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Abstract

Polynomial reproduction plays a relevant role in deriving error estimates for var-
ious approximation schemes. Local reproduction in a quasi-uniform setting is a sig-
nificant factor in the estimation of error and the assessment of stability but for some
computationally relevant schemes, such as Rescaled Localized Radial Basis Functions
(RL-RBF), it becomes a limitation. To facilitate the study of a greater variety of ap-
proximation methods in a unified and efficient manner, this work proposes a framework
based on fast decaying polynomial reproduction: we do not restrict to compactly sup-
ported basis functions, but we allow the basis function decay to infinity as a function of
the separation distance. Implementing fast decaying polynomial reproduction provides
stable and convergent methods, that can be smooth when approximating by moving
least squares otherwise very efficient in the case of linear programming problems. All
the results presented in this paper concerning the rate of convergence, the Lebesgue
constant, the smoothness of the approximant, and the compactness of the support have
been verified numerically, even in the multivariate setting.

1 Introduction

Polynomials are widely utilized in approximation theory due to their ease of definition,
implementation, and immediate error analysis by resorting to Taylor expansion. Local
polynomial reproduction is crucial in estimating errors for various approximation tech-
niques (cf. e.g. [Sch97; Fly06]). In [WenOl], in the case of radial basis functions with
compact support, a bound for the Lebesgue constants, which is uniform and independent
of the space dimension, is provided. However, oversampling may still occur.

The insights of certain arguments in [DW20] enable us to reformulate the structure of
polynomial reproduction in a general context. It is possible to contextualize the Rescaled
Localised Radial Basis Function method (RL-RBF), introduced in [DFQ14], more effec-
tively using the idea of fast decaying polynomial reproduction. The convergence of the
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RL-RBF interpolant has been analyzed in [DW20] leaving open a conjecture on the sum
of the cardinal functions related to the RL-RBF approximant.

This paper aims to provide a new approach to polynomial reproduction based on the
assumption that the basis functions are only decaying to infinity. To provide a comprehen-
sive overview, we also cite the recent monograph [BJ22], which offers a detailed account
of the latest quasi-interpolation techniques. We point out that the flexibility of the fast-
decaying polynomial reproduction framework will also permit an alternative approach to
these schemes. Quasi-interpolation techniques with functions having non-compact sup-
port have been meticulously reviewed providing a characterization of the approximation
space for approximants of functions in the Sobolev space W (cf. [LC92]). Under certain
conditions (algebraic decay and possible divergence at 07) our scheme can retrace the con-
struction in [LC92].

In our work, the Gaussian kernel will play an important role, as its behavior at co can be
precisely controlled and idea that returns to the controlled approrimation already explored
by G. Strang in [Str70]. In [MS96] we find explicit error expansions for approzimate ap-
proximations using Gaussian kernels. In particular with that approach, we could construct
very accurate approximations, but generally, the approximations do not converge. Indeed
they showed that to achieve convergence, the method’s parameters must depend on the
distribution of data in the domain. This is the context within which our work will make
improvements.

The paper is organized as follows. In section 2, after recalling some necessary definitions,
we present the concept of local polynomial reproduction in a quasi-uniform setting and
some useful results that will be employed in the successive discussion. In section 3, the
motivation for the new fast-decaying polynomial reproduction technique and evidence of
its convergence and stability are presented. In the following sections 4 and 5 we apply the
fast-decaying polynomial reproduction in two instances: the moving least squares method
and the approximation by linear programming. In section 6 we present and discuss some
numerical experiments. The numerical tests have been conducted by comparing approxi-
mation methods under different conditions applied in univariate and multivariate settings.
The performances of the methods, the moving least squares approach, and the approxima-
tion by linear optimization, are evaluated in terms of their stability and convergence. The
analysis was concluded by examining the behavior of basis functions with algebraic decay,
given that they diverge in zero and represent a degenerate case for our framework. In sec-
tion 7, we conclude by summarizing our results and outlining some possible developments.

2 Notations and preliminaries

We start by defining local polynomial reproduction (cf. e.g. [Wen04, Definition 3.1]). Let
X ={z1,...,2n} CQ C R? be a finite subset of distinct points their separation radius



and fill distance are defined as follows

1
ax = gminllzs —zllz, o = sup min -,

Definition 1. For every finite set X = {x1,...,xn} C Q we consider the family of
functions u; = uf Q=R for1 <j < N. They provide a local polynomial reproduction
of degree ¢ on ) if there exist constants hg, C1,Cy € Rsqg such that

1. Zp(xj)uj = p for each p € T(RY),

2. Z]uy )| < Cq forallx € Q,

3. uj(r) =0 if |z — zjll2 > C2hx
are satisfied for all X with hx o < hg.
Notice that 7(R?) is the space of polynomials of degree at most £ in R

If f:Q — R is a function we can build a stable quasi-interpolation process by

N
zrx = fls)uy. (1)
j=1

It is important to observe that the second condition guarantees that the process is stable,
that is the Lebesgue constant is bounded. Indeed,

N

E: (zj)uj(z

j=1 Jj=1

Mz

N
xy uj(z Z %)HUJ( )| <

< max |f(z;) — xJ]Z\uJ

1<j<N

< max [f(z;) - (xj)!Cl-
Instead, the first and third conditions concern local polynomial reproduction. In this setting
the functions {u;};—1, . n are arbitrary (their smoothness is not relevant for the stability
and convergence). Although the fast-decaying polynomial reproduction framework is fairly
general, it is useful to add regularity to the domain and the node distribution in order to
produce concrete methods. To this aim, we need to introduce two definitions: the interior
cone condition for the approximation domain and the quasi-uniform node distribution.



Definition 2. A bounded Lipschitz domain Q C R? satisfies an interior cone condition,
if there exists an angle ¥ € (0,7/2) and a radius r > 0 such that for every x € Q a unit
vector £(x) exists so that the cone

C(‘/L"f(m)a'ﬂv T) = {I +Ay:y € Rdﬂ HyH2 =1, <y7§($)> > COS(19), A€ [O,T]}
is entirely contained in €.

Definition 3. A nodes distribution X = {x1,...,zN} is quasi-uniform with respect to a
constant cg, > 0, if
ax < hxa < cqugx -

The requirement gx < hx o instead of cgx < hx o with ¢ < 1 is not restrictive if €
satisfies an interior cone condition with radius » > 0 and angle ¥ > 0. In fact, if gx < r
then for each z; € X we can find y € Q with ||y — z;||2 = ¢x. Indeed, if ||z]]2 = 1 and
(z,&(x)) > cos(¥?) then

| zi + Az —zilla = X € [0,7].
Yy

For any other z; € €}
ly = zjll2 = llzj — il = [y — @ill2 = 2¢x — ax = ax,

that gives hx o > qx.

The Definition 3 is useful when we consider a sequence of data sets that have the same
constant cg, and the fill distance becomes smaller and smaller.

Being interested in a RL-RBF approximation, if the node distribution is quasi-uniform, we
need to check how many nodes of X fall near each point of z € ). To quantify them we
need the scaling parameter ¢ of our approximation scheme is bounded (cf. [DW20])

veyhx o <6 < ceyhx o, (2)
with v €]0,1[ and ¢, > 1. For quasi-uniformity of X, inequality (2) becomes
veyqx < 0 < C~rCqudX - (3)

Finally, the existence of methods that reproduce polynomials locally is claimed by the
following theorem [Wen04, Theorem 3.14].

Theorem 1. Suppose that Q C R? is compact and satisfies an interior cone condition with
angle ¥ €]0,7/2[ and radius r > 0. Fix m € N. Then, there exists constants hg, C1,C2
depending on m,d,r such that for every X = {x1,...,xn} C Q with hx o < ho and every
x € Q we can find real numbers {u;(x)}j=1,. . N with



N

° Zp(:rj)ﬂj(:n) = p(x) for each p € Fm(Rd),
j=1

N
o > lu(a)| < Cu,
j=1
e uj(z) =0 if [z — z;ll2 > Cahxq.
In particular, from the proof of the previous Theorem, the values for the constants

involved, when ¥ < 7/5, are:

16(1 + sin(9))?m? r
ho = —=.

=92 =
¢1=2 C: 3sin(1))2 ’ Co

3 Fast-decaying polynomial reproduction

Generalizing Definition 1 we want to relax the hypothesis of the compact support by
preserving the same rate of convergence (cfr. [Wen04, Theorem 3.2]).
p(n+1)

e(n)
and it is strictly smaller than 1. For every finite set X = {x1,...,zn} C Q we consider the

family of functions u; = qu Q=R for1 <j < N. It provides fast-decaying polynomial
reproduction of degree £ on € with respect to ¢ if there exist constants C,hg € Rsq such
that

1. Z;V:1 p(xj)u; = p for each p € mp(RY),

Definition 4. Let ¢ : R>g — R be a decreasing function such that lim,,_, exists

2. |uj(z)| < Co (”x;%”?) forallz € Qandj=1,...,N
are satisfied for all X with hx o < ho.

In what follows, the problem we are facing is to construct a stable approximation based
on a fast-decaying polynomial reproduction scheme, as described in eq. (1), to approximate
any smooth function f : Q* — R which is C™*1(Q*), Q* being the closure of the convex
hull of © (see Theorem 3 below).

3.1 Stability

We recall that the interpolation method described in [DFQ14] fulfills the fast-decaying
polynomial reproduction framework for quasi-uniform data sets up to a conjecture, as
stated in [DW20, Theorem 2.3, Lemma 3.1].



The following result, which is a straightforward generalization of [DW20, Corollary 2.5],
proves the stability of the fast-decaying polynomial reproduction approach and it will be
useful to prove later on its convergence.

Theorem 2. Suppose that X = {x1,...,xx} C R? is an arbitrary data set and {uy, ... ,un}
s given by a fast-decaying polynomial reproduction method with respect to . Then, for
every ¢ € N there exists a constant K = K(¢,C,p,d) such that

N
> llw = zjllsluy(2)| < Kqy  forz e Q. (4)
Jj=1
with
+oo
K =3%CY (n+1)"" Tp(n). (5)
n=0

Proof. Fix z € 2. We define a sequence of sets {E,, },en that covers RY as
E,={y eR%:ngx <|ly—zf2 < (n+1)gx}.
We note that if z; € £, then
B(zj,qx) C{y € R : (n —)gx < |y — zl2 < (n+2)gx} = En 1 UE, U By .

In fact, if y € B(zj,qx) then ngx —qx < [lzj —xl2 = [lzj = yll2 < [ly = zll2 < [ly = zjll2 +
llz; — x| < gx + (n+1)gx. Since {B(xj,qx)}j=1,. ~ are pairwise disjoint

U Blaj.ax) € Ble, (n+2)ax) \ B(x, (n — 1)gx)
Jixj€EEn

a volume comparison gives for n > 1
#{z;x; € By} < (n+2)%— (n— 1) <34t <39n + 1)471

that holds also for n = 0 because 2¢ < 3% (# being the cardinality of the set).
The above inequalities are held by induction on d: the calculations are tedious and left to
the reader.



By remarking that if z; € E, then n < ”12%”2 and if we split the sum over the sets
{En}nen we obtain

N =

g [ o~ a4l

S le— sl < 32 3 le-aliu@l <Y 3 -l <x] :
j=1

n:Oa:jeEn n=0zx;cky
<ZZ lz = z;]15C o (n <ZZ (n+1)'¢5Cep(n) <
n=0z;cEn, n=0z;ckn,

+oo +o0
<339+ 1) Cpln) = g 310 (n+ 1) ().

n=0
K
The series is convergent because of the ratio test:
(n+2)H T om+1)  (n+2\TTom+1) nores . @i+ 1)
= lim ———= < 1.
(n+ 1) 1p(n) n+1 ¢(n) n—+oo p(n)

O]

We note that the hypothesis of X to be quasi-uniform is not necessary for this proof, but it
will be fundamental for the convergence result. By Theorem 2 we remark that the Lebesgue
function of the quasi-interpolation scheme in equation (1) is uniformly bounded by

ZWJ ‘<3dczn+1 Yo (n),

n=0

which shows that the scheme is stable.

3.2 Convergence

The framework we are investigating requires the exact reproduction of polynomial spaces.
Therefore, we expect a convergence order of O(hg}g) if we approximate without error all

polynomials up to degree m.

Theorem 3. Let X and u; as in the previous Theorems. Define 2* to be the closure of
the convex hull of Q, that satisfies an interior cone condition. If f € C™1(Q*) then there
exists a constant K = K(C,¢,d, m) such that

1F = 2zpxllze (@) < KRG fllemsi oo,

for hx .o < hg.



Proof. Let p € 7,,(R%) be an arbitrary polynomial of degree < m. By using Definition 4

|f(2) = zpx (@) < |f(z) = p(@)] + |p(z Zf (0 )u (2

< [f( |+Z|P zj) = f(@5)||u;(@)] -

Choose p to be the Taylor polynomial of f around x of order m, then for y € ) there exists
& € O such that

HOESY Da(f,(x) (y—2)*= > Daoi(g) (y — )"

lor|<m ’ |a|=m+1

Remarking that |(y — 2)°| = [I{; [yi — 2:* < TIL, ly — z]|* = [ly — «|/®l, for any
j=1,...,N

1D°() =0 . | .
pla)~fll< > S zmallyt < (Y0 = | flewe oo lo—allz
|a|=m+1 ’ laj=m+1
Hence,
1 N
[f(@) = zpx(@)| < [ D o |Flemsiqaey D g — all5uy ()]
laj=m+1 j=1
1
< Z a K(m + 17 Ca P, d)|f’Cm+1(Q*)hX—~g_)la

|a|l=m+1

where K(m+1,C, ¢, d) comes from the application of Theorem 2 with ¢gx < hx o and the
fact that () satisfies an interior cone condition. ]

4 An example of fast-decaying polynomial reproduction

Fast-decaying polynomial approximant can naturally be applied to the moving least squares
approach [LS81; McL74; McL76; She68|. In particular, using Gaussian weights we can
construct a C*°(Q2) approximant. For the sake of completeness, we recall that the value
zrx(x), Va € Q of the moving least squares approximant is given by z¢ x(z) = p*(z)
where p* is the solution of

N oy (le=pil2)?
min {Z(f(ﬂ?z’) —p(xi))% ’ 'pE 7Tm(]Rd)} ) (6)

=1



v € Ryg is a fixed parameter and § (cf. (3)) depends on the data set X.
Since the weight function is strictly positive

w(z,y) = () S

we can generalize the results in [Wen04, Section 4.1] for the problem (6).

Indeed, if the set X = {z1,..., 2N} is 7, (R?)-unisolvent then the unique solution of (6) is
N
2x(@) =) flai)aj(x),
i=1

where the coefficients a;(z) are determined as ming,)cgw~ a’(z)D(x)a(z), with D(z) a

_ o lz—=zill2
diagonal matrix with elements d;(z) = e V( s ) , that is

under the constraints

N

S p(aai@) = pla),  p € mm(RY. (8)

i=1

It is also possible to obtain a representation for the basis functions {a;f ()}j=1,..N as

) = (ux xjuz) Z)\k Yo (z)

where {A;(2)}r=1,. .0 are the unique solutions of
Q (Hz mwz)
> Ml Z e pr(zj)pe(z)) = pe(z),  0<L<Q. (9)
k=1

Hence, being {p1, . ..,pq} a basis for m,,(R%), it follows that the approximant z; x € C>°(Q).

For m = 0, which allows us to reproduce constants, we get

le—=jll2 2
v
(&

a(m) N N fu(llx—xi|\2>2 ’ J=be
2lim1€ ’




and the minimization problem (6) has the solution

N _”(mf
zrx(x) = Z;f(xj) Z; 7}/(@>2’

i=1¢€

aj(z)
which is a particular instance of the Shepard approximation method [She68].
In [Wen04, Theorem 4.7] we have a similar result for compactly supported basis functions

in a quasi-uniform setting. We show that the result can be generalized to fast-decaying
basis functions.

Theorem 4. Suppose that Q@ C R? is compact and satisfies an interior cone condition
with angle ¥ €]0,7/2[ and radius r > 0. Fix m € N. Let hy,C1 and Cy denote the
constants of Theorem 1. Suppose that X = {z1,...,zxy} C Q is a quasi-uniform data
sets with respect to cq, > 0 and hxqa < ho. Let ¢ be as in equation (2). Then, the
basis functions {a}f (x)}j=1,...n provide polynomial reproduction with fast decay, with certain
constants C, hg and function @ that can be derived explicitly.

Proof. By Definition 4 we must prove Properties 1 and 2.
The first property of Definition 4 is a consequence of equation (6) that defines the
moving least squares method.

To prove the second one, we must bind the quantity
N

al(x))?
S~ (i)

lz—a;ll2 )2
i=1 e"’( 12)

There exists {uj(x)}j=1,.. v providing local polynomial reproduction (cf. Theorem 1) such
that u; is supported in B(zj, Cohx q) for j =1,..., N. Being basis function {a;f () }j=1,..N
obtained by solving the minimization problem (8) we get

Z Hr zz\lz Z o Z

nz an Hz zlu T (la=ailz\2
i=1 i=1 ¢ 2) ZEI 2)
1 -
;Y. (uz‘(:f))2 <

- _V<Czhx,sz> —
e g icl(z)

1 ~
e

B ) icl(z)
¢ _

- _ CQhX,Q 2 — v Co 20
e v B e Yey

10




where I(z) = {j e{l,...,N}:z; € B(.’I],CQhX,Q)}. With the last computation we ob-
tained for i =1,..., N

(@) _ G

_l,(uz—mlz)Q - _,,(02)2
e g e vey

that gives us

_ c? _V(Hz—;i\m)?

|aj

We now observe that e < ee ® for x € R. This results from the fact that
2l < x4+l <a®+1

that holds for x € [-1,1] and € R\ [—1,1]. We then obtain

C? _/mla=aglly —
‘a:(l’)’ S [ 42 5 e \/QC’YCqqu = C(p (Hx xl||2> (12)
e (’Yc?y) ax
—_—
C

fori=1,...,N with

O]

We notice that in [Wen04, Theorem 4.7], the set X is locally unisolvent, which leads to
oversampling, while in the above Theorem 4, X is unisolvent because there are not local
arguments.

The same construction that leads to Theorem 4 can also be obtained with

llz—yll
w(:v,y) =e’ ;e
getting
02 N —
C= 7102 and @(x) =€ 2°cvcau”, (13)
e_y(“/c’v)

More generally, Theorem 4 holds for

wle.p) = p (22 >0

ax

11



with ¢ that satisfies the hypothesis of Definition 4, obtaining

ct
¢(C2cqu)

For m = 0 the minimization problem has the solution

C= and  @(x) = Vp(x). (14)

v p (lezule)
() =2 Sm) (q”””;f?”Q) |

a’ ()

We also point out that, in a quasi-uniform setting, the schemes of Definition 1 satisfy
Definition 4 getting

N
ui(2)] < |uj(x)| < C, i=1,...,N.
j=1

So, if we choose K such that C; < Ke=©2 then for z € QN B(z;, Cahx o) we obtain

_llz—=z4ll2 o 1 ===l

ui(2)| < C1 < Kem@ < Ke ™92 < Ke v ox

Concerning the computational cost of evaluating the approximant at x € {2, we note
that for computing {Ai(x),..., A\g(x)} we need to solve a @ x @ linear system, so the com-
putational cost is O(Q3). The cost to build the matrix of the linear system is O(NQ@Q?),
where N is the number of data sites. To compute {a}(z),...,a}(z)} we need O(NQ)
because, for each basis function, we perform a number of multiplications and sums which
is proportional to ). In summary, to build the basis functions at x € €2 the total compu-
tational cost is

O(Q° + NQ*+ NQ) = O(N)

and moreover we have to add O(N) to compute the value of the approximate. Hence, if
we compute the value of the approximant at M points the total cost will be O(NM).

5 Approximation with the 1-norm

The approximation scheme in section 4 is convergent but in general the basis functions
a;f(:c) do not have compact support. This feature has negative repercussions

e the linear system to solve, which depends on the polynomial reproduction, is dense
and could lead to numerical instability;

e when evaluating the approximant at « we perform N multiplications if the a}(z) # 0.

12



Considering the previous issues, we want to construct a new approximant by imitating
equation (7) and substituting a weighted 2-norm with a weighted 1-norm.
Then, the approximant zy x is of the form

N

zrx(@) =Y f(wi)a}(x),

i=1
where the coefficients a}(z) are determined by minimizing

N

llz—aill2 )2
i=1 e*"( 12)

under the constraints

N

Zp(ﬂ?i)ai(l“) = p(x), p € mn(RY).

=1

Since the optimization problem in equation (15) is a feasible bounded linear program be-
cause X is 7, (RY)-unisolvent, the approximation method is well-defined and it reproduces
Tm(R?) exactly. Our next step is to prove a convergence rate as in Theorem 3.

Theorem 5. Suppose that Q@ C R? is compact a satisfies an interior cone condition with
angle ¥ €]0,7/2] and radius v > 0. Fix m € N. Let ho, Cy and Cy denote the constants of
Theorem 1. Suppose that X = {x1,...,xny} C Q is a quasi-uniform data sets with respect to
Cqu > 0 and hx o < hg. Let d be as in equation (2). Then the basis functions {a;f(x)}jzlj,,.71v
of equation (15) provide polynomial reproduction with fast decay, with certain constants
C, hg and function ¢ that can be derived explicitly.

Proof. The first property of Definition 4 is a consequence of equation (15) that defines the
optimization problem and its constraints.

To prove the second property, we bind the following quantity

N

> |ai (2)]

le—=;llg 2"
i=1 e"’( 5

The calculations are analogous to those employed in the inequalities outlined in (11). The
sole exception pertains to the exponents in the optimization problem.
Since we obtained for i =1,..., N

o)) —y(lezzilz )2
2 € ’

- CyCqudx
(&)
e ey

13

|a; ()] <




we can conclude as in (12)

C llz—=;ll .
i) < e— Gl ~VESEE o < wa\h)
_”( = ) ax
e Yey
C

fori=1,..., N with

The same construction that leads to Theorem 5 can also be obtained with

llz—yll
wle,y)=e™ T
getting
C S
C=—"_ and o) =c "=’
(%)
e \7ey

More generally if

w(z,y) =¢ (\OC—Z/H2> >0

ax
and ¢ satisfies the hypothesis in Definition 4, we get

Cq

=L
SD(CQCqu)

and  p(z) = ¢(z).

(17)

In this framework, the computational cost depends on the algorithm used to solve the
optimization problem (15). For this purpose, we analyze in particular the simplex method
[Kar08]. To this aim, we must rewrite equation (15) in standard or tabular form. Letting,

T

1 1
w(z) = cRY

_l,(nz—;:n\z)” ’_y<uz—§m|z>2
e e

the vector of the weights, P = (p;(x;))i=1,... N j=
RY, where {p1,...,po} is a basis for m,,(R?).

Then, the optimization problem (15) becomes
ZW lai(e
s.t. PTa(J:) = S(z),

14

j=1,..Q € RN*@ and S(z) = (p1(x),. ..

po(@)' €



that in standard form is
(
s.t. PT(a+(x) —a (x)) = 8S(x) (18)

If the solution of the linear problem in equation (18) is (@*(z),a (z)) € R?Y then the
solution of (15) will be a*(x) =a*(z) —a (z) € RV.

If instead we use the simplex method to solve (18) then a solution can be a vertex of
the polyhedron {a € RY : PTa = S(z)}, so the number of non-zero components of a
vertex solution is at most rank(P ") = Q. Hence to evaluate zf x in x € {2 we need to solve
(18) performing at most ¢ multiplications and additions.

We can show that, if the weight function is continuous, then under some conditions we
can implement what in the optimization literature is known as warm-start technique (cfr.
[CCZ14]).

It is useful to rewrite the linear program in (18) as

max ( ) a(z)
s.t. Aa(z) = S(z) (19)
a(r) =0,

where ¢(z) = (—w(z), —w(z)) € R*N, a(z) = (at(z),a (z)) and A = (PT,-PT) ¢
Mg on(R).

The simplex method returns not only a solution to the problem but also a basis B C
{1,...,2N} such that #B = @, which is admissible for the primal and for the dual, i.e.

S(x) = Az'S(z) >0

)T en(a)T — en(x) A5 Ay <0, 20

cn(z
where N = {1,...,2N} \ B. If at least one of the inequalities in (20) holds strictly, then

in a neighborhood U C 2 of x the base B is admissible respectively in the primal or in the
dual, so we may restart the algorithm for y € U without computing a new admissible basis.

In general we want that if ||z — x;||2 > 1 then the weight w;(z) > 1. Reasonably we

expect |a;(z)| < 1 or |a;(z)] = 0. This consideration pushes us to analyze a reduction of
the dimensionality of the problem in equation (18).

15



To this aim we study the column generation approach [CCZ14]. Let us consider an
equivalent formulation of (18)

min  c(z) a(z)
st. Aa(z) = S(z) (21)
a(z) >0,

where ¢(z) = (w(z),w(z)) € R?N a(z) = (a™(z),a” (x)) and A = (PT,—PT) € Mgan(R).
The dual problem of (21) is

min () w(z)

st ATu(z) < c(z). (22)

To understand the dimensionality reduction it is better to write (21) and (22) in explicit
form.

2N
min Zci(a:)ai(:lr)
=1
2N 23
s.t. ZA”aZ(:c) :Sj($) j=1...,Q ( )
i=1

ai(z) >0 i=1,...,2N.

Q
max Z Si(x)ui(x)
=l (24)

Q
s.t. ZA]ZUZ(.’E) < cj(x) ]: 1,...,2N.
i=1

We now fix & C {1,...,2N} such that the reduced problem of (23) is admissible.

min Zci(x)ai(:z:)
€S

s.t. Z A”Oéz(x) == SJ(IE) ] = 1, PN ,Q (25)
€S
a;(x) >0 ieS.
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The dual of (25) (that is the reduced problem of (24)) becomes

Q
max > Si(x)u(x)
=1

~

Q
s.t. ZAJZU,Z(CC) < Cj(.%‘) jEeSs.
=1

If (@;()), g is a solution of (25) and u(z) € R® is its dual solution we can extend (@; (2));e5

to an admissible solution of (23) imposing a@;(z) = 0 if i ¢ S. We remark that by duality

2N Q
Y al@ai(z) = a@a(@) = Si@)u(@),
i=1 g i=1

so @(x) is a solution of (23) if w(z) is admissible in (24).

If %(z) is not admissible then there exits j € {1,...,2N}\ & such that 2?21 Ajiui(x) >
¢j(z), so we iterate the procedure adding to S the element J-

At each step, we solve a problem that has fewer variables than (23), and then we perform
an admissibility check that costs O(NN). This procedure can be useful because we can
guess where the non-zero components of the solution of (23) are and find the solution
with less computational effort. We remark that a vertex solution has at most ) non-zero
components.

6 Numerical experiments

6.1 Basis Functions

The purpose of this section is to show some numerical properties that confirm the theo-
retical properties regarding fast decaying polynomial reproduction methods, as stated in
Definition (4), and the approximation by || - |1 (equation (15)). We are not dealing with
basis functions with compact support that have been discussed in [Fas07]. We focus on
basis functions which also allow us to construct smooth approximants.

We start by analyzing the basis functions of Theorem 4. Figure 1 shows the results on the
differentiability of the basis functions of Corollary 4.5 in [Wen04]. In particular, the basis
functions are smooth for each polynomial space they reproduce.

Figure 2 points out an interesting aspect of basis functions’ smoothness. [Wen04, Corol-
lary 4.5 | guarantees a priori that {a],...,aZ} C C([—1,1]) and this is confirmed. But when
the degree of the polynomials to be reproduced increases, then also the smoothness of the
basis functions increases. We have seen in Theorem 3 that the smoothness of the weight
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‘_a; — P p—

0.24
0.22

0.2
0.18
0.16
0.14

1 08 -06 04 02 0 02 04 06 08 1 1 -08 06 -04 02 0 02 04 06 08 1 1 -08 06 -04 02 0 02 04 06 08 1

(a) m=0 (b) m=3 (c) m=4

Figure 1: The weight function w(z) = e~ € C>®(R), the nodes are 5 uniformly perturbed
equispaced nodes in [—1, 1]. From left to right the basis functions reproduce the polynomials
of degrees m = 0,3, and 4 respectively. In this numerical test § = 5hx q.

functions does not affect the convergence rate but a smooth approximant can be useful in
applications.

To produce Figure 1 and Figure 2 we used the system in equation (9) and as polyno-
mial basis we choose Chebyshev polynomials of the first kind [Riv90].

—a] ——a) a3 =——aj —a3

08 -06 -04 02 0 02 04 06 08 1 "4 08 06 04 02 0 02 04 06 08 1 "4 08 06 04 02 0 02 04 06 08 1

(a) m=0 (b) m=3 (c) m=4

Figure 2: Basis functions of Theorem 4. The weight function coincides with e™® € C(R)
and the approxiomation nodes are 5 uniformly perturbed equispaced nodes in [—1, 1]. From
left to right the basis functions reproduce the polynomials of degrees 0, 3 and 4 respectively.
In this numerical test 6 = 5hx q.

We continue by analyzing the basis functions of equation (15).
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4 08 -06 04 -02 0 02 04 06 08 1 -1 -08 06 -04 02 0 02 04 06 08 1 "4 08 06 04 02 0 02 04 06 08 1

(a) m=0 (b) m=3 (c) m=4

Figure 3: Basis functions of equation (15). The weight function coincides with e €
C>*(R) and the approxiomation nodes are 5 uniformly perturbed equispaced nodes in
[—1,1]. From left to right the basis functions reproduce the polynomials of degree 0,3
and 4 respectively. In this numerical test 6 = 5hx .

—] — @ — —a ‘_ai — P R—r

08 1
05
06
0
0.4 05 [ ;

4 08 -06 04 -02 0 02 04 06 08 1 -1 -08 06 -04 02 0 02 04 06 08 1 "4 08 06 04 02 0 02 04 06 08 1

(a) m=0 (b) m=3 (c) m=4

Figure 4: Basis functions of equation (15). The weight function coincides with e™* € C(R)
and the approxiomation nodes are 5 uniformly perturbed equispaced nodes in [—1, 1]. From
left to right the basis functions reproduce the polynomials of degree 0,3 and 4 respectively.
In this numerical test 6 = 5hx q.

As fast decaying polynomial reproduction methods Figure 3 and Figure 4 show an inter-
esting result. We do not know the regularity of the basis functions {aj,...,af} but when
the degree of the polynomials to be reproduced increases then also the smoothness of the
basis functions increases from a practical point of view. With our numerical experiments
this consideration does not depend on the weight functions used. We have seen in Theorem
5 that the smoothness of the weight functions does not affect the convergence rate but a
smooth approximant can be useful for applications. From Figure 3 and Figure 4 we can
underline a characteristic that derives from the method used to solve the linear optimiza-
tion problem in equation (15). Since we use the simplex method then in each point of
[—1,1] only m + 1 basis functions are different from zero.
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To produce Figure 3 and Figure 4 we used as linear optimization solver Gurobi 10 with a
tolerance on optimality conditions and constraints of 10719, As polynomial basis in equa-
tion (18) we choose Chebyshev polynomials of the first kind.

Furthermore, the inclusion of numerical experiments in dimension 2 serves to enhance the
introduction of the method in section 5, thereby facilitating a more intuitive understanding.

Figure 5: Basis functions of Theorem 4. The weight function coincides with e=** € C*°(R)
and the approxiomation nodes are 9 equispaced nodes in [0, 1]2. The basis functions repro-
duce the polynomials of degree 2. In this numerical test § = Shx q.

To produce Figure 5 we used the system in equation (9) and as polynomial basis we choose
standard polynomial basis.
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Figure 6: Basis functions of equation (15). The weight function coincides with e~** €
C>(R) and the approxiomation nodes are 9 equispaced nodes in [0, 1]2. The basis functions
reproduce the polynomials of degree 2. In this numerical test 6 = 5hx q.

To produce Figure 6 we used as linear optimization solver Gurobi 10 with a tolerance on
optimality conditions and constraints of 107!°. As polynomial basis in equation (18) we
choose standard polynomials basis.

As evidenced by the analysis of Figures 3 and 4, the approximation method utilising the
minimisation of the 1-norm exhibits a smaller support. Since we exploit the simplex method
then in each point of [0, 1]% only (™5 2) basis functions are different from zero (in this case

only 6 basis functions).

6.2 Numerical Convergence

We discuss some experiments to confirm Theorem 3 numerically. A comprehensive exam-
ination of the proposed methodologies for the one-dimensional scenario can be found in
[Cap22].

In principle, the proposed approximation methods can be applied whatever the size of
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the data under consideration. The aforementioned methodologies (equation (6) and equa-
tion (15)) have been implemented in a two-dimensional context. We approximate Franke’s
bivariate test function (cfr. [FC79]) on equispaced nodes (quasi-uniform data set) in [0, 1]2.
For the method described in equation (6) we use equation (9) to get the approximant and
the polynomial basis is the standard polynomial basis. The 1-norm minimisation method
uses the standard polynomial basis and Gurobi 10 with a tollerance of 107! to solve the
linear program in equation (18). We fix § = 30hx o and we wish to inform that the param-
eter was defined through a trial and error methodology. Compared to the one-dimensional
case, our numerical experiments emphasise that the choice of parameter  seems to be more
decisive.

As weight function for the two different methods we used

w(z,y) = e_<‘g%yl)2.

In the following graphs the blue line allows us to check the correct slope of the approxima-
tion error (Theorem 3).

—c — e

LA A e i

102k i i i i i i i i i - 102 L i i i i i i i i i
25 255 26 265 27 275 28 285 29 295 30 25 255 26 265 27 275 28 285 29 295 30

Figure 7: Convergence rate of the approximation error ||f — z¢ x|| L=([-1,1)- The x-axis
describes the number of equispaced nodes used to produce the approximant. The approx-
imation method reproduces exactly polynomials of degree 1.

Nodes 676 729 784 841 900 961 Degree
e’ 1.52e-1 | 1.43e-1 | 1.35e-1 | 1.27e-1 | 1.20e-1 | 1.13e-1 1

2

-] —e® | 1.68e-2 | 1.55e-2 | 1.48¢-2 | 1.35¢-2 | 1.29e-2 | 9.66¢-3 1
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0.025 b 0.025 [
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0.015 ] 0.015 \

0.01 ] 0.01 | \

25 2565 26 265 27 275 28 285 29 295 30 25 255 26 265 27 275 28 285 29 295 30

Figure 8: Convergence rate of the approximation error || f — 2z x|| Le([-1,1])- The x-axis
describes the number of equispaced nodes used to produce the approximant. The approx-
imation method reproduces exactly polynomials of degree 2.

Nodes 676 729 784 841 900 961 Degree
2

e ? 4.81e-2 | 4.46e-2 | 4.14e-2 | 3.83¢-2 | 3.55e-2 | 3.20¢-2 2
|- h—e @ || 1.60e-2 | 1.41e-2 | 1.31e-2 | 1.28e-2 | 1.26e-2 | 9.20e-3 2

The previous numerical experiment confirms the statement of Theorem 3 also in a multi-
variate setting.

6.3 Basis functions with algebraic decay

As demonstrated in equation (10), Shepard’s method represents a specific instance of
the proposed numerical schemes. It is therefore advantageous to study basis functions with
algebraic decay.

In this section, we assume that
1
pr) < — for xeRyp and ke R, (26)
x

In this case, ¢ may diverge in 07 and fail the ratio test (cfr. Definition 4). We have shown
that the convergence of the Fast-Decaying Polynomial Reproduction framework (Theorem
3) depends on inequality (4).

From inequalities

o k
|uj(1?)|§c<,0<”$x]”2> <0—IX _ forall z€Q and j=1,...,N
ax |z — 2|5

23



we can derive the inequality (4) with a different value for K (the proof retraces the steps
of Theorem 2, but we need to use algebraic decay when studying the nodes distributions
in the set Ep).

The choice of the exponent k in (26) is crucial for the convergence and stability of the
method: if the method reproduces polynomials up to degree m in R¢ then d +m — % < -1
(moving least squares) or d +m — k < —1 (approximation with the 1-norm). We obtained
this result using equations (14) and (17) with the convergence of the generalized harmonic
series. These constraints on the exponent k are consistent with those found in [LC92].
Indeed there exists A €]0, 1] such that, in a neighborhood of +oo that does not contain 0,
say for instance |1, +00]

sup {]cp(x)\(l + x)d+m+1+)‘} < 400.
z€]1,+00[
Concerning algebraic decay, the aforementioned schemes mimic the construction presented
in [LC92], and they extend that construction to incorporate divergence in 0. Another
advantage of our framework is that it permits to validate the regularity of the approximant
with the smoothness of the basis functions, thereby extending the scope of applicability
beyond that of continuous functions with algebraic decay.

As test function for the two different methods (moving least squares and approximation
with linear programming) we used

f(x) = sin(mz).

— -

103 I I I I I
2 25 3 35 4 45 5

(a) k=16.2

Figure 9: Convergence rate of the approximation error ||f — zf x||geo(j—1,1)). The x-axis
describes the number of equispaced nodes used to produce the approximant. The ap-
proximation method reproduces exactly polynomials of degree 1. In this numerical test
0 =5hxq.
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Nodes 8 16 32 64 Degree
MLS || 5.61e-01 | 1.01e-01 | 2.02e-02 | 5.07¢-03 1
|| <11 || 6.82e-02 | 1.52e-02 | 4.41e-03 | 9.31e-04 1

6.4 Stability

The objective of this section is to numerically verify the Lebesgue constant and the sta-
bility of the approximation methods that have been the subject of this study. Theorem
2 allows the estimation of the Lebesgue constant to be made without dependence on the
parameters in equations (2) and (3). We fix § = 5hx q.

As weight function we used

w(z,y) = 67<L;y|>2.

T T T T T T T T T
221 22 1

— 1.0171 — - P
019l 1017 F
1.0169 |
218 . 1.0168 |
1.0167 |
217 1.0166 |
N 1.0165
1.0164 F
245} ] 1.0163
1.0162 F
2141 ] 1.0161 F
2 13 14 15 16 17 18 19 20 21 22 2 13 14 15 16 17 18 19 20 21 22

Figure 10: Lebesgue constants of the methods in equation (6) and in equation (15) re-
spectively. The x-axis describes the number of equispaced nodes used to produce the basis
functions. The approximation methods reproduces exactly polynomials of degree 2.

Nodes 169 225 289 361 441 529 Degree

2

e ” 2.203275 | 2.173473 | 2.155158 | 2.142972 | 2.136264 | 2.133485 2

2

|-l —e " || 1.017143 | 1.016552 | 1.016274 | 1.016000 | 1.016361 | 1.017165 2

7 Conclusion

The rescaled localized radial basis function method (RL-RBF) proposed in [DFQ14] rep-
resents an efficient numerical scheme to interpolate functions on a scattered set of nodes.
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We have to wait for the results of [DW20] to read a proof of the convergence for RL-RBF:
this proof works up to a conjecture in the quasi-uniform setting.

Our work continues from this generalizing the RL-RBF method by increasing the dimension
of the polynomial space to be reproduced exactly. The goal is to determine a convergent
method whose convergence rate is (’)(h"Xlgl) if all polynomials up to degree m can be
approximated correctly. We modified the definition of local polynomial reproduction by
replacing the compactness of the support with a fast decay of the basis functions. The RL-
RBF method adapts to this new definition, while it does not reproduce polynomials locally
because the cardinal functions do not have compact support. In the quasi-uniform setting
this new approximation scheme is convergent and stable (the Lebesgue constant depends
on the dimension of the space, the dimension of the polynomial space that is reproduced
and on the decaying of the basis functions). At this point in the analysis, smoothness
plays no fundamental role. In addition to RL-RBF method, we proposed a further approx-
imation scheme that provides smooth quasi-interpolants. The method approximates the
value of an unknown function using the moving least squares technique with a Gaussian
as weight function. The smoothness of the interpolant is inherited from the smoothness
of the weight functions. Since the solution of a moving least squares problem is the so-
lution of a quadratic optimization problem we can analyze the computational cost of the
method, which turns out to be linear in the number of nodes. Numerical tests confirm the
theoretical results of convergence, stability and also the smoothness of the basis functions.
With the numerical tests we obtain an unexpected result: even if the weight function is
only continuous, if we increase the dimension of the polynomial space to be reproduced
then the basis functions turn out to be numerically smooth.

In these analysis and numerical tests we considered functions with global support and
the matrices involved can be dense although small in size when the space to be reproduced
is not too large. To address this difficulty we replaced the quadratic optimization problem
deriving from moving least squares with a linear program on a polyhedron. Also in this
area, with techniques similar to the previous ones, a stable and convergent method can
be achieved with the same convergence rate. A vertex solution of the linear optimization
problem allows us to control the number of non-zero basis functions at each point in the
domain. Since the weight functions try to locate the optimization problem, we expect that
the value of the weight function corresponding to a node in the domain is large when the
considered point is far from the node. This type of experience leads us to use column gen-
eration techniques to reduce the dimensionality of the problem (we can try to predict the
non-zero basis functions because the number of them is bounded uniformly with respect
to the fill distance). The numerical results confirm the theoretical evidence and even if we
do not have any results on the smoothness of the approximant we get similar outcomes
to the moving least squares method (numerically we can observe that the basis functions
become smooth when the polynomial space is reproduced gets bigger). The methods have
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also been subjected to multivariate testing. We have also experimented with degenerate
basis functions (algebraic decay and divergent at 0%). The numerical results confirm the
framework’s validity, but the exponent’s choice is crucial to achieving stability and conver-
gence.

In the future, we intend to extend the applicability of Fast-Decaying Polynomial Repro-
duction schemes to more general point distributions by utilizing the Fake Nodes Approach
[De +21]. Another line of research refers to the optimality of the Lebesgue constant in
equation (5). Indeed, by tuning the parameters C' and ¢ it is possible to reach better
stability and obtain optimal controls for the decay of the basis functions.
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