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@ Definition of Lissajous curves

@ The node points of degenerate Lissajous curves

@ The node points of non-degenerate Lissajous curves
@ Interpolation at the degenerate Lissajous points

@ Numerical simulations

@ Morrow-Patterson, Padua and Xu points
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Lissajous curves

Chiara Faccio Lissajous points for polynomial interpolatio various domains



Lissajous curves

For g € R?, a« € R? and u € {—1,1}?, we define the Lissajous
curves by

(8 R [-1,1]7
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Lissajous curves

For g € R?, a« € R? and u € {—1,1}?, we define the Lissajous
curves by

(8 R [-1,1]7

19(t) = <U1 cos(lcm[q] i aﬂ)  Up cos(’cm[‘ﬂ St a27r)>.
7 a1 Qo
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Lissajous curves

For g € R?, a« € R? and u € {—1,1}?, we define the Lissajous
curves by

(8 R [-1,1]7

/&73.(1‘) _ <u1 Cc)S<lcm[q] t— a17r>7u2 CoS(Icm[q] t— 0427[')>'

g a2

These curves can be
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Lissajous curves

For g € R?, a« € R? and u € {—1,1}?, we define the Lissajous
curves by

(8 R [-1,1]7

/&73.(1‘) _ <u1 Cc)S<lcm[q] t— a17r>7u2 CoS(Icm[q] t— 0427[')>'

g a2

These curves can be

@ degenerate, if there exists ' € R and u’ € {—1,1}2, such
that (T(- — ) = 7.,

Chiara Faccio Lissajous points for polynomial interpolation on various domains



Lissajous curves

For g € R?, a« € R? and u € {—1,1}?, we define the Lissajous
curves by

(8 R [-1,1]7

/&73.(1‘) _ <u1 Cc)S<lcm[q] t— a17r>7u2 COS(Icm[q] t— agw))

g a2

These curves can be

@ degenerate, if there exists ' € R and u’ € {—1,1}2, such
that (T(- — ) = 7.,
@ non — degenerate, otherwise.
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The Lissajous curve is a periodic function with period 2.
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The Lissajous curve is a periodic function with period 2.

@ If the Lissajous curve is degenerate, it is doubly traversed,
so we can restrict the parametrization to [0, 7].The points

1$9(0) and l((,f’u)(w) denote the starting and the end point of

0.u
the curve;
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The Lissajous curve is a periodic function with period 2.

@ If the Lissajous curve is degenerate, it is doubly traversed,

so we can restrict the parametrization to [0, 7].The points

[5%(0) and {%) () denote the starting and the end point of
the curve;

@ If the Lissajous curve is non — degenerate, we can find, up
to finitely many exceptions, only one value of t € [0, 27)

corresponding to a point on the curve.
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Degenerate Lissajous curves
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Degenerate Lissajous curves

Consider the Lissajous figures of the type:
Yp : [0,7] = [-1,1]°

Tnp = (Cos(nt), cos((n+ p)t)): /(()’f;-i-P,n)(t)

with n and p positive integers such that nand n+ p are
relatively prime.
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Degenerate Lissajous curves
Consider the Lissajous figures of the type:
’}/n’p : [0,7T] — [—1, 1]2

Tnp = (Cos(nt), cos((n+ p)t)): /(()’f;-i-P,n)(t)

with n and p positive integers such that nand n+ p are
relatively prime.

If we sample the curve along n(n+ p) + 1 equidistant points

K
h=——— k=0,....n(n

in the interval [0, 7], we get the Lissajous points

LDn,p = {lyn,,D(tk) Tk = 0,.., n(n+p)}

Chiara Faccio
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@ This points are the self-intersections and boundary
contacts of the generating curve in [-1,1]2.
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@ This points are the self-intersections and boundary
contacts of the generating curve in [-1,1]2.
° “_an‘ — (n+p+;)(n+1)
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@ This points are the self-intersections and boundary
contacts of the generating curve in [-1,1]2.
° “_an‘ — (n+p+;)(n+1)
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Figure: Lissajous curve vs 3 and LDy 3.
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We can describe the Lissajous curves and points in another
way: we consider the algebraic Chebyshev variety

Crp = {(X,y) € [-1,117: Tayp(x) = Ta(y)}

where T,(x) = cos(narcos(x)) denotes the Chebyshev
polynomial of the first kind.
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We can describe the Lissajous curves and points in another
way: we consider the algebraic Chebyshev variety

Crp = {(X,y) € [-1,117: Tayp(x) = Ta(y)}

where T,(x) = cos(narcos(x)) denotes the Chebyshev
polynomial of the first kind.

This algebraic variety corresponds to the degenerate Lissajous
curve and the singular points of C, p to the Lissajous points.
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If we use the notation
Kk
zy = cos(— neN, k=0,..n
k ( n ), neN,

to abbreviate the Chebyshev-Lobatto points, we can describe
the Lissajous points as

LDpp={(z"P,2]'):i=0,...,n+p,j=0,...ni+j=0 mod2}
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If we use the notation

zf = cos(k—:), neN, k=0,..n
to abbreviate the Chebyshev-Lobatto points, we can describe
the Lissajous points as
LDpp={(z"P,2]'):i=0,...,n+p,j=0,...ni+j=0 mod2}
Example: for d = 1 and n € N, we obtain /f{(t) = cos(t),

Ig1([0, 7]) = [-1,1] and the points LD, = {z]': i =0, ..., n} are
the univariate Chebyshev-Lobatto points.
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The points can be arranged, also, in two rectangular grids:
LDy, ={(z"P,2"):i=0,...,n+p,j=0,..,n,i jeven}

LDgp = {(Z/(H—pazjn) = o) i) n+p7j = 0’ s 1y I"/Odd}
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The points can be arranged, also, in two rectangular grids:
LDy, ={(z"P,2"):i=0,...,n+p,j=0,..,n,i jeven}
LDp,={(z["P,2"):i=0,...,n+p,j=0,..,n,i jodd}

Introducing the index sets

i
n+p

. J
Mhp={(i) €Ng: ———+ = < 1}u{(0, )},
the note set LD, , can be characterized as

LDn,p = {(Z;i?(n-i-p)’ Zirr,7+j(n+p)) : (ivj) € rrLl,p)}‘
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Non-degenerate Lissajous curves

Chiara Faccio Lissajous points for polynomial interpolation on various domains



Non-degenerate Lissajous curves

We can consider the non-degenerate Lissajous curves of the
form
. . 2 ,
Anp = (sin(nt), sin((n+ p)t)) = [t 10 (1)

where n and p are relatively prime. The curve is
non-degenerate if and only if p is odd.
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Non-degenerate Lissajous curves

We can consider the non-degenerate Lissajous curves of the
form

. . 2 ,
Anp = (sin(nt), sin((n+ p)t)) = [t 10 (1)

where n and p are relatively prime. The curve is
non-degenerate if and only if p is odd.
In this case, \np : [0,271) — R? is sampled along the 4n(n + p)
equidistant points

- 27k

“~ 4n(n+p)’
In this way we get the following set of Lissajous node points:

k=1,..,4n(n+ p).

LNDpp := {Anp(t) : k =1,...,4n(n + p)}.
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@ The non-degenerate Lissajous points are the
self-intersections and boundary contacts of the Lissajous
curve in the square [-1, 1]?;

@ |LNDpp| =2n(n+ p) +2n+ p;

@ We can describe the points using the Chebyschev-Lobatto
points;

@ The algebraic Chebyshev variety in this case is

Cnp = {(x,y) € [=1,1]% : (—=1)"PTanizp(x) = (=1)"Ten(y)}.

@ The points can be arranged in two rectangular grids.

Chiara Faccio Lissajous points for polynomial interpolation on various domains



'4 ns 1

Figure: Lissajous curves Az 1, |[LND, 1| = 17 (left) and Az 3,
|[LND. 3| = 27 (right).
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Particular set of Lissajous points LCy

Now we consider this set of Lissajous points:
LC (10,6) _ LC 1o 8 LC 1o 6)

= {(z" ‘2”2>) (i) € T8
— {(/,/) eNg:0<i<2n i=rmod2,
0<j<2n j=rmod2}

Hé

\T
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We notice that the sets LC(()Z") are invariant under reflections
with the x and y axis, so we have the following characterization
of these Lisssajous points:
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We notice that the sets LC‘()Z") are invariant under reflections
with the x and y axis, so we have the following characterization
of these Lisssajous points: a point in LC,((2") isa
self-intersection point of exactly one curve OR it is an
intersection point of 2 curves.
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We notice that the sets LC‘()Z") are invariant under reflections
with the x and y axis, so we have the following characterization
of these Lisssajous points: a point in LC,((2") isa
self-intersection point of exactly one curve OR it is an
intersection point of 2 curves.

Now, we return to the inititial general notation:

l,(fl',’)(t) = (uy cos(2n1t — Kky), u> cos(2not — kp)).

The affine Chebyshev variety can be written as:

2 2
o= U 1&0.m).
uc{-1,1}2

Similar as for the degenerate curves, a point is a singular point
of C®" if and only if it is a Lissajous point.
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Figure: Lissajous curve /é1(01’61))([0,7r]) and LC{'%®).
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Figure: Lissajous curves Iéja’ﬁ))([o,w]) U /gj(O;“;”1)([o,7r]) and LCSO’G).
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Figure: Lissajous points LC(25(50’)2).
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Unified theory for Lissajous points and curves
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Unified theory for Lissajous points and curves

We make use of a decomposition of the parameter vector n:
there exist integer vectors n*, n° € N2 such that Vi = 1, 2:

@ nj=nin?;

@ ny and nY? are relatively prime;

@ ni and nj are relatively prime;

@ lem[n] = nin;.
We introduce the following sets :

R = {0,1,...,m? —1} x {0,1,...,mg — 1}

I = {(i.j)eNo 0 < i<2n i=7mod2,
0<j<2n j=rmod2}
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Using the index sets Hf("l with 7 = 1,2, we obtain the Lissajous
points
LC = LCYY U LCY,  where

Loy = {(z,.("ﬂ, 2™y (i) e I}
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Using the index sets H('g, with 7 = 1,2, we obtain the Lissajous
points
LC = LCYY U LCY,  where

Loy = {(z,.("ﬂ, 2™y (i) e I}

C = {06y) € [FLAP ()R To (0) = (1) Tr (1)}
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Using the index sets H('g, with 7 = 1,2, we obtain the Lissajous
points
LC = LCYY U LCY,  where

Loy = {(z,.("ﬂ, 2™y (i) e I}

e ={(xy) € [F1 AR L ()R T, (x) = (— 1) Ty (v)}
We consider now the following set of Lissajous curves
,Qs(n ,n°) — {/(’.12p1m1*+k1,2p2m;+k2)|p € R(n )}

The Chebyshev variety C{ can be written as:

ce= |J 1([0,2n))

(n*,n0)

lecy
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The cardinality of 2™ is #£{"""™) = 1(n2ng + Ngeg), where

the number of degenerate curves Nyeq is

1 it My = 0,
Nyog — 2#(KoNMo)—1 i KonNnMy #0Dand KN My =10
97 ) 2#KinMo) =1 it Ko My = 0 and Ky N Mo # 0
0 if KoN My #0and Ky N My # 0

where for 7 € {(0,1} we denote

Mo = {i€{1,2}|n;=0 mod2}
K. ={ie{1,2}|/k =7 mod2}.
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Example: we consider the bivariate node set LC((S%f). We
have:

e n=(10,5) k =(0,0),
n*=(10,1) n°=(1,5),
e ™) = (If ol € {0,1,2}},

10,5

€ = Upegoaay oy ([0, 27]),
My={1}, Ko={1,2} Ki=10,
Ngeg = 27 (KoMo)—1 — 20 — 1,
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Figure: (3%)5 ([0,27))
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Figure: (5% ([0,27)) U 15%([0, 27))
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Figure: 55 ([0,2m)) U 5% ([0, 27)) U [557([0, 27))
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Figure: 5% ([0,2m) U 3% ([0.2m)) U 3% ([0,27)) and  LCG
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Interpolation at the degenerate Lissajous points

Given data values 7(.A) € R at the node points A € LD, the
aim is to find the unique bivariate interpolating polynomial £, pf
such that

Lnpf(A) =Ff(A), VA€ LDnp
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Interpolation at the degenerate Lissajous points

Given data values 7(.A) € R at the node points A € LD, the
aim is to find the unique bivariate interpolating polynomial £, pf
such that

En,pf(A) = f(A), V.A € LDn7p

Which polynomial space has to be chosen for the interpolation
problem?
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Interpolation at the degenerate Lissajous points

Given data values 7(.A) € R at the node points A € LD, the
aim is to find the unique bivariate interpolating polynomial £, pf
such that

Lnpf(A) =Ff(A), VA€ LDnp

Which polynomial space has to be chosen for the interpolation
problem?

We introduce the space ﬂf,;,L, = span{ﬂ(x)?j(y) (1)) € F,L,,p},
where T;(x) is the normalized classical Chebyshev polynomial
of the first kind of degree /,

1, if i =0,

Titx) = {\@T,-(x) if i £ 0.
j
n+p

Mhp=1{0i.)) eNg: + % < 1}u{(0,n)},
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{Ti(x)Ti(y) : (i,j) € T5 ,} forms an orthonormal basis for the
space ﬂ%j,L) with respect to the inner product

1 1
_XZ\/1_y2

dx dy.

1 1
t.9) = [ [ fxy)an—
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{Ti(x)Ti(y) : (i,j) € T5 ,} forms an orthonormal basis for the
space ﬂ%j,L) with respect to the inner product

1 1
_XZ\/1_y2

Since dim II%’L = |t | = |LDpp|, our primary choice is the
N n,p P
polynomial space | I‘?,;,LJ.

dx dy.

1 1
t.9) = [ [ fxy)an—
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{Ti(x)Ti(y) : (i,j) € T5 ,} forms an orthonormal basis for the
space ﬂ%j,L) with respect to the inner product

1 A 1
fg) = 7/ / f(x, y)g(x, ax dy.
< g> 7_[_2 _1J_q (X y)g(X y)\/1 —X2 \/1 _y2 X y

Since dim II%’L = |t | = |LDpp|, our primary choice is the
N n,p P
polynomial space | I‘?,;,LJ.

The space ((I'I,Z,;,L), (-,-)) has the reproducing kernel

Kip(AB) = >~ Tixa) Ti(va) Ti(xs) Ti(ys)

(i’j)eré,p
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The fundamental Lagrange polynomials of the Lissajous points
are

La(x,y) = walKE((6 ) A) — 3 Taly) Fa(ya)]

where
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The fundamental Lagrange polynomials of the Lissajous points

are
1.4 A
La(x,y) == walKap((x, ¥); A) — 5 In(y) Tn(ya)l,
where
’ 1/2, if A€ LDppis a vertex point,
wy = m 1, if A € LDy is an edge point,

2 if A € LDpp is an interior point,
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The fundamental Lagrange polynomials of the Lissajous points

are
1.4 A
La(x,y) == walKap((x, ¥); A) — 5 In(y) Tn(ya)l,
where
’ 1/2, if A€ LDppis a vertex point,
wy = m 1, if A € LDy is an edge point,

2 if A € LDpp is an interior point,

Now, the interpolation problem has a unique solution in I'I,Z,ZIL)
given by

Lopf(x,y) = > La(x,y)f(A)
AelLDnp
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We can rewrite the interpolating polynomial £, pf(x, y) in terms
of the orthonormal Chebyshev basis. In this way, we obtain the
representation
ﬁn,pf(Xa}/) = Z CI,]?-I(X)?-j(y)a
ijerh p
with the Fourier-Lagrange coefficients ¢;; = (Ln pf, Ti(x) Ti(y))
given by

¢ = {ZAeLDn,p f(A)WAﬂ(AXA)-Arj(YA)v if (1,/) € Tnps
T3 S acin,, F(A)wa Ta(ya), if (i,j) = (O,n).
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The interpolating polynomial can be formulted more compactly
using the matrix notation

Lnpf(x,y) = Tx(xa}/)T(Cn,pTy(Xa ¥),
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The interpolating polynomial can be formulted more compactly
using the matrix notation

Lnpf(x,y) = Tx(xa}/)T(Cn,pTy(Xa ¥),

where
® (Cn,P = (TX(LDn,p)Df(LDn,p)(Ty(LDn,p)T) © Mn,p,
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The interpolating polynomial can be formulted more compactly
using the matrix notation

Lnpf(x,y) = Tx(xa}/)T(Cn,pTy(Xa ¥),

where
® Cpnp = (Tx(LDnp)D(LDpp)(Ty(LDnp)T) © Mpp,
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The interpolating polynomial can be formulted more compactly
using the matrix notation

Lnpf(x,y) = Tx(xa}/)T(Cn,pTy(Xa ¥),

where
® Cnp = (Tx(LDnp)Ds(LDnp)(Ty(LDnp)T) © Mpp,
To(xa)

A

7-n—i-p—1 (XA)
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The interpolating polynomial can be formulted more compactly
using the matrix notation

Lnpf(x,y) = Tx(xa}/)T(Cn,pTy(Xa ¥),

where
® Cnp = (Tx(LDnp)Ds(LDnp)(Ty(LDnp)T) © Mpp,
To(xa)

A

7-n—i-p—1 (XA)
1, if (i,/) € Thp,
@ Mpp = (mj), m;j=<1/2, if(i,j)=(0,n)
0. (i) ¢Thp
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The Lebesgue constant
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The Lebesgue constant

The Lebesgue constant is the operator norm

Anp=  max | "”;’ﬁ Nllos max > La(x,y)l-

feC(};éJ]Z) | T (el AEDDn,
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The Lebesgue constant

The Lebesgue constant is the operator norm

Anp=  max | "”;’ﬁ Nlloe max > La(x,y)l-

feC(};éJ]Z) | T (el 1 AEDDn,

We investigate the Lebesgue constant A, , for the parameters
pn € {1,n+1}. The values are illustrated for 1 < n < 50. For a
better comparison we plot also the functions f;(n) and f(n), as
a lower and an upper benchmark:

fi(n) = (%/og(n+ 1)+ 1)2

fo(n) = (%log(n+ 1)+ g)z
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lenesgue constant

14 20 2% 30 35 40 45 50
number of interpolation points

Figure: The Lebesgue constant for the parameters p, € {1,n+ 1}.
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Figure: The Lebesgue constant for the parameters p, € {1,n+ 1}.

The Lebesgue constant \p p is bounded

DAIn2(n) < App < Crln2(n+ p),

where the constants Dy and Cy are independent of n and p.
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Numerical examples
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Numerical examples

We use the four test functions:
(9x— 2) (Qy 2)2 9x+1)2 9y+1

e fi(x,y)=0.75e" +0.75e~ T 4

0.56- LT g 5o (ox-ap-(9y-7)
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Numerical examples

We use the four test functions:
X — X 2
o fi(x,y) = 0.756~ 2T -2 | 0 750~ S-S
0.5 ZT -3 () o o (ox—a)2—(oy-7)

o hix,y) = (X +y?)z,
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Numerical examples

We use the four test functions:
(9x— 2) (Qy 2)2 9x+1)2 9y+1

@ fi(x,y) =0.75¢e" +0.75e ~us
o 53 9X47)2 (9,\/ 3 . o ze (9X74)27(9y77)2
@ hHh(x,y)=(x2+y )é,
_ X2 B - B X2 . ,
o f(x.y) = e 5T L 075e T | 0756 S
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Numerical examples

We use the four test functions:
(9x— 2) (Qy 2)2 9x+1)2 9y+1

e fi(x,y) =0.75e" +0.75e~ i e
0.5e~ 9X47)2 Graat = — 0.2¢ (9x—4)2—(9y-7)?

o f(x,y)=(x? +y )*

o flxy)=e "z B e

o fi(x,y) = (x+y)*°
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1L p,(f) — £, on the domain [—1, 1], for three different
parameters p, € {1,n+1,n?> + 1} and 2 < n < 50.

The maximal error is computed on a uniform grid of 60 x 60
points defined in the square [-1,1]2.

Lissajous points for polynomial interpolation on various domains

Chiara Faccio



1L p,(f) — £, on the domain [—1, 1], for three different
parameters p, € {1,n+1,n?> + 1} and 2 < n < 50.

The maximal error is computed on a uniform grid of 60 x 60
points defined in the square [-1,1]2.

—+—p=1
—e—p=n+1

a
10 L L . L L L
1400 o 200 400 600 800 1000 1200 1400

o 200 400 600 800 1000 1200
number of interpalation paints

number of interpolation points

Figure: Absolute errors for f; (left) and £ (right).
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Figure: Absolute errors for f3 (left) and £, (right).




The Lissajous points can be extendend to other domains
through a suitable mapping of the square:

o [-1,1? = K.
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The Lissajous points can be extendend to other domains
through a suitable mapping of the square:

o [-1,1? = K.
We can construct the interpolation formula on the new domain,
Lnpf(x1,%2) :==T(o7" (x1,X2)) Co(f 0 0)T(05 (X1, %2)), (1)

where a,.‘1 (x1, X2), with i = 1,2, denotes the component of the
inverse transformation.
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Rectangle
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Rectangle

b—a b+a d-c d+c
0'(1‘1,1‘2)2( 5 b+ 5 o b+ 5 )
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Rectangle

b—a b+a d-c d+c
0'(1‘1,1‘2)2( 5 b+ 5 o b+ 5 )

The inverse is given by

X1 —a

—142%=¢ ifc#d
b axe)= { - ’

c

L(xy, Xo) = —142
1(X1, X2) + 1 oo d
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Rectangle

b—a b+a d-c d+c
0'(1‘1,1‘2)2( b+ ha ; to + ks )

2 2 2 2
The inverse is given by

X —a _142%=C jfctd
t(Xq, Xo —-142 bb(X1,Xo) = .
(x1,%) = b3’ (. xe) =1 o d
W

number of nterpolation points number of interpolation points

Figure: Absolute errors for f3 on [—1, 1] (left) and on [0,2] x [0, 1]
right).
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Faccio issajous points for poly!



Ellipse

We consider the ellipse centered in ¢ = (¢4, ¢2), with
X1-semiaxis « and xo-semiaxis .
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Ellipse

We consider the ellipse centered in ¢ = (¢4, ¢2), with
X1-semiaxis « and xo-semiaxis .

@ starlike-polar coordinates

. s s
U1(t1,t2) = Cc1—alb Sln(§t1>, O‘2(t1,t2) = Co+ b COS(EH).
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Ellipse

We consider the ellipse centered in ¢ = (¢4, ¢2), with
X1-semiaxis « and xo-semiaxis .

@ starlike-polar coordinates

. s s
U1(t1,t2) = Cc1—alb Sln(§t1>, O‘2(t1,t2) = Co+ b COS(EH).

@ standard polar coordinates
U1(t1,t2) :,OCOS(H), 02(t1,t2) —pSIﬂ( )

r(o)

oty b) = - ) _ Pl
1 k) = w(tH1), ot ) = (b+1) 52, 1(0) =

1 — ecos(f)’
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Figure: The distribution of the Padua points and the Lissajous curves
in the ellipse with polar (left) and starlike-polar (right) for n = 33.
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We are interested to understand how ||£,, 1(f) — f|| ., for

0 < n <50, changes in relation with the trasformations which
we have chosen. The maximal error is computed on a uniform
grid of 100 x 100 points in the ellipse with semi-major axis 1,

semi-minor axis 0.5 and centered in ¢ = (v0.75,0).
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We are interested to understand how ||£,, 1(f) — f|| ., for

0 < n <50, changes in relation with the trasformations which

we have chosen. The maximal error is computed on a uniform
grid of 100 x 100 points in the ellipse with semi-major axis 1,

semi-minor axis 0.5 and centered in ¢ = (v0.75,0).

——sir
—&— pol

Absolute errors
Absolute errors

o 5 10 15 20 25 a0 B 40 45 & 0 5 10 15 20 25 a0 35 40 45 &0
degree degree

Figure: The absolute errors on the ellipse in polar and starlike-polar
coordinates for f; (left) and £ (right) .
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The maximal error is compute on a WAM with about 15000
points, which is generated by minimal triangulation.

Figure: Lissajous points and curves in the diamond with n = 13 and
pn = n+ 1 =14 (left), WAM generates by minimal triangulation,
14913 points (right) .
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absolute errars
absolute errars

4 . . . . . . s . s . . .
a 200 400 600 800 1000 1200 1400 o 200 400 600 800 1000 1200 1400
number of interpalation points number of interpolation points

Figure: Absolute errors for £, (left) and f; (right).




Intersection of disks
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Intersection of disks

Figure: Lissajous points and curves in the intersection of disks with
n=7andp=11.
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Intersection of disks
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Figure: Lissajous points and curves in the intersection of disks with
n=7andp=11.
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Figure: Absolute errors for f; (left) and.f; (right).
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Faccio issajous points for poly!



Figure: Distribution of Padua points and curves with minimal and
barycentric triangulation. n = 5 (168 points left, 210 points right ).
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Figure: Distribution of Padua points and curves with minimal and
barycentric triangulation. n = 5 (168 points left, 210 points right ).

Triangulation for f, n=2 n=10 n=20
minimal triang. 7.98e+01 | 3.81e—03 | 9.85e - 05
barycentric triang. | 7.87e+ 01 | 9.90e — 07 | 1.68e — 10

Table: Absolute errors with different triangulations for f,.
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To map, instead, the Lissajous points in the star we use the
Schwarz-Christoffel functions. These are conformal maps from
the unit disk onto various domains. In the case of our star the

mapping is 5125
2(1-w)
f(z) = /O (7 woys M
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To map, instead, the Lissajous points in the star we use the
Schwarz-Christoffel functions. These are conformal maps from
the unit disk onto various domains. In the case of our star the

mapping is 5125
2(1-w)
f(z) = /0 (7 woys M

25 2 45 4 05 0 05 1 15 2 25 2 45 4 05 0 05 1 15 2

Figure: Padua points in the star with n = 5, i.e. with 21 points (left)
and n = 20 i.e. 231 points (right).
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Figure: Lebesgue constant for Padua points.
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Morrow-Patterson points
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Morrow-Patterson points

@ For n a positive even integer, the Morrow-Patterson points
are the self-intersection points in the interior square
[—1, 1]? of the Lissajous curves

Yn1(t) = (—cos((n+3)t), —cos((n+ 2)1)).
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Morrow-Patterson points

@ For n a positive even integer, the Morrow-Patterson points
are the self-intersection points in the interior square
[—1, 1]? of the Lissajous curves

Yn1(t) = (—cos((n+3)t), —cos((n+ 2)1)).

o |MP,| = dim(M2) = ("t?), and this set is unisolvent for

polynomial interpolation on the square [-1, 1]2.
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Morrow-Patterson points

@ For n a positive even integer, the Morrow-Patterson points
are the self-intersection points in the interior square
[—1, 1]? of the Lissajous curves

Yn1(t) = (—cos((n+3)t), —cos((n+ 2)1)).

o |MP,| = dim(M2) = ("t?), and this set is unisolvent for

polynomial interpolation on the square [-1, 1]2.

08 /K

Figure: The curve 74 1(t) and associated MPs.
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@ They are the self-intersections and boundary contacts of
the generating curve v, = (—cos((n+ 1)t), —cos(nt)) in
[_1 ) 1]2
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@ They are the self-intersections and boundary contacts of
the generating curve v, = (—cos((n+ 1)t), —cos(nt)) in
[_1 ) 1]2

@ They match exactly the dimension of 2 and they are
unisolvent.

Chiara Faccio Lissajous points for polynomial interpolation on various domains



@ They are the self-intersections and boundary contacts of
the generating curve v, = (—cos((n+ 1)t), —cos(nt)) in
[_1 ) 1]2

@ They match exactly the dimension of 2 and they are
unisolvent.

@ They are modified Morrow-Patterson points.
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@ They are the self-intersections and boundary contacts of
the generating curve v, = (—cos((n+ 1)t), —cos(nt)) in
[_1 ) 1]2

@ They match exactly the dimension of 2 and they are
unisolvent.

@ They are modified Morrow-Patterson points.

Figure: MPs and PDg with respective Lissajous curves (left), MPs and
PDg with respective Lissajous curves (right).
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They are Lissajous points, but their cardinality depends on the
degree;

n

@ if nis even, i.e. n=2m, there are *2 pomts

(2mz2m)

(22i, Z2j41), 0<i<mO0<j<m-1,
(Zz,'_H,Zgj), 0<i<m-1,0<j<m.
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They are Lissajous points, but their cardinality depends on the
degree;

n

@ if nis even, i.e. n=2m, there are *2 pomts

(2mz2m)

LC(OJ) =
(221, 22j41), 0<i<mO0<j<m-A1,
(z2i41,22j)), 0<i<m—-1,0<j<m.

@ if nis odd, i.e. n=2m+ 1, there are (”“

(2m+1 2m41) _

points,

(221, 20)), 0<i
)s

(Z2i41, Z2j 41

Chiara Faccio Lissajous points for polynomial interpolation on various domains



N > o ° e o o =~
* % * . o o * o * ¢
o8 L8e ® ® o o
° [} [} °

06 06
® o ° ° °

L ) ® o & 04
02 0Zre ® ® e o

ole ® ® ° ]
02 s e ® ® o

09 ® o o 04
[} [} e o

06 06
| * L o P ° ° °
) [ e 9 ® ® e o 9
Lo ° * ° PN ° ° o
W 05 [i] 05 i} ] a5 ] fix] -

Figure: Xu points for n = 8 (left) and n = 9 (right).
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@ n=(n,n),n" = (n1),n°=(1,n),

o the curves in £\ are ellipses in [-1,1]2,
. po it nis odd
0#25("’")2{”2 L
5 if nis even

o N — 1 if nis odd
%9 =10 if nis even
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Figure: Xu points and curves for n = 4 (left) and n = 5 (right).
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Absolute srrors

Figure: Interpolation errors for the function £ .
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Absolute srrors

——rp

5 10 18 W 2% W B 40 4
degres.

Figure: The behaviour of the Lebesgue constant for Padua, Xu and
Morrow-Patterson points.
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We compare the distribution of Padua, Xu and degenerate
Lissajous points.
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We compare the distribution of Padua, Xu and degenerate
Lissajous points.
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Figure: PDs (left), XUs (middle) and LDs » (right) .
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Thank you
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