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Abstract Let G be a simple algebraic group over an algebraically closed field k of char-
acteristic zero and O be a spherical conjugacy class of G. We determine the decomposition
of the coordinate ring k[O] of O into simple G-modules.

1 Introduction

Let G be a simple algebraic group over an algebraically closed field k of characteristic zero,
with Lie algebra g. In this paper we study the G-module structure of the coordinate ring k[O],
where O is a spherical conjugacy class of G (we recall that a conjugacy class O in G is called
spherical if a Borel subgroup of G has a dense orbit on O: see Definition 3.1). There has been
a lot of work related to this field. Initially, spherical G-orbits have been studied in the context
of Lie algebras [33,35]. More recently, in [9], we put our attention to spherical conjugacy
classes in G. Since k is of characteristic zero, there is no essential difference between the
(spherical) nilpotent orbits in g and the (spherical) unipotent conjugacy classes in G. In the
group context there is the possibility to use the Bruhat decomposition, whereas the nilpotent
orbits in g are conical varieties and therefore k[O] is naturally graded. The latter also lead to
the notion of height of a nilpotent orbit.

To fix the notation, G is a simple simply-connected algebraic group over k, g its Lie
algebra, B a Borel subgroup of G, T a maximal torus of B, B~ the Borel subgroup opposite
to B, {«1, ..., o} the set of simple roots with respect to the choice of (7', B). Let W be the
Weyl group of G and let us denote by s; the reflection corresponding to the simple root «;:
£(w) is the length of the element w € W and rk(1 — w) is the rank of 1 — w in the geometric
representation of W.

There are two main characterizations of spherical orbits:

(1) (Panyushev [33,36]) A nilpotent orbit O C g is spherical if and only if its height is at
most 3, which means 2 or 3 if O is not the zero orbit;
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328 M. Costantini

(2) (Cantarini et al. [9]) A conjugacy class O C G is spherical if and only if dimO =
L(w)+rk(l —w), where w = w(O) is the unique element of W such that O N BwB is
dense in O (we observe that the classification given in [9] over the complex numbers,
holds in general for k).

The latter characterization was achieved while proving the De Concini—Kac—Procesi con-
jecture on the quantized enveloping algebra U/, (g) (introduced in [14]) for simple U/ (g)-mod-
ules over spherical conjugacy classes of G: our main tool was the representation theory of
the quantized Borel subalgebra B, introduced in [15]. The representation theory of U/ (g) is
related to the stratification of G given by conjugacy classes, while the representation the-
ory of B, is related to the stratification {X,, | w € W} of B~, where X, = B~ N BwB
for every w € W (each X,, is an affine variety of dimension n + £(w)). We proved that
for every spherical conjugacy class O in G, there exists w € W such that O N X,, # @
and £(w) 4+ rk(1 — w) = dim O: this then allows to prove the De Concini—Kac—Procesi
conjecture for simple U, (g)-modules over elements in O. In fact we proved also a result in
the opposite direction, giving therefore the above mentioned characterization of spherical
conjugacy classes in terms of the Weyl group [9, Theorem 25]. Moreover w is always an
involution (see [9, Remark 4], [10, Theorem 2.7]). From this result we conjectured that, for
a spherical O, the decomposition of the ring k[O] of regular functions on O (to which we
refer as to the coordinate ring of O) as a G-module should be strictly related to w(O). This
is the motivation for the present paper.

We recall that k[O] is multiplicity-free, so that in order to obtain the decomposition
of k[O] into simple components one has just to determine which simple modules occur
in k[O]:

k[O] = @ 140

rer(O)

where for each dominant weight A, V() is the simple G-module of highest weight A (if
A € A(O) we say that A occurs in k[O]).

The decomposition of the coordinate ring k[ X] for G-varieties X has been investigated
by various authors. If A is a non-zero highest weight, and v € V(}) is a non-zero high-
est weight vector, then k[G.v] is isomorphic to @,>0V (n1)* [45, Theorem 2]. In particu-
lar this determines k[O] for the minimal unipotent orbit of G. For a unipotent class in G
(equivalently nilpotent orbit in g) McGovern ([30, Theorem 3.1], with k = C, the complex
numbers) describes C[O] in terms of induced building blocks from a certain Levi subgroup
of G (via sheaf cohomology on G/Q, Q a parabolic subgroup of G associated to O): it
is then possible to obtain multiplicities of simple G-modules in C[O] as an alternating
sum of certain partition functions. In the same paper the author gives a formula for Clol,
where O is the simply-connected cover of O [30, Theorem 4.1]. Then in [31] there are
tables for the sets of simple modules in (C[@] for spherical unipotent classes in the classi-
cal groups (and conjecturally in the exceptional groups). For type F4 the monoid A(O) has
been described in [7], over C, for all spherical unipotent classes. For the maximal spherical
unipotent class O in Eg, it has been shown in [2, Theorem 1.1], that every simple G-mod-
ule occurs in C[O] (so that O is a model orbit). In [36], Panyushev gives tables for the
sets of simple modules for (spherical) nilpotent orbits of height 2 (and conjecturally for
height 3). In [28] the author describes explicitly the structure of complex principal model
homogeneous spaces. For semisimple spherical classes, the description of A(Q) may be
deduced from the tables in [26]. See also [46, Théoreme 3], where symmetric varieties are
considered.
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On the coordinate ring of spherical conjugacy classes 329

The main result of this paper is the following:

Theorem Assume O is a spherical conjugacy class in G, and let w = w(QO). Then a domi-
nant weight A occurs in k[O] if and only if w(X) = —A and A(Sp) = 1.

Here So is a certain (finite) elementary abelian 2-subgroup of 7 which we determine for
every spherical conjugacy class, describing therefore explicitly A(O): see Tables 1, 2, 3,4, 5,
6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25 and 26. In particular
we completely solve the problem of determining the simple modules occurring in k[O] for
unipotent classes [22, 8.13, Remark 2], and obtain the decomposition of k[O] for conjugacy
classes of mixed elements.

Our proof is based on the deformation result obtained by Brion in [4] and independently
by Vinberg in [44]. We have k[O] = k[G/H] = k[G]", where H is the centralizer of an
element of O in G. There exists a flat deformation of G/H to a quotient G/Hy, where Hop
contains the unipotent radical U~ of B~. We determine the decomposition of k[G/Hp] into
simple components (i.e. we determine A(G/Hy)), relating the group Hy with H via the theory
of elementary embeddings [5,29]. We then prove the crucial fact that A(O) is saturated [34,
Sect. 1.3], so that kK[G/H] = k[G/Hp] as G-modules. We also determine the decomposition
of the coordinate ring k[@] for the simply-connected cover O of 0, and of k[O].

The paper is structured as follows. In Sect. 2 we introduce the notation. In Sect. 3 we
recall some basic facts about spherical varieties and we prove the main theorem. In Sect. 4
we determine the group S for the spherical conjugacy classes in the various groups, deter-
mining therefore the monoid A(Q), and also A(é). In Sect. 5 we consider the coordinate ring
k[O] of the closure of . It is well known that k[O] = k[O] if and only if O is normal: we
list all cases in which the spherical conjugacy class O has normal closure and we determine
X(O) for the classes with non-normal closure. In Sect. 6 we consider the case when G in not
necessarily simply-connected.

2 Preliminaries

We denote by C the complex numbers, by R the reals, by Z the integers and by N the natural
numbers.

Let A = (a;;) be a finite indecomposable Cartan matrix of rank n. To A there is associated
a root system P, a simple Lie algebra g and a simple simply-connected algebraic group G
over k. We fix a maximal torus T of G, and a Borel subgroup B containing 7: B~ is the
Borel subgroup opposite to B, U (respectively U ~) is the unipotent radical of B (respectively
of B7). If x is a character of T, we still denote by x the character of B which extends .
We denote by § the Lie algebra of 7. Then & is the set of roots relative to 7, and B deter-
mines the set of positive roots ®T, and the simple roots A = {ay, ..., a,}. We fix a total
ordering on ®T compatible with the height function. We shall use the numbering and the
description of the simple roots in terms of the canonical basis (eq, .. ., ex) of an appropriate
R* as in [3], Planches I-IX. For the exceptional groups, we shall write g = (my, ..., my)
for B = mjay + --- + mya,. We denote by P the weight lattice, by P* the monoid of
dominant weights and by W the Weyl group; s; is the simple reflection associated to «;,
{w1, ..., w,} are the fundamental weights, wo is the longest element of W. In the expression
A =2, kinjw; we always assume k;’s and n;’s in N. The real space E = RP is a Euclidean
space, endowed with the scalar product (o;, o) = d;a;;. Here {dy, ..., d,} are relatively
prime positive integers such that if D is the diagonal matrix with entries dy, . . ., d,, then DA
is symmetric.
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If Vis a G-module, v € V, f € V*, then the matrix coefficient ¢, : G — k is defined
by csv(g) = f(g.v) for g € G. We consider the action of G x G on k[G]

(g, g1)-H)(©) = flg"egn)

for c, g, g1 € G, f € k[G]. The algebraic version of the Peter-Weyl theorem gives the
decomposition

kGl = D V(—wod)* ® V(~woh) @1
repPt

We put IT = {1,...,n} and we fix a Chevalley basis {h;,i € IT;e,4, a0 € D} of g. We

shall denote by @;, fori = 1, ..., n, the elements in b defined by « j (w;) = 6; j (recall that
2(x,y)

wj(h;) =6;;) for j =1,...,n. As usual we put (x, y) =

Weusethenotatlonxa(g) he(z),fora € @, € k,z € k* asm[ll 43]. Fora € @ we put
Xo = {x4(&) | & € k}, the root-subgroup corresponding to «, and Hy = {h(z) | 7 € k*}.
We identify W with N/T, where N is the normalizer of 7: given an element w € W we
shall denote a representative of w in N by w. We choose the x,’s so that, for all « € @,
ny = X (1)x_y(—1)xy (1) lies in N and has image the reflection s, in W. Then

X (E)X_a(—E VX (§) = hg(E)ng, nZ = he(—1) 2.2)

for every € € k*, o € ® [41, Proposition 11.2.1].

Weput T = {t € T | wtw™' =1}, b = {t € T | t* = 1}. In particular T% = T» if
w=wy= —1.

For algebraic groups we use the notation in [12,19]. In particular, for J C T, A; = {o; |
Jj € J}, @y is the corresponding root system, W, the Weyl group, P; the standard parabolic
subgroup of G, L; = T(Xy | @ € @) the standard Levi subgroup of P;. For z € W we
putU, =UnN 7z~ 'U~z. Then the unipotent radical R, P; of Py is Uwow , where w, is the
longest element of W;. Moreover U N L; = Uw is a maximal unipotent subgroup of Ly.

If W is a subsystem of type X, of ® and H is the subgroup generated by X, @ € WV, we
say that H is a X,-subgroup of G.

If X is an algebraic variety, we denote by k[ X] the ring of regular functions on X. If X is
a multiplicity-free G-variety, then we denote by A(X) the set of dominant weights occurring
in k[X], i.e. A € PT such that k[ X] contains (a copy of) V(A). If x € X we denote by G.x
the G-orbit of x and by G the isotropy subgroup of x in G. If the homogeneous space G/H
is spherical, we say that H is a spherical subgroup of G.

If x is an element of a group K and H < K, we shall also denote by C(x) the centralizer
of x in K, and by C (x) the centralizer of x in H. If x, y € K, then x ~ y means that x, y
are conjugate in K. For unipotent classes in exceptional groups we use the notation in [12].
We use the description of centralizers of involutions as in [21].

3 The main theorem

In this section we prove the main result which states that the monoid of weights of a spherical
conjugacy class is saturated. We recall

Definition 3.1 Let X be a G-variety. Then X is called spherical if X is normal and B has a
dense (open) orbit on X.
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On the coordinate ring of spherical conjugacy classes 331

Let O be a spherical conjugacy class. Our aim is to determine A(Q). For this purpose if
H is the centralizer of an element in O, we have k[O] = k[G/H] = k[G1" and, from (2.1),

KGI" = @ V—won)* @u,
rer(O)

where 0 # u) € V (—woA)? [37, Theorem 3.12]. We start by considering in general a
spherical homogeneous space G/H . Without loss of generality we may assume B H dense in
G. By [4, Theorem 1], there exists a (flat) deformation of G/H to a homogeneous (spherical)
space G/ Hp, where Hy contains a maximal unipotent subgroup of G: such an homogeneous
space is called horospherical, and Hy a horospherical contraction of H (see also [44]). An
elementary embedding of G/H is a pair (X, x) where X is a normal algebraic G-variety,
x € X is such that G.x is dense in X, G, = H and X\ G.x is a G-orbit of codimension 1
[6, 2.2]. In [4] Brion constructs a G x k*-variety and a flat G x k*-morphism p : Z — k
(where G acts trivially on k and k* acts via homotheties) such that p~!(k*) = G/H x k*
and p’l (0) = G/Hy [4, Theoreme 1], [6, Sect. 3.11]. One may consider Z as an elementary
embedding (Z, z) of (G x k*)/(H x 1), with closed orbit (G x k*)/(Hy x k*); H x 1 is
the isotropy subgroup of z, Hy x k* is the isotropy subgroup of an element in the closed
orbit [6, Proof of Corollaire 3.7]. Let P = P; be the parabolic subgroup associated to H,
P ={g e G| gBH = BH}, and let L be a Levi subgroup (which we may assume equal
to L, by taking an appropriate conjugate of H instead of H) of P adapted to H [6, 2.9]: in
particular

PNH=LNH, L <H (3.3)

Then P x k* is the parabolic subgroup of G x k* associated to H x 1 and L x k* is a Levi
subgroup adapted to H x 1 ([6], Corollaire 3.7 and its proof).

By [6, Proposition 3.10, i)], we have Hy x k* = (R, Q x 1)(L x k* N Hy x k*) where
Q is the opposite parabolic subgroup of P with respect to L, so that

Ho = (R, Q)(L N Ho) (3.4)

We show that L N H = L N Hy. Let L = CL’, where C is the connected component of
the centre of L. Then L’ is contained also in Hp, by [6, Théoréme 3.6].

By [6, Proposition 3.4], Z contains an open P X k*-stable subset isomorphic to R, P x W
where W is L x k*-stable and meets the closed orbit, and (W, z) is an elementary embedding of
the torus (C xk*)/(CNH x 1) [5,Proof of Lemme4.2]. Then f = pjw : W — kisa(C xk*)-
equivariant flat morphism such that f~!(k*) = C/CNH xk*and f~1(0) = C/HyNC. So
the coordinate rings of these orbits are isomorphic C-modules and it follows that the isotropy
groups of all points of W are the same. In particular

CNH=CnNH, (3.5)

With the above notation we prove

Theorem 3.2 Let H be a spherical subgroup of G such that BH is dense in G and L = L
is a Levi subgroup adapted to H. Then Hy = R,Q (LN H) = (U™, Uw, ,CNH).

Proof. By (3.5) we have
LNHy=L'CNHy=L(CNHy)=L(CNH)=LCNH=LNH

so that by (3.4) we conclude. O
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Definition 3.3 We put A(G/H) = A(G/Hp).

I:Iote that .\(G/H) < ):(G/H) since B H is dense in G, and more generally Z A(G/H)NPT <
A(G/H) ([34], part 2 of the proof of Proposition 1.5). Moreover

MG/Hy) ={ e PT | MTNH)=1} (3.6)

since Hje] Hy, < H and Xoj V-3 = vy if (A, ;) = 0 (here v_; is alowest weight vector
of weight —A in V(—wpA)). Also BNH < PNH =LNH,sothat BNH = le (TNH).
IfA e ):(G/H), then F, : BH/H — k,b™'H — A(b) is a regular function on BH/H,
and therefore a B-eigenvector of weight A in k(G/H). In case G/H is quasi affine (as for
conjugacy classes), then ZA(G/H) N P+ = X(G/H) since k(G/H) = Frac k[G/H], as in
[34], Proposition 1.5. I do not know if ZA(G/H) N PT = X(G/H) holds in general.

Lemma 3.4 Suppose F in Frac k|G/H] is a B-eigenvector of weight . and mA lies in
A(G/H) for a positive integer m. Then F lies in k|G /H].

Proof. There exists a B-eigenvector F| € k[G/H] of weight mA. Then F™/Fj is invariant
under B (as its weight is 0). So F™/Fj is constant, as G/ H is spherical. In other words, F"
is regular on G/ H. We conclude that F is in k[G/ H], since k[G / H] is integrally closed [16,
Lemma 1.8]. ]

Let O be a spherical conjugacy class of G. We recall that w = w(O) is the unique element
(an involution) of W such that BwB N O is (open) dense in O. Let v be the dense B-orbit
in O. Then BG is dense in G for any y € v. The parabolic subgroup P = P; associated to
G coincides with {g € G | g.v = v}. Moreover v = O N BwB [9, Corollary 26], and it is
affine, as an orbit of a soluble algebraic group.

We have w = wow,, the subset J is invariant under ¢, where ¢ is the symmetry of I1
induced by —wyg, and wo and w, act in the same way on @ (see [10] the discussion at the
end of Sect. 3, Corollary 4.2, Remark 4.3 and Proposition 4.15).

Since all Levi subgroups of P are conjugate under R, P, we may choose y € v such that
the standard Levi subgroup L is adapted to G . For the rest of this section we fix such a y,
and we put H = Gy, P = P;, L = L;. By Theorem 3.2, we have

Hy = (Uiv ij’cy> = (UisUw]v Tv) (3.7)

and A(0) = A(G/Hp).
We shall now relate H with centralizers of elements in v N w B. By the Bruhat decompo-
sition, y is of the form y = uwb, where u € R, P and b € B. We put x| = u~'yu = wbu.
By [10, Corollary 4.13], ij (T%)° < C(x1). Moreover, since L’ < C(y), by [10, Lemma

3.4], and commutation of y with X4, fori € J, we get L’ < C(x;) (see also the proof of
[10], Proposition 4.15).

Proposition 3.5 Letx bein ONwB. Then Ty =Ty and T N H° =T N C(x)°.

Proof. We observe that Cry, (x) < T by the Bruhat decomposition and Cry, (y) < T,
since L is adapted to C(y). Now x; = u~'yu = y* implies

Ty, =Cr(x1) =Cry,(x1) <TNT"=Cr(u)
T, =Cr(y) = Cry,(y) <TNTY  =Cru")=Cr)

therefore if t € Ty, thent = 1" € T, and similarly if r € Ty, thent = t’fl € T,. Hence
Ty = Ty, and T N C(y)° = T N C(x1)°. To conclude note that O N wB is the T -orbit
of xj. O
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Remark 3.6 Infact Cp(x) = Cr(y) forevery x € O NwB, since L' < C(x).

Remark 3.7 In general it is not true that L ; is adapted to C (x) for x € O Nw B. For example
if O is the minimal unipotent class, and u is a non-identity element in X_g, where 8 is the
highest root, then C(u) > U™, so that there is a unique Levi subgroup of P adapted to C (u)
[6, Proposition 3.9], and this is L. Since u ¢ w B, there is no element x € w B such that L
is adapted to C(x).

From Theorem 3.2 we get

Corollary 3.8 Let O be a spherical conjugacy class, w = w(O) and x any element in
ONwB. Then Hoz(U’,ij,Tx),w:wowJ. O

By Proposition 3.5, we may put Tp = Ty, for x € O N wB. Then To = T, and
(T™)° < Tp < TY by [9], step 2 in the proof of Theorem 5.

We shall need the description of the monoid of weights A such that w(X) = —A. In the
next lemma we consider more generally w of the form w = wow,, where J is ¢#-invariant.

Lemma 3.9 Let J C I1 be ¥-invariant and w = wow,. The dominant weight )\ satisfies
w(A) = —Aifand only if » = ZieH\J niw; with nyy = n; for alli € I1\ J. Moreover,
w(X) = —A implies wo(A) = —A.

Proof. Let A € PY, X = > njw;, n; € N. Fori € IT\J we have w, (w;) = o, so that
w(w;) = —wy ().

Itisclearthatif A = Zienv njw; withn; = ny ;) foreveryi e IT\J,then (w+1)(1) = 0.
On the other hand, assume w(A) = —A. Then w, (A\) = —wpA and, by [20, Theorem 1.12
(a)], we get —wor = A and (A, ;) = O for every j € J. Hence n; = O for every j € J.
Moreover, from A = Zid-[\] n;w; and —woA = A it follows nyy = n; foralli e II\J. O

Remark 3.10 If S is a -orbit in IT\ J, and we put ws = > ;¢ w; then we have seen that
{ws | S € (IT\J)/®} is a basis of the monoid {A € P* | w(A) = —A}, where (IT\ J)/® is
the set of ¥-orbits in IT\ J. If we also assume that w acts trivially on ®; (as in the case of
w = w(0)), then {wg | S € (IT\J)/P} is a basis of ker(w + 1) in E, and so a basis of the
free abelian group {A € P | w(A) = —A}.

We describe A(O). For this purpose we denote by So any supplement of (7%)° in To
(i.e. So(T™)° = Tp). We also put P} = {A € P | w(h) = —1}. By Lemma 3.9 each
element of P} satisfies —wgA = A, so that in particular any subset X of P} is symmetric,

ie. —wo(X) = X [32, 4.2], [10, Theorem 4.17].

Theorem 3.11 Let O be a spherical conjugacy class, w = w(Q) and let Sp be any supple-
ment of (T")° in To. Then

MO)={re Pl | A(So) =1}

Proof. By (3.6), MO) = {A € PT | M(Tp) = 1}. Since (T%)° < To, a necessary condition
for , € Pt to be in A(O) is that A(7 1) = 1 for everyt € T,as (TV)° = {trtV |t € T}.
This condition is equivalent to (w + 1)A = 0, so that A(O) < P;. Let » € P;: then
A € A0) <= A(So) = 1. u]

We shall prove the crucial fact that 1(0) = A(0), so that the monoid A(O) is saturated
(that is ZA(O) N PT = A(O), [34, Definition 1.3]. In the following, x is a fixed element in
O NwB and w a representative of w in N such that x = wu,u € U.Ifu = Ha€¢+ Xo (ky),
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and i e II, we say that «; occurs in x if ky, # 0. This is independent of the chosen total
ordering on ®7.

For the closure O of O in G, the monoid A(O) of dominant weights occurring in k[O] is
a submonoid of A(O). We start with

Proposition 3.12 Let A € PT. Then (1 — w)A lies in A(O).

Proof. Let f € V(L)* v € V(A), with f(w.v) = 1. Then Cf,v(t_lgt) =crfrv(g) =

—wA’

(I —=w)A)(t)cy,y(g) forevery t € T, g € G. For every z, z1 € U we have
cro(z1xz) = f(miwuz.v) = f(ziw.v) = f(w.v) =1

since zjw .v = W .v + vy, where v; is a sum of weight vectors of weights strictly greater
than wA. Therefore for every r € T, z € U we have

cro™ 7 xzt) = (1 = w)) (@) (3.8)
Since B.x is dense in O, by (3.8) the restriction of Cfuto O is a (non-zero) B-eigenvector
of weight (1 — w)A in k[O]. Hence (1 — w)A € A(O). o
Corollary 3.13 Let ) € P} Then 2A lies in 1(O). O

Corollary 3.14 Let & € P*. Then (1 — w)i € AMO). If moreover ). € P}, then 2 lies in
A(O).

Proof. This follows from the fact that A(O) < A(O). u]
‘We have shown that

2P} < (1—w)Pt <2(0) < MO) < 1(O) < P} (3.9)
We can prove that 1(O) is saturated.
Theorem 3.15 Let O be a spherical conjugacy class. Then L(O) is saturated.

Proof. Let A € 7O). We put F(b~'xb) = A(b) for b € B. We observed that F is well-
defined since Cp(x) = Ty ij and gives rise to a B-eigenvector of weight A in £(O). Since
O is quasi affine, we conclude that A lies in A(O) by Theorem 3.11, Corollary 3.14 and
Lemma 3.4. O
Theorem 3.15 in particular proves Conjecture 5.12 (and 5.10 and 5.11) in [36].
To deal with A(O), in Sect. 5 we shall make use of

Proposition 3.16 Let 1 € P, i € TI\J be such that o; occurs in x and (A, a;) # 0. Then
(I —w)A —a; € A(O).

Proof. Since (A, ;) # 0, A — «; is a weight of V (A). We construct two matrix coefficients.
We fix a non-zero v € V(X)) _q,. By [43, Lemma 72], there exists a (unique) vy € V(A)x
such that x4, (k).v = v + kv, for every k € k. Then we choose f € V(M)* , such that
fw.vy) = 1.

Since o; occurs in x = W u, we have u = xq, (r)u’, withr € k*, u’ € Hﬂeq>+\{a,-} Xg. Let

y,y1 € U,and let y = xq; ()Y, ¥ € [[geqry (o) Xp- then
yflxy.v = yflu‘).v + (k +r)yf11b.v;\

The vector w.v has weight w(A — «;), so that yfl w.v is a sum of weight vectors of weight
w(X — ;) 4+ B, where B is a sum of simple roots with non-negative coefficients. Assume
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wAi = w(A — ;) + B for a certain B. Then w(e;) = B would be positive, a contradiction
since i € IT\J. Hence f(yflzb.v) = 0. Similarly, yfllb.v)\ = w.v;, + v/, where v’ is a sum
of weight vectors of weights greater than wA, hence f(yl_lu').v,\) = f(w.vy) = 1, so that
Cf,v(yl_lxy) =k+r.

The second matrix coefficient is defined dually. We fix a non-zero f| € V(—wok)j\‘_ o
There exists a (unique) f, € V(—woA); such that xy, (k). fi = f1 + kfj, for every k € k.
Then we choose vi € V(—wok)_y) such that fi(w.vy) = 1. Letz, z1 € U, 21 = xq, (k1)Z/,
7 e ]_[ﬂew\{m} X g, then proceeding as before, we get ¢ 7, o, (zl_lxz) =kj.

Fort € T, z € U we obtain

(Cro—Cpo)E 27 hzt) = r (1 — w)A — ;) (1) (3.10)
Since B.x is dense in O, by (3.10) the restriction of cry — cpp tO 9] iia (non-zero)
B-eigenvector of weight (1 — w)X — «; in k[O]. Hence (1 — w)A — «; € AL(O). m]

Corollary 3.17 Leti € II\J be such that a; occurs in x. Then w; + wy ;) — «; lies in A(O).

Proof. This follows from Proposition 3.16 by taking A = w;. m}

We can deal with other homogeneous spaces related to O. The simply-connected cover
(or the universal covering, as in [22, p. 107]) O of O can be identified with G /H?®, since G
is simply-connected.

Corollary 3.18 Ler O be a spherical conjugacy class, and let S be a supplement of (T")°
in T N C(x)°. Then .(O) = {x € P} | M(S) = 1} is saturated.

Proof. By [16, Corollary 2.2], Ois quasi affine and, by [6, Propositions 5.1, 5.2], L is adapted
to H®, so that A(O) = AM(G/H®) = {» € P} | A(S) = 1}, since (T™)° < T N H°. Let
L€ X(@); then F : BH°/H® — k, b H® A(b) is a regular function on BH®/H®,
and therefore a B-eigenvector of weight A in k(G/H®). By Corollary 3.14,2A € A(G/H) <
A(G/H?®), and we conclude by Lemma 3.4 and Proposition 3.5. O

Corollary 3.19 Let K be a closed subgroup of G with H® < K < N(H®). Then \(G/K) =
AMG/K) (and AM(G/K) is saturated).

Proof. Since L is adapted to H, we get N(H) = N(H°) = H(C N N(H)) by [6, Corollaire
5.2], P is the parabolic subgroup corresponding to N (H) and L is adapted to N (H) (by the
proof of [6], Proposition 5.2 a). Clearly the same holds for K, since BH = BK.

By Corollary 3.18, A € A(G/H®) & A(T N H°) = 1. We prove that A € A(G/K) &
AMT NK) =1.Inonedirection A € AM(G/K) = M(TNK) = 1,since A(G/K) < X(G/K).
So assume A(T N K) = 1. Then A(T N H°) = 1, so that A € A(G/H?®), and in particular
wol = —A. Let v be a non-zero vector in V(A)HO, andletv = v_; + v/, withv_, € V(A)_,,
v e Zu>—k V(A)y: then v_y # 0, since BH® is dense in G.

Since V(M) 0 is 1-dimensional, there is a character y of K, trivial on H°, such that
k.v=y(k)vfork € K.Since K = H°(TNK), vis K-invariantif and only if y (TNK) = 1.
But v_; # Oimplies y (k) = —A(k) forevery k € T N K so that v is K-invariant if and only
if A(T N K) = 1, and we are done. O

Remark 3.20 In general K is not quasi affine: for instance the centralizer H of x_g(1),
B the highest root, contains U ~,and T < N (H). Then N (H) is epimorphic, i.e. the minimal
quasi affine subgroup of G containing N (H) is G [16, p. 19, ex. 2]. To our knowledge, it was
known that L(G/K) is saturated for symmetric varieties G/ K, due to the work of Vust [46].
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Proposition 3.21 We have
H/H°=T,/TNH°=T/TNC(x)°

Proof. Wehave H = H°(HNT) = H°Ty. Hence we getan epimorphism : T, — H/H®,
inducing an isomorphism 7 : 7\,/T N H°® — H/H®, and we conclude by Proposition 3.5.
O

Corollary 3.22 If T" is connected, then H is connected.

Proof. This follows from (T%)° < TN C(x)° < Ty < TY = (T")° and Proposition 3.21.

O

Due to the fact that T is 2-divisible, we have the decomposition T = (T*)°(S")° where

S =t eT |t =t1. Letr e T¥, t = sz, withs € (T%)°, z € (S¥)°. Then

z=ts e T¥N(SY)° < TYNSY < Th, the elementary abelian 2-subgroup of T of rank .

We note that (T%)° N (S™)° is finite, even though in general not trivial. Therefore z € T3,
and T% < (T")° Tz. In particular we have

TY = (T")°(T" N(SY)°) = (T")(TY NTy)
and
T = (T")°(C(x) N (S™)°) = (T")°(C(x) N T2)

Moreover every subgroup M of T, is a complemented group (i.e. for every subgroup X of
M there exists a subgroup Y such that XY = M and X N'Y = 1), hence we may find
a subgroup R of T, such that 7% = (T")° x R. Then T, = (T%)° x (R N C(x)) and
TNCx)°® =(T")° x (RNC(x)°). Weput So = RNC(x), S5 = RN C(x)°. We have
therefore proved

Theorem 3.23 Let O be a spherical conjugacy class, w = w(QO). Then

AMO) ={re Pl | MSo) =1}, A(O)={re P |r(Sy) =1)
O

From Proposition 3.21 it follows that H always splits over H°: if ¥ is a complement of
RN C(x)°in RN C(x), then Y is a complement of H° in H.

4 Description of A(O) and l(@)

In this section we explicitly determine the monoids A(QO) and 1(O) for every spherical con-
jugacy class O. The monoids A(O) have been described for all nilpotent orbits of height 2
in [36]. Moreover, the table in [36] describes the saturation of A(O) for nilpotent orbits of
height 3: since, by Theorem 3.15, A(O) is saturated, the description of A(O) is known for
all unipotent spherical conjugacy classes. The strategy in [36] follows Hesselink’s approach
[17], which exploits a resolution of singularities G x€ V — O, where Q is a certain para-
bolic subgroup and V a reducible Q-module. Here we describe A(Q) and A(O) by means of
Theorem 3.23. Unfortunately, we found some mistakes in the tables in [31].

From our discussion it is clear that to determine A(Q) the most favourable case is when
TY is connected, so that T, = T% = (T%")°. In this case then A(O) = A(@) =Pl =
{Ziel'l\J niw; | nyiy = n;}. We note that of course we have Z(G) < T, so that it is
also straightforward to determine A(Q) even when T% = (T%)°Z(G), so that T, = TY.
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In general it is quite cumbersome to determine 7. Our strategy will be to determine 7%
as T" = (T™)° x R, and then determine R N C(x). To deal with unipotent classes, we
shall usually start from the maximal one, (corresponding to wg), and then deal with the
remaining classes by an inductive procedure. In some cases we shall use an explicit form
of an element x (in @ N wB), while in some other cases we shall determine 7" N C(x)
by analysing the form of eventual involutions in 7, \Z(G)(T")°. Note that when 7" is
connected (or T = (T")°Z(G)), it is not necessary to have an explicit description of
x € O N wB (however in certain cases it will be necessary to have such a description in
Sect. 6).

We use the fact that if G; C G are reductive algebraic groups and u is a unipotent
element in G such that the conjugacy class of u in G is spherical, then the conjugacy class
of u in G is spherical [33, Corollary 2.3, Theorem 3.1].

The character group X (7") is isomorphic to P/(1 — w)P, since P = X(T). There-
fore T" is connected if and only if P/(1 — w)P is torsion free. We are reduced to cal-
culate elementary divisors of the endomorphism 1 — w of P. We shall use the following
results.

Lemma 4.1 Assume the positive roots B;, . .., Be are long and pairwise orthogonal. Then,
for&, ... & e k¥ and g = xg, (—Efl) .- -x,gl(—é‘[l) we have

gx—py (§1) - x_p, (E0)8 " = np, - np hxp 57 - xp, (25,
foracertainh € T.

Proof. By (2.2) we have xq(—& Dx_g(€)xe (61 = nghe(—&)xq(261). Hence we get
the result with i = hg (—§&1) - - - hg, (—&¢). o

Proposition 4.2 Let o« € ®. Then T is connected except in the following cases:

() G isoftype Ay;
(i) G isoftype C, and o is long;
(iii)) G is of type By and « is long.

In these cases we have TS = (T**)° x Z(G).

Proof. Tt is enough to determine in which cases the non-zero elementary divisor of 1 — s;
isnot 1. Since (1 — s;)w; = §;ja; and o; = Zk airwk, this happens only for G of type A
andi =1,C,andi = n,or By andi = 1[18, p. 59]. In these cases the non-zero elementary
divisor is 2, and T°* = (T*%)° x Z(G). |

Lemma 4.3 Let M be a connected algebraic group, S a torus of M, g a semisimple element
in Cp(S). Then (S, g) is contained in a torus of M.

Proof. See [18, Corollary 22.3 B]. O

Lemma 4.4 Assume K is a connected spherical subgroup of G with no non-trivial charac-
ters. Then the monoid A\(G/K) is free.

Proof. We recall that we are assuming G simply-connected, so that by [16], Theorem 20.2,
Uk[G/K] is a polynomial algebra. But Y k[G /K is the monoid algebra of A(G/K) and the
monoid algebra is factorial if and only if (G /K) is free (see the proof of [32], Proposition 2).

O
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Lemma 4.5 Let V be a G-module, g € G, such that the image Q of the endomorphism p(g)
of V is 1 dimensional for a certain polynomial p. Assume M < C(g) has no non-trivial
characters. Then M acts trivially on Q.

Proof. This is clear. O
Let S = {i,9(@{)} be a ¥-orbit in IT\ J consisting of 2 elements. We put Hg =
{he; (Dhay, (zY | z € k*}. Let S; be the set of ®-orbits in [T\ J consisting of 2 ele-
ments. Then, by Remark 3.10, Ay U {o; — ap()}s, is a basis of ker(1 — w) and

(1) =[] He; x [] Hs (4.11)

jelJ SeS

Weput ¥; = {8 € ® | w(B) = —pB}. Then Y, is a root system in Im(1 — w) [40,
Proposition 2], and wjm(1—w) is —1. If K = C((T")°), then K is semisimple with root
system W, and maximal torus 7(K) := T N K = (S¥)°.

If g isin Z(G), then O, = {g}, w = 1 and k[O,] = k. For each spherical non-central
conjugacy class O we give the corresponding J and w as a product of commuting reflections
(writing O <— J <—> w) using the tables in [9]. We give tables with corresponding 1(O)
and A(O) (for semisimple classes we also give the type of the centralizer of elements in O).
In the cases when k(@) = X(0O), we leave a blank entry. For length reasons we shall give
proofs only for some classes. Just for notational convenience, we work over the complex
numbers, but the tables hold over any algebraically closed field k of characteristic zero. In [9]
for the classical groups we gave representative of semisimple conjugacy classes in SL(n),
Sp(n) and SO (n). Here we shall give an expression in terms of exp.

We recall that a quasi affine homogeneous space G/H is called a model homogeneous
space if k|G / H] contains every simple G-module with multiplicity one. Moreover the model
homogeneous space G/H is called principal if dim G/N (H) is maximal (see [28], Defini-
tion 3.1).

4.1 Type Ay, n > 1

Let m = [%], Bi = e —epqo_j,fori =1,...,m.Fort = 1,....,m — 1 we put
Jo={+1,....,n—4}, J, = 2.

4.1.1 Unipotent classes in A,
If we denote by X; the unipotent class (27, 1"t1-2y then
Xo <— Jyp <> s, ---5p,
for¢ =1,...,m (here wo = sg, - - - 58,,)-
In this case 7" is almost always connected. There is only one case when it is not con-

nected, namely when » is odd, n + 1 = 2m, and w = wy. However in this case we have
T = (T™)°Z(G) = (T")° X (hq, (=1)).
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We get

Table1 1(O), A(@) for unipotent classes in A

2 MO (@)
(2«?’ ]n+1—2€) ¢

t=1,....m—1 kz:]nk(wk+wn,k+l)

2m 1 m

'(122'31 Z nk(wk+(1)n,k+])

k=1

(2m) m—1 m—1
ntl—2m > np(wg + wp—gg1) + 2nmom > nplwg 4+ wp—g1) + nmon
= k=1 i=1

In particular X, is a model homogeneous space for SL(2), and in fact the principal one, by
[28,3.3 (D].

4.1.2 Semisimple classes in A,

Following the notation in [9], Tables 1 and 5 we get
ThWAg_1Ap_g <— Jp <> 5, -~ 58,
ford =1,...,m.
We get

Table 2 A(O) for semisimple classes in A,

@) H AO)

exp(¢ay) ¢

¢ € C\2niZ T\ Ap—1An—¢ > np(op + op—g+1)
e=1,...,m—1 k=1

exp(¢dm) m

¢ € C\27iZ T1Apm—1Am > (g + op—f+1)

n=2m k=1

exp(dm) m—1

¢ € C\2mizZ T1Ap—14Am—1 > (@ + op—g+1) + 2nmom
n+1=2m k=1

42 Type Cy,n > 2

ntl
Wehavew; = ej+---+esforl =1,...,nand Z(G) = (z), where z = H[:Ql ]ha2i71(—1).

1

4.2.1 Unipotent classes in Cy,

Fori = 1,...,n we denote by X; the unipotent class (2/, 12"=2') and we put f; = 2e;,
Ji={i+1,...,n}(J, = ). Then

X[ <> Jg > Sp 8By
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for¢ =1,...,n (here wo = sg, - -~ 58,)-
Lemma 4.6 Letw = sg, ---sg, for =1,...,n. Then
T" =(T")° x R, R = (ho;(=1)) x -+ x (he,(—1))
Proof. Fort =1,...,nwehave (1 —w)P =Z 2w, ..., 2wy). m]
Proposition 4.7 For¢ =1, ..., n we have
AMXe) = 2njw) + -+ 2npwy | ng € N}

Proof. In [9] we exhibit the element x_g, (1) ---x_g,(1) € ONBwBNB~.By Lemma 4.1,
we can choose

x=ng ---nghxpg2)---x52) e ONwB

foracertain h € T. Letnow t € R. Thent € C(x) & Bi(t) = 1fori = 1,...,¢. But
Z{B1, ..., Be) =Z2wi,...,2wg),sothat R < Ty,and T,y = T". O

Proposition 4.8 For¢ =1, ...,n we have
MXe) = 2njw + -+ + 2np_ 1o + newyg | ni € N}
Proof. We have RN C(x)° = (hq,(—=1), ..., hg,_ (=1)). Infact, fori =1...,£—1

eq; —e—a; € Cg({xp,(§)---xp,(5)))

for every & € C, so that hy, (—1) = exp(mw(ey; — e—y;)) € C(x)°. On the other hand the

reductive part of C(x) is of type Sp(2n — 2¢) x O (¢), so that C(x)/C(x)° has order 2, and

we are done. ]
Hence

Table 3 1(O), 1(O) for

unipotent classes in Cy, o AMO) (9]
ZZ, 12n=2¢ ¢ —1
( ) > 2njw; 2njw; + npwy
E:l,...,n i=1 i=1

4.2.2 Semisimple classes in C,

Let[J:[%].Weput)/g262[71+625,K[2{1,3,...,2f—l,2€+1,2€+2,...,n}f0r

£ =1,..., p. Then, following the notation in [9], Tables 1 and 5 we have
CeCry, £=1,...,p < Ky < 5,5y,
T1Ch—y <« <> 58,58
T Ap—1 @ <« wy
We get
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Table 4 X1(O) for semisimple

classes in Cp, o H A(O)
zxz(g\);:riz TiAp— ké 2ngwy
?E(éd\);z)i Z T1Cp—y 2njw) + npwy
in(jlr,i.ée.), [51 CeCns él naj Wi

4.2.3 Mixed classes in Cy,

We put p = [%]. From [9], Table 4, we get

apxa”(l) «~—> I <> Wy
OiXa, (1), k=1,..., p =1 «— Jopq1 <—> s, - Spy
o'kxﬂl(l), k=1,...,p <~ Jog <> SB; SBy

Note that when 7 is even, then o,xg, (1) ~ z0),Xq, (1). We obtain

Table 5 1(O), A(@) for mixed classes in Cy,

o MO) #(O)
n ("4 n
opXa, (1) > njwj, Y. npi_1even > njw;
i=1 i=1 i=1
20+1 +1 2041
O¢Xay, (1)
’ :le (11 > njw;i, > npi_1 even > njw;
DR ) i=1 i= i=1
20 19 20
opxg, (1)
_ﬂll (7] > njwi, Y npi—| even > njw;
- 2 i=1 i=1 i=1

In particular @gpxan(l) is a model homogeneous space, and in fact the principal one, by
[28,3.3 (3)].

4.3 Type Dy, n > 4

To deal with types D, and B,, we denote by X; the unipotent class which in SO (s) has
canonical form (22i, 13_4i), i=1,..., [%] (for s = 4m, i = m there are 2 classes of this
form: X,,, and X;n, the very even classes) and by Z; the unipotent class (3, 22G-1) 13_4i+1),
i=1...,1+[F]

Assume G is of type Dy, n > 4. Let m = [5]. We have w; = ej + -+ + ¢; for
i=1,....,n—2, wp_1 = %(e] + - +ep1) — %en,wn = %(e] + --- 4+ e,). We put
Bi = exi—1 + e, 8 = exj_1 —eyfori =1,...,m. For{ = 1,...,m — 1 we put
Jo={2¢+1,....n}, Jy =9, Ke=J, U{1,3,...,20 — 1} forL =1, ..., m.
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4.3.1 Unipotent classes in D, n even, n = 2m

The centre of G is (H:.":1 hay (=1), hg,_; (=1)hg, (—=1)). From [9] we get

Zy, b=1,....m «<— Jy <> SB, 88 8B5S,
Xe, £=1,...,m «<— Ky <> Sp, " 8B,
X, <~ {1,3,....,n=3,n} < s, - SB,_ Sa,_,
We just point out that
_1ZG) for x e Z, NwB
FT e x ([T hay (=1)) for x € ZeNwB, €=1,...m —1

We get

Table 6 1(O), A(@) for unipotent classes in Dy, n = 2m

o AMO) @)
20 12n—4¢ 4
(27,1 ) o
e=1,....m—1 2 mi e
m=1 m—1
(22m) 2. n2j wyi +2npwy D noj Wy +npwy
i=1 i=1
22m ’ mel . LD, el . .
( ) > noj wy +2n, 1wy D nojwyi +np_jwy_|
i=1 i=1
3, 22(4@—])y 12n—4€+] 20 4 20
2:1,...,m—1 ) ig‘lnia),’, ig np;_1 even igln,'a)i
n m n
(3,220m=1) 1y njwi, ., nyi_|even, n,_| + ny even > njw;
i=1 i=1 i=1

In particular Zm is a model homogeneous space, and in fact the principal one, by [28, 3.3

@]

4.3.2 Semisimple classes in D,, n even n = 2m

Following the notation in [9], Tables 1 and 5 we have
D¢Dy—¢ <«— Jo, £=1,....m <—> 5,55 58,55,
T\A,—1 <— K, <> 8B, S8,

(TA—1) <— {L,3,...,n=3,n} <— s, -+ S8, Sa,_;

There are two families of classes of semisimple elements with centralizer of type T1A,—1:
to distinguish them we wrote Ty A, and (T} A,—1) . We get
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Table 7 1(O) for semisimple

classes in Dy, n = 2m o H (@)

zxg(é%,),iz T1Dp—1 2n w1 +nown
in(;ri?e.) m—1 D¢Dy g 2'112—11 2njw; + nygwye

’ ’ i=
exp(Tidom) DD Zl i

iz

zxg(fc@iz T1Ap—1 rlﬂgll no; @i + 2npwp
?2%{’5;}% (T1An-1) mil no; @i + 2y 1w,

i=1

4.3.3 Unipotent classes in Dy, n odd, n = 2m + 1

The centre of G is ((H’}’:1 hOQJ._1 (=1)hg,_, (D)hg, (—i)). From [9] we have

Zg, E=1,....,m < Jg <— 55,55, - 58,55,
Xe, b=1,....,m < Ky < sg,--- 58,

We get

Table 8 1(O), A(@) for unipotent classes in Dy, n = 2m + 1

@) 2(0) 2(O)
(225’ 12}174@) 14 ' '
b1 m—1 i§n2lw2l
m—1
@2, 12) > noj @y + ny—1(@n—1 + n)
iz
3,02(6=1) 2n—4e+1y 2 [ 20
2:1“.”"1_1 ) Elniwi. Z noj_1 even ; n;w;
= i=1 i=1
n—2 m n—2
(3,22m=D 1% 2. o +np_1(@p—1 +©n), 2 moj—jeven 3 njwj +ny_i(@p—1 + wn)

i=1 i=1 i=1

4.3.4 Semisimple classes in D,,, n odd, n = 2m + 1

DyDy g, £=1,....m <— Jy <> sp,55 - Sp,Ss,
TiA, <« Ky <— sp,---58

m

‘We obtain
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Table 9 A(O) for semisimple classes in Dy, n = 2m + 1

o H #(O)
exp(Cw
¢ g(é\lzliz Ty Dp—y 2njw1 +nyw
i 20—1
exp(mriw,
V4 2(2 0 m—1 D¢Dy—¢ Z] 2njw; + nygwoy
e 2
v n—2
exp (i) Dim D1 > 2njw; +ny—1(@p—1 + @n)
i=1
exp(Co m—1
¢ g(f:\iliz T1Ap—1 > noj i + 1 (Wp—1 + wn)

i=1

4.4 Type B, n > 2

Weputm = [%].ThecentreofGis (ha,(—=1)). Wehavew; = e1+---+e;fori =1,...,n—1,
W, = %(el + - +ey). Weput yp = ep, My = {¢+1,...,n}for ¢ = 1,...,n and
Bi=ex—1+ex,8i =ex—1—ey, Jg=1{20+1,....n},Kg=J,U{1,3,...,2¢ — 1} for
i=1,...,m.

4.4.1 Unipotent classes in By, n even, n = 2m

Zg, b=1,....m < Jg <— 55,55 58,55,
Xe, b=1,....,m <— Ky <> sg,--- 58,

We obtain

Table 10 1(O), A(@) for unipotent classes in B, n = 2m

o AMO) A(O)

(225’ 12n+174£) 14 . .

(=1,....m—1 El"z"‘)z’
m—1 m

@2 1) > noj o + 2npwp > noj wy;
i=1 i=1

_ — 20 4 20

(3,22(({ ]), 12n+2 45) - ) o

=1 me1 'Z‘ln,w,, -§1n2'71 even 'Zln,a),
1= 1= 1=
n m n

(3,220m=1) 12y > njwi, Y, npi_1 even, n, even > njwi, ny even
i=1 i=1 i=1

4.4.2 Semisimple classes in By, n even n = 2m

Following the notation in [9], Tables 1 and 5 we have
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D[Bn,g,ZZI,...,m <—>J@

<> SB18sy 8BS,
D¢Byg, t=m+1,....n <= Mou_t)11 <= SySp - Sy
T1Ap—1 s @ <« wy
We obtain

Table 11 A(O) for semisimple classes in By, n = 2m
© H (@)
exp(¢a1)
eC\2niZ,m>?2 T By 2njwy + nawy
exp(¢w1)
¢ eC\2miZ,m=1 I B 2n1w1 + 2n3w)
exp(mwiwg) 20—1
¢ i 2,. e ym—1 D¢ Bp—¢ El 2njw; + nygwye

v n
exp(nia)m) D By Z zniwi

i=1

e 2(n—¢)
exp(wiwy)
¢ ? m +el, cn D¢By—¢ El 20;0; 4 N2(n—)+1©02(n1—)+1
exp(cn) 0o
¢ e C\7miZ T1An—1 2. njw;, ny even

i=1

4.4.3 Mixed classes in By, n even, n = 2m

From [9], Table 4, we get

onxg (1) ---xg, (1)

<> Wy
onxg (1) ---xpg, (1), £=1,....m—1 <= Magi1 < 5y, -+ Sy
We obtain
Table 12 A(O), A(O) for mixed A
classes in By, n = 2m o (@) 1O)
onxg, (1)---xp,(1 20+1
gn:ﬁll ..). mﬂ_z(l) Zl njw;
T =
n n
Onxpy @ 'xﬁm(l) Z njw;, np even Z n; i

i=1

i=1

In particular Oy, ; 4, (1)--x5, (1) 1s @ model homogeneous space, and in fact the principal one,

by [28, 3.3 (2)].
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4.4.4 Unipotent classes in By, n odd, n = 2m + 1

Zg (—)Jg, Z:l,...,m <> S8 SBSsy
Zpy) <— O <> WO = SB;S5; " " * By S8 Sotn
Xy <~ Ky, £=1,...,m < sg,---5g,

Lemma 4.9 Let w = sg, ---sg, for £ =1,...,m. Then T" is connected.

Proof. For¢ =1,...,mwehave (1 —w)P =Z{B1,...,Be) =Z{wyi |i=1,...,¢). O
Lemma 4.10 Let w = sg, - - - 58,55, -+ - 8s, for £ =1, ..., m. Then
T = (T")° x (hg; (=1)) X -+ X (hgy,_, (=1))

Proof. For¢ =1,...,m wehave (1 —w)P =ZQ2wi,...,2w—1, ®). ]

Forf = 1wegetT" = (hy, (—1)) x (T")°.In [9] we exhibit the element x_g, (1)x_s, (1)
€ ONBwB N B~. We may therefore choose x = ng ns hxg, (2)xs, (2) foracertainh € T.
Then hy, (—1) € C(x),sothat T, = T".

Next we consider Z,,+1. We claim that 7y = Z(G). Suppose for a contradiction that
there is an involution 0 € Ty \ Z(G). Then x € K = C(0), and K is the almost direct
product K K>, of type Dy B, i, for some k = 1, ..., n. We get an orthogonal decomposi-
tion E = E; & E» and a decomposition x = x1xo € K1K3. Then —1 = wy = (wy, wy),
where w; is the element of the Weyl group of K; corresponding to x; (the class of x; in K;
is spherical). It follows that each w; = —1, and k is even. Then x; is in the class Z;, of K
and x; in the class Z,;, 1,2 of K. However, the product x1x; is not in the class Z,, 1 of
G (since in x1xp there are two rows with 3 boxes), a contradiction. Hence 7, = Z(G).

We now deal with Z,, £ = 2,...,m. Here W; has basis {aq,...,a_1, y2¢}, and
C((T")°) is of type By¢. From the construction in [9], proof of Theorem 2.11, we can find
x in the Dyg-subgroup K of C((T")°)" generated by the long roots, that is the Dy;-subgroup
with basis {«1, ..., a2¢—1, Be}. We have

l
Z(K)=Z(G) x (0), o =[] hay_ (=1
i=1

By Lemma4.10, T, = (T")° x (Ty N R), where R = (hqg,(—1)) X - -+ X (hg,,_,(=1)) < K.
Since x lies in the maximal spherical unipotent class of Dy, from the result obtained for this
class, wehave Ty "R = RN Z(K) = (o), hence Ty = (T™)° x (o). We have proved

Proposition 4.11 For ¢ =1, ..., m we have

20 l
)\(ZE) = (Zniwi | ni € N, anl‘,l even}

i=1 i=1

Moreover

n
MZpy1) = [Zniw,- | ny €N, n, even]

i=1

For the simply-connected cover we obtain

@ Springer



On the coordinate ring of spherical conjugacy classes 347

Proposition 4.12 For ¢ =1, ..., m we have

20
A(Zg) = [Zniwi | ng € N]

i=1

Moreover

n
MZms1) = [Zniw,- | nx € N]

i=1

Proof. Letu € Zy,with€ =1,..., m+1.IfC(u)° = RC with R = R,,(C(u)), C connected
reductive, then C is of type C¢—1 D,,—2¢+1 [12, Sect. 13.1]. In particular C is semisimple since
n — 2¢ + 1is even. Hence A(Zg) is free by Lemma 4.4.

For £ =m 41, we have Z(G) £ C(x)°. Infact, we can take u = X, (1)xq;(1) - - - X, (1)
in Zy1. Then S = Hy, Hp, --- Hy | is a maximal torus of C(u)°, where for i € h we put
Hj = expCh. Since Z(G) N S = {1}, we get C(u) = C(u)° x Z(G) by Lemma 4.3. We
are left to deal with £ = 1. However for each ¢, the image Q of (u — D2 in V(w;) (which
is the natural module for B,) has dimension 1, so C(«)° acts trivially on Q by Lemma 4.5,
and w; € A(Zy). u]

We summarize the results obtained in

Table 13 A (O), A(@) for unipotent classes in By, n = 2m + 1

o AMO) 2O)
_ ¢

(22£’ 1211+1 4() . .

t=1,....m 2 mi i

3, 02(=1) |2n+2-4¢ 20 ¢ 2

( o ) > njwi, 2, myj—1 even > njw;

L=1,....,m i—1 i= i=1
n n

(3,22m) > njw;, ny even > njw;
i=1 i=1

In particular Zm+1 is a model homogeneous space, and in fact the principal one, by [28,
332l

In Sect. 5, we shall determine the decomposition of the coordinate ring of the closure of
Zm+1. For this purpose we shall use the fact that if x € Z,,+1 N woB, then o, —1 occurs in x
(see the discussion before Proposition 3.12). This can be checked by using the representative
of Z,,4+1in SO(2n + 1) given in [9, Proof of Theorem 12].

4.4.5 Semisimple classes in By, n odd n =2m + 1

Following the notation in [9], Tables 1 and 5 we get

DyB, ¢, £=1,...,m «— Jp <> B, S5, " SB S8,
D¢B, ¢, L=m+1,...,n «<— Mz(n,[)+1 S Sy Sy Syt
Ti1A,—1 <~ O <~ wy
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and we obtain

Table 14 X1 (O) for semisimple

classes in By, n = 2m + 1 & H AMO)
exp(¢ar)
¢ e C\2niZ T1By—1 2njw) +nywn
i ) 20—1
exp(riw,
¢ 2(2, E) m DBy E] 2njw; +nygwye
exp(wicy) 2(n—0)

DyBy¢ 2 20;0; +1(n—p) 4192 (n—)+1
i=1

=m+2,...,n

n
exp(Tidp41) Dyy1Bm Y 2njw;
i=1

n
T1A,—1 Z n;wj, ny even
i=1

exp(¢ )
¢ € C\miZ

4.4.6 Mixed classes in By, n odd, n = 2m + 1

From [9], Table 4, we get
onxg (1) - xg, (1), £=1,...,m <— Mogy1 < Sy, Sy

and we obtain

Table 15 A(O), A(O) for mixed

classes in By, n =2m + 1 o AO) = 10O)
.. 20+1
Zn;cﬁll,(.l.)‘ ,mxfig (11) Z,l njw;
n
onxpg (1) ---xg,, (1) > njw;, ny even
i=1
4.5 Type Eg
We put
Br=(1,2,2,3,2,1), o= (1,0,1, 1,1, 1)
p3=1(0,0,1,1,1,0), B4 =(0,0,0,1,0,0)

4.5.1 Unipotent classes in Eg

A <— {1,3,4,5,6} «<— S,
2A1 <— {3,4,5} <> 58,58,
3A) «— @ > WO =S, - Spy
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We obtain

Table 16 A(O), A(O) for

unipotent classes in Eg o MO) = MO)
Al nwy
24, ni(w1 + we) + nawy
3A; ni(wy + we) +n3(w3 + ws) +nawy + nqws

4.5.2 Semisimple classes in Eg

Following the notation in [9], Table 2, we have
AlAs «— O <~ W
DS Tl <—> {3,4, 5} <> S/SlsﬂQ

‘We obtain

Table 17 X(O) for semisimple classes in E¢

© H 1(O)

exp(miay) Ay As n1(w) + wg) + n3(w3 + 0s) + 2npwy + 2nawy
. .

é‘xz(g{gzriz DsT ni(wy + we) + nywy

4.6 Type E7

Here Z(G) = (ha, (—1)has(—1)he, (—1)). We put
B1=1(2,2,3,4,3,2,1), f=1(0,1,1,2,2,2, 1), 3=1(0,1,1,2,1,0,0),

Ba=a7, Bs=as, Pe=oa3, Pr=a

4.6.1 Unipotent classes in E7

Al «—{2,3,4,5,6,7} <— sp,
241 «—{2,3,4,5,7} <«—> 58,58,
(BAD" «— {2,3,4,5) <> 5B, 5ps
(BAD" «— {2,5,7} <> SBISBSBSBe
1A, «— @ < Wy =S, -8y

‘We obtain
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Table 18 A (O), A(@) for unipotent classes in E7

(@) 1(O) )L(@)
Ay njowi
2A1 niwi + newe
(3Ay)” njwy + newe + 2njwy niwi + newe + n7w;7
(A niwi + n3ws + nqwq + newe

7 7
44, > njw;, ny + ns -+ nyeven S npo;

i=1

i=1

In particular the simply-connected cover of 44 is a model homogeneous space, and in fact
the principal one, by [28, 3.3 (8)].

Remark 4.13 From our description, it follows that C (x) is connected for the classes A1, 2A1
and (3A1)’, while for (3A;)” and 4A we have C(x) = C(x)° x Z(G). This also follows
from the tables in [1], where all unipotent classes are considered.

4.6.2 Semisimple classes in E7

Following the notation in [9], Table 2, we have

E6T1 <> {2, 3, 4, 5} <> Sﬁlsﬂ2sﬁ4
DeAy <— {2,5,7} <> 5p,5p,5855p¢
A7 «— O <~ wp

We obtain

Table 19 X1 (O) for semisimple classes in E7

@] H (@)
exp(¢w
¢ g(é}\;;iz EeqT niw + newe + 2n7w7
exp(wioy) DgAy 2n1w] + 2n3w3 + nqw4 + newg
7
exp(mian) Aq > 2njw;
i=1
4.7 Type Eg
We put

B1=2,3,4,6,5,4,3,2), pB»=(2,2,3,4,3,2,1,0), B =1(0,1,1,2,2,2,1,0),
Bs=1(0,1,1,2,1,0,0,0), Bs=a7, Pe=0as, Pr=03, Pg=a

4.7.1 Unipotent classes in Eg

Ay <—{1,2,3,4,5,6,7} < sp,

2A1 <— (2,3,4,5,6,7} <> 5,58,

341 «<— {2,3,4,5} <> 58,58,58;5 s
4A| «— & <> wo =g, - Spg
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We have

Z{ws) for w = sg,
(1—-w)P =3 Z{w;, wg) for w = sg g,
Z{w1, we, 27, 2wg) for w = sg,5p,58,5ps

Class 3A. Here W has basis {7, ag, B2, B3}, K = C((T")°)' is of type D4 and has centre
(hay (=D hgs(=1), hgy (—1)hey (—1)) which is contained in (T")°. Hence T, = (T'")°.
Class 4A1. We claim that T, = 1. Suppose for a contradiction there exists an involution
o € Ty. Then x € K = C (o). From the classification of involutions of Eg, it follows that
K is of type Dg or E7A1. The class of x in K is spherical, and by the uniqueness of Bruhat
decomposition, x lies over the longest element of the Weyl group of K, which is wg. By
comparison of weighted Dynkin diagrams, the spherical unipotent class of K over wg does
not correspond to the class 4A; of Eg, a contradiction.

We have shown that in all cases T, = (T")°, so that C(x) is connected, as also follows
from [12, p. 405]. We have

Table 20 A(O), A(O) for

unipotent classes in Eg o AO) = 1(O)
Aq ngws
2A, njwi + ngwg
3A; njwy + newe + nyw7 + ngwy
8
4A, iZ'l n;jw;

In particular 4A; is a model homogeneous space (see [2, Theorem 1.1]), and in fact the
principal one, by [28, 3.3 (9)].

4.7.2 Semisimple classes in Eg

Following the notation in [9], Table 2, we have

A1E7 < {2,3,4,5} <— 5p,58,583585
Dy <«— o <~ W

‘We obtain

Table 21 1(O) for semisimple

classes in Eg o H (@)
exp(wiwg) AEq njw| + newe + 2n7w7 + 2ngwy
8
exp(wioy) Dg > 2njw;
i=1
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4.8 Type Fy
We put
B1=12,3,4,2), p=1(0,1,2,2),
B3=1(0,1,2,0), B4 =1(0,1,0,0)
4.8.1 Unipotent classes in Fy
A1 <> {2, 3, 4} <> Sﬁ]
A1 <~ {2, 3} <> 8156,
A+ Al «— [7] <> WO =58p, - Spy
We obtain
Table 22 1(O), A(O) for "
unipotent classes in Fy4 o 2O) 2O)
Al njoj
Al njwy +2nq04 njwy +n4qwy
AL+ Ay njwy +nywy +2n3w3 + 2nqw4

4.8.2 Semisimple classes in Fy

Following the notation in [9], Table 2, we have

A1C3 «— @ <~ wo
By «— {1,2,3} < sy,

where y is the highest short root (1, 2, 3, 2).
‘We obtain

Table 23 1(O) for semisimple

classes in Fy o " ~O)
4
exp(wioy) A1C3 > 2njw;
i=1
exp(mwimg) By n4wy

4.8.3 Mixed class in Fy

We put f» = exp(;iw4). Then following [9], Table 4

Ofﬂfﬁ(l) <« T <« wy

Assuming the existence of an involution in 7, we get a contradiction, proving therefore

that T, = 1. Hence
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Table 24 1(O) for the mixed

class in Fy o »0O) =210)
4
faxg (1) > njw;
i=1

In particular O, xg, (1) is a model homogeneous space, and in fact the principal one, by [28,
3.3 (6)], see also [28, p. 300].

4.9 Type G»
We put B1=@G3,2), fp =0aj.

4.9.1 Unipotent classes in G,

A «— {1} < sp,
Al <— O <— wo = 58,58,

We get

Table 25 A(O), A(O) for

unipotent classes in G o AO) = A1(0)
Aq npwy
Ay njwy +nywy

In particular Ay is a model homogeneous space, and in fact the principal one, by [28, 3.3
5]

Using the embedding of G into SO(7), one can determine explicitly an x € O N wo B,
where O = Aj. Then one can check that both ¢} and a» occur in x (see the Discussion before

Proposition 3.12). This fact will be used in Sect. 5 to determine C[O].
4.9.2 Semisimple classes in G,

Following the notation in [9], Table 2, we have
A1A1 <~ F < wy
Ay <« {2} < sy
where y is the highest short root (2, 1).

The group G has one class of involutions. However there is also a class of elements of
order 3 which is spherical. We obtain

Table 26 X (O) for semisimple

classes in G o H (@)
- 2
exp(wian) A1A} > 2njw;
. i=1
exp(Zian) A niwp
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5 The coordinate ring of O

In this section we determine the decomposition of k[O] into simple G-modules, where O is
the closure of a spherical conjugacy class. Normality of conjugacy classes’ closures has been
deeply investigated. For a survey on this topic, see [23, Sect. 8], [8, 7.9], Remark (iii). The
first observation is that the problem is reduced to unipotent conjugacy classes in G [23, 8.1].
In the following we are interested only in spherical conjugacy classes, and I recall the facts
in this context. It is known that the closure of the minimal nilpotent orbit is always normal
[45, Theorem 2].

In [17], Hesselink proved normality for several small nilpotent orbits: actually Hesselink’s
results cover all nilpotent orbits of height 2, which in particular includes all spherical unipo-
tent conjugacy classes for A,, and C,, and, for the exceptional cases, following the notation in
[12], A1 and 2A1 in E6, A], 2A1 and (3A1)N in E7, A1 and 2A1 in Eg, A] and /-I] in F4, A]
in G, therefore leaving out only one orbit in each G2, F4 , E¢ and two orbits in E7 or Eg.

The classical groups have been considered in [24,25]: for the special linear groups the
closure of every conjugacy class is normal. For the symplectic and orthogonal groups there
exist conjugacy classes with non-normal closure. However every spherical conjugacy class
in the symplectic group has normal closure, since from the classification obtained in [33]
we know that the unipotent spherical conjugacy classes have only 2 columns (see also [17],
Sect. 5, Criterion 2). For special orthogonal groups the results in [25] left open a portion
of the very even unipotent classes. Sommers proved that these have normal closure in [39].
Taking into account the results in [25] (note that the spherical very even classes are dealt with
in [25], Theorem 17.3 b)) it follows that every unipotent spherical conjugacy class in type
D,, and B,, has normal closure except for the maximal class Z,,+ in B,, whenn = 2m + 1,
m > 1. From this and the classification of spherical conjugacy classes, it follows that every
spherical conjugacy class has normal closure, except for the above mentioned class in By, +1.-

For the exceptional groups, besides the results on the minimal orbit and Hesselink’s results,
in [27] it is shown that the orbit A; in G, has a non-normal closure (see also [23]): here
there is bijective normalization, contrary to the case of Z,,41 in By, where the closure is
branched in codimension 2. In [7] the case of type Fy is completely handled, and it follows
that every spherical conjugacy class has normal closure. The same holds for Eg, as follows
from [38] where every nilpotent orbit is considered. For the remaining nilpotent orbits in E7
and Eg, in [8], 7.9, Remark (iii), Broer gives a list of orbits with normal closure. Among
these there are all spherical nilpotent orbits in £7 and Eg. We may therefore state

Theorem 5.1 Let O be a spherical conjugacy class. Then O is normal except for the class
Zm+1 in By (m > 1) and the class Ay in G;. m]

Remark 5.2 As already observed, Hesselink’s approach exploits a resolution of singularities
G x2V - Owitha completely reducible Q-module V. In [13, Example 4.4, Proposition
4.5], the authors provide an alternative proof for nilpotent orbits of height 2. In this context
we observe that also from (3.9) and Corollary 3.17 it is possible to prove normality of O in
certain cases. For instance in type C,, from Table 3 we get A(X¢) = 2P, for every unipotent
class X,. From (3.9) it follows that A(O) = A(©), so that O is normal.

Remark 5.3 In [35, 6.1], normality of \' sph (the union of all spherical nilpotent orbits, which
is in fact the closure of the unique maximal spherical nilpotent orbit) is discussed.

We Lecall that in general k[O] ii the integral closure of k[O] in its field of fractions and
that k[O] = k[O] if and only if O is normal [22, Proposition and Corollary in 8.3]. By
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Theorem 5.1,t0 describe the decomposition of k[O] we are left to deal with Z,, | in By
and with Aj in G,. We use the notation and the tables from Sect. 4 for the cases Bo,+1
and G,.

Theorem 5.4 Let O = Z,11in By, n =2m + 1, m > 1. Then

2m m n
rO) = [Z”iwi | ani,l even] U lZniwi | n,even,n, > 2]
i=1 i=1

i=1

Proof. Considering the (G-equivariant) restriction r : k[®] — k[Z,,] = k[Z,,], we obtain
{Z?Zl niw; | Y nai—y even} < MO). In particular for every even j, w; € A(0), and

for every pair of odd j, k, with 1 < j < k < n, w; +wr € 2(0). By Corollary 3.13,
we have 2w, € A(O). We show that w; + 2w, € A(O) for every odd j, j < n. We have
2wp—1 —0ty—1 = wp—2 + 2w, and since &, occurs inx € woB N O, by Corollary 3.17, we
get w,—2 + 2w, € A(0). Let j be odd, j < n — 2. Then ®;j + 2w, + 2w,—» € A(O) since
wp—2 + 2w, and w; + w, > are in 2(O).

There exists B-eigenvectors F, H in k[O] of weights w; + 2w, + 2wy, -2, 2w, 2 TEspec-
tively. Then F/H is a rational function on O of weight w; + 2w, defined at least on O.
However, 2w,_> is also a weight in A(Z,,), so that H is non-zero on the dense B-orbit v
in Z,,. Hence F/H is defined on v, and it is zero on v, since F'is zero on Z,, w j +2w, +2wy, 2
not being in A(Z,,). It follows that F/H is defined on Z,,, so that it is a regular function on
O U Z,,. By [25, Theorem 16.2, (iii)], F/H extends to O, and @; + 2w, lies in 1(O). We
have shown that

2m m n
2O) > (Z”iwi | ani_l even] U [Znia}i | n,even,n, > 2]
i=1 i=1

i=1

We prove that also the opposite inclusion holds. Assume A = > ", njw; € A1(0). Since
1(O) < A(O), we have n,, even. If n, # 0 we are done. So assume n, = 0. Let y €
Zn+1 NU™ N BwyB. We observe that y; := lim;_,¢ hg, (z)’lyhan (z) exists, and lies in
Zny NU™ N BwB, where w = w(Z,) (in [9] we give representatives for both classes in
SO2n + 1), so that this may be checked directly). Now let F : @ — k be a highest
weight vector of weight A, with F(y) = 1. Then F(y;) = 1, since A(hy,(z)) = 1 for
every z € k*. Since x; € Z, N wB lies in the B-orbit of y;, we have F(x;) # 0. But
o= H;"zl hay;, 1 (—=1) € C(x1), so that F(x1) = F(ox10) = A(0)F(x1) implies A(0) = 1,
and we are done. m]

Theorem 5.5 Let © = A 1 in Gy. Then A(O) is the submonoid of M(O) generated by
2w1, 3wy, w).

Proof. We know that w; € A(O) and it follows from the proof of [27], Theorem 3.13, that
w1 € L(O). We have

2] — o] = wp, 2wy —ar = 3w

hence, by Corollaries 3.13 and 3.17, we get 2wy, 3w, w2 € A(0), since both a1, a occur in
x € woB N O. Suppose for a contradiction that w| 4+ nw, € A(O) for a certain n € N. There
exists B-eigenvectors F, H in k[O] of weights w; + nwy, nw, respectively. Then F/H is a
rational function on O of weight w| defined at least on O. However nw is also a weight in
A(A1), so that H is non-zero on the dense B-orbit vin A;. Hence F/H is defined on v, and
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itis zero on v, since F is zero on Ay, because w| + nw; is not in L(Ay). It follows that F/H
is defined on A;. But A has normal closure, so that F/H is defined on the closure of Ay,
and then on O, so that there is in k[O] a B-eigenvector of weight w, a contradiction. ]

6 The general case

Let G be as usual simply-connected, D < Z(G), G = G/D, 7w : G — G the canonical
projection. For g € G we put g = m(g). We give a procedure to describe the coordinate
ring of O, where Oy is a spherical conjugacy class of G. Passing to G, we have to con-
sider the quotient G /7! (C&(P)). Let p = sv be the Jordan-Chevalley decomposition of
p,w=w(0p). Wemay assume s € T.Let Wy p = {w € W | wsw !l =zs,z € D}, and
Ns,p < N such that Ny p/T = W, p. Then n’l(Cg(ﬁ)) = C(v) N Ng pC(s). Reasoning
as in [42, Corollary II, 4.4], we have a homomorphism a1 (Cz(P)) — D, g+ [g, p] with
kernel C(p).

Let y € Op N BwB be such that L = L is adapted to C(y). If H = 7] (C5(3)), then
MOp) = MG/H) = {r € Plj | M(T N H) = 1} by Corollary 3.19. Let x € O, NwB,
x =wu,withu e UandletT, p =T N a! (Cg(x)). By Proposition 3.5, we get T N H =
Ty, p, hence

MOp) ={re Pl | MTyp) =1} (6.12)

Let Ty ={teT| witwl =zt,z € Dj}. From the Bruhat decomposition, we get Ty p <
T}). Moreover since w is an involution, for t € T} we have t = w?tw™2 = z2t, so that
z* = 1. In particular 7~ (C5(5)) = Ny, p,C(s), T = Tj;,, where Dy = DN To.

Letf € T and write t = ab, witha € (T%)°, b € (S¥)°. Then wtw ™! = 1z withz € D,
if and only if z = b2. Since (S*)° is connected, we get Ty = Tg’z n(sw)o and

—1 ev w
C T
7 ( G()C)) ~ Tx.p D ~ Dy (S)°
C(x) Ty Tw

with Ty = T* N C(u), Ty,p = T} N C(u). In particular, if D> N (§*)° = 1, then A(Ox) =
A(Oy). This equality means that x is not conjugate to zx for any z € D, z # 1, and this may
be directly checked in many cases, for instance in type A, or C, (and of course always holds
for x unipotent). However, to deal with orthogonal groups and E7, we determined explicitly
the cases when Dy N (S™)° is non-trivial, and in each case we determined 7 p and therefore
AO%).

Here we just observe that if Dy N (S™)° # 1, then Dy N (SY)° = Z/27Z, except possibly
for D = Z(G) in type D,, n = 2m. Assuming for convenience k = C, it turns out that in
this case for exp(7i@y, ), we have Ty = T> and Ty z(gy/ Tx = Z/2Z x Z/2Z. More precisely

m
Te26) = Tygy = T2 (hay_ (Dha, (), [ [ Pan_, ()

i=1

sothatin G/Z(G) = PSO(2n),n =2m,

n m
A(Om) = {Zkaa)k | mp € N, my_1 +m, and ZmZi*‘ even]
k=1 i=1
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We add that for SO(2n 4+ 1), n > 1 and b, = diag(1, Al,, AN, A #£ £, Oy, is a model
orbit, and in fact the principal one by [28, 3.3 (2)].
We conclude by presenting the results for E7.

6.1 Type E7, D = Z(G)

Inthiscase Z(G) = (z), where z=hy, (—1)hgs (—1Dhe, (—1) = expRuio;) = expQRuidy).
There are three elements of the Weyl group to be considered and only for w = sg, 58,58,

and w = wo we have z € (S%)°.

Class of type A7, w = wy. Here x = ng, ---ng,,

T;(OG) =T (exp(wi@)) = T (hoy (D has () ha, ()
since exp(wian) € (S*0)° = T and exp(widn)® = z.

Proposition 6.1 Let G be of type E7, D = Z(G), then

7
MOW) = [Zzniwi | no +ns +ny even]

i=1

Proof. This follows from the fact that Ty, z() = T (3;)- O
Classes of type E¢Ty, w = sg,58,5p,, T = (T")° X (hay (=1)) = (T?)° x Z(G).
We have T%”(G) = TY(exp(wiw7)) = T" (hg, (—Dhe, (). If ¢ € C\27iZ, then

'x§ = l’lﬂl nﬁZnOWh'xﬁl (s)xﬂz (E)xon (‘g) S Oexp(;‘d)ﬂ N nﬁl n52na7B

1+eb
1—ef”

foracertain i € T, with § = so that

r _ T;’(G) if ¢eniZ\2xiZ
xe, Z(G) = w : |
T if ¢eC\niZ
since a7(exp(riay)) = —1.

Proposition 6.2 Let G be of type E7, D = Z(G), then

AO

exp(¢a@7)

- {niw1 + newe + 2n7w7 | N1 + ny even} if ¢ € TiZ\2wiZ
~ | w1 + news + 2n707) if ¢eC\niZ

[}

Addendum In [9, Remark 5], we stated that if 7; : G — G/ U is the canonical projection,
and O is a spherical conjugacy class, then 7710 : O — G/U has finite fibers. This is not
correct, and one can only say that 71 has generically finite fibers (if w = w(0O), and

g € ON BwB, then nl_l(gU) has | T"/ Ty | elements, where x € O N wB).
Acknowledgments It is a pleasure to thank P. Bravi and M. Brion for helpful discussions and suggestions.
I also want to thank the anonymous referee for his detailed historical remarks.
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