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Abstract

We discuss a generalization of Berrut’s first and second rational interpolants to the case of equally
spaced points on a triangle in R2.
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1 Introduction

Berrut (|2, 4, 3] ) introduced two versions of a univariate rational interpolation procedure that has proven
to be efficient and effective, even for equally spaced points in an interval. Of note is that the complexity
of these procedures is linear in the number of points. The derivation of these procedures is based on the
classical Whittaker-Shannon sampling theorem. [16] [15] [6]).

Theorem 1 Suppose that f € C(R) N LY(R) and that f(w) =0 for |w| > h/2. Then

f(z) = Z f(kh)sinc (;(x - kh)) . (1)
k=—oc0
where, as usual, '
sinc(x) = s1n7£;r:v) ,

is the sinc function.
In the case of f with domain restricted to some compact subinterval of R, say to [0, 1], considering
equally spaced points with h = 1/n, we may consider the partial sum

f(z) = Fu(x) =) f(k/n)sinc (n(z — k/n))

k=0

=" flax)sine (n(z — z3)) (2)
k=0

“AMS Subject classification: 41A17, 41A63. Key words and phrases:



where we have set z := k/n, 0 <k <n.
Figure [1| shows a plot of the approximant Fi; and Fy; of the function f(z) = z
that increasing n the quality of the approximation improves.

2 where it is evident
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Figure 1: F,(z) for f(x) = 2% and n = 11 and n = 41
Although no longer reproduces f for all x € [0, 1], it is an interpolant in that
Fo(zj) = f(z), 0<j <n, 3)
as easily follows from the cardinality property of the translated sinc functions, i.e.,

1 ifj=k
sinc(n(xz; —xy)) =
0 ifj#k

This interpolant F), was already studied by de la Vallée Poussin (1908) who showed that under some
weak regularity conditions on f(z),
lim F,(z) = f(z), = €[0,1],
n—oo
with error essentially of O(1/n). The reader interested in further details may find them in the excellent
survey by Butzer and Stens [IJ.

In order to alleviate the poor approximation quality of F),, Berrut in [3] suggested normalizing the
formula for F;, to obtain what we refer to as the first Berrut rational interpolant:

> Flaw)sine (n(z — ay))

B{V(x) == "= - (4)
sinc (n(x — )
k=0
BS) remains an interpolant of f at the nodes zp, £k = 0,--- ,n but has the advantage of reproducing

constants, that is if f(z) = 1 then BV (x) =1.
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Figure 2: Berrut B (z) for f(z) = 2% and n = 11 and n = 41

The formula may be simplified. Notice that

e sin(nmz)

sinc(n(x — zy)) = (1) o P

hence,

() — Y reo f(zy)sine (n(z — )
By (@) Y p_psine (n(xz — z))
sin(nma) Yo (—1)kF L)

- sin(nmz) ZZZO(—l)kmilm
oD/ — o)
Do~V (@ =)

An example of this first interpolant is shown in Figure [2| again for f = 22 and n = 11,41.
(1)

Remark. Besides being an improved approximant, B, ’ is also numerically stable as its associated
Lebesgue constant has O(log(n)) growth, as was shown in [7]. O

()

Berrut also proposed a second improvement by making a simple boundary adjustment in the definition
of Br(ll) to obtain an interpolant that also reproduced polynomials of degree one. Specifically, let

> (=0FBf (r)/ (z — )
B® (z) := k=0 (6)
Z(— ) B/ (x — 1)

k=0

where

b — 1 1<k<(n-1),
71 1/2 k=0,n

Remark. Floater and Hormann ([12]) subsequently introduced the more general formula
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Figure 3: Bg)(x) and B for f(zx)=2* and n = 12

n

ST flan) /(@ — )

FH,(z) = =0 (7)
SR8 (@ — )
k=0

where the weights 5,(;1) are chosen so that F H, reproduces polynomials of degree at most d

In the specific case of equally spaced nodes their formula for the B,(Cd) reduces to

Yo (i) 0<k<d

where n > 2d, by assumption.

The cases of d = 0,1 correspond to Berrut’s first and second interpolants, respectively.

In this work we will consider bivariate extensions of Berrut’s first and second interpolants. The more
general Floater-Hormann case will be the topic of a subsequent paper. [

In Figure [3| we show a comparison between the Berrut interpolants for f(z) = x* and n = 12.

2 The Extension of Berrut’s First Interpolant to Equally Spaced Points
on a Triangle

The bivariate Whittaker-Shannon sampling operator is defined as follows. Set z; := i/n and y; := j/n
then

o0 o0

fey) = 3 3 fanysine(n(e - a;))sine(n(y - y,)) (9)

1=—00 j=—00



We can now truncate triangularly (this is equivalent to consider equally spaced points on the triangle, as
illustrated in Figure . Let
T:={(z,y) €ER?* : 0< x,y, z+y <1}

be the standard triangle in R? and set
Fu(w,y):= Y fl@i,y;)sinc(n(z — ;) sinc(n(y - y;))
(¢,7)enT

= > iy sine(n(z - x)) sine(n(y — ;).

0<i+j5<n

Equally Spaced Points for n=5
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Figure 4: Equally Spaced Points in a Triangle

Furthermore, by normalizing as in the one dimensional Berrut case, we get
> fl@iyy)sine(n(z — x;)) sine(n(y — y;))
0<i+j<n

> sinc(n(x — ;) sine(n(y — y;))

0<i+j<n

B (z,y) =

Finally we simplify, just as in the univariate case, to get

1V\itg f(xiayj)
>, (-1 (

o< Tien x—xi)(y — yj)

>y

Sy
=
—~
8
~—
|

(11)

Remark. Of course the summation can be truncated to regions P other than just the triangle to obtain
multivariate versions of the Berrut rational interpolation at integer lattice points contained in P. However,
we consider in this first work only the case of P =T a triangle. [J

Proposition 1 We have that qul)(x, y) is an interpolant, i.e.,
B’r(Ll)(:UC‘Hyﬁ) = f(xonyﬁ)v 0<a+ B <n,

and that B7(11) reproduces constants. Moreover, restricted to the vertical grid lines x = x5 and horizontal

grid lines y = y, Bél) agrees with the univariate Berrut interpolant for the interpolation points along those
lines



Proof. It is easy to verify these properties. Interpolation is guaranteed by the singularities at the inter-
polation points while the reproduction of constants is self evident.

To see the grid line first rationalize by multiplying the numerator and denominator by wy,(z)wy,(y)
where

to obtain

0<i+j<n k=0, k#1 k=0, k#£j
Bq(ml) (SU, y) - n n
o0 ] @-=) [ w-w)
0<i+j<n k=0, k#£i k=0, k#j

Restricting, for example to the vertical grid line z = x5 we obtain

n n
Z ( )H_jf 'Tlvy_] H _xk H (y_yj)
0<it+j<n k=0, k#i k=0, k#j
BY (z,,y) = — e
= I @) [ w—w)
0<itj<n k=0, ki k=0, k#j

However the product

unless ¢ = s. Hence

=0 k=0, k# k=0, k+
B (z5,y) = — 0 - n ’

S0 I @e—z) [ w-w)
3=0 k=0, ks k=0, k+#£j

n ) n

YD sy [T (w—w)

j=0 k=0, k#j

= n ) n

DI -w)
J=0 k=0, k#j

which is exactly the univariate Berrut interpolant for the function f(xs,y) along that the line z = x4. O

(1)(

Remark. The restriction of By, ’(x,y) to the upper edge x +y = 1 is not a univariate Berrut interpolant,
as is easy to confirm. It follows that B;Ll) is not symmetric with respect to the barycentric coordinates of

the triangle. [J

As we have seen, the formula can be rationalized by multiplying the numerator and denominator
by wn(7)wn(y), where



Indeed, writing Bgl)(x,y) = Nu(x,y)/Dn(x,y), let

dn(2,y) + = wy(¥)wn (y) Dn (2, y)

n n—i _l’_j

l
Den(¥) DD 7
(x — z;)(

=0 j=0 yj)

be the resulting polynomial for the denominator in . The zeros of d,,(x,y) correspond to poles in the
expression for Br(bl) and are obviously problematic. We conjecture however that there are no poles inside
the triangle, but have been able to prove this only for n < 20, to date.

Our method to do this is elementary, but computationally expensive. Consider first the n = 1 case.

Then

11— Jiti

di(z,y) = wi(@)wi(y ZZ :c—z/l y—J/1)

1=0 5=0
1 1 1
=2z — y(y —D{xy (x_l)y_x(y—l)}
=@-Dy-1)-2(y—1)—(z—1)y
=1—uxy.

Clearly dy(z,y) > 0 for (z,y) € T, but this can also be confirmed by the use of barycentric coordinates.
Indeed, let z := (1 — x — y) so that x + y + z = 1. In particular, the triangle T is given by

T ={(z,y) €R?*: 0 < z,9,2}.
Then, homogenizing and simplifying we have

dy(z,y) = (x—|—y—i—z)2—xy
=2? +y? 4 22 oy + 222 + 22

As all the coefficients of d; are non-negative, it follows that d; > 0 on the interior of the triangle T. By,
the previous proposition, we know that there are also no boundary poles on the edges x = 0 and y = 0.
The upper edge (z = 0) needs to be checked separately, which is easily done.

For higher degrees n it is convenient to change variables letting 2’ := nx, v/ :=ny, 2 =n—2' — 4y’ so
that

n n—i ’L+]

d — n—2n /
n(x>y) n wn ]Z .1‘ —Z y _])

1=

where
n

(1) =Tt - o).

1=0

Then, ignoring the n=2" factor and, by an abuse of notation, suppressing the primes,

2
da(z,y) = wa(x Z

=0 j
1 1 1 1 1 1

2—1 ’L+j

— (z —i)(y — j)

=z(z—1)(z—-2)y(ly — 1)(y — 2{ — + + +
i C7 I e i e ) I E [Ty R ey
= 222y? — 42y + 22° — day® + Toy — 4o + 2% — 4y + 4,



a polynomial of degree 4. It can be homogenized to
222y — APyt + 2022 — dayt + Tayt? — dat® + 272 — Ayt + 4t

which becomes, upon setting ¢t = (z + y + z)/2 (= 1 in barycentric coordinates),

Ady(z,y) = zt — 23y + 2232 + 42%y? + daPyz + 22227 — 2y

+day?z 4 Toyz? 4+ 202 + y* + 2932 + 29227 + 2y2° + 2
Not all the coefficients are non-negative and hence we cannot immediately conclude that do > 0 on T.

However, we may degree elevate this expression, i.e., multiply by a factor (z +y + 2)" (cf. e.g. [13]). If it
is the case that all the coefficients of the product

(z +y+2)da(x,y)

are non-negative, it follows that do > 0 on 7. (The lowest power r with this property is related to the
so-called Bernstein degree of da(z,y).) In this case, consider what occurs if » = 1. Then

Az +y+ 2)dy(z,y) = 2° 4 322 + 323y + 5adyz + 42322 + 3223
+ 12x2y22 + 13x2y22 + 42223 + 5:Uy3z + 131'3/222
+ 11zyz® + 3wz + y° + 3ytz + 49322 + 49223 + 3yzt + 25

The minimum non-zero coefficient, 1 in this case, provides a certificate of positivity for da(z,y) on the
interior of T' (where z,y, z > 0). Separate certificates for the boundary can be obtained by setting x = 0,
y = 0 and z = 0, respectively. However, as already noted, the restrictions of the bivariate interpolant to
the edges © = g = 0 and y = yg = 0 are the univariate Berrut interpolants and hence have no poles there.
The upper edge z = 0 needs to be done separately.

By these means we may, with the assistance of a computer algebra system, prove the following positivity
result.

Proposition 2 For at least n =1, 2,--- , 20,
dn(z,y) >0, (z,y) € T.

Proof. We produced a positivity certificate for the stated values of n using the Matlab Symbolic Toolbox
and the following code.



Table 1: Matlab Code for positive certificate

%o
% test positivity of numerator of s(x,y)=\sum_{i+j\le n}1/((x—1)(y—j))
%o
clear all
syms p s t xy z
n=input (’Enter the degree: )
s=0;
for i=0:n

for j=0:(n—1)

S=s (1) (i )/ (i )% (y—1));

end
end
[N,D]=numden(s); % to get the numerator
s=expand (t " (2xn)xsubs (N, {x,y},{x/t,y/t}));
s=expand (subs (s,t,(x+y+z)/n));
r=input ('Enter degree to raise by: )
sl=expand ((x+y+z) r*s);
c=coeffs(sl);
certificate=[min(c) max(c)] % certificate of positivity/negativity
s2=subs(s,z,0);
s2=expand ((x+y) "r*s);
c2=coeffs (s2);
upper_edge_certificate=[min(c2) ,max(c2)]

The minimal values of degree elevation are

Table 2: Degree Elevation r for Degree n

n r —— n r

1 0 — 11 &9
2 1 — 12 103
3 5 —— 13 123
4 8 —— 14 143
5 14 —— 15 169
6 22 —— 16 188
7T 33 —— 17 215
§ 4 —— 18 238
9 56 — 19 271
10 70 —— 20 296

Notice that the minimal elevation degree r grows quite quickly with n. In principle one can continue
with this procedure proving positivity for one degree n at a time. A general proof evades us for the time
being. U



In the univariate case it is known that in fact there are no real poles whatsoever. In contrast, in the
bivariate case there are real poles, however, due to Proposition |2 they are necessarily outside the triangle.

Proposition 3 For any set of weights w;j, the denominator

1
dn(az,y) = Wn Z wz] -

Vo iy = i/n)

has real zeros at (%%) for0<a,8<nand a+ 3 > n.

Proof. Notice that

dn(,y) = Z Wij H (. —k/n) H (y —m/n)
0<i+j<n k=0,k#i m=0,m#j

But for o + 8 > n we must have («, 8) # (4, 7), for all (i,7) with i + j < n, i.e., either « # i or 8 # j (or
both). Hence at least one of the products

Il (@m—k/m), 11 (B/n—m/n)
k=0,k#i m=0,m#j

must be zero, and thus d,(a/n, 5/n) =0. 0O

Remark. Although there are no real poles in the univariate case, there are complex poles. Figure [5] shows
these poles for degree n = 40. In fact it is possible to analyze the asymptotics of these poles. Indeed, it
was shown in [6] that

n

==

Jj=0

— J/n g{% cse(nmz) + G(na + 1) + (—1)"'G(n(1 —z) + 1)}

where G(x) is the so-called Bateman G-function

(e%¢] e—mt
Glz) = 2 /0 —dt, R(z) > 0

1+e

Letting 2z := nx, we obtain
D, (z/n) = —{27rcsc 7rz)—|—G(z+1)+(—1)"+1G(n+1—z)}.
But notice, from the defining formula, that

lim G(n+1—-2)=0

n—oo

so that the zeros of D, (x) are aysmptotically the zeros of 27 csc(mz) + G(z+1), divided by n. In particular,
one may find numerically that

zp =~ 1.346516491475860 + 1.055160064278170¢

is a zero of 2w csc(mz) + G(z + 1) and hence zp/n is approximately a zero of D, (z). Consequently, in the
univariate case, there are complex poles of distance order 1/n to the interval [0, 1], whereas in the bivariate
case there are real poles of this same order of distance to the triangle T. [

Finally, we show some examples of this bivariate interpolant. Figure [6] shows the bivariate extension of
Berrut’s first interpolant for the function f(z,y) = 2% + 32 and n = 13, 27.

Figure [7] shows the interpolant of f(z,y) = sin(27((z — 1/3)? + (y — 1/3)?)) for the same degrees.

One may notice that the interpolant is reasonable for higher values of n but leaves room for improve-
ment.

10
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Figure 5: Univariate Poles for Degree n = 40
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Figure 6: Bivariate Berrut One for f(z,y) = 22 + y%, n = 13, 27

2.1 A Hybrid Interpolant

For any linear interpolant it is possible, by means of a so-called Boolean sum, to create a hybrid version
that reproduces any specifed finite dimensional subspace of functions, the most common example of such
being the space of polynomials of degree one. Indeed, for example, if L(f) denotes the linear interpolant
of f at the three vertices of T, i.e.,

Lf(z,y)=f(0,001—2z—y)+ f(1,0)z+ f(0,1)y
then for f(m, y) := f(x,y) — Lf((x,y), we may defined
BhP(z,y) = B (z.y) + Lf(x,y)

where B,(Ll) is the interpolant of f

11



Berrut One for n= 13 Berrut One for n= 27

Figure 7: Bivariate Berrut One for f(x,y) = sin(27((z — 1/3)% + (y — 1/3)?)), n = 13, 27

Figure [8| give a comparison between the original B,(ZI) and its hybrid version, for f(x,y) =14 2z + 3y
and n =7.

Berrut One for m= 7 Bermut One Hybrid for n=7

Figure 8: Berrut One and its Hybrid for n = 7 and f(z,y) =1+ 2x + 3y

3 The Extension of Berrut’s Second Interpolant to Equally Spaced
Points on a Triangle

Berrut’s second interpolant involves the introduction of weights, adjusted at the boundary, to ensure the
reproduction of linears. In general, for weights 3;;, 0 < ¢ + j < n, we define

‘ ‘ _1yiti
Z’H—jﬁn ﬁ,]f(z/n,j/n)%

Zi+j§n Bij (x—i/n)(y—3j/n)

BP (x,y) = (12)

12



In the bivariate case the reproduction of linears splits into n odd and n even cases. We consider first
the n odd case for which we define the weights

0 (i,j)= (070)7 (n70)7 (O7n)
1/2 1<i<n-1,j=0
Biji=4 1/2 1<j<n—1,i=0 (13)
1/2 1<i<n—-1,7=1
1  otherwise

(i.e., 0 at the three vertices, 1/2 at the interior edge points and 1 at the triangle interior points). The
n =5 case is shown in Figure [9

Equally Spaced Points for n=5

Figure 9: Weights on the triangle

Proposition 4 Forn > 1 odd and weights given by , BT(E) (x,y) reproduces polynomials of degree one.

Proof. We remark that the n = 1 case has all weights zero, and hence is not relevant.
We will make use of univariate reproduction formulas for Berrut’s second interpolant.

Lemma 1 For any points xg < 1 < - -+ < Ty, and weights w; € R,

m _11' m _1i
S =S )

=0

if and only if

13



Proof. We calculate

J— -xl — .
~ - — -
m m i
— i+1 (_1)
sz( 1) —l—x{szx_ml}
=0 1=0
m ,
_ (="
oS
m .
= ) wi(-1)* =00
=0

Lemma 2 Consider the weights

W e a 1=0m
Tl 1<i<m—1

with a € R a parameter. Then for a =1/2 and any m > 1, or a =0 and m odd

m 1) m 1)
Zowzi_lzxz:a?{zowza(:_iz}

Proof. By Lemma (1| we need only show that Y"1 w;(—1)""! = 0.
The a = 1/2 case is the result first proved by Berrut and hence we leave out the details. In case a = 0
and m is odd then we calculate

m m—1
Z wz( 'L+1 Z z+1
=0 i=1
as this is an alternating sum of £1 with an even (m — 1) number of terms. [

Now to prove the Proposition. We wish to show that

1)i+j 1)Z+J

(=
Z Bij f(i/n, ]/n)( —i/n)(y —]/n Z BZ] n)(y —j/n)

i+j<n i+j<n

for any f(x,y) = ax + by + c. Clearly it suffices to show this for f(z,y) = x, which we now proceed to do.
First note that, by scaling by a factor of n this is equivalnet to showing that

_1)Z+ 1+J
Z ﬁzg Z—) =T Z Bz] - )
i+j<n i+j<n —J
Now write the summation by rows as
n n—j ;
: (=1
S S Gi -
= 7 (=) (y =)

For the first row, j = 0, the weights correspond to the lower edge and are

07]-7]-5”'71)0

14



and we apply the univariate Lemma with a = 0 and m = n to obtain

n—0 ( H—j
5'01'— =z ﬁo :
ZZ; e — 1) Z ' ~ )
For the other rows, j =1,---,(n — 1) the weights are
1 1
Z 1. 1. =
27 ) ) 72

and we may apply the univariate Lemma with a = 1/2 and m = n — j to obtain

z+_7

ZB%] ’i Zﬁzg : _ ])

For the top row (actually a singleton), 8y, = 0 and so there is nothing to do. O
(2)(

Remark. The zero weights at the vertices means that By, (x,y) will not interpolate at those points. It
will however provide an order 1/n approximation to the corresponding value of f, provided it is minimally
smooth. The approximation properties of these interpolants will be discussed in a forthcoming work. [

Just as in the first interpolant case, by Lemma [3| there are poles at (o, ), 0 < a, < n, a+ > n.
But, just as in the first case, there are no poles in the triangle 7.

Proposition 5 For at leastn =1,3,---,21,
dn(x,y) > 07 (x7y) eT.

Proof. We do this in exactly the same manner as in the first case, by using degree elevation to produce a
positivity certificate, one degree at a time.

The minimal values of degree elevation are displayed in Table (3| [

Table 3: Degree Elevation r for Degree n

n r —— n T
3 0 — 13 75
5 7 —— 15 101
T 1T —— 17 131
9 33 — 19 165
11 51 —— 21 203

The n even case splits into two subcases.

3.1 n a Multiple of Four

In case n is a multiple of four we introduce the weights of 1 at interior points and along each edge

1 1

0, 5,0 14
9y 727 ()

=
l\)\)—t

1 11
RSP,
where the 1/2 bracketed by 1/4 to the left and right is the middle entry, i = n/2.

We first remark that in the univariate case the rational interpolant with these weights, for n a multiple
of four, reproduces linears.

15



Berrut One for n= 13 Berrut One for n= 27
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Figure 10: Above: Berrut’s one. Below: Berrut’s two
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Lemma 3 For n a multiple of four and the weights given by ,
n ; n ;
(~1) (—1)
Z;wix—ﬂﬁz%:m Zwix—wi '
1=

Proof. Applying Lemma [T we calculate

n n—1
Z:wi(—l)iJrl = z:wi(—l)“rl (as wo = wy, = 0)
i=0 i=1
n—1
_ %;(_1)'&—%1 _ % {(_1)(n/2—1)+1 + (_1)(n/2+1)+1}
n—1
- %Z(—l)”l ——{(+1) + (+1)} (as n/2 is even)
i=1
1 1
=53
=0

and the result follows. [

16



Proposition 6 For the weights q;; given by and n a multiple of four, the Berrut two extension
reproduces linears.

Proof. We will show that

> Biif R (_ = > Bt

i+j<n y y] i+j<n

)”’

)y — y])

for any f(z,y) = ax + by + ¢. Again, it suffices to show this for f(z,y) = x, i.e., that

i+j
Z /Bmxz 1) ’ =T Z /B’Lj

G i) (Y — y5) G2, @)y —y)

—1)"*7

We again proceed row by row. The bottom row j = 0 is the case discussed in Lemma [3| The other rows,
other than for j =n/2 £+ 1, follow from the a = 1/2 case of Lemma [2| For j =n/2 — 1 we have

2+J —1) n—(n/2-1) —1)¢
zq” m= T 5 g S
= (z—w) y—yj) y—yi o T = @
( . n/2+1 )z
g Z (:I’L] xi 7, '/L‘) + x)
: /2+1 n/2+1) .
VAN B 1)
= ( — ) : Z qz‘j(—l)l+1 +x Z %]a(:_:)z
U i=0 i=0
Now we claim that
n/2+1
Z qij(_l)i—i-l -0

=0

from which the result for the j = (n/2 — 1)th row follows. To see this just note that for row j =n/2 — 1,

n/2+1 n/2 1
+1 i+1 1 n/2+1)+1
2 a1 =3 + {4 (e
=0+ 7 {(-1)+ (+1)} (as n/2 even)
= 0.

The row j =n/2 + 1 is completely analogous. [J

Just as in the previous cases, by Lemma there are poles at (o, 8), 0 < a, 8 < n, a+ > n. But, we
conjeture that there are no poles in the triangle 7.

Proposition 7 For at least n = 4,8, -, 20,
dn(xay) > O? (.f,y) eT.

Proof. We do this in exactly the same manner as before, by using degree elevation to produce a positivity
certificate, one degree at a time. The minimal values of degree elevation are
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Table 4: Degree Elevation r for Degree n

nor
4 0
8 59
12 175
16 341
20 550

This concludes the proof. [
Figure [11| shows the result of interpolating f(z,y) = 2? + y? for n = 8 and n = 12.

Berrut Two forn=8 Berrut Two forn=12

LE- 08 ]

Figure 11: Berrut Two for n a multiple of four

4 n Even, but n/2 Odd

In case n is even but not a multiple of four, i.e., n/2 is odd, we introduce the weights of 1 at interior points

and along each edge
1
07 57 )
where the 0 in the middle is the entry, i = n/2.
We first remark that in the univariate case the rational interpolant with these weights, for n even but

n/2 odd, reproduces linears.

11 1
0.=.2..... 2.0 15
77272 ’27 ( )

Lemma 4 For n even but n/2 odd, and the weights given by (@,

n —li n _1)i

=0

Proof. By Lemma [I] we need only show that
n .
> wi(-1)F =0
i=0
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However, in this case

n /2—1 n—1
. 1" . , 1
’ 1 i+1 _ -1 i+1 -1 +1 _
;:0 wi(—1) 5 ;:1 (=)™ + 3 2/2_1( ) 510 +0}

as both are alternating sums of +1 with an even number of terms, n/2 — 1 for the first sum and (n — 1) —
(n/2+1)+1=mn/2—1 for the second. OJ

Proposition 8 For n even but n/2 odd and the edge weights given by (@, the generalized Berrut inter-
polant reproduces linears.

Proof. We again go row by row. The bottom row is the case of Lemma The rows with 1/2 at the
beginning and end are the classical Berrut case, whereas the middle row j = n/2 with weights

071717"' 515170
are handled by Lemma [2| as, by assumption, n/2 is odd. O

Berrut Two for n=6 Berrut Two forn=14

08 | 08 |

Figure 12: Berrut Two for n even but n/2 odd

Remark. There are, as always, poles oustide of the triangle T" and we conjecture that there are again
no poles inside 7. [J
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