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Motivations

» Finding Padua points in the cube (in the square Bos&al
JATOQ6) ....

so far, only attempts... no general answers.
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» Finding Padua points in the cube (in the square Bos&al
JATO06) .... so far, only attempts... no general answers.

» In Caliari&al. JCAM 08, we studied hyperinterpolation
in the cube on MPX x Chebyshev points.

» In Sommariva&al. NA 08, the authors studied a
non-tensorial Clenshaw-Curtis cubature in the square,
integrating the hyperinterpolant on MPX and Padua
points.

Motivations

» Does exist any "suitable” set of points for near-minimal
(Chebyshev and Clenshaw-Curtis formulae) cubature in
the cube 7
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New cubature and
Cubature formulae (1) hyperinterpolation
in the cube

A cubature formula of degree of exactness 2n+ 1 with N De Marchi,

nodes w.r.t. a measure du supported on a set ) takes the Rt
form
. d
/g;p(x) d,uJ - Z Wf p(g) fora” p € n2n+1(Q) ’ (1) Generality on

£eXy cubature and
hyperinterpolation

where the weights {wg}, are (positive) numbers; the nodes

622(51752,...,§d)€XnCQ (2)

with card(X,) = N, and N denotes the subspace of
d-variate polynomials of total degree < m restricted to €.

For a cubature formula of degree 2n + 1 to exist, it is
necessary that

n n9
N = card(X,) > dim(N4(Q)) = < JC; d> = E(l + o(1)).



Cubature formulae (2)

A challenging problem is to construct cubature formulae with
fewer nodes, that is, with N close to the lower bound (3).
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Cubature formulae (2)

A challenging problem is to construct cubature formulae with
fewer nodes, that is, with N close to the lower bound (3).

In this work we consider the case that the measure is given
by the product Chebyshev weight function

d
1
d/,L: Wd(X)dX7 :_dH

T
l:l\/ - X;

(4)

on the cube Q :=[-1,1]7.

New cubature and
hyperinterpolation
in the cube

De Marchi,
Vianello, Xu

Generality on
cubature and
hyperinterpolation



Cubature formulae (2)

A challenging problem is to construct cubature formulae with
fewer nodes, that is, with N close to the lower bound (3).

In this work we consider the case that the measure is given
by the product Chebyshev weight function

d
1
d/,L: Wd(X)dX7 :_dH

T
l:l\/ - X;

on the cube Q := [~1,1]9. Our main result is a new family
of cubature formulae that uses N ~ n?/29~1 many nodes.

(4)
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Cubature formulae (2)

A challenging problem is to construct cubature formulae with
fewer nodes, that is, with N close to the lower bound (3).

In this work we consider the case that the measure is given
by the product Chebyshev weight function

d
1
d/,L: Wd(X)dX7 :_dH

T
l:l\/ - X;

on the cube Q := [~1,1]9. Our main result is a new family
of cubature formulae that uses N ~ n?/29~1 many nodes.

(4)

» d = 1: Gauss formulae are the minimal, N = n+ 1.
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Cubature formulae (2)

A challenging problem is to construct cubature formulae with
fewer nodes, that is, with N close to the lower bound (3).

In this work we consider the case that the measure is given
by the product Chebyshev weight function

d
1
d/,L: Wd(X)dX7 :_dH

T
l:l\/ - X;

on the cube Q := [~1,1]9. Our main result is a new family
of cubature formulae that uses N ~ n?/29~1 many nodes.

(4)

» d = 1: Gauss formulae are the minimal, N = n+ 1.

» d = 2: these formulae are known to have minimal
number of nodes.

New cubature and
hyperinterpolation
in the cube

De Marchi,
Vianello, Xu

Generality on
cubature and
hyperinterpolation



Cubature formulae (2)

A challenging problem is to construct cubature formulae with
fewer nodes, that is, with N close to the lower bound (3).

In this work we consider the case that the measure is given
by the product Chebyshev weight function

1.9
du= W, =

= Walo) o | e F

i=1 — X

on the cube Q := [~1,1]9. Our main result is a new family

of cubature formulae that uses N ~ n?/29~1 many nodes.

(4)

» d = 1: Gauss formulae are the minimal, N = n+ 1.
» d = 2: these formulae are known to have minimal
number of nodes.

» d > 3: they are still far from the lower bound, but they
appear to be the best ones known at the moment.
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Hyperinterpolation (1) (cf. Sloan JAT (1995))

Hyperinterpolation is an approximation method constructed
by applying the cubature formula to the Fourier coefficients
of the orthogonal projection operator.
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Hyperinterpolation (1) (cf. Sloan JAT (1995))

Hyperinterpolation is an approximation method constructed
by applying the cubature formula to the Fourier coefficients
of the orthogonal projection operator.

For every function f € C(2) the p-orthogonal projection of
f on NM9(Q) is

Saf(x) = D aapa(x), ::/Qf(x)pa(x)d,u, (5)

laf<n

where x is a d-dimensional point, « is a d-index of length
|a| and the polynomials {p,, 0 < |a| < n} is any
p-orthonormal basis of M9(Q) with p, of total degree |a].

Clearly, S,p = p for every p € N4(Q)
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Hyperinterpolation (2)

Given a cubature formula (1) of degree < 2n we can
construct an hyperinterpolant as follows.
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New cubature and

Hyperinterpolation (2) hyperinterpolation

in the cube

Given a cubature formula (1) of degree < 2n we can De Marchi,

construct an hyperinterpolant as follows.

Vianello, Xu

» From (5), the polynomial approximation of degree n can

be obtained by the discretized Fourier coefficients {c,},
ie.

Fx) = Laf(x) = Y aPalx), Cai= D wef(€)PalE) fommmrpmeton
|a|<n £eXn
(6)

where ¢, = a, and thus L,p = S,p = p for every
p € n3(Q).



New cubature and

Hyperinterpolation (2) hyperinterpolation

in the cube
Given a cubature formula (1) of degree < 2n we can De Marchi,
. Vianello, Xu

construct an hyperinterpolant as follows.

» From (5), the polynomial approximation of degree n can
be obtained by the discretized Fourier coefficients {c,},
ie.

Fx) = Laf(x) = Y aPalx), Cai= D wef(€)PalE) fommmrpmeton
|a|<n £eXn
(6)

where ¢, = a, and thus L,p = S,p = p for every
p € n3(Q).
» Moreover, for every f € C(2), the basic estimate holds:

If = Laflliz (@) < 2v/H(Q) Ealf) = 0, n— o0, (7)

where E,(f) := inf {||f — plloc, p € M9(Q)}, so that it
converges in mean.
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New cubature and

Minimal cubature formulae: from the square to the cube hyperinterpolation

in the cube

De Marchi,
Vianello, Xu
» Bojanov&Petrova (JCAM 1997) derived minimal
cubature formulae in the square for the product
Chebsyhev measure, splitting the Gauss-Lobatto
quadrature into two sums, over even indices and odd
indices, respectively.
» This factorization method was also used for d > 2 and Cubature for

. . d-dim. Chebyshev
yields a cubature formula of degree 2n — 1 for Wy with measure

roughly n?/29/2 many nodes.
» A close inspection to the Bojanov&Petrova's technique

allowed us to derive cubature formulae of degree 2n — 1
d

d
for Wy with roughly 2 <g > = 22—_1 many nodes.



New cubature and

Recalls from 1d Gauss-Lobatto hyperinterpolation
in the cube
» The 1d Gauss-Lobatto formula for w(= W) on [—1,1] is De Marchi,

Vianello, Xu
1 1 (1 = ) 1
—_ | Zf(_ in i —
[1 Fw(x)dx = = | 51( 1)+j§:1:f (cos ) +3F1) | = hf s
(8)

» We factor this rule depending on n even or odd.
m—1
11 1
InEf — E Ef(fl) + f (COS 2J7T) + 5f(]_) Cubature for

. d-dim. Chebyshev
Jj=1 measure

I,,Of:: —Z (cos CY 1)”)

.. similarly for odds, n =2m — 1.

» Then, the quadrature (8) becomes

1
/ fFO)w(x)dx = IEF + 19F , VE € Map-1,
-1
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Lemma
Let Ty be the Chebyshev pol. of deg. k. Forn > 0 and k € Z,

0, k0 q 0, k#0 mod n
mod n
Iy T = N and 19Ty =<1 k=0,2n,4n,. Cubsture for
5, k=0 modn 2 L d-dim. Chebyshev
—1, k=0,n,3n,.. mesue
Proof. ... from elementary trig. identities. For instance, n = 2m, Ino T = 5"_‘ k]’(" from which
2nssin T‘"

19T, = 0 for k # 0 mod n.



... to dimension d

Let o € {E, 0}, so that
o= (o01,...,04) with g; = E or o; = O. We then define the

sum
g1 Od
[V |04 f

as a d-fold multiple sum in which /7% is applied to the k-th
variable of f. Let us define

. | E o0i=0
J,'—{O i — E (10)

For each o € {E, O}9, we then define

SO L LT N NN LET 2 (11)
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. New cubature and
Main theorem hyperinterpolation
in the cube

De Marchi,
Vianello, Xu

Theorem
For d > 1 and each o € {E, O}, the cubature formula

/[ y f(x)Wy(x)dx = 2d_1/,j'7df (12)
11

is exact for f € I_Ignf1 and its number of nodes, N, satisfies

Main result

N =2 ([gJ)d(l +o(n ).



What the theorem says ...

» For d = 2, we have 2 distinct cubature formulae of degree
2n — 1 (cf. Morrow&Patterson (SIAM J. Numer. Anal.

1978); Y. Xu (JAT 1996), and Bojanov&Petrova (JCAM
1997)).:
1. 0 =(E,E)and N =dim(M3_;) + [ 4] many nodes;
2. 0 =(E,O) and N + 1 nodes.
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What the theorem says ...

» For d = 2, we have 2 distinct cubature formulae of degree
2n — 1 (cf. Morrow&Patterson (SIAM J. Numer. Anal.
1978); Y. Xu (JAT 1996), and Bojanov&Petrova (JCAM
1997)).:

1. 0 =(E,E)and N =dim(M3_;) + [ 4] many nodes;
2. 0 =(E,O) and N + 1 nodes.

» For d = 3, there are 4 distinct formulae for
o= (E,E,E), (E,E,0), (E,O,E), (O, E,E), respectively.
For n = 2m, the number of nodes is

(n+1)3+(n+1)

N =
4

for o = (E,E,E) and
(n+1)*—(n+1)
4

for o = (E,E, O), (E, O, E), (O, E, E), respectively.
Asymptotically n3/4.

N =
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. 3 New cubature and
A Matlab code for generatlng the points hyperinterpolation

in the cube

De Marchi,
n= input(’Give me the degree = ’); Vianello, Xu

fam=input (’Which family = ’);

zn = —cos([0:n]*pi/n);

E=zn(1:2:1length(zn)); 0=zn(2:2:length(zn));

switch(fam)

case 1 [X1,Y1,Z1]=meshgrid(E,E,E);

[X2,Y2,Z2] =meshgrid(0,0,0) ;

case 2 [X1,Y1,Z1]=meshgrid(E,E,0);

[X2,Y2,Z2] =meshgrid(0,0,E);

case 3 [X1,Y1,Z1]=meshgrid(E,0,0); _
[X2,Y2,Z2]=meshgrid(0,E,E); Main result
case 4 [X1,Y1,Z1]=meshgrid(0,0,0);

[X2,Y2,Z2] =meshgrid(E,E,E) ;

end

--—> Plot of the points <---



New cubature and

A Matlab code for generating the pOintS hyperinterpolation
in the cube
De Marchi,
n= input(’Give me the degree = ’); Vianello, Xu

fam=input (’Which family = ’);

zn = —cos([0:n]*pi/n);

E=zn(1:2:1length(zn)); 0=zn(2:2:length(zn));

switch(fam)

case 1 [X1,Y1,Z1]=meshgrid(E,E,E);

[X2,Y2,Z2] =meshgrid(0,0,0) ;

case 2 [X1,Y1,Z1]=meshgrid(E,E,0);

[X2,Y2,Z2] =meshgrid(0,0,E);

case 3 [X1,Y1,Z1]=meshgrid(E,0,0); _
[X2,Y2,Z2]=meshgrid(0,E,E); Main result
case 4 [X1,Y1,Z1]=meshgrid(0,0,0);

[X2,Y2,Z2] =meshgrid(E,E,E) ;

end

--—> Plot of the points <---

http://profs.sci.univr.it/~demarchi/software/Hyper3



. New cubature and
The points hyperinterpolation

in the cube

De Marchi,
Points for n=5 and family (E.E.E) Vianello, Xu

First grid
Second grid

°
=

Main result

Figure: These are the cubature points for n =5 in the 3-cube
[~1,1]%. They are 54 i.e the union of two grids, both formed by 33
points.



Example: new cubature versus tensor-product ones

Cubature rel. errors for exp(x+y+2)

—&— our formula

—#— Tens.~prod. Gauss-Chebsyhev
—&— Tens.-prod. Gauss-Chebyshev-Lobatid

0 200 400 600 800 1000
Number of function evaluations.

Figure: Relative cubature errors versus the number of function
evaluations for the exponential (left) and a C? function (right).

Here, 0 = (E,E,E).

Note: the superiority for less smooth functions arises for even n.

1200

1400

Cubature rel. erors for (+y2+2)%

—&— Our formula
—#— Tens.~prod. Gauss-Chebsyhev
—#— Tens.-prod. Gauss-Chebyshev-Lobatt

05
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Hyperinterpolation in the cube (1)

Having the cubature formula (12) of Theor. 1, we can construct the hyperinterpolant
>

Par(x) = Tay (x1) Tay (x2) Tag (x3)

(13)
where T, (-) = v/2 cos(k arccos(+)), k > 0and To(-) = 1.
>

k7
Ch = {cos—, k:O,.m,n}
n

be the set of n + 1 Chebyshev-Lobatto points, and C’E, Cno its restriction to even and odd
indices, respectively. Then,

Xo=(Cily x iy x eid) v (el x el x ey

(14)
with (o1, 02, 03) € {E, 0}, see (10)
P> The weights of the cubature formula (12) for & € X, are
1 if € is an interior point
4 1/2  if € is a face point
we = (n+1)3 A 1/4  if £ is an edge point (1)
1/8 if £ is a vertex point

Note: since

dim(M3(Q)) =

(n+1)(n+2)(n+3)/6 < N =card(Xy) =~ n° /4 ,
the polynomial £,f in (6) is not interpolant
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Hyperinterpolation in the cube (1)

Having the cubature formula (12) of Theor. 1, we can construct the hyperinterpolant.

>

pa(x) = -7-"1 (Xl)?—oz2(>(2):’—o¢3(x3) s

where Tj(-) = V2 cos(k arccos(+)), k > 0and To(-) = 1.

New cubature and
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(13) Vianello, Xu

Hyperinterpolation
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New cubature and

Hyperinterpolation in the cube (1) hyperinterpolation

in th b

Having the cubature formula (12) of Theor. 1, we can construct the hyperinterpolant. in the cube

> De Marchi,

5 3 5 Vianello, Xi

Pa(x) = Taqy(x1)Tay(x2) Taz(x3) , (13) ELIELEE, A

where Tj(-) = V2 cos(k arccos(+)), k > 0and To(-) = 1.

>

kT
Cp = {cos—, k=0, ...,n}
n

be the set of n + 1 Chebyshev-Lobatto points, and CnE, C,? its restriction to even and odd
indices, respectively. Then,

_(c° o2 73 51 G2 53
X = (Cryx iy x eid) v (el x i x ey ) (14)

n+

with (o1, 02, 03) € {E, 0}3, see (10).

Hyperinterpolation
in the cube



Hyperinterpolation in the cube (1)

Having the cubature formula (12) of Theor. 1, we can construct the hyperinterpolant.

>

Pa(x) = Tay () Tay () Taz () , (13)
where Tj(-) = V2 cos(k arccos(+)), k > 0and To(-) = 1.
kT
Cp = {cos—, k=0, ...,n}
n

be the set of n + 1 Chebyshev-Lobatto points, and CnE, C,? its restriction to even and odd
indices, respectively. Then,

_(c°tL 2 73 51 G2 53
Xn = (Cn+1 x Cofy X Cn+1) Y (Cn+1 x Ch X G ) » (14)

with (o1, 02, 03) € {E, 0}3, see (10).
The weights of the cubature formula (12) for £ € X,, are

1 if £ is an interior point
4 1/2  if £ is a face point
we = ‘(,, T 1)3 ’ 1/4  if £ is an edge point (1)

1/8 if £ is a vertex point
Note: since
dim(M2(Q)) = (n+ 1)(n +2)(n +3)/6 < N = card(X,) =~ n° /4 ,

the polynomial £,f in (6) is not interpolant.
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. . . New cubature and
Hyperinterpolation in the cube (2)

hyperinterpolation

in the cube
> De Marchi,
Vianello, Xu
wef(§) €€ Xn
F(&) = F(&1,&2,83) = (16)
0 € € (Cat1 X Cog1 X Cpi1)\Xan
> Then, we can write
Ca = (&)pa(8)
£EXn
3 n+1l (n+1 [ n+1 . :
kagm Jjaom iazm
= H Bas Z Z Z ijk €O cos cos s
=1 izo \j=0 +1 n+1 n+1
where
3 V2 as>0
= 0,1,... = s =1,2,3
a = (a1,a,a3) € {0,1, ,n}, Bas { 1 as=0 i Hyperinterpolation
in the cube
P Hence, {ca} is a scaled Discrete Cosine Tranform of the array
im km .
F,-/k:F<cos , cos , cos ) , 0<i,j,k<n, (17)
n+1 n+1 n+1

where we eventually pick up only the (n + 1)(n + 2)(n + 3)/6 & n® /6 hyperinterpolation
coefficients corresponding to |a| = a3 + az + a3 < n.



Hyperinterpolation in the cube (3)

Algorithm: Fast total degree hyperinterpolation in the
3-cube.

()

(if)
(iif)

construct the point set X, as union of the two subgrids in
(14);

compute the cubature weights in (15);

compute the array {Fj} at the complete grid
Cn+1 X Coy1 X Cpy1 by (16) (notice: f is evaluated only at
Xn);

compute the array of coefficients {c,} by three nested
applications of the 1-dimensional Real(FFT(+));

select the coefficients {c,} corresponding to the triples
a = (a1, a2, a3) such that |a| = a1 + @z + a3 < n.

New cubature and
hyperinterpolation
in the cube
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Vianello, Xu
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Hyperinterpolation in the cube (3)

Algorithm: Fast total degree hyperinterpolation in the
3-cube.

(i) construct the point set X, as union of the two subgrids in
(14);
(if) compute the cubature weights in (15);

(iii) compute the array {Fjy} at the complete grid
Cn+1 X Coy1 X Cpy1 by (16) (notice: f is evaluated only at
Xn);

(iv) compute the array of coefficients {c,} by three nested
applications of the 1-dimensional Real(FFT(+));

(v) select the coefficients {c,} corresponding to the triples
a = (a1, a2, a3) such that |a| = a1 + @z + a3 < n.

Remarks

» the number of hyperinterpolation nodes, or function
evaluations, is equal to card(X,) ~ n3/4;

» the number of hyperinterpolation coefficients is
dim(N3) ~ n3/6.
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An exam P le hyperinterpolation
in the cube
o Hyperinterpolation rel. errors for exp(x+y+2) | Hyperinterpolation rel. errors for (+y?+2%)3? De Marchi,
10 10 Vianello, Xu
Tens. Prod. Hyperinterp Tens. Prod. Hyperinterp
—&— Tot. Deg. Hyperinterp . —o— Tot. Deg. Hyperinterp
10
10"
=S
o o
10 10
o 05 T 15 25 0 o5 1 15 2 25 3 as 4 as
Number of function evaluations x10° Number of function evaluations x10°

Figure: Hyperinterpolation relative errors (to the max. function
deviation from its mean!) versus the number of function ‘ ‘
evaluations again for the exponential and a C? function. T

in the cube
Remarks

» Errors are computed on a uniform grid

» Total degree hyperinterpolation is superior to the
tensor-product one for smooth functions.
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N Hyperinterpolation rel. errors for exp(x+y+2) | Hyperinterpolation rel. errors for (@+y?+2%)*2
10 10
Tens. Prod. Hyperinterp Tens. Prod. Hyperinterp.
07 —&— Tot. Deg. Hyperinterp, ) —&— Tot. Deg. Hyperinterp.
10
107"

0 o5

4 as

115 2 5 3 5
Number of hyperinterpolation coeficients C, «10*

. . . . Hyperinterpolation
Figure: Hyperinterpolation relative errors versus the number of in the cube

hyperinterpolation coefficients for the exponential and a C?
function.



Application to surface compression

Here we report the compression errors, obtained by
hyperinterpolating the cubic spline interpolant, S3f(+), of our two

test functions, sampled on a grid, say C,,, consisting of

m3 = 20% = 8000 points.

E=|f—Lyf|loo,c, -

Function n=10 n=15 n=m=20 | "true” error
eXtytz 41E-3 4.0E-4 1.7E-5 1.1E-4
(x2+y2+22)3 | 1.1E-3 3.4E-4 6.3E-5 1.2E-4

Table: Compresssion errors compared with the "true” ones

1. The "true” error is the error obtained by the cubic spline on
a finer grid (bigger and different of Cp,).

2. The compression ratio is given by 6

m
(n+1)(n+2)(n+3) "

In this

example, the ratios are: 36:1,12:1, 5: 1, respectively.
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A "new" Clenshaw-Curtis like cubature formula

» In Sommariva&al. NA2008, has been shown that
hyperinterpolation can be used to construct new cubature
formulae in the square [-1,1]2.
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A "new" Clenshaw-Curtis like cubature formula hyperinterpolation
in the cube
» In Sommariva&al. NA2008, has been shown that Dtz (T,

Vianello, Xu

hyperinterpolation can be used to construct new cubature
formulae in the square [-1,1]2.

> Given h e L7,(Q) and f € C(Q), we can approximate
Jo h(x) f(x)du as

/Q h(x) Laf(X)dp =Y cama= > Aef(€), (18)

la|<n £eX,

where the generalized “orthogonal moments” {m,} and the
weights {\¢} are defined by

Ma = /Qh(x) Pa(x)dp, Ae := we Z Pa(&) Mo - (19) 4 Clanshaw curtic

|| <n like formula in the
cube

» The cubature formula (18) is exact for every f € N9(Q), and
{m.} are just Fourier coefficients of h w.r.t. the
p-orthonormal basis {p, }.



Stability and convergence

Concerning stability and convergence of such cubature
formulae, the following result has been proved in
Sommariva&al. NA2008 (in the square and nontensorial
Clenshaw-Curtis):

Theorem

Let all the assumptions for the construction of the cubature
formula (18) be satisfied, and in particular let h € Lf,M(Q).
Then the sum of the absolute values of the cubature weights
has a finite limit

Jim 3 el = [ 1)1 d (20)

£eXn
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"new” Clenshaw-Curtis cubature ... continue
> Applying (18)-(19) when

du=w(x)dx, wely(Q), with h= % e LL(Q),
(21)
(since then h?> = 1/w? € Lb#(Q)) we obtain, via
hyperinterpolation, a cubature formula for the standard
Lebesgue measure from an algebraic cubature formula for
another measure.
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"new” Clenshaw-Curtis cubature ... continue
> Applying (18)-(19) when

du=w(x)dx, wely(Q), with h= % e LL(Q),
(21)
(since then h?> = 1/w? € Lb#(Q)) we obtain, via
hyperinterpolation, a cubature formula for the standard
Lebesgue measure from an algebraic cubature formula for
another measure.

» Specializing this approach to the 1-dimensional Chebyshev
measure gives the popular Clenshaw-Curtis quadrature
formula.
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"new” Clenshaw-Curtis cubature ... continue
> Applying (18)-(19) when

du=w(x)dx, wely(Q), with h= % e LL(Q),
(21)
(since then h?> = 1/w? € Lb#(Q)) we obtain, via
hyperinterpolation, a cubature formula for the standard
Lebesgue measure from an algebraic cubature formula for
another measure.

» Specializing this approach to the 1-dimensional Chebyshev
measure gives the popular Clenshaw-Curtis quadrature
formula.

» An extension to dimension 2 has been studied in
Sommariva&al. (NA 2008).

New cubature and
hyperinterpolation
in the cube

De Marchi,
Vianello, Xu

A Clenshaw-Curtis-
like formula in the
cube



"new” Clenshaw-Curtis cubature ... continue
> Applying (18)-(19) when

du=w(x)dx, wely(Q), with h= % e LL(Q),
(21)
(since then h?> = 1/w? € Lb“(Q)) we obtain, via
hyperinterpolation, a cubature formula for the standard
Lebesgue measure from an algebraic cubature formula for
another measure.

» Specializing this approach to the 1-dimensional Chebyshev
measure gives the popular Clenshaw-Curtis quadrature
formula.

» An extension to dimension 2 has been studied in
Sommariva&al. (NA 2008).

» Here we apply the method in dimension 3, obtaining a new
nontensorial Clenshaw-Curtis-like cubature formula in
the 3-cube.
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An example hyperinterpolation
in the cube
De Marchi,
Cubature el erors for xploty+2) ) Cubatur relerors for (4242 Vianello, Xu
10° 10°

—&— Non-~tens. Clenshaw-Curtis —&— Non-~tens. Clenshaw-Curtis

—#— Tens.-prod. Clenshaw-Curtis —#— Tens.-prod. Clenshaw-Curtis

—&— Tens.-prod. Gauss-Legendre o —&— Tens.~prod. Gauss-Legendre

10° & Tens.-prod. Gauss-Legendre-Lobatt & Tens.-prod. Gauss-Legendre-Lobattq

0 500 1000 1500 2000 2500 3000
Number of function evaluations.

Figure: Relative cubature errors versus the number of cubature
points for the exponential and a C? function.

A Clenshaw-Curtis-
like formula in the
cube

Remark

» Nontensorial Clenshaw-Curtis cubature is superior to all the
tensor-product ones, on less smooth functions (non-entire)
(for d =1 see N. L. Trefethen, Siam Rev. 2008).
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Work to do

1. Compute numerically the Lebesgue constant
(reproducing kernel?)
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definition: 10 digits, 5 sec. and 1 page!)
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1. Compute numerically the Lebesgue constant
(reproducing kernel?)

2. Find bound(s) for the Lebesgue constant growth

3. Make the software more efficient (based on Trefethen's
definition: 10 digits, 5 sec. and 1 page!)

4. Understand the very good behavior of the nontensorial
Clenshaw-Curtis cubature formulae;
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Work to do

1. Compute numerically the Lebesgue constant
(reproducing kernel?)

2. Find bound(s) for the Lebesgue constant growth

3. Make the software more efficient (based on Trefethen's
definition: 10 digits, 5 sec. and 1 page!)

4. Understand the very good behavior of the nontensorial
Clenshaw-Curtis cubature formulae;

5. Extensions to d > 3 (it seems "easy” to pass to
d=4,5)
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DOLOMITES RESEARCH WEEK
ON APPROXIMATION 2008 (DRWA08)

Alba di Canazei (1517 m), Val di Fassa (Trento), Italy
September 8-11, 2008

Tutorial (open participation): September 8-11
@ Meshfree Approximation Methods with Matlab
speaker: Greg Fasshauer (lllinois Institute of Technology, Chicago)

Working groups (invited participation)

@ Approximation by Polynomial Bases
main speaker: L. Bos (Calgary)

@ Approximation by Radial Bases
main speaker: R. Schaback (Géttingen)

@ Spectral Approxil for Nonlii Schradinger Equations
main speaker: A. Ostermann (Innsbruck)

Organizing Committee

G. Allasia (Turin), F. Costabile (Cosenza), S. De Marchi (Verona),
M. Vianello (Padua).

Info: http://profs.sci.univr.it/~demarchi/drwa08/
Contacts: stefano.demarchi@univr.it, marcov@math.unipd.it
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First announcement

2nd Dolomites Workshop on Constructive
Approximation and Applications
Alba di Canazei, 3-9 Sept. 2009 (?)
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. . . New cubature and
Dolomites Research Notes on ApprOX|mat|on (DRNA) hyperinterpolation

in the cube

De Marchi,

Dolomites Research Notes on Approximation publishes, in open VAEmC, 240

source access, papers and/or slides of the talks presented at the
annual Dolomites Research Weeks and Workshops organized
regularly (since 2006) by the Padua-Verona research group on
Constructive Approximation and its Applications (CAA), at the
summer courses site of the University of Verona in Alba di Canazei
(Trento, ltaly). The journal also publishes, on invitation, survey
papers and summaries of Ph.D. theses on approximation theory,
algorithms and applications.

» Editor in chief: Stefano De Marchi and Marco Vianello.

» Editorial Board: Borislav Bojanov, Leonard Peter Bos, Martin
Buhmann, Armin Iske, Robert Schaback, Shayne Waldron,
Holger Wendland and Yuan Xu

» web site (provisional):
http://meneghetti.univr.it/ojs/index.php/DRNA/

DRWA08/DWCAAQ



Thank you for your attention!

«O>» «Fr <

a
i

DRWA08/DWCAAO
>

DA™



	Summary
	Motivations
	Generality on cubature and hyperinterpolation
	Cubature and hyperinterpolation
	Cubature for d-dim. Chebyshev measure
	Main result
	Hyperinterpolation in the cube
	A Clenshaw-Curtis-like formula in the cube
	Future work
	References
	DRWA08/DWCAA09/DRNA

