and accordingly there exists a measure
v over W™ equivalent to 6 such that W; is a G;-brownian motion on [0, T]
[see, for example Karatzas and Shreve, 1991, page 191, Theorem 5.2]. With
respect to the measure <y the controlled equation becomes

dXI" = be, (1, X" ) dt + /o, (£, X"") dW,. (3.9)

We have already seen that there exists a strong solution X"*" to the con-
trolled equation in the proof of Theorem The uniqueness of solu-
tions to the controlled equation follows easily by assumption H3. Indeed,
if X and Y are two solutions of the controlled equation, then they are
in particular solutions of equation (3.9) under y and with respect to W.
Thus, hypothesis H3 of pathwise uniqueness implies that X,Y are indis-
tinguishable.

This discussion implies that for any n € IN, using , we can rewrite

(3.5) and obtain
_rxm 1T e -
—eylogE|e” e | > E E/ |08 |7 ds + fF(X™)| — &
0

where X"¥" is the unique strong solution to the controlled equation (3.2)
with control v".
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Next we would like to prove that (X™",v") is tight as a family of
random variables with values in W¥ x Sy. Recall that to prove that
(X™*",v™) is tight, it suffices to show that {X"¥"},cn is tight as a family
of W¥-valued random variables and that {v"},c is tight as a family of
Sn-valued random variables, since both Sy and W? are Polish spaces.
Tightness of the family {X"""},cn follows immediately by assumption
Hé. Tightness of v" follows by the fact that we are assuming that for all
n € N, v" takes values in

Sy = {fe 12[0, T :/0T||fs|]2ds < N}

and Sy is a compact Polish space when endowed with the weak topology
of L2.

Therefore, possibly taking a subsequence, we have that (X", ") con-
verges in distribution to a random vector (X,v) defined on some prob-
ability space (Q, F,IP) and with values in W¥ x Sy. Let us denote by
Ep the expectation with respect to the measure IP. We now prove that X
satisfies the equation

t t
Xy =x+ / b(s, X )ds+ / o(s, X )vs ds. P-a.s. (3.10)
0 0

In order to do so, for each t > 0, we consider the map ¥; : Wi x Sy —
R defined by

¥i(p,0) = \¢<t> [ b () ds— [ ol 9(5))ouds

Clearly, ¥; is bounded, furthermore it is continuous. Indeed, let ¢, — ¢
in W* and v, — v in Sy with respect to the weak topology of L?> and
compute

AT

1 00) = ¥4(0,0) < Ia(6) — 90|+ [ 005,90 — bis, )] ds
+/Ot|c7(s,qb) (s, ) |[on(s)] ds + ’/Ota(s,qb)v(s)ds—/:(T(s,(p)vn(s)ds .

Notice that the set C = {¢, : n € N} U {¢} is a compact subset of W¥,
therefore by assumption H1 there exist moduli of continuity p, and p,
mapping [0,00[ into [0, co[ such that [b(s,¢.) —b(s,¢.)| < po(ll$ — i)
and |o(s,¢.) — (s, ¢.)| < po(]|¢ — ¢| ) forall s € [0, T] and for all ¢, ¢ €
C. Then we get, using Holder’s inequality and ||o"| 2 < V/N,

¥, 00) = ¥, 0)] < [ =l + b0 — )
VN0 = glle) + | [ ol 01006 s = [ ols,)0,(5) s
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Next observe that for any fixed ¢ € W the function o (-, ¢) is in L2[0, T]
by assumption Hi1, accordingly, the rightmost term of the previous dis-
play goes to 0 as n — oo, since v" converges weakly to v. Hence, continu-
ity of ¥; is proved.

Since (X™",v") converges in distribution to (X,v) and ¥; is bounded
and continuous, the continuous mapping theorem implies

Jim E[¥,(X"",0")] = Ex[¥,(X, )] G.11)

If we show that the limit is actually zero, then, by definition of ¥;, X
will satisfy equation P-almost surely for all ¢+ € [0,T]. Since X
has continuous paths, it will follow that X satisfies equation for all
t € [0, T], P-almost surely.

Observe that

t
E[¥;(X"",0")] < E [ / |be, (s, X™") — b(s, X"")| ds] +
0

t t
+E [/ ‘(Ten (S, X.n,v") _g-(s, X”v”)Hv’;] ds} + \/aIE U/ Oe, (5/ X.n,v”)
0 0

1

This is easily seen to go to zero as n — oo. In fact, using the uniform
convergence of o, to ¢ and of b, to b on the whole wH uniformly in
t € [0, T], given by assumption H2, we get

E[¥: (X", 0")] < #][be, — bllcot

T t
g, = ol | [ o21as) + \F\/ [ Elloe (s, 30 ] s

The last term goes to zero because of assumption H6. Indeed, for the
square rooted addendum we have the estimate

t
/ E [[Uen(s,X.”'” ds < 2/ \U (s, X"")| } ds+
0
+2/ (10, 5, X77") - a(s,x_"/v”)ﬂ ds
< 2T|oe, — ol +z/ [lr(s, x| ds < K

for all n € IN and some positive constant K > 0. Thus, when /e, — 0,
the last term goes to zero.
Thanks to the preceding discussion and to (3.11), we have proved that

lim E[¥:(X™",v")] = Ep[¥:(X,v)] = 0.

n—o0

Thus, X satisfies equation (3.10) for all t € [0, T], P-almost surely.
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Before going further with the computations, let us make a remark.
Since {v"} is a sequence of elements such that sup, fOT |07 ||>ds < N
and since we have that v" converges in distribution to v with respect to
the weak topology of L?, it holds that

T T
liminflE[/ ||v;’||2ds]2]E]p[/ Hvstds].
n—oo 0 0

This is due to the fact that the mapping from Sy with the weak topology
into R which takes

T
SNaf—>/ 1] ds € R
0

is nonnegative and lower semicontinuous, hence by a version of Fatou’s
lemma, namely, Theorem A.3.12 page 307 of Dupuis and Ellis [1997] the
above relation holds.

Now we have all the ingredients to prove the Laplace principle lower
bound. Since (X"",v") converges in distribution to (X,v) and f is
bounded and continuous, the continuous mapping theorem and the above
remark imply

o _fexm
liminf —€, log E [e én ]
n—,oo

> liminf E 1/T||v”||2als+f(x’“’”) —6

— ThHo 2 Jo s

> liminf 1/T||v”||2ds 1 lim E [f(x”ﬂ’”)} )

— THoo 2 Jo 5 n—oo

1 /T, 5

> Ep [2/0 o] ds+f(xv)} iy

> inf {1/T||v ||2ds+f(4>)} —9

T {(0g)el2xWhp=T,(0)} |2 Jo ’

> inf {I.(¢) + — 4.

—436%{ (@) + f(9)}

The fourth inequality is obtained by evaluating the random variable term
by term.
Since ¢ has been fixed arbitrarily, the lower bound follows. O

Proof of the upper bound. We now prove the Laplace principle upper bound,
limsup —elogE [eme(e)} < inf {I,(¢) + f(¢) }
e—0 pew

Also in this case it suffices to prove that any sequence {€, },en such that
€, — 0 has a subsequence for which the above limiting relation holds.
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Choose any 0 > 0. If the right hand side is not finite the conclusion
is trivial, hence there is no problem in assuming it is finite. For any f
bounded and continuous there exists ¢ € W* such that

L)+ f9) < E (L) +f()} +5 <o Ga2)

For such ¢, choose 9 € L2[0, T] such that

1T, 5
3 | 1P ds < (@) + 5,

and ¢y = x + fot b(s,¢s)ds+ fot (s, ¢s)Ts ds. This choice is always possible
by the definition of I, and since I,(¢) < oo; recall that

1 rT
Ix = : f 7/ Zdt
) {UELZ([O,T];lllgl"):gpt:rx(v)} 2 /o o

whenever {v € L2([0, T|;R") : ¢y = ['+(v)} # @, and I;(¢) = oo other-
wise.

For the chosen ¢, 7, consider X7 as in the proof of the lower bound.
Then (X7, 5) is tight, therefore, possibly taking a subsequence (X, ?)
converges in distribution to a random variable (X,d) defined on some
probability space (), F,P), where X solves the (deterministic) integral
equation

t t
Xt:x+/ b(s,X_)ds+/ o(s,X )dsds, te€[0,T],P-as.
0 0

The solution to that equation is unique by assumption H4, therefore X; =
¢ for all t € [0, T], IP-almost surely. Now, using representation (3.4) and
recalling that & € L? is deterministic, we get

. _fxen)
limsup — €, log E [e en ]

n—oo

T :
= limsup inf ]EB/ ||vs||2ds+foh”<W+ ! /vsdsﬂ
0 0

n—oo VEMZ2[0,T] VEn

T i
<limsup E B/O ||zjs”2 ds +f(X€n/ZJ):|

n—oo
— 1 T ~ (|2 : €n,0
=5 || B2 ds + Jim B[ (xe)]
5 N
< L) + 5 + lim B[f(Xe)].

Since f is bounded and continuous and X¢? converges in distribution to
X = ¢, we have lim;_,o E[f(X?)] = f(¢). Thanks to (3.12), we can end
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the chain of inequalities by

1(9)+ 5 +(0) < inf {1(g) +F()} +.

Since J is arbitrary, the proof of the Laplace principle upper bound is
complete. O

Goodness of the rate function. To prove that I, is actually a good rate func-
tion, it remains to check that I, has compact sublevel sets. This follows
from the compactness of

Sy = {feLZ[O,T]:/OT||fs||2ds§N},

for each N, and by the continuity on these sets of the map I'y which
maps v to the unique solution of ¢; = x + fot b(s, ¢s)ds + fot o (s, ¢s)vs ds,
according to assumption Hs. Indeed

{p e W' L(p) < N} = [ Tx(Snse)
e>0

is the intersection of compact sets, therefore it is compact. O

3.2 Lipschitz continuous coefficients

In this section we shall show that hypotheses (H1-H6) hold in some spe-
cial but remarkable cases. With the notation of the previous section, as-
sume

A1 b and o satisfy a sublinear growth condition. Specifically, there exists
M > 0 such that for all s € [0, T], all ¢ € WH,

b(s,¢)| < M(1+ sup [pu])  |o(s,¢)| < M(1+ sup |¢pul).

0<u<s 0<u<s

A2 b and o are locally Lipschitz continuous. Specifically, for any R > 0
there exists Lg > 0 such that

[b(s,¢.) = b(s, )| < Lr sup [¢u — tpul

0<u<s

|o(s,¢.) —o(s, )] < Lr sup [pu — ¢ul

0<u<s
whenever supg., <, [¢u V u| < Rand s € [0, T].

A3 be and o, enjoy both property A1 with a common constant M and
property A2.
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A4 b, 0. converge as € — 0+ to b and ¢ respectively, uniformly on
bounded subsets of W* uniformly in s € [0, T].

Remark 3.3. We distinguish between hypotheses A1-A2 and A3 because A3 is
not needed to verify H4 and Hs. Observe that A4 is not exactly H2, indeed the
convergence is not on the whole W*, but on the bounded subsets of W9. We
shall see in a while how to deal with this change.

Remark 3.4. Assumption Az implies that if 0 < t < T and ¢, € W are
such that ¢s = s for all s € [0,t], then b(t,¢.) = b(t, ¢.). Indeed if R > 0 is
such that supy,, |§s V 1ps| < R then

b(t,9.) — b(t, )] < Lg sup |gs — ] = 0

0<s<t
In particular b(t,$.) = b(t, ¢.) for all ¢ € WA,

Theorem 3.2. Assume (A1-A4). Then the family {X€} of solutions of the
stochastic differential equation (3.1), taking values in the Polish space W*, sat-
isfies the Laplace principle in W* with (good) rate function I, given by

1 /T
Ix — inf 7/ 2dt
D= evomiyprion2 o 171
whenever {v € L2([0, T];R") : ¢y =T1(0)} # @, and L, (¢) = oo otherwise.

To prove the large deviation principle we shall now verify hypotheses
H1-H6. As we have previously remarked we will not be able to prove Hz.
Instead, we are going to prove that in this special setting H2 is not really
needed, this discussion is postponed to the end of the section.

Hypotheses H1, H3

Hi is satisfied, in fact b(t,-) and o(t,-) are uniformly continuous on
bounded subsets of W, uniformly in ¢t € [0, T] because of assumption
A2. Moreover o(-,¢) belongs to L2[0, T] for any ¢ € W* because

o (t, @) < 2M*(1+ [[9]1%) < oo.

Finally, by theorem it follows that assumption H3 of pathwise
uniqueness and of strong existence of solutions of equation holds.
Hypotheses Hg, H5
Define the map S, : W — W*? which takes ¢ € W* to

5:(9) = x+ [ bls,@()) ds+ [ o(s,p())osds,

for x € R? and v € L?[0, T) fixed.
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Lemma 3.1 (Existence). Let us assume Al and H1. Then, for any choice of
v € L2[0, T the equation

00 = Silg) = x+ [ bs,p()ds+ [[alspeds Gy

has a solution in W-.

Before proving the theorem, we stress that for existence of solutions
to equation (3.13)), assumption A2 has been weakened. Indeed we only
require that b(t,-) and (¢, -) are uniformly continuous on bounded sub-
sets of W¥. Clearly, assumption A1 together with assumption A2 imply
Hi.

The main idea of the proof is to apply a fixed point theorem, namely
that due to Schauder, which we recall next.

Theorem 3.3 (Schauder fixed point theorem). Let X be a closed and convex
subset of a Banach space. Let T : X — X be a continuous mapping. If T(X)
has compact closure, then there exists x € X such that T(x) = x.

Proof. For a proof see, for instance, Gilbarg and Trudinger| [2001, page
279, section 11.1]. O

Proof of Lemma. Tt is well known that W is a Banach space with respect to
the uniform norm || - ||e. In order to apply Schauder fixed point theorem,
with the choice T = S,, we shall restrict our attention to a closed and
convex subset of W9. With this in mind, let ¢ :[0,T] — R be the map
defined by

g(t) = AeM Vte|o,T].

where A is a positive real number to be specified below. Next define

X ={p W' sup |pu|* < g(t) forallt € [0,T],pp = x}.

0<s<t

Clearly if A > |x|? then X # @ since ¢ = x € X.
We have to show that:

1. X is closed and convex;
2. Sx(X) C A
3. Sx(X) is precompact;

4. Sy is continuous.
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Step 1. It is an easy computation to check that & is closed and convex.

X is closed. Take {¢"} C X such that ¢" — ¢, then ¢ € X. In fact it
is obvious that ¢9 = x, because uniform convergence implies pointwise
convergence, and

sup |¢s| < [|¢n —<PHoo+OS<UI<>tI<P?| < llgn = Plleo +1/8(1),

0<s<t

sending n — oo we get sup,,, |¢u| < \/g(t), hence ¢ € X.
X is convex. Let y,A > 0 such that y+A = 1. Let ¢, € X and
consider u¢ + Ap. Again, it is obvious that u¢g + Ay = x. Moreover,

sup |pus + Aps| < psup [¢s| + A sup [y

< 1y /g(t) + Ay/g(8) = /s (0).

Step 2. Let ¢ € X'; the definition of Sy implies immediately that S (¢)o =
x. Next the usual computations involving the sublinear growth at infinity,
Holder’s inequality and the elementary inequality (a + b+ ¢)? < 34 +
3b? + 3¢?, yield

t t
S < 3lx 43¢ [ [b(s,9)Pds+ 3ol [ lo(s, 9P ds

t
< Bfx2+ 6M3 (¢ + [o][2) [ (14 sup g ) ds

0<u<s

t
g3]x|2+6M2t(t—|-]|v|\2)+6M2(t+||v||2)/0 2(s) ds.
Therefore,

sup [Sx(¢)s]? < 3|x|* + 6M2H(t + [|v]|)+

0<s<t

+OM?(t + [[v]*)e — 6M?(t + [[o]).

Chose A > 3|x|2 +6M2T(T + ||v]|?) + 6M%(T + ||v||?). Then, since e > 1
forallt > 0,

sup [S:(@)s[2 < (31 +6M2H(E+ [[o]2) + 6MA(t + [[0]?) ) e
0<s<t

< AeM = g(t)

for all t € [0, T]. Hence S(¢) € X forall ¢ € X.

Step 3. To prove that S,(X') has compact closure it suffices to show
that Sy(&X') is bounded and equicontinuous, so that the conclusion will
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follow from the Ascoli-Arzel Theorem. Plainly, Sy(&X') is bounded since
for all ¢ € Sy (X) we have ||¢|l < /g(T). Thus, it remains to check
equicontinuity. To this end, let ¢ € X and 0 < s <t < T, compute

t t
Sx(@): = 5s(9)e] < [ [olw @)l du+ [ o, )l[ou] du
/M1+||4>|| et [ MO+ o) ol

(£ = )M+ \/3(T)) + M1+ \/g(T)VE=s Joll12

<VE=sM(1+4/g(T)(VT + ||v]| 2)

which is exactly the equihdlderianity of exponent 1/2 of the functions in
Sx(X).

Step 4. Finally we prove that the map S is continuous. Pick {¢" },enw C
X such that ¢" — ¢ € X. Observe that C = {¢, : n € N} U{¢} is
compact. Then by hypothesis H1 there exist moduli of continuity p, and
pe mapping [0, oo into [0, co[ such that

b(s,¢.) —b(s, )| < pu(l¢p —¢ll)  lo(s,¢)—0(s,9)] < po(ll¢ — o)
for all s € [0, T] and for all ¢, ¢ € C. Thus,

[S2(¢")t — Sx(@)]
< [ Ibis 9~ bls. )l ds+ [ lots,) — o5, 0] s
< Tou(]lg" —4>uoo>+f [0l1200 (19" = )
which gives the desired result. m

Lemma 3.2 (Uniqueness). Let us assume that b and o satisfy A1 and A2. Then
for any ¢ € R and v € L2[0, T) there is a unique solution ¢g : [0, T] — R of

equation (3.13)), and satisfies, for all t € [0, T,

sup |¢r|? < (3|¢|> + 6M2E + 6M2t| 0|, )M L), (3.14)

0<s<t

Proof. We first prove uniqueness. Let ¢z and ¢, be solutions of equation

on [0, T] with initial condition ¢¢(0) = ¢ and ¢,(0) = 7, respec-
tively. We compute

0e() = 9u(8)] < |2 =11+
| 16, 00) = bis,90) ds+ [ lo(s,90) = o5,y s
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By taking the square, using Holder and the local Lipschitz continuity, we
get for R > 0 big enough

t
|9e(t) — ¢y (51> < 3I8 — y|* +3LE(t + Hvlliz)/0 sup [¢g (1) — ¢y (u)|* ds
0<u<s

Thus, by Gronwall’s inequality we get

sup [z (s) — iy (s) | < 3|¢ — PRI

0<s<t

which gives uniqueness, once we take § = 7.
Next we show the estimate (3.14):

t t 2
2 < 3l 3t [ oGs, ) 2ds 3 ([ lots,)lloslas )

t
< B[22+ 6M(t+ o) [ (1+ sup [guf?)ds

0<u<s

t
< (3J¢]* + 6M?# + 6M>t|[0]|72) + 6M? (¢ + Hvlliz)/0 sup |y | ds

0<u<s

Now, Gronwall’s inequality yields

sup [¢1[2 < (3[¢]2 + 6MPH2 4 6MH][o] )" 11711z

0<s<t
for all t such that the solution exists. In particular if we have a global solu-
tion on [0, T] then it is bounded by a constant which depends increasingly
on [[v[|7,. O

Lemma 3.3. Assume A1 and A2, then hypothesis H5 holds. Specifically, for
any N > 0 the map T defined in H4 is continuous into W* with the supremum
norm when restricted to

Sy = {f € L2[0,T] : /OT I fs]|?ds < N} c L2[0,T],

endowed with the weak topology of L?.

Proof. We now prove continuity of the map I'y. Let N > 0 be fixed. Then
Sy is a compact Polish space when endowed with the weak topology of
L%, Take {v"} C Sy such that v, — v weakly, and define ¢" = T (v"),
¢ = T'y(v). We want to estimate

ITx(v") = Tx(v)[[o = sup [pn(t) —P(t)]

t€[0,T)
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Since [|o"||7, < N, we have sup, . [[¢"]| < +oco by (3.14). Hence, we
can apply the assumption of Lipschitz continuity over bounded subsets.
Accordingly there exists a common Lipschitz constant L > 0 for b and ¢.

o —r = [ (005,0") ~ b, ds+
+ /Ot((T(SAP.”) —0(s,¢.))0l ds + /Ota(s,cp,)(vg — ;) ds

Hence,

t
sup |9 —¢ul <L | sup (¢ — pulds+
0

0<u<t <u<s

t
+L [ sup ¢ —gullel|ds+ sup
0

0<u<s <u<T

(3-15)

/Ou a(s,¢.) (vl —vs)ds

Let us consider for a moment

Ay = sup

0<u<T

[ etsg) @~ o) ds

We prove that A, goes to zero as n — +oco. Observe that for any fixed ¢
the function o (-, ¢.) € L*[0,T], indeed |o(s,¢.)| < M(1+ ||¢||) for any
s € [0, T]. It follows that 00" converges weakly to v in L2. Moreover, the
family {cv"},eN is bounded in L? with respect to the L2-norm. Hence

t : t
/Ocr(s,gb.)vS ds—>/0 o(s,¢.)vsds

uniformly for ¢+ € [0,T]. In fact, consider a bounded sequence u, €
L?[0, T] which converges weakly to u € L?; define

Pn(t)i/otun(s)ds and F(t)i/otu(s)ds.

we observe that for 0 <s <t < T,

|[Fa(t) = Fa(s)] < /SIf |un(r) | dr < V't = s][un 2.

Since {u,} is bounded, it follows that {F,},en is equiholder and ac-
cordingly equicontinuous. Moreover, F,(0) = 0, hence we get |F,(t)| <
VTsup, p |lun|| 2 for every n and every ¢, that is, the set {F, : n € N}
is uniformly bounded, so that it has compact closure by Ascoli’s theo-
rem; every subsequence has then a uniformly converging subsequence;
but pointwise convergence to F, which follows by

Fa(t) = /OTl[O,t](s)un(s) ds — /OTl[O,t](s)u(s) ds = F(t),



3.2 Lipschitz continuous coefficients 37

implies that all these sequences converge uniformly to F, which is there-
fore the uniform limit of the entire sequence.
Therefore, for any € > 0 there exists n. € IN such that Vn > n,

sup
0<u<T

/Ou a(s,¢.) (vl —vs)ds| <e€

Next we take the square on both sides of (3.15), we apply Holder’s
inequality and finally through Gronwall’s lemma we get

2
sup |(P$ o (pbll|2 S 3€2€3L t(H—N)'
o<u<t

By taking the supremum over t € [0, T| we have the desired result
[¢" = plloo < Ve TN

This ends the proof of continuity. In particular, hypothesis H5 holds. [

Hypothesis H6

In this subsection we prove that hypothesis H6 holds.
Let {e,} be a sequence such that €, — 0 as n — o0, and {v, }yeNn C
MZ[0, T] such that there exists a constant N > 0 with

T
sup | [[of(w)|*ds <N
nelN

for f-almost all w € W™. We want to prove that the family { X"}, cn
of solutions to the controlled equation is tight.

In order to prove that H6 hold, we need a preliminary result, by which
we have an estimate on the solutions.

Lemma 3.4. Let b and o be predictable processes which have sub-linear growth

at infinity and let X € A?[0, T] satisfy [.6), for t < T. Let p > 2. Then

IE[sup |Xt|p}§C(T,N,M)(1+|x|”). (3.16)

0<t<T

In particular X € MP|0, T], and the constant C(T, N, M) is increasing in all
its arquments.

Proof. The main idea is to estimate the function

t— ]E[ sup ]Xu\”}

0<u<t
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by Gronwall’s lemma, which requires the function to be bounded. There-
fore, let Tr be the exit time of X from the open ball Br of center 0 and
radius R. Since |Xinr,| < R, then the process X7, belongs to MF[0, T].
Moreover,

t t
Xinrg :x+/0 b(S/X.)l{sgrR} ds+/0 U(S,X,)vsl{sgm} ds+

t
+/O (T(S,X_)l{SSTR} dWs

Next we need some preliminary calculations; first observe that

|b(S/X‘)1{S§TR}‘ < M(1+ sup ’X”/\TRD‘

0<u<s

Indeed, if w € W™ is such that s < 1g(w), then

1b(s, X ()1 s<rpy ()] = [b(s, X.(w))]
<M(1+ sup |Xu(w)]) < M(1+4 sup |Xunr(w)])

0<u<s 0<u<s

If w € W™ is such that s > Tr(w), then [b(s, X )1{;cq,3| = 0 and the
inequality is obviously true. Therefore,

t t
L =E [/ |b(s, X‘)1{5<TR}\"’ ds} < 2P Ipp (t +E [/ sup | Xunre|? ds})
0 0

0<u<s

For the next calculation, Burkholder-Davis-Gundy’s inequality is required
[see, for example Karatzas and Shreve, |1991, theorem 3.28 page 166]. Set

]

14
¢ 2
< cpE [/0 lo(s, X.)l{s<m}|2 ds}

IzilE[sup /0 0 (5, X )1 gy AW,

0<u<t

_ t
< cPZP_ItVTZMP (t +E [/0 sup | Xunre|? ds}).

0<u<s

Finally, using Holder’s inequality, we get

t p
I3i]E|:</O |0(s,X,)1{S<TR}HvS\ds> ]
P
t 5 Eoo 7
SJEK/O o (s, X )1 fscrp| ds/o |vs | ds> ]

_ t
gzp—lt”zzMPN§<t+lE[/ sup !XuATR!”dSD-
0

0<u<s
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Then we have

E [ sup | Xinrg yP} < AP x| 4 4P P 4P 4P (3.17)

0<r<t

_ t
g4v1yxyr’+z3p3Mvt’”zz<té’+c,,+N§)<t+ /0 E[sup nyRyP} ds)

0<u<s

To short our notation we set

K(t, N, M) = max{4P*1,23P*3MPt”T’Z(t§ +c,+NP),
P IMPEE (£ 4 ¢, + N%)}.

Notice that the constant K(¢, N, M) is strictly positive and increasing with
respect all its arguments. With the new notation (3.17) can be rewritten
as

E |: sup ’Xt/\TR|p:| S

0<r<t

t
< K(t,N, M) <1+|x|”+/ lE[sup yXWR\P] ds)
0

0<u<s

We are now in a position to use Gronwall’s inequality; thus, we obtain

1‘E[sup !XWRI”] < K(t, N, M)(1 + |x|P)eKEN M)t

0<r<t

We observe that the constant K(¢, N, M) does not depend on R. Next
we notice that

]E{ sup |Xt|"’] zlE[ sup |XMTR|7”] < C(T,N,M)(1+ |x|P)

0<t<TATg 0<t<T

where C(t, N, M) = K(t, N, M)eKENM! for simplicity of notation.
The constant C(t, N, M) is strictly positive and is increasing with re-
spect to all its arguments.

Since X is continuous, we have sup,;r,, |X¢[’ = RP on the event
{tr < T}. Therefore

P(tg <T) < ]P< sup | X|P > RP>

0<t<TATR
C(T,N,M)(1+ |x|P)
RP

75|
< —E| sup |Xt|p] <
Rp 0<t<TATR
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Accordingly P(tg < T) — 0 as R — +o0. Since {1t < T} C {1 < T}
whenever R’ > R, then 7k AT — T a.e. as R — +oo. Finally using Fatou’s
lemma we get

IE[ sup |Xt]’”} Slli{mianE[ sup \Xtﬂ < C(t,N,M)(1+ |x|?)
%

0<t<T too |0<t<TATR

O]

Remark 3.5. In the proof above, we showed in particular that if T is the exit
time of X from the ball Bg and p = 2, then

2
lim P(tg <T) < lim (LN AMA+ )

=0
R—+o0 R—+o0 R2

The convergence is actually uniform in x belonging to a compact subset of R".

Remark 3.6. Suppose that X€ satisfies

dX§ = be(t, XE) dt + oe(t, X)vp dt + \eoe(t, X€) dW;
with X§ = x. Let be and o have sublinear growth at infinity with constant M.
Observe that if € < 1, then \/€oe has sublinear growth at infinity with constant
M. Hence, the previous computations remain true and we get

E | sup |X{|*

0<t<T

< C(T, [|ol|72, M) (1 + |x|F). (3.18)

Remark 3.7. In particular, estimate (3.18)) and sublinear growth at infinity for

o imply .
sup [ E[|o(s, X)) [*] ds < +oo
neN J/0

We want to use the previous lemma in order to exploit the tightness
property for a family of solutions of the controlled equation (3.2):

dX5? = be(t, X0) dt + oc(t, XV )op dt + \/eoe(t, X¥) AW, X5’ =0.

We assume that there exists a common constant M for any € > 0
sufficiently small (which does not depend on €) such that b, and o have
sublinear growth at infinity. This is always true if b, and ce converge
uniformly on W to b and o, respectively, uniformly in ¢ € [0, T]. Indeed
for any € > 0, sufficiently small, all ¢ W,

|0e(t,@)] < lloe = ollew + |o(t,@)| < (M +6)(1 + sup [¢s])

0<s<t

with 6 > 0. With the next lemma we shall prove tightness for solu-
tions {X?}c<1 of equation (3.2). To exploit the property we use the Kol-
mogorov Chentsov criterion’s (see theorem |A.4).
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Lemma 3.5. Let (v€)e~g C M?2[0, T) be such that
T
| IR < N
0

for all € € (0,1] and assume A3. Then the family of solutions { X" }e~o of
equation is tight.

Proof. We need to estimate

E Dxfﬂf — X

P}

Afterwards we have to take p big enough to ensure the conditions of
Kolmogorov-Chentsov’s criterion. Assume without loss of generality s <
t. With remark [3.6]in mind we compute

[/ Mp(l—I— sup | X |>pdu}
0<r<u
< 2PNt —s)M" [T+ C(T,N, M) (1 + |x|")].

Set H = 2P "M"[T + C(T, N, M)(1 + |x|?)]. Observe that H does not de-
pend on €. The usual computations exploiting the sub-linearity at infinity
yield

€ € t €
[ x| <3091 [ et x5
S

P t
+ 3P~ 1IE[</ |oe (14, X&) Hvi[du) ]—l—?ﬂ”leglE[/ e (u, X7 ) AWy
s
<3P Nt —s)PH + 3P IN2(t — ) H + 3" \cpel (t — ) H

< (t—s)2-3P"'H(TZ + N7 +¢?)

]

We have proved that the hypotheses of the Kolmogorov-Chentsov’s cri-
terion hold if we take coefficients x = p and g = p/2 > 1 with p > 2;
hence the family (X% ). is tight. O
Hypothesis H2 modified

In the proof of theorem hypothesis Hz2 is only needed to prove that

lim E[¥:(X"",0")] = 0

n—oo

where, for any given t € [0, T], ¥ : W x Sy — R is defined by

Yi(¢p,v) = ‘cp(t) —x— /Otb(s,<p,)ds — /Ota(s,qz)vs ds|A1,
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We show that if we assume A3 and A4 then the same conclusion holds.
To this end we use a localization argument.
Given b, set

be(s, ¢.) if SUPy<y<s |pul <R,
be(s,¢.) =
be (s, Hd?ﬁR) otherwise.
Similarly define o}
are globally Lipschitz and bounded. Besides, by assumption A4, b} — bR
and ¢® — oR uniformly on the whole W* uniformly in ¢ € [0, T]. Next
set

,oR and bR. Tt is clear that the functions just defined

t
0

YR(¢p,v) = ‘(p(t) —x— /Ot bR(s,¢.)ds —/ R (s, ¢.)vs ds’Al.

Observe that if sup,_, ., [¢| < R than ¥} (¢, v) = ¥:(¢,v). Now consider
the family {X®"} of solutions to the equation

dX" = bR (t, xRy dt + oR (¢, XRM)ol dt + feuok (8, XBM) dW,,
with Xg’” = x. The same argument as in theorem 3.1] yields

lim E[¥R(X®",o™)] = 0.

n—o0

For any R > 0 and for all n € IN we denote by 7/ the exit time of X"*"
from the ball of center zero and radius R. Then theorem implies that

P(XF" = X", forall t < 1f) =1

Notice that if + < T, then ¥;(X"¥",v") = ¥R(XR", v"). In fact, if
t < 1%, then XRm = X" foralls € [0, t]. Hence, by remark we obtain
b(s, XR") = b(s,X"") for all s € [0,t], and accordingly ¥;(X""",v) =
Yy (XR1,0) = YR(XRM, oM.

Therefore, recalling that 0 < ‘I’t,‘{’f < 1, we have

E[¥,(X"",0")] = E [1t<7£‘1ft(x"f”",v”)} +E [1tZT£‘Yt(X”'v",v”)]
< E[¥R(X™,0)] + P(t > 1) (3:19)

We observe that if M is the common constant for the growth at infinity,
then since fOT |0"|?>ds < N a.s. and by (3.16)

C

R,

H)(tzr;s):P(sup IXF" > R <
0<s<t

> < C(t, N,Z\/;)Z(l + |x|?)
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Finally, taking the upper limit as n — oo on both sides of (3.19), we obtain
lim sup E[¥:(X™%",v")] < limsup P(t > 1) < <

= 2"
n—oo n—oo R

Since R has been chosen arbitrarily, it follows that

lim E[¥;(X™",v")] = 0.

n—oo

Accordingly, the job of assumption Hz2 is carried out by A3 and Ag.

3.3 Applications

In this section we show that Schilder’s Theorem and the Freidlin-Wentzell
estimates are actually special cases of what has just been proved.

Particularly remarkable is the case of small noise diffusions. Observe
that if b(t, x) and &(t,x) are measurable maps from [0, T] x R? into IR“
and R¥*™ respectively, then

b(t,9.) =b(t,¢r)  o(t,9) =0(t¢r)
are predictable mappings.

Example 3.1 (Freidlin-Wentzell estimates). Assume that b(t, x) and & (¢, x)
are locally lipschitz continuous in x uniformly in ¢, so that for all R > 0
there exists Lg > 0 such that

[b(t,x) =b(t,y)| < Lglx—y|  [o(t,x) —a(ty)| < Lrlx —yl,

for all t € [0,T] and for all |x|,|y| < R. Furthermore, assume that there
exists a constant M > 0 such that

b(t, )] < M(1+x])  |o(tx)] < M(1+ |x])

for all t € [0, T] and for all x € R¥.
It is plain that under these assumptions b and ¢ defined above satisfy
A1-A4. It follows that the processes { X} which satisfy

dX§ = b(t, X;) dt + \ea(t, X;) AW

with initial condition X§ = x satisfy the Large deviation principle on W*,
with rate function given by

. 1 (T
I(g) = inf 5 | ot
{0eL2([0,TIRY)pr=x-+ [ B(s,9) ds-+ [ (s, ps)vs ds} 2 O

whenever {v € L2([0, T;R") : ¢ = x + [ b(s, ¢s) dt + [, (s, ps)vs ds} #
@, and I (¢) = oo otherwise.
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Remark 3.8. For 7(-) square matrix, and nonsingular diffusion, namely a(-) =
o (-)o ()T is uniformly definite positive, the preceding formula for the rate func-
tion simplifies considerably to

= 2 [ 6= B a )6 B(9))

if ¢ is absolutely continuous in [0, T] such that ¢(0) = x, +oco otherwise.

Example 3.2 (Schilder’s Theorem). If we take b =b=0and o, =0 =1,
then hypotheses A1-A4 are obviously satisfied. Therefore, the processes
X¢ = {X{ : t € [0, T]} which satisfies the stochastic differential equation

dXE = /e dW,

with initial condition X§ = 0, satisfy the Large deviation principle on W*,
with rate function given by

I(9) = inf / o
{0eL2([0,TR"):y= [ v, ds} 2

whenever {v € L2([0, T|;R") : ¢ = fot vsds} # @, and I(¢) = oo other-
wise.

Observe that the set {v € L*([0, T|;R") : ¢ = fot vsds} # @ if and
only if ¢ is absolutely continuous in [0, T] and ¢(0) = 0; moreover in that
case the set has only one point which is ¢. We have proved that the rate

function is
—1/TH' 1% dt
=5/, bt

whenever ¢ is absolutely continuous in [0, T] such that ¢(0) = 0, +o0
otherwise.

An other application of theorem can be given for systems with
memory [see Mohammed and Zhang), 2006].

Letb: [0,T] xR x RY — R¥ and & : [0,T] x R? x RY — R¥*" be
Borel measurable functions. We make the following assumptions.

(i) The functions b and 7 satisfy a Lipschitz condition. That is, there
exists a constant L > 0 such that for all x1,x2,y1,y2 € R? and all
€10,T],

|b(s, x1,y1) — b(s, x2,y2)| < L(|x1 — x2| + |y1 — y2|)
0(s,x1,41) — (s, x2,¥2)| < L(|x1 — x2| + |[y1 — y2|)
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(ii) The functions b(-,x,y) and &(-,x,y) are continuous on [0, T], uni-
formly in x,y € RY, that is,
lim sup |b(s,x,y) —b(t,x,y)| =0
s—t x,ye]Rd
lim sup |o(s,x,y) —d(t,x,y)| =0

s—t x,ye]Rd

Let 0 < T < T be a fixed delay, and ¢ be a given continuous function on
[—7,0]. Consider, for t € [0, T], the following stochastic differential delay
equation

dXf = b(t, X5, X5_.)dt +Veo(t, X5, X5_.) dW,, (3.20)

with the condition
XS =y(s) s € [—1,0].

Denote by Cy[—1, T| the set of all continuous functions ¢ : [—7, T] — R*
such that ¢(t) = y(t) for all t € [—7,0]. Consider the map F : L2[0, T] —
Cyp[—7, T] which takes v € L?[0, T] to the unique solution of the equation

t t
bt = ¢o +/0 b(s, ¢s, ps—<) ds +/0 (s, s, ps—7)vs ds t€[0,T]
(Pt = lPt t e [—T,O]

Theorem 3.4. Assume (i) and (ii). Then the processes { X¢} which satisfy equa-
tion satisfy a Large deviation principle on Cy[—, T|, with good rate func-
tion given by

1 /T
! - inf 5 / 2 4t
((P) {UELZ([O,T}I}]}QM):(I):F(U)} 2 0 ||th
whenever {v € L2([0, T];R") : ¢ =F(v)} # @, and I(¢) = oo otherwise.

Proof. We prove the theorem by means of the contraction principle [Dembo
and Zeitouni, 1998, Theorem 4.2.1, page 126], accordingly we prove a
large deviation principle on WW* through theorem [3.1/and then we derive
the large deviation principle on Cy[—1, T].

Consider the function ® from W* into Cy[—7, T] defined by

o = ) ) g () + ()L r)(s) if ¢ € Cy)[0, T]
1) {¢<s>1[_m]<s>+¢<o>1]o,ﬂ<s> ofherwise.

Set

L) b(s, ¢, ps—r) ifs €[0T,
bt e) = { B(s, o ps_v) ifs € [1,T]
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In the same manner, define ¢. Consider the stochastic differential equa-
tion

dYf = b(t,Y€)dt + e (t,Y)dW,, (3.21)

with initial condition Y§ = 1(0). Observe that if Y* is the solution of
and X¢ is the solution of (3.20), then X¢ = ®[Y*¢] almost surely.
This is why we are going to derive a large deviation principle for {X¢}
through theorem

We show that the functions b and ¢ enjoy assumptions (A1-A4). Since
the coefficients does not depend on ¢, it suffices to verify A1 and A2. We
check the assumptions for b, since the work for ¢ is analogue.

We start by proving A1. Observe that from (i) we get

[b(t, x,y)| < L(|x[ +[y]) + [b(£,0,0)].

By (ii) it follows that sup, 7 [b(£,0,0)] < +oo. Now fix ¢ € wH, if
s € [0, 7], then

|l_1(s, Ps, Ps—z )|

b(s, )| =
< L(gu] + [ih—c]) + [b(5,0,0)].

If s € [1, T, then

[b(s, ¢.)]

|b(s, Ps, Ps—7)|
< L(gu] + [fs-<]) + b(s,0,0)|

Accordingly, |b(s,¢.)| < M(1 + supy, |¢u|), where M is big enough.
Next we prove A2. Let ¢,0 € W1 If s € [0, 7], then

b(s,¢.) —b(s,0)| = |E(51‘Ps/4’577) - E(S/ Os, s—<)|
< Llgs — 05| < L sup [y — Oul.

0<u<s

If s € [t, T}, then

|b(s,¢.) — b(s,0)]

= |B(s, ¢s, ps_<) — b(s,05,05_7)|
< L1 = 0s] + e — 05 <) < 2L sup [g — ]

0<u<s
Therefore b is globally Lipschitz continuous, uniformly in ¢ € [0, T] and
with constant 2L. Since both A1 and A2 are satisfied, the family {Y¢} of
solution of equation satisfy a large deviation principle on W* with
good rate function

T
I(¢) = inf ;/ or]|2 dt.
{UELQ([O,T];]R”):¢t:¢(0)+jg b(s,¢s) ds+f0t o (s,¢ps)vs ds} 0
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Observe that the effective domain of I, D; = {¢ € W* : I(¢) < o},
is contained in Cyg)[0, T]. Since the map @ is continuous from Cyg) [0, T
into Cy[—7,T] (and in fact ® is a continuous bijection), the contraction
principle implies that the family {X¢}.~¢ satisfies a large deviation prin-
ciple on Cy[—T, T| with good rate function

1(9) = inf{1<e> g = @[9]} — I(¢0m)

1 T
— inf f/ o || dt
{oeL2([0,TIR):yj0,11=Ty(0) ()} 2 J0

T
_ in 1/ os|[2 dt.
{vel2([0,T|;R"):p=F (o)} 2 Jo

Indeed, ¢ = F(v) if and only if ¢jo, 1) = T'y(0)(0)- O

3.4 Positive and Holder continuous diffusions

We are now going to establish a large deviation principle in the particular
case where the diffusion coefficient ¢ is positive and Hoélder continuous
with exponent ¢y > % and in dimension one. A very well known example
in finance in this setting is the so called CEV model, in which the interest
rate is driven by the following dynamic

dre = a(b—r)dt +pr] dWs. 19 >0

When ¢ = %, we obtain, in mathematical finance, the Cox-Ingersoll-Ross
model (or CIR model) which describes the evolution of interest rates.

The aim of this section is to derive, through a weak convergence ap-
proach, Wentzell-Freidlin large deviation estimates for diffusions with
coefficients that are neither bounded nor Lipschitz continuous. This prob-
lem has been studied with a different approach by |Baldi and Caramellino
[2011]. Some of the ideas of their proof are contained in this section.

As usual we consider X€ to be the solution to the equation

dX{ = b(X§)dt + Ver(X5)dW;, X§=x>0 (3.22)
Moreover we make the following assumption on the coefficients.

R1 The diffusion coefficient ¢ : R — R is locally Lipschitz continuous
on R\ {0}, vanishes at 0, and has sub-linear growth at co. More-
over we assume that there exists a continuous positive increasing
function p(u), u € [0,00) such that

o(x) —o() < p(fx—yl) YxyeR
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and

p‘z(u) du = +oo
0+

R2 The drift b : R — R is locally Lipschitz continuous, has a sublinear
growth at co and b(0) > 0.

Remark 3.9. Remark that the above assumptions imply in particular that there
exist B > 0 and a neighborhood of zero such that b(x) > B and o(x) < p(|x|).

The large deviation principle will be proved showing that the hy-
potheses of theorem [3.1]are satisfied. It is clear that we shall consider

(s, 9.) = 0o(gs), bls,¢) =b(¢s)

in order to apply Theorem The control of the assumptions is not a big
deal, since most of the work has already been carried out in the Lipschitz
continuous case. Besides, for sake of simplicity we consider only the case
be = b and oe = o so that H2 holds true. We remark that hypothesis of
sub-linear growth at infinity is sufficient to grant Hé.

It is clear that Hi1 is verified: observe that for any fixed ¢ € W1,
7(s, @) = lo(¢s)| < M1+ [[]]e0) < c0.

Hypothesis H3 deserves a special discussion. It is not plain that the
stochastic differential equation has a pathwise unique solution. In fact,
this result is the content of a theorem due to Yamada and Watanabe,
which we have collected in the appendix (Theorem [A.3). By assump-
tions R1 and Rz it follows that pathwise uniqueness holds. Since the
coefficients are continuous, and have sub-linear growth at infinity, there
exists a weak solution to defined on [0, T] [see Ikeda and Watanabe,
1989, Theorem 2.3 and Theorem 2.4]. Moreover, we remark that path-
wise uniqueness implies that any solution is strong (see Revuz and Yor
[1999], Theorem (1.7) page 368); thus, the stochastic differential equation
has a pathwise unique strong solution. Accordingly, hypothesis H3
holds.

Remark 3.10. Concerning Hg, existence (not uniqueness) to the equation (3.3)
is granted by sub-linear growth at infinity and by the hypothesis of uniform con-
tinuity on bounded subsets of R, which comes by R1 and Rz, as we have already
seen in the case of Lipschitz coefficients (Lemma [3.1). To discuss uniqueness we
shall need the following result.

Proposition 3.1. Under Assumptions R1 and Rz the integral equation

¢r = x0 + /Otb((ps)ds + /Ot o(¢s)vs ds

for v € L?[0, T), admits a unique solution for t € [0, T]. Moreover for every
N > 0 there exists 1 > 0 such that ¢y > n for any choice of ||v|[;2 < N.
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Proof. We have already discussed existence in remark In order to
prove that the solution is unique it suffices to verify the last part of the
theorem. Indeed, for any fixed ||v||;2 < N, take ¢ and ¥ solutions to the
above integral equation. Since ¢, i > 7, they solves the same equation
in which b and ¢ are locally Lipschitz on the whole R, and we already
know that in that case uniqueness holds.

For any absolutely continuous path ¢ : [0,T] — R with a square
integrable derivative, let

(fr — b(¢r))?

20(¢r)?
where b and ¢ are for now supposed to be strictly positive continuous
functions on |0, 400, and 0 < t; < t, < T. (FE = +o0 possibly). We
would like to estimate FE from below uniformly in ¢. To this end we use

ta . .
TEg) = [ L@ugdt Lipd) =

a approach of calculus of variations.
Let

v — 2
H(x,p) =sup(vp — L(x,v)) = sup <vp — (20?35)32)>

veR veR

A straightforward computation yields
1
H(x, p) = b(x)p + 50 (x)*p".
By construction, it is clear that

H(x,p) + L(x,0) > vp (3.23)

for every v, p and x > 0. Next we consider, for x, xo > 0 the function

V(x)=-2 x: :((ZZ;Z dz

We can easily check that V' solves the problem

{ H(x,w') =0
w(xp) =0

Let ¢ be an absolutely continuous path such that ¢;, = xo, ¢, = x and
¢t € [x,x0] for all t € [ty, t2]. Then by we get

[5)

v = [ Lvip)as= ["Vig)geds <

t S t

< /t:z (H(¢s, V'(¢s)) + L(¢s, ps)) ds = FE(‘P)
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We have proved that for all ¢ absolutely continuous path such that ¢;, =
Xo, ¢r, = x and ¢r € [x, xg] for all t € [t1, 1]

V(x) <TE(p)

Finally we have all the elements to prove the result in the statement.
Let ¥ > 0 be such that b(x) > B > 0 for some g > 0,6 > 0 and for
€ [0,x]. We can obviously assume also that ¥ < xp. Let ¢, 0 < ¢ < *.
We are going to prove that if ¢ is sufficiently small and ||v||;2» < N, then
¢r > ¢ forevery t € [0, T]. Indeed, otherwise, there would exist two times
t1 < tp < T such that ¢y, = %, ¢y, = C and ¢ € [{, %] forall t; < t < .

e T b @R o [ b))
2 t — t 2 (P — t
L R A A Y
as b(x) > B> 0and o(x) < p(|x|) for x < %, by the above computation

2 (¢r — b(¢r))? (z)

/tl g = —2/ s
B

22/@ 2

Now remember that, by assumption

0 2(u)du = +oo;
0+
thus, pick ¢ > 0 such that f p~2(u)du > N2. This is in contradiction
with the assumption ||v||;2 < N Therefore, if ||v]|;2 < N, then ¢ > ¢ for
every t € [0,T]. In particular, the solution ¢ stays away from 0, so that
the equation has a unique solution, as the coefficients are assumed to be
Lipschitz continuous on |0, +oo]. O

By the above stated proposition it follows that Hy is satisfied. By the
same proposition it is not difficult to observe that Hs is satisfied. The map
I'y which takes v € Sy to the unique solution of the integral equation

t t
(Pt:x_‘_/(; b(¢5)d5+/0 U((Ps)vsds

coincides with the map defined by replacing ¢ with a function which is
locally Lipschitz on the whole R and equals ¢ out of a sufficiently small
neighborhood of zero. Indeed, there exists ¢ > 0 such that, for all v € Sy,
I'y(v) > &. Therefore, I'y is continuous from Sy endowed with the weak
topology of L?, by what we have already proved in the case of Lipschitz
continuous coefficients.



3.4 Positive and Ho6lder continuous diffusions 51

By assumptions R1 and R2, it follows immediately that H6 is satisfied.
Indeed the only thing we need here is that ¢ and b have sublinear growth
at infinity so that we can argue exactly as in the Lipschitz continuous
case.

Finally, since the hypotheses for the LDP are satisfied we can state the
following.

Theorem 3.5. Assume R1 and R2. Then the family {X¢} of solutions of the
stochastic differential equation (3.1), taking values in the Polish space C([0, T];R),
satisfies the Laplace principle in C([0, T|;R) with (good) rate function I, given

by
¢t
x 2 / 0'2 ¢t

whenever ¢ € ACy[0, T] and I.(¢) = oo otherwise.

Proof. We have already checked that R1 and R2 imply (H1-H6). Therefore,
Theorem [3.1] implies that the family {X¢} of solutions of the stochastic
differential equation (3.1), taking values in the Polish space C([0, T|;R),
satisfies the Laplace principle in C([0, T|;R) with rate function I, given

by

1 T
I(}) = inf 7/ 2 dt
D)= o Rrperion 2 Jo 11

whenever {v € L2([0, T|;R") : ¢y = Tx(v)} # @, and I;(¢) = oo other-
wise. Observe that if {v € L2([0, T|;R") : ¢y = Tx(v)} # @ then, for any
u in that set

t t
or = x —l—/o b(ps) ds + /0 o (ps)us ds.
Thus ¢ € AC,[0, T|. Moreover

¢r = b(¢pr) + 0o (pr)us

We have already proved that ¢, > 0 for t € [0, T], thus o(¢) # 0 and
accordingly
¢t — b(¢r)
o (¢r)
The last display implies that for all u € {v € L2([0, T|;R") : ¢ = I'x(v)}

2 (¢r —b(¢r))?
3 ) lwlpar =5 [T

Hence the proof is over. O

= Ut.
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Appendix

Stochastic differential Equations

In this section we collect some definitions and theorems about the stochas-
tic differential equations. In what follows we deal with the filtered proba-
bility space (Q), F, F;,IP), where {F;} is supposed to be right continuous
and complete.

Definition A.1 (Predictable path functionals). Let P be the predictable o-
algebra, that is the o-algebra generated by the space of the Fi-adapted processes
which are left-continuous on |0, T|. A process X with values in a measurable
space (E, &) is (Fy)-predictable if the map X : Q x [0, T| — E is measurable
with respect to P.

A function f : [0, T] x W" — R is said to be predictable if it is pre-
dictable as a process defined on W" with respect to G;. Now let X be a
continuous adapted R"-valued process defined on the filtered probabil-
ity space (Q), F, F;,IP), then X takes values in W", and if f is predictable,
we will write f(s, X ) or f(s, X (w)) for the value taken by f on the path
s — X;(w) at the time s. It is not difficult to check that f(s, X)) is F4-
predictable.

It has to be clear that f(s, X (w)) may depend on the whole path up
to time s. A very special case is when f(s,¢.) = (s, ¢(s)), where o is
defined on [0, T] x R?. In that situation f(s, X.) = o(s, Xs).

Let b(-,-) and ¢(-,-) be predictable functions from [0, T] x W* to R“
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and to R¥*™ respectively. Fix x € RY, and consider the stochastic func-
tional differential equation

dXt = b(t, X) dt—FO’(t, X) th, (Al)
for t € [0, T], and with initial condition X, = x.

Definition A.2. A strong solution of the stochastic differential equation (A.1)),
on the given probability space (Q), F,IP), with respect to the fixed Brownian
motion W and initial condition x € RY, isa process X = {X;; 0 < t < T} with
continuous sample paths and with the following properties:

(i) X is adapted to the augmented filtration generated by W;
(ii)
T
]P</ b(s, X)| + [lo(s, X)|*ds < —|—oo) =1
0

(iii)
t t
X; = x+/ b(s,X.)ds—k/ o(s, X)) dWs
0 0
forall t € [0, T|, P-almost surely.

Definition A.3. Let the drift vector b and the dispersion matrix o be given. Sup-
pose that, whenever W is a d-dimensional Brownian motion on some (Q), F,P),
and X, Y are two strong solutions to relative to W with initial condition
x € RY, then P(X; = Yy, t € [0,T]) = 1. Under these conditions we say that
strong uniqueness holds for the pair (b, o).

Definition A.4. A weak solution of the stochastic differential equation
is a triple (X, W), (Q, F,P), { F+}, where

() (Q, F,P) is a probability space, and {F;} is a filtration of sub-o-fields of F
satisfying the usual conditions.

(ii) X is a continuous, Fi-adapted, R? valued process, W is an r-dimensional
Fi-Brownian motion and (ii), (iii) conditions of definition[A.2]are satisfied.

Definition A.5. Suppose that, whenever (X, W), (Q, F,P), {F} and (X, W),
(Q, F,P), { F}, are weak solutions to with common Brownian motion W
(relative to possibly different filtrations) on a common probability space (Q), F,P)
and with common initial value, i.e. P(Xo = Xo) = 1, the two processes are in-
distinguishable: P(X; = X;, t € [0,T]) = 1. We say then that pathwise
uniqueness hold for equation (A.1).
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Definition A.6. We say that uniqueness in the sense of probability law
holds for equation (A.1) if, for any two weak solutions (X, W), (Q), F,P), { F+},
and (X, W), (Q, F,P), {F;}, with the same initial distribution, i.e.

P(Xo eT)=P(Xo €T); VI € B(RY),
the two processes X, X have the same law.
Theorem A.1. Suppose that b and o satisfy the following assumptions:

(i) band o satisfy a sublinear growth condition. Specifically, there exists M > 0
such that for all s € [0, T), all p € WH,

b(s,¢)| < M(1+ sup [pu])  |o(s,¢)] < M(1+ sup [pul).

0<u<s 0<u<s

(ii) b and o are locally Lipschitz continuous. Specifically, for any R > 0 there
exists Lg > 0 such that

[b(s,¢.) —b(s, )| < Lk sup |¢pu — thu

0<u<s

|o(s,¢.) = (s, )| < Lr sup [pu — ¢ul

0<u<s
whenever SUP << |pu V y| < Rands € [0, T].

Then pathwise uniqueness and existence of strong solutions hold for equation

(A.1).

For a proof see for example Theorem (12.1), page 132 of Rogers and
Williams| [2000]].

Theorem A.2. Suppose that b; and o, i = 1,2 satisfy hypotheses (i) and (ii)
above and that X' is a solution to

Xi=x+ /Ot bi(s, X') ds + /Ot o;i(s, X*) dW
on some set-up (Q), {Fi}, P, W;). Furthermore, assume that
bi(s,¢.) = ba(s, 9.)
a1(s,9.) = (s, 9.)

on 0 < s < 7(¢.), where T : W* — R is an Gs-stopping time. Then
P(X} = X7, forall t < T(X"))

For a proof, see Corollary (11.10) of Rogers and Williams| [2000].
In the theorem which follow we give a uniqueness result when the
stochastic differential equation of interest is one-dimensional.
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Theorem A.3 (Yamada-Watanabe). Assume that:

(i) there exists a positive increasing function p(u), u € [0,00) such that

jo(x) o) <p(x—y|) VxyeR
and

0 2(u)du = +oo;
0+

(ii) the drift b is locally Lipschitz continuous.
Then pathwise uniqueness holds for equation (A.1).

For a proof we refer to Revuz and Yor|[1999], Theorem 3.5 page 390.

Tightness

Here we provide a criterion to decide whether a system of d-dimensional
continuous processes { Xf } (o 7 is tight.

Theorem A.4 (Kolmogorov Chentsov). Let {Xf}c(o 1] be a system of d-
dimensional continuous processes satisfying the following two conditions.

1. the family of initial distributions {IP(X{ € -) }e>o is tight;

2. there exist positive constants a, B and M such that for every € > 0, and
forall t,s € [0, T]

E[|Xf — X{|"] < M|t —s|'*F

Then the family {X€}eso is tight as a family of C([0, T);R?) valued random
variables.

For a proof we refer to Klenke|[2008, Theorem 21.42 page 473].
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