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RBF Approximation

Data: Q c R", X c Q, test function f
X ={x,...,xny}CQ
mfi,...,fy, where fi = f(x;)

Approximation setting: kernel K, N, (2), N (X) € N,(Q)
m kernel K = K., positive definite and radial

m native space N, (Q2) (where K is the reproducing kernel)
m finite subspace N, (X) = span{K(-,x) : x € X} € N, ()

Aim

Find s; € N, (X) s.t. sf ~ f

s s



Introduction

Problem setting

Problem: the standard (data-dependent) basis of N, (X) is
unstable and not flexible

Question 1
Is it possible to find a “better” basis U of N, (X)?

Question 2
How to embed information about K and Q in U?

Question 3
Can we extract U’ c U s.t. s/ is as good as s,?




Change of basis

Q1: It is possible to find a “better” basis?

Change of basis ([Pazouki-Schaback 2011]):

m Let Aj = K(x;, x;) € RV*N. Any basis U arises from a
factorization A = V,, - C,, ', where C,, is the matrix of change
of basis, V,u = (Uj(X,'))1<,'J<N.

m Each N, (Q)-orthonormal basis U arises from a
decomposition A = BT - B with
B=Ca', V., =Bl —(C )"

m Each ¢>(X)-orthonormal basis U arises from a decomposition
A=Q-BwithQ=V,,Q"a=1,B=C,"=Q"A.

The best bases in terms of stability are the N, (2)-0.n. ones.

B
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Motivation

The “natural” (data-independent) basis for Hilbert spaces
(Mercer’s theorem,1909)

Let K be a continuous, positive definite kernel on a bounded Q c R". Then K has an
eigenfunction expansion

K(xy) = D 4ei(x)ei(y), ¥xyeQ
=0

Moreover,

Ajpj(x) = fQ K(x.¥)ei(y)dy := Tlej](x), ¥x€Q, j20

{0 orthonormal € N, (£2)

{0 orthogonal € L(%2), ||‘P1||2 =24>0,
D4 = K00

>0

I s
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Definition

Q2: How to embed information on K and Q in U?

Idea: Approximate the integral equation 2;¢;(x) = 7 [¢;](x) with
the symmetric Nystrém method, with a cubature formula (X, ‘W):
{4j, ¢j},., are approximated by eigenvalues/eigenvectors of

Ay = VW - A - VW, with W = diag(w)), i.e. the solution of the
scaled eigenvalue problem | A( VW - v) = Aw( VW - v) |.

Definition:
A weighted SVD basis U is a basis for N, (X) s.t.

V,=Vw-'.Q-%, C,=Vw.-Q -z

since A =V,,C, ", then Ay = Q-¥2- QT is the SVD (and

unitary diagonalization). _
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Properties

This basis is in fact an approximation of the “natural” one
(provided w; > 0, N . w; = |Q)):

Properties (cf. [De Marchi-Santin 2013])

m oZ y(x) = T, [u](%)

where T, [uj](-) := (u;, K(',X))[g(x) Vj, Vx € Q

m N, (Q)-orthonormal

m (¥ (X)-orthogonal, ||Uj||?;v(x) =7

m 3, 0% =K(0,0)IQ

e s
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Approximation

Interpolant: s,(x) = Zj’\’:1(f, ukuj(x) ¥xeQ
WDLS: sfM = argmin{llf - g||[w(x) . g € span{uy, ..., UM}}
2

WDLS as truncation:
Letfe N, (2),1 <M< N. ThenVx € Q

M f,U‘ w
g = (f, up)ex (x)

M
ui(x) = ) (f. u)kus(x)

= (U U 5

Q3: Can we extract U’ c U s.t. s/ is as good as s,? We can take
U = {U1,...,UM}.

e sam
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Approximation Il

If we define the pseudo-cardinal functions as ¢; = s:,w we get
~ i(Xi M ~
L) = 2 220, s'(x) = T 1(0)T(x).

o
J

Generalized Power Function and Lebesgue constant:

It & Ny (), [f() = 8/'(x)| < Py (Ol o) Vx € 9, where

M
[ (x)]2 = K(0.0) - Y [u(x)P%
=

v -
Moreover, [Is, [, < AIfll,-

R e
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Sub-basis

Q3: Can we extract U’ c U s.t. s/ is as good as s,? We can take
U ={uy,...,um}

m recall that
. 2
lujlley(x) = o5 — 0
m we can choose M s.t.

< tol

2
T M+1
m we don't need u;, j > M

0 100 200 300 400 500 600 700 800 900

Figure: Gaussian kernel, (rf on equispaced
points of the square

s s
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An Example: |
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Figure: The domains used in the numerical experiments with an example
of the corresponding sample points. From left to right: the lens €24
(trigonometric-gaussian points), the disk €2, (trigonometric-gaussian
points) and the square 23 (product Gauss-Legendre points).

s s
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An Example: Il

‘ e=1|e=4|e=9
Gaussian | 100 340 500
IMQ 180 580 580
Matern3 460 560 580

Table: Optimal M for different kernels and shape parameter that
correspond to the indexes such that the weighted least-squares
approximant s:” provides the best approximation of the function
f(x,y) = cos(20(x + y)) on the disk with center C = (1/2,1/2) and
radius R =1/2

s s
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An Example: IlI
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Figure: Franke’s function, lens, IMQ Kernel, e = 1 and RMSE. Left:
complete basis. Right: 0%, , < 107"7.

Problem: We have to compute the whole basis before truncation!
Solution: Krylov methods.
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Arnoldi iteration

Consider Aj = K(x;, X;), by = f(x;), 1 <i,j <N

m define the Krylov subspace Ky (A, b) = span{b, Ab, ..., AMp},
M < N.

m compute an o.n. basis {¢1, ..., ¢um} of Ku(A,b)

m define the (tridiagonal) matrix Hy, which represents the projection of
A into Kiu(A, b) (since @] Ady = Hy, with
(DM = [¢1,...,¢M], NXM)

Hu

hvi1.me],
(M +1) x M. In practise hy1.m ~ 0 so that Ky.+1(A, b) = Ku(A, b).

s s

Arnoldi’s algorithm gives Ady = &1 Hy where Hy = is
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Approximation of the SVD

Consider a SVD Hy = Uy22,V], where Uy € R™™™
Vi e R, 52, = [£2,0]" and £2, = diag(02, ... ., 02, ).
Approximate SVD (Novati-Russo 2013:)

Let UM = Opy41Up, VM = &V, then

| AVM = UMZ%/,, AUM = VM(Z%/I)T
m the first M singular values of A are well approx. by o-ﬁ/,’j

m If M = N, in exact arithmetic the triplet (¢M+1 Ou, iM, CDMVM)
is a SVD of A, where Uy is Uy without the last column.

e sam
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The new basis

Definition

Recall:
m Ady = PyyqHy
m Hy = Unx2, V),

m 52, —[52,0]
m Uy is Uy without the last column.
The sub-basis Uy is a set {uy, ..., uy} € N, (X) defined by

V, = du1Ousn, C, = duVui,, .

s s
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Properties

The sub-basis Uy has the following properties for each
1<M<N:

m itis N, (Q)-orthonormal
m itis £o(X)-orthogonal with |ujll¢,(x) = o-f,,,j 1<j<M
m if M = N itis the SVD basis U (dy = )

Using this basis we get ¥f € N, (Q2)

, o (F U)ex(x) S
s/(x) = Z Tuj(x) = Z(f ujku(x) YxeQ
j=1 M,j j=1

(and P\")(x), A, as before)
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Stopping rule
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—— RMSE

Figure: Gaussian kernel, & = 1, square [-1,1]?, N = 200 e.s. points, f € N, (), with
f(x) = K(x,y1) + 2K(x, y2) — 2K(x, y3) + 3K(x, y4),
y1 = (0,-1.2), y2 = (~0.4,0.5), y3 = (-0.4,1.1), y4 = (1.2,1.3).

s s
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Numerical Results

Comparison with the SVD basis
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Figure: Gaussian kernel, e = 1, disk, trig.-gauss. points, f € N, (Q)

s s
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An example

Figure: IMQ kernel, e = 1, cutted-disk, N = 1600 random points,
M = 260, f(x,y) = exp(Ix — y|) — 1

s wan
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Numerical Results S

Lebesgue Constant and Power Function

Figure: IMQ kernel, e = 1, cutted-disk, N = 1600 random points,
M = 260, f(x,y) = exp(Ix — y|) — 1. Left: Lebesgue function. Right:
power function

I s



Further work

Further investigation is needed:
m a better stopping rule
m understand the decay rate of P,((AQ

m understand the growing rate of /\X
m understand how X, ¢ influence s/

Thank you for your attention

s aas
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