A new stable basis for radial basis function interpolation J

Chiara Todesco

Universita degli studi di Padova

12 December 2017

Chiara Todesco (Unipd) A new stable basis for radial basis function in 12 December 2017 1/51



Presentation

@ Problem and Basic Notions
© "Natural” basis

© General bases

@ Weighted SVD bases

© Weighted discrete least-square approximation
@ Numerical examples (Part 1)
@ The new basis

© Lanczos method

© Construction of the new basis
@ Approximation

@ Numerical examples (Part 2)

Chiara Todesco (Unipd) A new stable basis for radial basis function in 12 December 2017 2 /51



Problem and Basic Notions

Problem

The purpose of approximation theory is the reconstruction of given
function defined on a set 2 C R® from some values sampled at a finite set
X C Q. This process is required to be convergent and stable, namely the
approximant should reproduce the original function in a chosen norm.

Problem : The kernel methods although they are built to be well-posed for
every data distribution, it is also well known that the interpolation based
on translates of radial basis functions (RBF) is numerically unstable due to
the ill-conditioning of the kernel matrix.
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Problem and Basic Notions

Obiective : Find a general way to build stable and orthonormal bases for
the native space Ng(Q2) associated to a kernel ®: Q x Q — R with
Q) C R®, based on a suitable factorization of the kernel matrix

A= (0(xi, ).

Furthermore, after that, find a method to compute in a fast way the basis
using methods related to Krylov subspaced.
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Basic Notions

Consider @ strictly positive definite and radial kernel defined on a set
Q C R?®, and X is a finite set of n € N distinct points in £2. Since the

kernel is radial, ther exist a unique function ¢: [0,+0c0) — R and € € R-g
such that

O(x,y) = ®e(x,y) = plellx —yl2) Vx,y€Q
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Problem and Basic Notions

Theorem

Every SPD & on domain Q has a unique native Hilbert space No(Q). It is
the closure of the space

M
Ho(Q) := 4> Xd(x.): M €ER, MEN, x5 €Q
j=1

of all function of form s(x) = ZM

i=1 A ®(IIx; — x[|2) under the inner
product
(P(x,-),P(y,))e = (x,y) VxeQ,Vfe Hp(R).

The elements of the native space can be interpreted as function via the
reproduction formula

f(x) = 6x(f) = (£, ®(x,"))o  Vx € Q, Vf € Ho(Q2)

v
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Problem and Basic Notions

Theorem
Assume [, ®(x, x) dx < +oo to hold for a SPD ® on Q. Then the
integral operator

Clv](x) = /Q v(t)P(x, t) dt

of generalized convolution type maps L,(Q2) continuosly into the native
No(Q). It satisfies

(F, V) = (f, Clvl)e  Vf € No(Q), v € [2(Q)

We will consider the operator Te : L2(2) = No(Q) C L2(Q2) defined by
To[f](x) = / O(x,y)f(y)dy VFfel(Q),VxeQ
Q

that maps L»(2) continuously into No(2). It is the adjoint of the
enbedding operator of Ng(Q) into L2(Q) i.e.

(f, V)L2(Q) = (f, Tq>[V])¢. Vf e Ncp(Q), v € [_Q(Q)
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Problem and Basic Notions

Basic Notions

If & is SPD function on 2, one can interpolate any function f € N¢(Q)
on any scattered set {x1,..., xpm} C Q by an unique function

M
si(x) =Y _ Aol = x12)
j=t

. The error functional
ey f = f(x)—sf(x)

is in the dual of the native space, and it's norme P*(x) = |[ek|lo x € Q is
called the Power function. the standard error bound is

IF(x) — st(x)| < P*(x) |flle VF € Na(Q), Vx € Q
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"Natural” basis

A particular and in some sense "natural” basis for N () comes from
Mercer's theorem

Theorem (Mercel)

Every continuous positive definite kernel ® on bounded domain Q C R?,
defines an operator Te : N () — N(Q)

Tuﬂuw3£¢umvwnw

which is bounded, compact and self-adjoint. It has an enumerable set of

eigenvalus {Aj}; o s.t. A1 > A2 > -+- > 0 and eigenvectors {¢;},_, i.e.

%%=A¢MWMHW Wx € Q

which form an orthonormal basis for N ().

4
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"Natural” basis

Theorem (Mercel)

In particular
(1) {#j}js¢ is orthonormal in No(2);
(2) {gpj}j>0 is orthogonal in L(R2): HL’OJH%Z(Q) =\j;
(3) limj1ooAj =0;

Morover the kernel has a series expansions

+oo
O(x,y) =Y _pi(x)pi(y) Vx,y€Q
=1

where the {;} are eigenfunctions, which is absolutely and uniformely
convergent
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"Natural” basis

"Natural” basis

Remark
The operator Ty is a trace class operator, that is to say

S = [ otx) k= p(0)9)
j>0 Q
where |Q| := meas(2). Morover as consequence of Mercer's theorem's
propety (2) Vj >0
(F, 1) e = (F, Tolel)o = N(F, 90 = 1, 0 (F: 23)o
= (@i, 2 @) (Fr9))e.  VF € No(Q)
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General bases

General bases

We show the connection between a change of basis and a decomposition

of the kernel matrix A.

Let Q CR®, X = {x1,..., xy} C Q and let be

Tx = {®(-,x;) : x; € X} standard basis of translates
U={ui € No(Q), i=1,..., N} new basis s.t.

No(X) := span(U) = span(Tx)

At x € Q, Tx and U can be expressed as row vectors:

T(x) = [®(x,x1),...,D(x,xy)] € RN
U(x) = [ur(x), ..., un(x)] € RN
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General bases

General bases

Theorem (characterization of the basis i)

Any basis U arises from a factorization of the kernel matrix A:
_ —1
A= Vy- (G

where
Xi))1<ij<n matrix of the new basis valueted at X;

Xi)
i)1<ij<n matrix of change of basis that is
U(x) = T( - Qy e

N
x) =) cj®(x, x)
i=1
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General bases

General bases

Proposition
The interpolant P[f] on X C Q of a function f € No(Q2) can be rewritten
as
N
Pulf(x) = D 8j(F) u(x) = U(x) - A(f) ¥x € Q
j=1

where A(f) = [A1(f), ..., An(f)]T € RN is a column vector of values of
linear function defined by

A(f) = G P AT Ex(f) = Vi L Ex(f)

while Ex(f) is the column vector given by the evaluation of fon X
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General bases

Proposition (stability estimate)

Let Gy = ((ui, uj)o)1<ij<n, and K2(Gy) the corresponding 2-condition
number. Then Vx € Q

|Px[F1(x)? < UGB 18w () < Ka(Gu) 9(0) IIf 115

Corollary

IfU is a P-orthonormal basis, the stability estimate becomes

[Px[F1(X)] < v/ (0) [|f]|o

Theorem
Each ®-orthonormal basis U arisee from a decomposition

A=BT.B,

with BT = Viy and Bl = Cy.
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Weighted SVD bases

The main idea for the construction of the new basis is to discretize the
"natural” basis introduced in Mercel's theorem. To this aim, consider on
Q a cubature rule (X, W)y, N € N, that is a set of distinct points

X = {XJ}JN:1 such that

N
/Qf(y) dy = Y f(xp)w; VF € No(Q)
j=1
Thus, the operator T¢ can be approximate for each eigenvalue ); on X as

and then discretizied using the cubature rule by
N

Apj(xi) = > 0, xn)ei(xn)wn i =1,...,N. (1)
h=1
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Weighted SVD bases

Setting W = diag(wj), it is sufficies to solve the following discrete
eigenvalue problem in order to find the approximation of the eigenvalues
and eigenfunctions(evaluated on X) of Te[f]:

Av=(A-W)v.

This approach involves a scaled version of the kernel matrix, that is A- W,
which is no longer symmetric and that cannot be described as a
factorization of A= BT - B, in fact it doen't lead directly to the
connection between the discretization version of the "natural” basis of
Mercel's theorem and a basis of the subspace Ng(Q).
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Weighted SVD bases

A solution is to rewrite (1), using the fact that the weights are positive, as

N

N (/Wi (x)) = 3 (/W0 x0)vW) (Vi (xn) ivj = L., .

h=1
that corrispond to consider the scaled eigenvalue problem
AVWv) = (VWA VW) (VW)
which is equivalent to the previous one, now involving the symmetric and

positive definite matrix Ay := VW - A-+W. This matrix is normal, then
a singular value decomposition of Ay is a unitary diagonalization.
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Weighted SVD bases

Definition (WSVD basis)
A weighted SVD basis U is a basis for N (X) characterized by the
following matrices:

Vy=vW-1.Q.%, G =vVW-Q-x!

where

VW A VW =Q -22.Q7

is a singular value decomposition (and a unitary diagonalization) of the
scaled kernel matrix Ay. X is a diagonal matrix with

Y=o, j=1,...,Nand a% > 2> ‘7/2v > 0 are the singular values of

Aw, and W is a diagonal matrix where Wj; = w;, j =1,..., N are the
weigths of the cubature rule (X, W)y.
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Weighted SVD bases

Remark

It is essential to require that ZJN::L w; = |€2|, which is equivalent to ask
that for all N € N the cubature rule (X, W)y is exact at least for the
costant functions. It is also possible to use a set of weigths which does not
provide a cubature rule, but in this way we lose the connection between U/
and the eigenbasis {cpj}j while remains unchanged the stability
propeties

>0’

Theorem
Every weighted SVD basis U satisfies:
Q uj(x)= % SN Wi () d(x, x;) ~ Uifn,,[uj](x), Vi=1,...,N,
Vx € Q;
@ U is No(Q)-orthonornal;
© U is lp w(X)-orthogonal s.t. HUJ.H%LW(X) =0? Yy elU;

J
0 YN, 02 =4(0)|0
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Weighted SVD bases

Remark

Given a cubature rule (X, W)y we can define the 45, (X) inner product as

fgbw(x ZWI xi)g(xi) f.g € No(Q)

which is a discerete version of (-,-)1,(q), in fact

N

(f, &)L, = /Q F(x)g(x) dx =~ > wif (x)8(x) = (f, 8)tr(x):

j=t
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Weighted SVD bases

Remark
Hence the operator Ty : No(Q2) — No(X)

Tlf](x) = (F, (X)) .0 (x)

which is the discrete version of Tg, is defined just by replecing the L2()
product with its discrete version ¢3 ,,(X) in Te. The operator Ty has N
eigenvectors, which turns out to be exactly the basis {uj-}szl. The
functions u; are essentially a discrete version of the {¢;}; .
Moreover propety (4) of the previous theorem suggest that

N N
Z w;d(x;, X)) = tr(VW - A- VW) = ZU 0)|Q| = / d(x, x) dx
=1 j=1 Q

The integral is exactly approximated by the cubature rule (it is
suppose to be exact at least for constant function)
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Weighted SVD bases

Remark
The norm of the point-wise erroroperator, namely the Power function
Po x(x), can be expressed in the simpler form

Pox(x)* = 0(0) = > uj(x)?

Jj=1

which involves only the basis. Furthermore, it is possible to give an
expansion of the kernel when it acts on functions of Ne(X). That is

N

O(x,y) =Y ui(x)yly) Vx,y€Q
j=1

This is useful when it is required to use a degenerete kernel to approximate
the original one .

v
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Weighted discrete least-square approximation

Weighted discrete least-squares approximation

The goal is to project the unknown function f € Ng(Q) into a proper set
No(X). In other words we will use a smaller basis &/ C ¢/. This is done in
order to obtain better result in terms of stability and computational cost,
without serious loss of convergence speed.

Definition

Given a function f € Ng(R), a discrete subset X C €, a set of cubature
weights W associated with X, a weighted SVD basis U for Ng(X) and a
natural number M < N = |X]|, the weighted discrete least-squares

approximation of order M of f is the function Ap[f] that satisfied the
condition

Aylf] = ar min f—
ml[f] 8ot }|| glle ()

UL,y Upg
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Weighted discrete least-square approximation

Weighted discrete least-squares approximation

Theorem (how to compute Ay )

The weighted discrete least-squares approximation of a function
f € No(Q) is given by

M M

f,u;
Alf00 = S (F. ou(x) = 30 D
j=1 j=1 J

that is Ap[f] is nothing else but a truncation to the first M terms of Px|f]
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Weighted discrete least-square approximation

Weighted discrete least-squares approximation

Remark

To compute the weighted least-squares approximant Ap[f] it sufficies to
use the first M elements of the interpolant Px[f], which correspond to the
biggest singular values UJ?, j=1,...,N. This approch make sense since in

2

the singular values {aj of A accumulate to zero very fast,being in

}1</<N
particular a discrete approximation of the eigenvalues of the compact

operator Te[f]. The rate of decay of the singular values is faster if the
kernel is smoother and if the shape parameter is smaller. Hence the
truncated basis provides a good approximation and allows to deal with a
smaller problem. From a linear algebra point of view, this correspond to
solve the (weighted) linear system associated to the interpolation problem
using a total least-square method. This is opposite to the case of the
standard basis of translates, where the choise of the elements of the basis
to neglect correspond to the choise of a restricted subset Y C X.

v
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Weighted discrete least-square approximation

Stability and convergence for weighted discrete
least-squares approximation

Concerning the convergence we can define the norm of the

pointwise-evaluation operator releted to the approximation operator, which
is the equivalent to the power function, is given by

(Palx)? = e I3y = 9(0) = D ui(x)?
j=1

It is clear that is a simple truncation of the power function. Concerning
the convergence, using the standard error bound, we have

M
Aulf] — FP < <<P(0) - uj<x>2> I3 ¥F € No(Q)

j=t
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Weighted discrete least-square approximation

Stability and convergence for weighted discrete
least-squares approximation

Note that by replacing an exact interpolant with a weighted discrete
least-squares approximant, we can obtain better result in terms of stability.
In particular, the stability estimate can also be refined for the particular
case of a weighted SVD-basis, in fact

M

1/2
|AM[f1(x)|<(Zuj(x)2) IFlo < Vo lflo.  VF € No(@)

Jj=1
Hence, for convergente approximations, namely for approximations for

which the power function decres to zero, namely we have necessary

M

> ui(x)* = »(0).

J=1

That is, the stability bound is maximized by ¢(0).
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Numerical examples (Part 1)

Comparison between the interpolant and the weighted
least-squares approximant

@ We compare the approximation error produced using the full
interpolant and some reduced weigted least-squares approximant
starting from 600 trigonometric gaussian centers, and then truncating
the basis for M € {0, 20,...,600};

@ We reconstruct the oscillatory function f(x, y) = cos(20(x + y)) on
the disk Q with center C = (1,1) and radius R = 1/2;

@ The experiment has been repeated for the gaussian kernel, the inverse
multiquadric (IMQ) and the cubic matern (3MAT) for a shape

parametere =1, 4, 9

@ We choose the trigonometric gaussian points as centers because they
provide high-accuracy cubature rules while being sufficiently
uniformely distributed in €;
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Numerical examples (Part 1)
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Figura: RMS errors for the reconstruction of f on Q (d) using Ap[f] for different
values of M and different shape parameters, using gaussian kernel (a), the IMQ
(b) and the 3MAT (c)
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Numerical examples (Part 1)

Comparison between the interpolant and the weighted
least-squares approximant

@ Depending on the choise of the shape parameter ¢, the kernels
present a fast decay to zero (Gaussian), a medium decay (IMQ) and a
slow decay (3MAT);

@ For the 3MAT kernel the interpolant remains stable, except for the
last iterations, for e = 4, 9, while for £ = 1 is more unstable;

@ For the IMQ kernel the interpolant becomes unstable for ¢ = 1, while
remain stable, except for the last iterations,for ¢ = 4, 9;

@ For the Gaussian kernel the interpolant becomes unstable for
€ = 1, 4, while remain stable, except for the last iterations,for e = 9;

@ The eigenvalues of the Gaussian kernel for ¢ = 1 are almost all under
the machine precision; moreover the gaussian becomes too flat, and
there is no hope to reconstruct an oscillatory function.
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Numerical examples (Part 1)

Comparison with the standard basis

@ In this example we try to reconstuct the Franke's function with the
IMQ-kernel on the lens €2 defined as the intersection of two disk with
centers C = (—+/2/2,0) and ¢ = (v/2/2,0) and radii R =r = 1;

@ The test compares the results obtained with the interpolant based on
the standard basis and the new basis, centred on an equally-spaced
points and on a trigonometric-gaussian set of points, respectively and
then is repeated for ¢ = 1,4,09;
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Numerical examples (Part 1)

Comparison with the standard basis

RMS eror with eps = 1

RMS eror vith eps = 4

RIS error with eps =9
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Figura: RMS errors of the reconstruction of f on the lens Q using the IMQ kernel
with the standard basis and the new basis with shape parameter e =1 (a), e = 4

(b),

e =9 (c).
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Numerical examples (Part 1)

Comparison with the standard basis

o for e = 9 there is only a small difference between the two basis;

e for e =1, 4, although for small data sets X the two basis does not
behave so differently, when N becomes bigger the standar basis
becomes unstable;

@ the weigthed least-square approximant Ay[f] based on the new basis
presents a convergent behavior for each shape parameter, therefore
there is no need to choose a particular £ to guarantee convergence,
even if it slow;
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Numerical examples (Part 1)

Comparison with a "stable” standard basis

@ We want to reconstruct the function
f(x) = —2®4(x,(0.5,0.5)) + d4(x, (0,0)) 4+ 3d4(x, (0.7,0.7))

where ®4(x, y) is the gaussian kernel with £ = 4 on the square
Q=1[0,1]%

@ To improve the stability of the standard basis we want to find the
optimal €* which guarantees to minimize the residual error. We use
the leave-one-out cross validation strategy;

@ The RMS errors are plotted using equally-spaced points and Halton
points as centers for the standard basis, while for the new basis, in
both cases, we use the product Gauss-Legendre points.

@ A good choise of the shape parameter reduces the instability of the
standard interpolant, although it does not suffice to avoid it
completely
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Numerical examples (Part 1)

RMSE errar with halton paints

RMSE error with equispaced points 4
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Figura: RMS errors for the reconstruction of f on the square € using the gaussian
kernel with the standard basis of translates with optimal shape parameter £* and
the new basis with € = 4. The standardinterpolant is computed using equally
spaced points (a) and Halton points (b).
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The new basis

As seen before we can compute an orthonormal basis U of N (X). Its
main propety is that it allows to extract a sub basis {u1, ..., uy}, with
M < N, which gives an approximant Ay [f] as good as the interpolant,
while being much more stable.

Problem: The main problem is the efficiency of the basis
computation. Since the basis is found by a singular value decomposition,
we have to compute all the elements uj, 1 < j < N, and then to leave out
the last N — M terms, the ones for which af < T, with 7 a prescribed
tolerance.

Obiective: Find a way to slightly modify our basis in order to compute its
most significant part using some tools from the theory of Krylov subspaces.
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The Lanczos method and the approximation of the SVD

We want to find the solution of the linear system Ax=b with A the kernel
matrix and b = (f(X,'))lg,'gN.

Let Km (A, b) = span {b,Ab, .. ,AM_lb} be the Krylov subspace of
order M genereted by A and b.

The Lanczos method computes an orthonomal basis {p1, ..., pm} of
Km(A, b) through a Gram-Schmidt orthonormalization.
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The Lanczos method and the approximation of the SVD

In matrix form the algorithm is
APy = Pyi1Am,  Huy = [- T:| ;

where
o Py =I[p1,...,pu] € RNVM;
@ Hpyis a M x M tridiagonal matrix;
e heR;
e ey € RM is the m-th unit vector.

Chiara Todesco (Unipd) A new stable basis for radial basis function in 12 December 2017 39 /51



Lanczos method

The Lanczos method and the approximation of the SVD

The solution x can be approximated as
x=Pyy, wherey cRM: Ayy=|bl2e.

If A has a good low-rank approximation, we expect that a good
approximation of x can be computed using M components with M < N.
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The Lanczos method and the approximation of the SVD

Let’s consider the singular value decomposition of

_ _ _ 2
Huy=Uu Xum V/\;, where ¥ = [ZOM} )

where
o Uy € RIMFDX(M+1) ynitary matrix;
o Vi € RM*M ynitary matrix;
° Z%/, diagonal matrix having the singular values as its entries.

Remark

Since the last row of ¥ is the zero vector, the decomposition does not
change if we remove this row and the last column of Ups. From now on we
will denote by Ups the matrix without the last column so that the
decomposition becomes Hy; = Uy Z%/, V,\E.
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Construction of the basis

Our idea is using the SVD of Hy for constructing the new basis.

We can construct a new set of functions {dj}, ;y € No(X) similarly to
the construction of the WSVD basis. We stress that the set {i;} does not
span No(X) unless M = N when the SVD of Hy equals to that of A.

Definition
Let A be the kernel matrix for the set X on N distinct points. Let

IEIM, Pv, Vi, Uwm, Z%V, be as intoduced as before. Hence, the basis
U ={iby,...,0m} is characterized by the matrix of change of basis

Ca, = Pm Vi Yo

or by the collocation matrix

Viz,, = Prs1 U Tu
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Construction of the new basis

Construction of the basis

Remark

In this case the basis strongly depens on the particulary function

f € No(Q) used to construct the Krylov subspace. This dependence
influences the behavior of the approximant.

Lemma

Let UM be the square matrix obtained from Uy, removing the last row u,\c,.

Then Uy and Vi coincide exept for the last row, namely only the m-th
row d,\f, of the difference is a non zero row vector i.e.

UM:VM+6M d&
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Construction of the new basis

Theorem

Let the basis U be defined as in definition before. Then

i) the basis in {2, (X)-orthogonal with ||G;7, = o%;

ii) the basis is near orthonormal on N (), meaning that
(G, 0j)e = 6j + rIS.M), where
Ry = (rM)

—1 T
i <ijsm = X vmdyXm

is a rank one matrix for1 < M < N, and rig.M) = 0 when
M= N;

i) when M =N, U=U.

Remark

The magnitude of rj; is close to the machine precision exept if both i and j
are close to M. That is to say that the first elements of the basis are
orthonormal from a numerical point of view.

v
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Approximation

Approximation

Let's now compute the approximant. If we take the function f € N (Q)
from which the basis is constucted, we get the approximant as a projection
with respect to the ¢5 ,(X) inner product

Alfl(x) = X102 (F, )0, ) T X € Q. (2)
But it can be expressed in terms of the N () inner product as in the
WSVD basis:
Theorem

If the basis Uy is constucted from f € No(Q), forall j=1,..., M we
have

(f, Ej)fz,w(X) = O'jz(fa EJ')‘D' (3)
Hence the approximant Ay [f](x) is a projection of No(2), or equivalentely

Amlf](x) = Zjl\i1 (f,0j)e 0 Vx €. (4)

v
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Approximation

Approximation

Remark

If we take an other function f € Ne(f), the equality (3) holds with a
residual term on the right hand side. This is due to the fact that in the
case f # f the terms depending on py, Pm+1 are not cancelled.

On the other hand, the equation (2) depends only on thr relation
between the left inverse of V; , that is Y7 Vj,,» and its transpose,
not on the connection with (;. This means that we can compute the
approximant of a function f;é f also using the basis constructed starting
form f.
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Numerical examples (Part 2)

A native space example

@ Domain Q is the unit circle

@ We want to reconstruct the function
f(X) = ¢1(X7 Pl) + 2 q)]_(X, P2) -2 d>l(Xa P3) + 3 (Dl(X) P4)
where ®; is the gaussian kernel with ¢ = 1.

@ We would like a stopping rule for the Lanczos iteration: a reasonably
good choise is when, for a certan tolarance 7 > 0, we have

1 M
NZ(HM)jj -1l <
j=1

It seems good enough to control the iteration in the case the
functions lies in the native space of the kernel.
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Numerical examples (Part 2)

Trace
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Figura: Decay of the residual (a)

Chiara Todesco (Unipd)

L
160

L
180

200

compared with the

RMSE

A new stable basis for radial basis function in

L L L L L L
B0 a0 100 120 140 160 180 200
number of elements of basis

(b)
corrisponding RMSE (b)

12 December 2017 48 / 51



Numerical examples (Part 2)

A general example

We want to approximate the Franke's function, we choose as kernel the
inverse multiquadratic one (IMQ) with £ = 2 and as domain a lune,
namely defined by the difference of 2 disk of radius 0.5 with centers in
(0,0) and (0.5,0.5). To make the test general we use a set of randomly
distributed data sites X with n = 602.

Remark

In this case the tolerance of the stopping rule have been set to 7 = 10710,
since a smaller value lead to an increase of the RMS error. The failure of

the stopping rule in this case is due to the fact that the Franke's function

does not belong to the native space of the kernel
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Numerical examples (Part 2)

Frane fnction

Approsimition oblanod with MO kol

Pointwise error

Figura: Franke's function (a); approximation obtained with a IMQ kernel with
e =2 (b) using 602 randomly distributed data points (c); pointwise error
computed on a grid of 60 x 60 equally spaced points (d)
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Numerical examples (Part 2)

THANK YOU FOR YOUR ATTENTION
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