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SYNCHRONIZATION AND FUNCTIONAL CENTRAL LIMIT THEOREMS
FOR INTERACTING REINFORCED RANDOM WALKS

Irene Crimaldi] , Paolo Dai Praﬂ, Pierre-Yves Louisﬁ, Ida G. Minellil

ABSTRACT. We obtain Central Limit Theorems in Functional form for a class of time-inhomogeneous
interacting random walks on the simplex of probability measures over a finite set. Due to a rein-
forcement mechanism, the increments of the walks are correlated, forcing their convergence to the
same, possibly random, limit. Random walks of this form have been introduced in the context of
urn models and in stochastic algorithms. We also propose an application to opinion dynamics in a
random network evolving via preferential attachment. We study, in particular, random walks in-
teracting through a mean-field rule and compare the rate they converge to their limit with the rate
of synchronization, i.e. the rate at which their mutual distances converge to zero. Under certain
conditions, synchronization is faster than convergence.
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1. INTRODUCTION

Let S be a finite set and denote by P(S) the simplex of probabilities on S:

P(S)=qu:5—101]: Zu(x):l

z€eS

In this paper we consider stochastic evolutions on P(S) of the form
Zpy1 = (1 - Tn)Zn + TnKn(InJrl)a (1)

where 0 <1, < 1 are given numbers, K,, : S — P(S) are given functions, and (I,,),>1 is a sequence
of S-valued random variables such that, for F,, := o(2y, 21, ..., Z,),

P(l41 = z|Fn) = Z,(2). (2)

We think of this as a generalized reinforcement mechanism: note indeed that, in the particular
case K, (x) = 65, with J, denoting the Dirac measure at = € S, the larger Z,(x), the higher the
probability of increasing it at the next step.

Models of type (II) can be viewed as time-inhomogeneous random walks on P(S), and arise nat-
urally in at least two distinct contexts.
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1.1. Urn Models. Let S be the set of the colors of the balls in a urn. Consider the following scheme.
A ball is randomly drawn, uniformly among all balls. Suppose this is the (n + 1)-st draw. If its
color is y then we reinsert it in the urn and, for each color z € S, we add A, (y, ) balls of color z,
where

Ap:SxS—Ny={0,1,2,...}
is a given function, called reinforcement matriz, satisfying the balance condition: the sum

Z An(y,z) = A, does not depend on y. As a consequence, the total number
€S

n—1
N(n)=N(0)+ > 4
k=0

of balls in the urn after n steps does not depend on the sequence of colors drawn. Denote by
N (n,x) the number of balls in the urn of color x after n steps, and

o N(n,x)
Z,(x) = N
Then Z,, € P(S), and it evolves as in () with
A, An(y,-)
= —— K )= .

This model includes the Pélya and the Friedman scheme as special cases, as well as many gen-
eralizations with time dependent reinforcement scheme (see e.g. [33] for an introduction to the
subject). Note that in the most classical schemes (Pélya, Friedman) A, is constant in n. More
generally, in all cases in which A,, grows at most polynomially in n, we have that r, is of order %
as n — +0o0.

1.2. Opinion dynamics on preferential attachment graphs. Consider a sequence of random non-
oriented graphs G,, = (V,,, E,,), evolving through a preferential attachment rule (see e.g. [4] 28]).
More specifically, for a given § > —1, the graph evolves according to the following rules:

e at time n = 2 the graph consists of the two vertices {1,2} connected by one edge;

e at time n + 1 the new vertex n 4+ 1 is added and it is linked with an edge to vertex
i€V, ={1,2,...,n} with probability %, where d;(n) is the degree of the vertex i
at time n, i.e. the number of edges having ¢ as endpoint.

Note that G, is a connected graph.

We now define a stochastic dynamics, whose evolution depends on the realization of the graph

sequence (G, ),>2, which therefore plays a role analogous of that of a dynamic random environment.
We adopt here the standard “quenched” point of view: we assume a realization of the sequence
(Gp)n>2 is given, and we aim at proving results that hold for almost every realization of the graph
sequence.
We consider the following random evolution, indexed by the same time variable n > 2. Let S be
a finite set, representing possible choices made by “individuals” i € V,,. To each vertex i € V,, is
associated a probability p,; € P(S). The quantity p,;(x) (xz € S) represents the inclination of
individual 7 to adopt the choice x at time n or, in different terms, the relative opinion of individual 7
about x: the higher this value, the better the opinion of ¢ on x compared with that on the other
alternatives y # = (y € S). The following two-steps dynamics occurs before the arrival of the
(n + 1) vertex.
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Step 1: (consensus) Through a fast consensus dynamics on the graph G,,, the p,, ; are homogenized:

every vertex ends up with the same inclination
1 n
Zn,i = Zn ‘&= — Pni-

Step 2: (hub’s influence) Let j, be a vertex chosen arbitrarily among those of maximal degree.
This vertex exhibits a choice I,,1; = x with probability Z,(z), i.e. according to his (and
everyone else’s) inclination. The exhibition of the choice has influence on the inclination of
the vertex j,’s neighbors, so that, given I,,41 = x:

Pri1j = A0 + (1 —N)Z, if j is a neighbor of j,
Pn+1,j = Zn otherwise,
where A € (0,1) is a given constant and ¢, denotes the Dirac measure at x € S.

After these two steps, the vertex n + 1 is added; its inclination py,1,,+41 right after arrival could be
taken arbitrarily; just for simplicity in next formulas, we set p,11,p+1 = Z5.
This dynamics allows to obtain a recursive formula for Z,,:

Zoii = —— [(n+1—dj,(n) Zn + dj, (0)(A51,0, + (1 = NZw)]

n+1
= i T [(n+1—Xdj,(n)Z, + Xdj, (n)dy,,, |
=1 —=rp)Zn + 710001,
where . ()
Ty = 7?1]1;_ T (3)

This has the form () with K, (y) = d,.

It should be stressed that many variants of this consensus-influence dynamics could be considered
as well; for instance, influence could be exercised by vertices other than those with maximal degree,
e.g. with a degree dependent probability. Our specific choice makes particularly easy to verify the
conditions of some of the results below, see Remark 2.4] for details.

Finally, we remark that the dynamics (Il) are special cases of stochastic algorithms, that are
treated with stochastic approximation methods and are used in many different contexts and appli-
cations (see [6] for an overview, [30] for a general reference and applications and [I9] for classical
results in the spirit of this paper). In particular, () admits the following algorithmic interpreta-
tion. Let K : S — P(S) be given. It can be viewed as a stochastic kernel that induces a map
Tk : P(S) — P(S) by

Trp:=>  py)EK(y).
yeSs
Then, () is a version of the Robbins-Monro algorithm (see [30]) to obtain a fixed point of Tk, i.e.
a stationary distribution of the S-valued Markov chain with transition kernel K.

This paper is concerned with systems of N interacting random walks in which, to IV evolutions
as in (), we add an interaction term of mean-field type. We are particularly interested in the phe-
nomenon of synchronization, that could be roughly defined as the tendency of different components
to adopt a common long-time behavior. This phenomenon has been subject to recent investigation
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in systems of many interacting particles, where synchronization emerges in the large-scale limit
11l 221 B7]. More recently, interacting urn models have attracted attention as prototypical dy-
namics subject to reinforcement [2, [7], [34] 36, B8]. For some of these dynamics, synchronization is
induced by reinforcement, so it does not require a large-scale limit [13] [16, 31, 32]. Another context
in which synchronization emerges naturally is that of opinion dynamics in a population [20]. We
have proposed here in Example 1.2 a version of opinion dynamics in an evolving population: the
interacting version could be interpreted as related to different homogeneous groups within a given
population, in the same spirit as in [10} [12].

In this work, to avoid complications, we focus on the case S = {0,1}, so that there is only
one relevant variable, Z,, := Z,(1); moreover we assume K,(y) = K(y) to be independent of
time. Concerning the examples considered above, this time-independence property holds for the
opinion models in preferential attachment graphs; in urn models a sufficient condition is that the
reinforcement matrix A,, is of the form A, = ¢, A for some ¢,, > 0 and a given matrix A independent
of n. This includes generalizations of Pdlya and Friedman models, where the reinforcement matrix
is allowed to depend on n. The most general function K : S — P(S) can be written in the form

K(y) = pdy + (1 = p)g, (4)

for some p € [0,1] and a given ¢ € P(S). After identifying ¢ with ¢(1), the evolution of the i-th
walk is therefore given by

Zn—l—l(i) = (1 - Tn)Zn(i) + rn(pIn—I—l(i) + (1 - p)Q)' (5)
The interaction enters in the conditional law of I,,41(7): Setting
Fni=0(Zp(i):i=1,2,...,N; 0<k<n),

we assume that the random variables {I,,41(i), i = 1,2,..., N} are conditionally independent
given F,, with

P(Ing1 (1) = 1|1Fp) = (1 — a) Z (i) + o, (6)

where « € [0,1] is the interaction parameter and

1,
Zy = N ilen(z). (7)

Under suitable conditions on 7,, but actually no conditions if p = 1, the sequence (Z,,) converges
almost surely to a limit Z. In the spirit of similar results for urn models, we study the correspond-
ing rate of convergence and, in some cases, we obtain a fluctuation Theorem in functional form.
We compare this rate of convergence with the rate of synchronization, which we define as the rate
at which Z, (i) — Z,, converges to zero. As observed in [40)] for interacting Friedman urns, synchro-
nization may be faster than convergence. In our model we show that this occur when p = 1 and

c

rn ~ 55 with ¢ > 0 and % < v < 1. We stress the fact that this is not a large-scale phenomenon,

in the sense that it holds for any value of N.

The paper is organized as follows. In section 2 we present our main results. Section 3 contains
some basic identities often used in the proofs. Sections 4-7 are then devoted to proofs.
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2. MAIN RESULTS

From now on we study interacting dynamics of the form defined by (), (@) and (7). We assume
that the initial configuration [Zo(i)]¥; has a permutation invariant distribution with E[Zy(i)] = 3
and E[Z(1 — Zp)] > 0 where Zy := N1 Zfil Zy(i). The value 3 could be replaced by z € (0,1)
at the only cost of longer formulas. It is worthwhile also to note that these assumptions will be
used only in some of our proofs and they could be weakened.

2.1. Convergence and synchronization. The following theorem describes the convergence of

the sequence (Z,).

Theorem 2.1.

(i) If p =1, then Z, converges almost surely to a random variable Z. Moreover:
a) If a >0, then

P(Z€{0,1}) =1 > = foo; (8)
b) If a« =0, each Z,(i) converges almost surely to a random variable Z(i) such that
P(Z(i) € {0,1}) =1 ) r) = +o0. (9)

(i) If p< 1 and
Zrn =400 and Z’I“Z < 400, (10)

n

then Z, — q almost surely.

The following result particularly points out that in the case of a single walk, strengthening
condition (&) one gets the phenomenon of fization. Note that this phenomenon has been observed
in various urn models, see e.g. [17), B} 32].

Proposition 2.2. Assume N = 1. If

n
p=1 and Zexp [—Zrk < 400 (11)
n>1 k=0
or
p<1l, qe{0,1} and Zrn:—l—oo, (12)
n

then there exists a random index M such that with probability one the indicator functions {I,, : n >
M} have all the same value.

Note that, if 7, = O(n™7), then (®) holds for v < 3, while () for v < . Moreover, (I0) holds

for%<7§1.

Next theorem establishes the fact that synchronization indeed takes place as soon as either
interaction is present (o > 0) or the limit of Z,, is deterministic (p < 1).
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Theorem 2.3. Suppose that [I0) holds and p(1 —«) < 1. Then, for alli € {1,2,..., N}, we have
Zn(i) — Zp — 0 a.s.

In particular, if Z is the almost sure limit of Z, = % Ziil Zn (1) (note that, for p <1, by Theorem
21, Z = q), we have Z,(i) — Z almost surely.

As we will see, the proof of this result does not require the assumptions on the initial configura-
tion.

Remark 2.4. At this point it is worth discussing the assumptions in the previous results, in the
context of the applications 1.1 and 1.2 proposed in the introduction.

Urn models. Consider an urn model with reinforcement matrix A,, of the form A, = ¢, A. So,
after the (n + 1)-st drawing, the number of balls added into the urn is A,, = ¢, A and therefore

B cnA
NO)+AY ] ger

As observed in the introduction, 7, is of order % whenever ¢, grows polynomially, so (I0) holds.

Tn

For a different behavior one has to consider a faster growing reinforcement, e.g ¢, = exp (nﬁ ) In
this case, for 0 < 8 < 1, it is easily shown that r,, is of order nl%ﬁ’ thus (8), (II) or (I0) may hold
depending on the value of j.

Opinion dynamics. Note that in this model p = 1. By Theorem 8.8 in [28], the maximal degree
dj,(n) at time n is such that the limit

exists for almost every realization of the graph sequence (Gy,)n>2. Thus, given the definition (3]) of
Tn, We have r, ~ %, with v = %—ig and ¢ = Al. It follows that the conditions (I0]) hold for every
d > 0. For —1 < 6 <0, condition (8) holds and so the population’s inclination “polarizes”, i.e. it
converges to the Dirac measure concentrated on one choice.

2.2. Fluctuation theorems. Assume p(1 —a) < 1 and r, ~ 5, where 1 <~y <1, with the

2
meaning

lim n"r, =c>0.
n—-+o00

Note that the above assumptions imply that Theorem 23l holds. In all the following theorems, the

notation —% denotes convergence in distribution with respect to the classical Skorohod’s topology

(see e.g. [Q]).

Next result describes the fluctuations of Z,, around its limit Z in terms of a functional Central
Limit Theorem in the case p = 1.

Theorem 2.5. Suppose p = 1 (and so a > 0). Then the random limit Z of Z, is such that
P(Z € {0,1}) <1 and P(Z = z) =0 for all z € (0,1). Moreover the following holds:

_ _1 d
<t2y TR (2 — Z))tzo — (Wv;)e0 (13)
where
vV, = 6722(1 — 7)1
TNy -1

and W = (Wy)i>0 is a Wiener process independent of V = (V;)i>0.
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Next theorem characterizes the rate of synchronization, i.e. the rate of convergence to zero of
Zn (i) — Zy, in terms of a functional Central Limit Theorem in the case p = 1.

Theorem 2.6. Suppose p=1 (and so o > 0).
(i) If 3 <~ <1 then

ca . d
<n7/2e ! (ZLnJrn”/tJ (Z) - ZLn+n”/tJ))t>O ’ (WVt)tZO’
where
1\ cZ(1-2
V, = (1 _ N) (2a )62cat‘

and W = (Wyi)i>0 is a standard Brownian motion independent of V.= (V;)i>0.
(ii) If vy =1 and 2ca > 1, then

<n1/2(1 + 1) (ZLnJrntJ (Z) - Z[n+ntJ))t>0 i> (th)tzm

1\ 2Z(1 - 2Z) o1
=(1-=) == /(1 o,
Vi < N> 2ca — 1 ( +t)

and W = (Wy)>0 is a standard Brownian motion independent of V.= (Vi)i>0

where

Remark 2.7. When p = 1, since 7/2 > v — 1/2 for % < v < 1, by Theorems and 2.6] we
have that in this regime synchronization is faster than convergence. More precisely, the proof of
Theorem implicitly contains the fact that, for 1/2 < v < 1,

E[(Z,(i) — Zn)?] ~ (1 - %) Cyn™" (14)

with a suitable constant C7 = ¢(2a) "'E[Z(1 — Z)] > 0 by Theorem [Z1l This fact, by permutation
invariance, implies that we have for i # j

E [(Zu(0) ~ Za()”) = 257 B [(Zu(i) ~ Zu)?] ~ 201 n 7.

On the other hand, the proof of Theorem (see also the proof of Proposition [ implicitly
contains the fact that, for 1/2 <y < 1,
1 (24—
E[(Zn— 2)"] ~ Can r=1)

with a suitable constant Co = ¢?(2y — 1)"'E[Z(1 — Z)] > 0 by Theorem 2l This fact, together
with (I4]), implies that, for each i, we have

. 1 (2
E[(Z.(i) - 2)*] ~E[(Z, - 2)*] ~ Can (2y-1)
Therefore, for p = 1 and 1/2 < v < 1, the velocity of convergence to zero of ||Z,, (i) — Z, ()| 2 is
greater than the one of ||Z,, (i) — Z|| 2.

In the case of p < 1 and g ¢ {0,1} the rate of convergence of Z,, to its limit ¢ is, for % <y <1,
different from the scaling in Theorem [Z5] and matches that in Theorem 2.6 that is /2. The
following two results, in particular, show that convergence and synchronization occur at the same
rate.

Theorem 2.8. Suppose p <1 and q ¢ {0, 1}.
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(i) If £ <y <1, then

<n7/260(1_”)t (Zinnoe) — Q)>t20 5 (W),

where W = (Wi)i>0 is a standard Brownian motion and

_ CQ(l - Q)p2 2¢(1—p)t
"EaNaon©

(ii) If vy =1 and 2¢(1 — p) > 1, then

<n1/2(1 + t)c(1—p) (ZLn+ntJ — q)>t20 i) (th)tzo,

where W = (Wi)¢>0 is a standard Brownian motion and

_ CQQ(l_Q) c(l—p)—
= N(Qc(l _p) —~ 1) (1 +t)2 (I—p) 1.

Theorem 2.9. Suppose p <1 and q ¢ {0,1}.
(i) If £ <y <1, then

d

<nw/2€c(1—p(1—a))t (Z — (Wy,)t>0,

[n+n7t] (Z) - Z\_n—l—n“ftj )) >0

where W = (Wy)>0 is a standard Brownian motion and

B 1\ 0’91 =q)  sc—pli—a
”‘(“N) 20— p(1—a))" |

(ii) If vy =1 and 2¢(1 — p(1 — «)) > 1, then

(n1/2(1 + t)C(lip(lia)) (ZLnJrntJ (Z) - ZLnJrntJ))

d
— (W,
=0 (Wv;)e>0,

where W = (Wy)>0 is a standard Brownian motion and

1 *q(1—q) 2¢(1—p(1—a))—
=(1-— 1 c(1=p(1—a))—1
K ( N) 20(1—p(1—a))—1( 1)

Remark 2.10. Functional Central Limit Theorems in the spirit of those above have been proved
for various urn models (e.g. [3, Bl 24 29, 42]). In particular [3, 24] and [42] contain results for
Friedman urn models and Polya urn models respectively, that in our model correspond to the case
N =1 and v = 1. The results for the fluctuations of the Friedman urn, in particular, show that
the condition 2¢(1 — p(1 — a)) > 1 in Theorem 2.9 is essential: the Friedman urn that corresponds
to 2¢(1 — p(1 — a)) < 1 is known to have non-Gaussian fluctuations (see [21]), so no convergence
to a Gaussian process is possible. The case of one Friedman urn with 2¢(1 — p) = 1 is considered
in [24]: a functional central limit theorem holds with a logarithmic correction in the scaling. We
do not consider this case here.

For interacting Pélya urns (7 = 1) a non functional version of Theorem [Z0]is proved in [I3], under
the same condition 2cav > 1. For interacting Friedman urns (y = 1) a non functional version of
Theorem is proved in [40].

We finally remark that the non-functional version of Theorem could be alternatively derived
by following stochastic approximation methods (see e.g. [6l, [19] 30]).
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Remark 2.11. Regarding the assumption on g of Theorems 2.8 and 2.9] we note that, if ¢ € {0, 1},
when v < 1, the behaviors of Z,, and Z,,(i) are “eventually deterministic” (as can be easily derived
by the same argument used for Proposition [22]). Therefore the only case to be considered is when
v = 1, but we will not deal with it in this paper. For N = 1, a functional central limit Theorem

could be obtained as in Proposition 2.2 of [24].

3. BASIC PROPERTIES

In this section we derive some simple recursions on the random walks Z,(i) and on Z,, =

+ SN | Z,(i), that will be used several times.

By averaging over i in ([B), we have

N
Zng1 — Ln =Ty [P <N1 ZInJrl(i) - Zn) - (1 - p)(Zn - Q)]
i=1

with

Fnl = 2Zp.

N
E [N—l > Ingai)
=1

Therefore we can write
Zny1 = Zp — rn(l - P)(Zn - Q) + praAMp 1,

where
N N N
AM, =N~} Z I1(i) —E [Nl Z In+1(z’)(fn] =N! Z Li1(i) — Zp.
i=1 =1 i=1

Then, subtracting (I5]) to (&), we obtain
Zn1(1) = Zny1 = [ = ra(1 = p(1 = ))[(Zn (@) — Zn) + rnp[AMp41 (i) = AMypi4],
where
AMy,1(i) = Ing1 (1) = Ellng1(4)| Fn]-

In particular, from the relations above, we have

ElZnyi—alFn] = 1= =p)ral(Zn —q)
E[Zy11(i) = Zpia|Fn] = [1= (1= p(1 = a))rn] (Zn(2) — Zy)
and
Var[Zp+1(i) = Zna1|Fn] = rinE [(AMn-H(i) - AMn-i—l)Z‘]:n]

1)? ,
_ 2 <1_N> Varl L1 (0)| 7] + 224 3
j#i

r2p? ‘
Var[Zn—I—l‘fn] = N2 Zvar[ln-i-l(])‘fn]'
j=1

T2p2
nE N VarLng (7)|Fa) (21)

(22)
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4. PROOFS: CONVERGENCE AND SYNCHRONIZATION

4.1. Proof of Theorem [2.7]
Part (i)(a) Here we assume p = 1 and a > 0. By (&), we immediately get that (Z,) is a bounded
martingale. Therefore, it converges a.s. (and in LP) to a random variable Z, with values in [0, 1].

Since by assumption E[Zy(i)] = 3 for every i, we have E(Z) = 1. Moreover P(Z € {0,1}) =1 if
and only if

1
Var(Z) = lim Var(Z,) = -.

n——4o00 4

By using ([22)), we have
Var[Z,1+1] = E[Var(Z,41|Fn)] + Var[E(Z,+1|Fn)]

N
= N B[((1-a)Zu(i) + aZn) (1 = (1 = ) Zn(i) — aZy,)] + Var[Z,]
i=1

N
= 7B |Zu/N = (0® +2(1 = @)a)Zo /N — (1 —a)* Y Z2(i)/N? | + Var|Z,]
i=1

= B |Zy/N -1~ 1-a)’)Z}/N = (1=’ Z; + (1 = a)* Yy Zu()Za(§)/N? | + Var[Z,]
i i
= [N = (1=’ (1= UN)lrp 4+ (1 = a)’r2 Y E[Z,(i) Zn(5)]/N?

i#j

+ {1-[1/N+(1-a)*(1—1/N)r2} Var[Z,]

= [N+ (1=’ (1= 1/N)rp/4 = (1= )’ (1= 1/N)rp/2+ (1= )’rp Y E[Za(i) Zn ()] /N
i#j

+ {1-[1/N+(1-a)*(1—1/N)r2} Var[Z,).

Now we observe that, using the permutation invariance, we have E[Z2(i)] < E[Z,(i)] = 3 for all i
and

1
> EIZ(0)Za()]/N? = BIZ2] — LBIZ2(1)] = Var(Za] + § = 5
i#]
Using this fact in the formula above, we get

1 1 r2
Var[Z,+1] > [1 — N(l —(1— a)z)ri Var[Z,] + N(l —(1— a)Q)Z”,
which, by letting z,, := i — Var[Z,] > 0, is equivalent to
Tny1 < (1— Cr2) xn (23)

with C' := 1*(1]\;0‘)2 €10,1] for 0 < (1 — &) < 1. Therefore

n—1

z, < X0 H (1 — Cr,%)
k=0

which implies z,, — 0 if >, 72 = +oo0.
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We are left to prove that if ) r2 < 400 then z, /4 0. From the above equalities, we have

N
Var[Z,1] = r2N23 E[(1-a)Zu(i) +aZ,) — E [((1 — Q) Za (i) + aZn)2] + Var[Z,]
i=1
2 2N )
= Z2E[Z,) = B DB |(Za+ (1 - 0)(Zali) = Za))| + VarlZ)
i=1
r2 r2 r2 N
= FBElZi) - DEZ] - 15 (1 - o)’ ZE [(Zn (i) = Zn)?] + Var(Zy]
< NE[Zn] — NE[ZH] + Var[Z,] = v T < - N) Var[Z,],

where we have used the identities E(Z,) = 3 and E[Z2] = 1 + Var[Z,]. Thus we have

742
Tn+1 Z <1 - ﬁ) Ty

n—1 7"2
anxOH (1_Nk>,
k=0

where 2y > 0 by assumption. Since, ) 72 < +00 by assumption, we obtain lim,, 4o 2, > 0.

from which it follows

Part(i)(b). In the case when p = 1 and a = 0, each (Z,(7)) is a bounded martingale and so we
have the almost sure (and in LP) convergence of Z, (i) to a random variable Z(i) with values in
[0, 1]. Moreover, with similar computation as above, we have

702

Var(Zy 1 ()] = 7+ (1= r3) Var[Z, (0)
that is
Zni1(i) = (1 — 12z, (4) (24)

where (i) := 2 — Var[Z,(i)]. Therefore the conclusion immediately follows.

Part (ii). We are now assuming p < 1 and (I0), that is >, 7, = 400 and Y., r2 < +o0.

Using (IH), we have
E|(Zut1 = 0 1Fa] = (Zn=a)*1=20=p)ral+72 {(1 = p)*(Zn — 0)* + p*E [(AMys1) Fa] } (25)
from which we obtain
B|(Zns1 = 0 1Fa) < (Zo - 0)? + 726

where &, := {(1 — p)*(Z, — q)* + p*E [(AMp+1)?|F] } is bounded. Therefore, since Y-, 72 < +o0,
we can conclude that ((Z, —q)2)n is a positive almost supermartingale (see [39]) and so it converges
almost surely (and in LP). In order to show that this limit is 0, we are left to show that

lim E[(Z,—q)*] =0. (26)

n—+oo
Averaging in ([25)) and letting x,, :== E [(Zn - q)Z], we have

Tne1 = [1 —=2(1 — p)rp]e, + Knrfl,
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with
0 < Ky = {(1— p)?Bl(Zn — g + /°B [(AM1)?]} < 1.
Recalling the assumptions ([I0) and p < 1, the conclusion follows from Lemma [A.T] n

4.2. Proof of Proposition First suppose that () holds. Setting z,, := 1 — Var[Z,] and
using (24)), we have, for a suitable positive constant C,

n—1
n=ao [[(1=r}) ~ Cexp

-> r,%] . (27)
k=0
Now

+00 +oo
> P, =0Iy=1) = ZE Iy = 0,11 = 1F)] =D E[(1— 1) Z,)
n=1

n=1

- Z E[(1 = In)(Zn-1(1 = rn—1) + rno1lp)]

= ZE [(1—1,)Z,—1(1 —7,—1)] then, conditioning on F,_1,

+oo
= > (=1 1)E[Zp1(1 = Zn1)]
n=1
+oo
< ZE nll_ nl)] an1<+oo
n=1

by @7) and (). Then by Borel-Cantelli lemma P(limsup,{I, = 0,I,41 = 1}) = 0 and the
conclusion follows.

Now, assume (I2) and ¢ = 0 (the case ¢ = 1 is specular), by a similar argument as above, we get
3 Pl = 1) = R < o
n
since E[Z,] ~ Cexp[—(1 —p) > p_oTk)- |

4.3. Proof of Theorem We aim at showing that
Zn(i) — Zp — 0 aus (28)

Set @, := E [(Z,(i) — Zn)?]. The proof is essentially the same as that of Theorem 1] (ii): we first
show that ((Z,(i) — Z,)?) is a positive almost supermartingale, which implies almost sure (and in
LP) convergence to a limit, and then we show that

lim z, =0, (29)

n—-+o00

so that the limit of Z, (i) — Z, is a.s. zero.
By (), we obtain

E[(Zn+1(2) — Zn)Q‘]:n] = [1 =2, (1 = p(1 — a))|(Zn(i) — Zn)2
+ 7721 {(1 —p(1— a))Q(Zn(i) - Zn)2 + pQE [(AMn-H(i) - AMn-i—l)Q’}_n}} (30)
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and so
E[(Zn11(i) = Zn)*|Fal < (Zn() = Zn)* + 7én,
where &= (1= p(1 — )2(Zu(i) — Zn)? + p2E [(AMy 41 (i) — AMyy1)?|Fp] is bounded. Since
>, 12 < 400, this implies that ((Z,41(i) — Z,)?) is a positive almost supermartingale.
It remains to prove (29]). Taking the expected value in (B0), we obtain
Tpp1 = [1 —2(1 — p(1 — @))rp|z, + Kur?

for a bounded sequence (K,),, of positive numbers. Since we assume (I0) and p(1 — a) < 1, the
conclusion follows by applying Lemma [A.T]

5. FLUCTUATION THEOREMS I: PROOF OF THEOREM
The synchronization result in Theorem gives, for p(1 —a) < 1,
Var([l,+1(0)|Fn] = (1 — @) Z,(0) + aZy,) (1 — (1 — @) Z, (i) — aZy) — Z(1 — Z) aus. (31)
for all i. This, together with (2I]) and (22]), implies the following useful relations:

VarlZoiali) = Zual ) ~ o2 (1= ) 20-2) (3
rap?
VarZpa|Fn] ~ =21 = 2). (33)

Before proving fluctuation theorems in the functional form, we prove a fluctuation theorem in
non-functional form, but with a stronger form of convergence, the almost sure conditional conver-
gence (see the appendix for details). This result, which has independent interest, is useful here to
prove that the limit Z has no point mass in (0,1). We recall that, in this section, we assume p = 1
and (1 —a) < 1.

Proposition 5.1. Under the assumptions of Theorem [2.3,

02

_% . stably _
"3 (Z, — Z) N A[<O’RR§§TTISZ(1 Z)).

Moreover, the above convergence is in the sense of the almost sure conditional convergence w.r.t.

F=(Fn).

Proof. We want to apply Theorem [B.Il Let us consider, for each n > 1, the filtration (F, ,)nen
and the process (M, p)hen defined by

FnOZFn,lz-Fn7 Mn,OZMn,lzo

)

and, for h > 2,

_1
Jrn,h - -Fn+h717 Mn,h =n"2 (Zn - Zn+h71)-
By ([[3) (with p = 1), it is easy to verify that, with respect to (F, )n>0, the process (M, n)p>0 is

a martingale which converges in L! (for h — 400) to the random variable M,, o, := n"2 (Zp— 7).
In addition, the increment X, ; := M, ; — M, ;1 is equal to zero for j = 1 and, for j > 2, it

coincides with a random variable of the form n'Y*%(Zk — Zpy1) with k > n. Therefore, we have
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N 2
X2 =Y (2 Z) =P Y (Nl 2 Tk i) - Z’“)
i=1

N 2
W pl Z k=2 (Nl Z T (7) — Zk)
k>n =1
a.s c?
=S ——7(1-27)
N(2y—-1)

where the last convergence follows from Lemma 4.1 in [I3] (where, using the notation of such
2
lemma, aj = k1~@7D b = k271 Y, = <N_1 Zf\il I 1 (i) — Zk) and G, = Fj11) and the fact
that, by (BI]), we have
fn]

N 2
E <N—1 S L (i) - Zn> (fn — Var
=1

N
NS L (i)
=1

v (34)

= N2> Var [L,41(i)| Fa)
i=1

2B NT1Z(1 - 2).

Moreover, again by ([I3) (with p = 1), we have

1 1
X5 =sup | X, ;| =n""2 sup|Zy — Ziq1| < supk? "2 |Zi — Zjia|
7>1 k>n k>n (35)

< sup K3 e =2 0.

k>n
Hence, if in Theorem [B.1l we take k,, = 1 for each n and U equal to the o-field \/,, F,, then the
conditioning system (F, i, ) coincides with the filtration F and the assumptions are satisfied. The
proof is thus complete. [ |

We are now ready for the proof of Theorem We split it into two steps.

Step 1: The fact that P(Z € {0,1}) < 1 follows from Theorem 21l The proof that P(Z = z) =0
for all z € (0,1) is now a consequence of the almost sure conditional convergence in Proposition
B exactly as in Theorem 3.2 in [I3]. Indeed, if we denote by K, a version of the conditional
distribution of rﬂ_%(Zn — Z) given F,, then there exists an event A such that P(A) =1 and, for
each w € A,

02

i Zue) = Z(6) and Kol) "N (0, 5 (200) - 220) ).
Assume now, by contradiction, that there exists z € (0,1) with P(Z = z) > 0, and set A’ =

AN{Z = z} and define B,, as the F,-measurable random set {n“/_%(Zn —2)}. Then P(A') >0
and, since F [I (Z=2} ].Fn] converges almost surely to I;z_.y, there exists an event A" such that
P(A”) >0, A”CA’ and, for each w € A",

Ko@) (Ba@)=E Iy (07320 = 2)) | Fa] (@) =B [Izm) | Fu] (@) — [z=) () =1.
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On the other hand, we observe that Z(w) — Z?(w) # 0 when w € A’. Hence, if D is the discrepancy
metric defined by

Dlp,v] = SUP¢pe(closed balls of R}}“‘(B) —v(B)|,
which metrizes the weak convergence of a sequence of probability distributions on R in the case
when the limit distribution is absolutely continuous with respect to the Lebesgue measure on R
(see [23]), then, for each w € A’, we have
2

B ) (Bal) = | )(Bul) =N (0. 5755 (206) ~ 22(0)) <Bn<w>>'
<D [Kn(w),./\/' <o, WQ_U(Z(LL;) - Z%)))] 0.

This contradicts the previous fact and the proof of the first step is concluded.

Step 2: We now prove the functional fluctuation result in (I3]). First of all, we want to verify the
three conditions (a2), (b2), (¢2) in Theorem [B.5] for the stochastic processes

Lntl/(%fl)J

(n) _ 1 2y—1
S = w2 BTG 2
k=1

in order to obtain a convergence result for S on the space (T, m) defined in the appendix. Finally,
by applying a suitable continuous transformation, we will arrive to (L3]).

Proof of condition (a2): We want to use Theorem B2 Let us set F, j = Fy,
k?%/il(Zk — Zkfl)

Koo = (2y—1)/2 and k() = [nt"/71)]
n
so that Sﬁn) = Z’;(f) Xp k- We observe that
kn (t) 1 kn(t)
Z E[X] | Fojp-1] = e Z Y 2E[(Z) — Z—1)? | Fr-1]
k=1 k=1
_ Fon () N 2
a.s. krz(t))%y ! c? 1 ( 1 .
(= - B | (N R~ Zi | [ Fi
( n (B (1)) ; k=) Zzl
a.s. 7 C2

(36)

(where, in the last step, we have used [34) and lim,, k,(t)/n = t/27=1) and so condition (al) of
Theorem [B2lis verified. Furthermore, for any u > 2, we have

o

n(1) n n
u 1 u(2y—1 u 1 w(2y—1 —u
E[[ X k| ]:mZk” VE[|Z), — Zi—1| ]:mZk” JO(k~7)
k=1 k=1 k=1

. O(n~®/2=1)) if 1—u(l—7v)>0

- (2—1 77 2.0 <1/k1_[1_u(1_w) =0t ) ifl-u(l=y) <0
nul=r— n(n :

k=1 O(m) ifl—u(l—5)=0.
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Hence also condition (b1) of Theorem [B.2l holds true (by Remark [B.3] with v > 2) and we conclude
that

Fon (£) [t/ |
(n) _ 2v—1 _ d 17 _ o
Si Z Xnk = n@y-1/2 kz_:l WGk = Zpy) — W = (W‘/t)tzo

(w.r.t. Skorohod’s topology).
Proof of condition (b2): For each € > 0, we observe that we have

E[n2(1/2+6)(172'\/)n4’yf2(Zn . Zn71)2] < n2(1/2+6)(172’y)+4772,’ﬂ12171 -~ C2n2(1/2+6)(1727)+4’\{7272'y

02

T 22y -1
Therefore the martingale

(Z k(1/2+e)(172’y)k(2’7*1)(zk — Zk_1)>

k=1
is bounded in L? and so > ;2 k(1/2+)(=20 k7= (7, — 7, ) is a.s. convergent. By Kronecker’s
lemma, we get S.p_, k®7™(Zy — Zy_1) = o(n1/2¥927=1) a5, This fact implies that, for each
fixed n, the process S™ is such that St(n) = o(t(1/2+9)) as. as t — +oo.

Proof of condition (c2): Fix > 1/2, ¢ > 0 and > 0. We want to verify that there exists ty such
that

ER
R B (37)
To this purpose, we observe that
k
m_ 1 21
S WLLntl/(?y—l)J where Lk Z] j—l) — Zg]

Denoting by C' a suitable positive constant (which may vary at each step), we have

‘St(n)‘ Ek(%/fl)@ ;
P tz(n?/JnI;Q”/_l TR < P |Lg| > 5 @—Di—(—1)2 LoF some k> no

oo i—1, \(2y—1)0
e(2’ no)
< ZP{ ~max  [Lg| > 2n(2“/_1)9_(27_1)/2}
i=1

21— 1ng<k<2ing

16n2(2'y—1)0—(2'y—1) +o0 L, 2 )
2, 2(2y-1)0 22 IZE[@']
€2ny, —~ ~
n2(2771)97(2y71) 400 s -
S C 2 2(2v—1)0 22 Z(2ln0) v
€*ng P

C /o 2 D@I-1) +oo 1\ ¢ (2y—1)(20—1)
- () > (7) -2 (@)
i=1
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where the third inequality is the Hajek-Rényi inequality for martingales (see the appendix) and we
used the fact that E[sz] ~ C/§'=7=1) with C' > 0. Therefore, in order to obtain (B7), it is enough
to set t%‘g*l = %
Conclusion: By Theorem [B.B we have
QN g (Wf/) on (T,m).
t)1>0

Now, let g : T'— T be the Barbour’s transform (defined in the appendix) and observe that, since

k2N Zy—2Z) . _
(AS™), = 5 _ s _ 47“2751)/2’@ 1) if k= ns'/(7=1)
* o 0 otherwise,
we have
(AS("))S n\ 27—1 k‘2’y_1(Zk — Zk—l)
g8 =3 ——== > ( e
s>1/t k> [nt=1/(2y=1) | n@v=1/

= a2 N (2= Z1) =02 (2= Z o))
k> |nt—1/(2v=1) |

Therefore, by the properties of g (see the appendix), we get

n - d d 57 * *
g(8™) = (n(zw 1)/2 <Z - ZLnt_l/(zy_l)J>>t>0 —g(W) =W on (T7,m7).

Immediately, by symmetry of W, we get the convergence result of (n(%*l)/ 2z Int=1/@v=1)] — VA )) .
t>

to the stochastic process w. Then, we can apply the continuous map h : 77 — D defined as

h(£)(0)=0 and h(f)(t) =tf(t"")
(see [27]) and obtain

<my_%(ZW1/(27_1)J _ Z)> _d, (h(’wv)> 4w = <W~ )t>0 (w.r.t. Skorohod’s topology).

>0
(38)
Finally, we can set t = s2Y~! and obtain

<82'yfln“f*% (Zjns) — Z))

which coincides with (I3]).

. N W) s>0 (w.r.t. Skorohod’s topology),
o> >

6. FLUCTUATION THEOREMS II: PROOF OF THEOREM

In all the sequel, we denote by C' > 0 a suitable constant (which may vary at each step).

By (@), recalling that we are assuming p = 1, we have
E[Zn11(1) = Zp1|Fn] = (1 — arn) (Z,(1) — Zy) -
Thus, setting
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so that [,, = (1 — ary,)lp+1, we have that L, =1, (Z,(i) — Z,,) forms a martingale with
&n=AL, =Ly, — Ly =1,(Z,(0) — Z, — E[Z,(i) — Zp| Fn-1]) -

Observe that, if we fix € € (0,1), for all n > n and 7n sufficiently large

g e £

where ¢ = ¢(1 — €) and ¢ = ¢(1 + ¢).
In particular, recalling that the function p(z) = —x — In(1 — ) is such that 0 < ¢(x) < Ca? for
0 <z <Z <1, and assuming 7n large enough such that ace/k? < & for k > n, we have for n > n

n n 2
s exp [Z %] <1, < Iy exp [Z <% + c(f;y) )] , (39)

k=n k=n

As a simple consequence, we have for n large enough

n cia 1 —y
I, > I exp Z% > C’exp( ) for 1/2 <y <1 (40)
=k Cn“@ for v = 1.

This, in particular, implies

o =
hm 7—2 =0 and Zln rh_1 = +00. (41)
n=1

Indeed, these facts follow from (0] immediately for 1/2 < v < 1; while, for v = 1 one has to note
that, since we assume 2ca > 1, we can choose € small enough so that c;a > %

We now use Theorem to obtain a functional central limit theorem for (L,,), from which the
corresponding result for (Z,,(i) — Z,,) will follow. Set

nY/ 2¢

I,

nk =

Fu i = Fi and ky,(t) = |[n+n7t]. We start with showing condition (al) of Theorem[B.2l Note that

n (1) 0 0
> EX] | Fok-i] = E [¢}|F-1] = = > BVar[Zy(i) — Zi| Fri]
k=1 =1 k=1
ket (42)
w (1 - 1/N l2 Z lkrk‘ 1>

nop=1
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where, in the last step, we have used the fact that lim,, n?/I2 = 0 and (B2]) with p = 1. In order to
kn t) 2
estimate the sum » ;"7
Lo 1 2 _ |1 1 2 2 _ g2
bk~ Wlk—l = [@ - W] lg—1 + H (lk — i)

Tk, 1, we observe that, for k — 400, we have

2 2
2 y+1 2116_*1 i 2 _ hﬂ;l
[l + o1k 2+ (1 :

1
- —#lz(l —arp_1)? + o(li/k”“) + Hli [1 —(1- ark_1)2]

= k”f“ lk + — i l/,2c (—oz2r,%_1 + 20zrk_1) + o(li/kz'ﬁl)

B <2a7’k]f 1 _) l2 +0(lk;’rk; 1) lf’y = 1, 2ca >1
2ani g2 (1202 )) if1/2<vy<1

N 263 1l2rk , fy=12ca>1 (43)
e o ifl2<y<1
Therefore, recalling ([@Il), we have
kn ) 12 2 fn  ip o _
n’ Z(: 2,2 ZCa Zca—112 7 D ke < kT (k—l)lkfl) ~ Seas1En D lit ify=12ca>1 (44)
_2 k k—1 " ko 12 .
I i %a 7; k:(;) (%li - (kjl)w li_l) ~ ﬁk:g)v k?%ft) if1/2 <~y <1
Observing that
7 1 if 1/2 1
i () =1, H12<a< (45)
n \ k(1) 7 by =1,
we are left to compute the limit
l
lim k"(t).
0 1
This is done in the following Lemma.
Lemma 6.1. The following convergence holds uniformly over compact subsets of [0, +00):
. e ecot for1/2 <y <1
hrrln L { 14+t fory=1,2ca > 1. (46)

We postpone the proof of Lemma [6.1] and complete the proof of Theorem Inserting (@3]) and

(@6) in (44)) and (42)) we obtain

Fon (t) { (1—1/N) < e2catz(1_Z) ifl1/2<y<1

2 a.s.
]; E[Xn,k: ’Jt.n,kfl] — (1 B 1/N) (1 + t)2caflz(1 o Z) if v = 17 2ca > 1.

and condition (al) of Theorem [B.2]is verified.

2ca 1

We now prove condition (bl) of Theorem [B.2] via Remark [B.3] (with v > 2) and the sufficient
condition in (G3)). Let u > 2. Note that, using (I7) and @0) with p = 1, we have |{,11] < 20,417,
for all n. Then

1) Wu kn(1)

kn(
Z E ‘Xn k‘ (47)
k=1
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This last sum can be estimated as we have done in ([@4]). A computation analogous to the one made

in ([3)) gives

1 1 L(ulnur ify =1 —1
u u ~ cu k—1 Y , uca > (u ) 4
L (u—1) Iy (k —1)7u=-1) 1 { it “r};_l if1/2 <y <1 (48)

Then, for 1/2 < v < 1 and suitable u > 2 (note that, when v = 1, we have to choose u > 2 such
that uca — (u — 1) = u(ca — 1) +1 > 0 and this choice is possible since in this case 2ca > 1 by
assumption), we have

nz _— by ) ns
I o (be) T

Thus, by applying Theorem [B:2] we get

nY/2 d
<—l Lkn(t)> — WMv)i>0 5
" >0

where (V;)i>0 and (Wy)i>o are defined in the statement of the theorem. Finally, recalling that

nv/ 2

Y=Ly, = n/? lk?n(t) (Z kn(t) (@) = Zp, (t)) and using Lemma [6.] the proof is complete. |

Proof of Lemma[61l We begin by proving the claim for 1/2 < v < 1. Note first that lk?% =1if
t <n~77, then for any T' > 1 we have

l
kln:t) _ ecat

sup

= max sup |1 —e™|, sup e
t€[0,7]

te[0,n=7) ten=",T]

l
—’7“’ eeot _ 1‘} : (49)

n

Since supyejo ) |1 — e = e — 1 converges to 0, it is enough to show that

lim sup
" ote[n=,T]

l
kl"(t) efcat _ 1' =0.

We fix ¢ > 0 and take 0 < € < min{ IHQ;T; ,1}. Then, using ([B9), we have, for all n > n and n
sufficiently large,

kn (t)

acy U, (1)
<

kn(t)

ac acy)? _
< exp Z (k—“fQ + C( /<:22“f) > Vte [n 7, T] (50)

where ¢; = ¢(1 —€) and ¢ = ¢(1 +¢).
Now we use the following asymptotics, which hold for all p > 0 and n,m > 1:
n+m—1 ep(nam) ifp>1
> - ml B et itp=1 o1
kp ql:; [(1 + %)lfp — 1] +ep(n,m) ifp<1

where €,(n, m) denotes a positive function such that lim, sup,,>; €,(n,m) = 0. Thus, recalling
that 1/2 <y < 1,

1—y T\ Y l 1—y
exp acin 14 n7t| _1 < K (£) < exp acan
1 n In 1—7
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where A, = acsey(n, [n7t]) + C(acs)?e2y(n, [n7t]). Moreover, using the relation 1+ (1 — )z —
@ﬁ <(A+2)'77 <14+ (1—7)zforallz >0and 1/2 < v < 1, we have that

(1+ W”>M _ 1] <4 (53)

1 t? nt=

nY  2nl=7 T 1—»~

n

Therefore, using (52]) and (53]) we obtain

ca(l—e) ca(l—e¢) t2 l
nY in——:{y S kfln(t) e—cozt S eCOjEt-}—An,t vt c [n—fy’T]
n

and, since lim,, sup; A, ; = 0, for all n sufficiently large we have

—coet—

6—2cozeT < lkln(t) e—cat < 620a5T YVt € [n’Y’T]
n

from which it follows

sup
ten=7,T]

lkn(t) e—cat _ 1' < choceT —1l<o

for all n sufficiently large and the proof is complete, since o can be taken arbitrarily small.

We now turn to the case v = 1 and 2ca > 1. As for 1/2 < v < 1, it is enough to show that

SUPseln-1,7] lk?%(l +1)7 — 1‘ converges to 0. We fix 0 > 0 and take 0 < € < min{%, 1}.
Using (B0) and (BI)) for v = 1, we obtain, for all n > n and n sufficiently large,
t ! t
exp [acl In ( [ J)] k;(t < exp |:OéCQ In (1 + m) + An,t:| vt € [n LT (54)
n n

where ¢; = ¢(1 —€), ca = ¢(1 +€) and A, ; = acser(n, [nt]) + C(acz)?ea(n, [nt]). Then, for all n
sufficiently large

c(1—e)a I c(1+e)
(1 + %) (I+t) < kl"(t) (L+t)™* < (1 + %) ent(144)7  Vie n ' T]

and, using the fact that lim, sup; A, ; = 0, for all n sufficiently large we can write

l
(1 +T)f2cae S k;—(t)(l _i_t)fca S (1 +T)2cae it c [nil,T]

n

from which it follows

Ukt

sup (1+t)° 1' <(T+1D)* - 1<o
ten—1,7) In
for all n sufficiently large and the proof is complete, since o can be taken arbitrarily small. [ |

7. FLUCTUATION THEOREMS III: PROOF OF THEOREMS [2.8] AND

7.1. Proof of Theorem [2.8. Proof of case (i). The proof is the same as for Theorem [2.0]

part (i). Indeed, using ([d) we can define I, = [[}=; o W and X, = %, where &, =
ln(Z,, — E|Z,|Fn-1]). Using the estimate ([@Il) and (B3] we obtain
Fen () 1 kn (t)
5. n
> B 4| Fapet] % a1 00’ Y By, (55)
k=1 " k=1
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Then, using estimate ([@4) and Lemma [61] with (1 — p) instead of «, we can conclude that
= Zk"(t [2r? | converges to ﬁe%(l P and so condition (al) of Theorem B2 is satisfied.

Using (&) and (I9) we have [,41] < l,417 and so, fixing v > 2, we can repeat the same
argument used in the proof of Theorem in order to prove
kn(1)
> ElXux[*] —0 (56)
k=1
and the conclusion follows from Theorem [B.2] Remark (with u > 2) and Lemma

Proof of case (ii). Following proof and notations of Theorem [2.6] part (ii), with 1 — p in place of
a, since 2¢(1 — p) > 1, relation ([@2) becomes

En(t)

s 1
Z E[Xg,k‘]:n,kfl] " N P 2 Z lkrk‘ 1
k=1 " k=1

and, by estimate (44)) and Lemma B with (1 — p) instead of «, the last sum converges to
ﬁ(l + t)2(=P)=1 " Analogously, condition (b1) of Theorem and then the conclusion
can be easily derived as seen in Theorem

7.2. Proof of Theorem [2.9. Proof of case (i). We again follow the proof of Theorem 2.6 by
posing 8 = 1 — (1 — «)p, using ([20) and defining ,, = Hk 0T lﬁr Then, given X, = nvl/2§,€’

where &, = 1,,(Z,(i) — Z, — E[Z,(i) — Z,,| Fn—1]), we use the estimate [@I]) and [B2]) and we have
Fen () 1 kn(t)
> B 4 Fapet] % (1= Sl =’ Y .
k=1 " k=1
Then, by estimate (44]) and Lemma [61] with [ instead of «, it follows 7% IZ” f) l2rk , —
mezc(l_(l_a)p)t and condition (al) of Theorem [B.2]is verified.
For condition (bl), by (I7) and [20), we obtain |&,+1| < 20,417, and so, for a fixed u > 2
kn (1)
Z E[|Xp1["] — 0
k=
and the conclusion follows from Theorem [B.2] Remark (with u > 2) and Lemma

Proof of case (ii). The proof is analogous to the one of case (ii) of Theorem 2 above.
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APPENDIX A. A TECHNICAL LEMMA

Lemma A.1. Let (z,) be a sequence of positive numbers that satisfies the following equation:

Tpp1 = (1 —ary)x, + K12 (57)
where a >0, 1, > 0 and 0 < K,, < K. Suppose that
Zrn =+oo and Zr% < +00. (58)
n n

Then

lim x, =0.
n—-+o0o

Proof. The case K = 0 is well-known and so we will prove the statement with K > 0. Let [ be
such that ar, <1 for all n > [. Then for n > [ we have z,, < y,,, where

Yn+1 = (1 - arn)yn + KT}QL
y =
Set &, = ar, and d,, = Kr2. It holds

n—1
—yzH 1—g) +Z<5 IT a-<p.

i=l Jj=i+1
Using the fact that ) e, = +o0o, it follows that

n—1

[[a-e)—0o0

1=l

Moreover, for every m > [,

n—1 n—1
25 I[Ia-¢) = 25, H (1—¢;) +25 I a-<) (59)
=l j=i+l1 i=l Jj=i+1 i=m  j=i+1

< H 1—-¢)) m25 +25
j=m

Using the fact that H;:;(l —¢j) — 0 and that ) 0, < +o0, letting first n — 400 and then
m — +oo in (B9) the conclusion follows.
|

APPENDIX B. SOME DEFINITIONS AND KNOWN RESULTS

B.1. Stable convergence and its variants. We recall here some basic definitions and results.
For more details, we refer the reader to [15] [25] and the references therein.

Let (€2, A, P) be a probability space, and let S be a Polish space, endowed with its Borel o-field.
A kernel on S, or a random probability measure on S, is a collection K = {K(w) : w € Q} of
probability measures on the Borel o-field of S such that, for each bounded Borel real function f
on S, the map

o Kf(w) = [ 1) Kw)(ds)
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is A-measurable. Given a sub-o-field H of A, a kernel K is said H-measurable if all the above
random variables Kf are H-measurable.

On (92, A, P), let (Y;,) be a sequence of S-valued random variables, let H be a sub-o-field of A,
and let K be a H-measurable kernel on S. Then we say that Y,, converges H-stably to K, and we

write Y, T g i
weakly .
P(Y, e |H)"““SYB(K()|H]  forall H € H with P(H) > 0.

. . bl
In the case when H = A, we simply say that Y,, converges stably to K and we write Y, gk Oy ’g

. —stabl . . . . e . . .
Clearly, if Y,, Hostebly g , then Y, converges in distribution to the probability distribution E[K(-)].
Moreover, the H-stable convergence of Y, to K can be stated in terms of the following convergence
of conditional expectations:

Bl (V) | #H] "5 Ky (60)

for each bounded continuous real function f on S.

In [I5] the notion of H-stable convergence is firstly generalized in a natural way replacing in (G0)
the single sub-o-field H by a collection G = (G,,) (called conditioning system) of sub-o-fields of A
and then it is strengthened by substituting the convergence in o(L!, L>°) by the one in probability
(i.e. in L', since f is bounded). Hence, according to [I5], we say that Y,, converges to K stably in
the strong sense, with respect to G = (G,,), if

E[f(Ya)|Ga] = Kf (61)

for each bounded continuous real function f on S.

Finally, a strengthening of the stable convergence in the strong sense can be naturally obtained
if in (©1]) we replace the convergence in probability by the almost sure convergence: given a condi-
tioning system G = (G, ), we say that Y,, converges to K in the sense of the almost sure conditional
convergence, with respect to G, if

E[f(Yn)|Ga] = Kf (62)

for each bounded continuous real function f on S. Evidently, this last type of convergence can
be reformulated using the conditional distributions. Indeed, if K, denotes a version of the con-
ditional distribution of Y, given G,, then the random variable K, f is a version of the conditional
expectation F [f(Y,,)|G,] and so we can say that Y,, converges to K in the sense of the almost sure
conditional convergence, with respect to F, if, for almost every w in €2, the probability measure
K, (w) converges weakly to K (w). The almost sure conditional convergence has been introduced in
[14] and, subsequently, employed by others in the urn model literature (e.g. [II [42]).

We now conclude this section with a convergence result for martingale difference arrays.
Given a conditioning system G = (G, )y, if U is a sub-o-field of A such that, for each real integrable
random variable Y, the conditional expectation E[Y | G,] converges almost surely to the conditional
expectation E[Y |U], then we shall briefly say that U is an asymptotic o-field for G. In order that
there exists an asymptotic o-field I for a given conditioning system G, it is obviously sufficient that
the sequence (G, ), is increasing or decreasing. (Indeed we can take U = \/, G, in the first case
and U =(),, Gn in the second one.)
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Theorem B.1. (Theorem A.1 in [14])
n (2, A, P), for each n > 1, let (Fpp)nen be a filtration and (My p)nen a real martingale with
respect to (-Fn,h)heNy with My o = 0, which converges in L' to a random variable M, . Set

Xnj=My;—M,;_1 forj>1 U,:= 2321 Xfm, X, = sup;>y | Xnl-

Further, let (kn)n>1 be a sequence of strictly positive integers such that ky, X a—s> 0 and let U be a
sub-o-field which is asymptotic for the conditioning system G defined by G, = F 1, . Assume that
the sequence (X)), is dominated in L' and that the sequence (U,), converges almost surely to a
positive real random wvariable U which is measurable with respect to U.

Then, with respect to the conditioning system G, the sequence (M, )n converges to the Gaussian
kernel N'(0,U) in the sense of the almost sure conditional convergence.

B.2. Durrett-Resnick result. We recall the following convergence result for martingale difference
arrays:

Theorem B.2. (Th. 2.5 in [1§])

Let (X, 1) be a square-integrable martingale difference array with respect to (Fp1). Suppose that
(Fnk) increases as n increases and let ky(t) a non-decreasing right continuous function with values
in N such that the following conditions hold true:

(al) for each t >0,

o

n(t)
P
E[Xg,k | Fap—1] — Vi
1

ol

where P(t — V; is continuous) = 1;
(b1) for each € > 0,

kn (1)

P
E[szz,kl{\Xn,kbe} | Frk—1] — 0.
k=1

o (£
k

Then, if we set Sy, 1) = :1) Xp 1, we have

s — (Sn,kn(t))tZO AW = (th)t>0 (w.r.t. Skorohod’s topology),

where W = (Wy)>0 is a Wiener process independent of V = (Vi)i>0.

Remark B.3. If there exists a number v > 2 such that

kn(1)
> B[ Xnxl"] — 0, (63)
k=1

then condition (b1) holds true with convergence in L!. Indeed, it is enough to observe that

(1) k(1) k(1)
BIX2 pIx, s = O BlIXn k" Xkl "2 Ix, 5] < =2 2 EllXag[*] — 0.
k=1 k=1 k=1
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B.3. Hajek-Rényi inequality. We recall the following martingale inequality (e.g. [9]):

Theorem B.4. If M, = Z;‘L:1 §; is a square integrable martingale and (a,) is a positive, nonde-
creasing sequence of numbers, then for each A > 0, we have

) N RE[g2
P(max |21 2)\> §i [53]
22
J

1<j<n aj; a2. )

=1 J

B.4. Barbour’s transform. Let D = D[0,+00) be the space of right-continuous functions with
left limits on [0, +00), endowed with the classical Skorohod’s topology (e.g. [§]).

Let T be the subspace of functions f(¢) in the space D such that

lim sup ‘fit)’ =0 (64)
t—+o00
/ o ’ft(—f)‘ dt < 400 (65)
1
/l HOl gy < oo (66)
0 t

Let m be the metric on T such that m(fi, f2) is the infimum of those e > 0 for which there exists
some continuous strictly increasing function A : [0, +00) — [0, +00) with A(0) = 0, such that

fi(t) = f2(A@))

igg P <€ (67)
+o0 _
[0 L0, .
[ 18000, )
0 t
sup |log Alt) = Als) < €. (70)
t#s t—s

Let T and m; be defined similarly, without the restrictions (66]) and ([€9). We shall denote by
T* and T7 the corresponding subspaces of the space D* = D*[0, +00) of left-continuous functions
with right limits on [0, +00) (endowed with the corresponding Skorohod’s topology).

The topology induced by m on T is stronger than the Skorohod’s topology. Moreover, the
Barbour’s transform g : T'— T} defined as

+00 +oo
g(f)(0)=0 and g(f)(t):= /1/t sTldf(s) = —tf(t™1) + /l/t s2f(s)ds for t € (0, +00).

is continuous and, if W is a Wiener process, then also g(WW) is a Wiener process. Finally, the

following result holds (for more details, see [24] 26 35] [41]).

Theorem B.5. Let (Y("))n be a sequence of stochastic processes satisfying the following conditions:

(a2) Y W (w.r.t.  Skorohod’s topology), where W is a stochastic process of the form
Wt = Wy, where W is a Wiener process and V is a stochastic process, independent of W
and with P(t — Vi s continuous) = 1;

(b2) for each n and € > 0, Yy, (t) = o(t"/?>+) a.s. ast — +oo;
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c2) for each 6 > 1 2,¢e>0 and n > 0, there exists to such that
n
Dt(n)’

P < sup >ep <. (71)

t>to

Then each Y™ takes values in the space T and Y™ LW on (T,m).
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