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Abstract

This paper proposes a Direct Rational Radial Basis Functions Partition of Unity (D-RRBF-PU) approach
to compute derivatives of functions with steep gradients or discontinuities. The novelty of the method
concerns how derivatives are approximated. More precisely, all derivatives of the partition of unity weight
functions are eliminated while we compute the derivatives of the local rational approximants in each
patch. As a result, approximate derivatives are obtained more easily and quickly than those obtained in
the standard formulation. The corresponding error bounds are briefly discussed. Some numerical results
are presented to show the technique’s potential. As an application, we develop this meshfree approximation
combined with an explicit fourth-order Runge-Kutta time discretization to find the numerical solution of
the convection-diffusion equations in two dimensions.
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1. Introduction

The RBF method has been widely used to interpolate scattered data from high-dimensional spaces. The
rational approximation is more effective and applicable when approximated with univariate functions with
steep gradients or singularities. As detailed in [3, 4, 8], a possible choice is to use rational interpolation,
where the numerator and the denominator are polynomials. Some approaches are available to find the
unknown coefficients related to the polynomials. One is the Padé approximation, and the other is a least-
squares technique [12]. Of course, it is more difficult to implement in high-dimensional spaces because
it depends on mesh generation (cf. [4]). In [13], a simplified RRBFs-PU method has been proposed,
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where the constant PU weight functions are considered to approximate the derivatives. The authors of
[4] have extended and analyzed the RRBFs-PU method, which is mesh-independent. It depends only on
the number and location of scattered data distributed in the computational domain. Accordingly, it could
be executed in high-dimensional spaces. This technique is also modified to conditionally positive definite
(CPD) functions [11]. Besides, the authors have proved the scaling property of the rational interpolation
when the polyharmonic spline (PHS) radial kernels have been utilized. In our investigation, we rely on [4]
and [10], but we apply another approach that allows us to describe a new formulation for the RRBF-PU
method, the Direct RRBF-PU, shortly DRRBF-PU. To find the approximate value of a derivative in the
RRBF-PU, we use a direct form (cf. [10])) instead of its standard version. This reduces the computational
cost compared to that of the RRBF-PU method, and it will be observed that the error is at least of the
same order as its worst local approximant. It is worth mentioning that the authors in [9] have recently
found a compact RBF-PU technique to solve parabolic equations on surfaces. We also cite the paper [5]
that has introduced a method for approximating discontinuous functions by variably scaled discontinuous
kernels (VSDK).

The remainder of the paper is presented as follows. In Section 2, an RRBF-PU approach is given. The
main idea, that is, the DRRBF-PU technique, is proposed in Section 3. Also, a brief discussion related
to the error bounds is proposed in this section. In Section 4 we discuss examples of approximation of
two-dimensional functions. Section 5 presents the application of the proposed meshfree method to solve
the convection-diffusion equations, where the time variable is discretized via an explicit Runge-Kutta
algorithm of order 4. Finally, we outline some conclusions in Section 6.

2. The RRBF-PU method

This section briefly reviews the RRBFs-PU method proposed in [4].
We assume that the computational domain, say Ω, is partitioned into the overlapping subdomains,

that is, Ω ⊆
⋃Nc

l=1Ωl, with Nc the number of these subdomains. Also, assume that a family of nonnegative
weight functions such as ωℓ ∈ Ck(Rd) forms a partition of unity (PU), where supp(ωl) ⊆ Ωl, which are
open, bounded and regular (cf. [15, Definition 15.18] or [7, Chapter 29]). Moreover, we consider {ωℓ}Nc

l=1

is k-stable PU w.r.t. {Ωℓ}. That is, for every multi-index α ∈ Nd
0, where |α| ≤ k, there exists a constant

Cα such that
||Dαωℓ||L∞(Ω) ≤ Cαρ

−|α|
ℓ , (2.1)

in which ρℓ :=
1
2
supx,y∈Ωℓ

∥x− y∥2 [7, 10, 15].
To construct the approximation, a set of trial points X = {x1, ...,xN} ⊂ Ω ⊂ Rd is assumed. Also,

the set of trial points falling in the patch Ωℓ is denoted by Xℓ = X ∩ Ωℓ. Accordingly, the index set
corresponding to Ωℓ for 1 ≤ ℓ ≤ Nc is defined to be Jℓ := {j ∈ {1, ..., N} : xj ∈ Xℓ} (cf. [10]).

Now, we are ready to provide the RRBF-PU approximation for a real function, f ∈ Ck(Ω), k being
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the order of smoothness (note that the underlying function might not be also not continuous) [4]:

f(x) ≈ Sf,X(x) =
Nc∑
l=1

ωl(x)Rl(x), x ∈ Ω, (2.2)

in which Rl(x) is the local approximation in patch l, and its representation is

Rl(x) =

∑
j∈Jl

αl
jϕ(||x− xj||2)∑

k∈Jl

βk
kϕ(||x− xk||2)

(2.3)

In addition, in (2.2), ωl is considered to be a compactly supported, nonnegative and non-vanishing weight
function on Ωl. As the weight function, we may consider the Shepard function [7, 10, 15]:

ωl(x) :=
ψl(x)

Nc∑
j=1

ψj(x)

, (2.4)

in which ψl is a compactly supported RBF, and we selected one of the Wendland’s family ([15, Chapter
9]).

Furthermore, as explained in [4], in each patch l, let ql be the corresponding eigenvector to the smallest
eigenvalue of the problem Λlql = λlΘlql and

Λl =
1

∥fl∥22

(
DT

l A
−1
l
Dl

)
+ A−1

l , Θl =
1

∥fl∥22

(
DT

l Dl

)
+ Il, (2.5)

where the vector fl is the function values at the trial points located in patch l. Dl is the diagonal matrix,
in which the components of fl are on its diagonal. Also, Al = [ϕ(||xi −xj||2)]1≤i,j≤♯Jl and Il is an ♯Jl × ♯Jl
identity. The Lagrange form of (2.3) can be written as follows:

Rl(x) =
∑
j∈Jl

α̃l
jϕR(||x− xj||2) = ΦT

R(x)α̃
l = ΦT

R(x)A
−1
ϕR
fXl
,= ΨT (x)fXl

,=
∑
j∈Jl

Ψj(x)fj, (2.6)

in which ΦT
R(x) = [ϕR(||x−xj||2)]1≤j≤♯Jl . We also have used AϕR

α̃l = fXl
, and defined ΦT

R(x)A
−1
ϕR

:= ΨT (x).
Note that if ϕ is a positive definite radial function, ϕR is also (cf. [4]). In our implementation here, we
have applied the method of diagonal increments (MDI) to bypass the ill-conditioning of the matrix Al (cf.
[13]). We also refer the reader to [4, 8] for more details related to the RRBFs approach.
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3. The DRRBF-PU method

To compute the approximate derivatives of real-valued function, say f at each point x ∈ Ω via Eq.
(2.2), the standard form takes as:

Dαf(x) ≈ DαSf,X(x) =
Nc∑
l=1

Dα(ωl(x)Rl(x)), x ∈ Ω, (3.1)

which shows the derivative operator Dα should act on both the weight functions ωl and the local ap-
proximation Rl. Hence, the computational cost would be much more expensive. To avoid computing all
derivatives of the PU weight functions, we apply the same approach proposed by Mirzaei in [10] for the
non-rational case. Thanks to that approach, the complicated calculations of the RRBF-PU approach could
be ignored when a direct scheme is applied. That idea also reduces the computational cost compared to
the standard RBF-PU method (cf. [10]). Here, we use this approach for our purposes. So, the derivatives
in (2.2) are approximated as

Dαf(x) ≈ D̂αSf,X(x) =
Nc∑
l=1

ωl(x)D
αRl(x), x ∈ Ω, (3.2)

where DαSf,X(x) ̸= D̂αSf,X(x) for each x ∈ Ω, and DαRl is the local rational approximation of Dαf in
the l-th patch. This shows that we have directly approximated Dαf using the PU approach. To be more
precise, we first find the derivatives of the local rational approximation via the RBF in each patch Ωℓ.
After this, we blend these approximations using the PU technique through the weight functions ωl to get

a global approximation D̂αSf,X(x) to Dαf(x) for all x ∈ Ω. From another point of view, we can only
think of the action of the differential operator based on the local approximation. So, we can ignore the
smooth assumption on the PU weights [10]. It is called a direct approximation since the method applies
to RRBF in the PU setting.

To discuss the error bounds for the derivatives of the function approximated via the proposed DRRBF-
PU method, we can consider the following. Assume that in each patch Ω ∩ Ωl, D

αf is approximated by
DαRl, where α ∈ Nd

0, |α| ≤ k/2 is a multi-index, so that

||Dαf −DαRl||L∞(Ω∩Ωl) ≤ εl.

Now, for any x ∈ Ω and α ∈ Nd
0 with |α| ≤ k/2, we can write

|Dαf(x)− D̂αSf,x(x)| ≤
Nc∑
l=1

ωl(x) |Dαf(x)−DαRl(x)| ≤
Nc∑
l=1

ωl(x) ∥Dαf −DαRl∥L∞(Ω∩Ωl)

≤ max
1≤l≤Nc

∥Dαf −DαRl∥L∞(Ω∩Ωl)
≤ max

1≤l≤Nc

εl, (3.3)
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which shows that the error bound of the derivatives of the DRRBF-PU technique is at least as good as its
worst local interpolation. This bound is derived using only the PU property of the weight functions. So,
discontinuous weights can also be utilized. It is also worth mentioning that the estimation for local errors
εl is not available, and it needs a more in-depth study in future work. Of course, in the case |α| = 0, these
errors follow from [4, Proposition 3.2]. However, in the next section, we report the numerical convergence
rates for the function and its first derivative.

4. Approximation of functions: tests

We consider the C6 Matérn kernel:

ϕ(r) = e−cr(15 + 15(cr) + 6(cr)2 + (cr)3), (4.1)

whose native space is Nϕ(Rd) = Hν(Rd), with ν = d+7
2

(cf. [7, §4.4, p. 41]). Here we choose d = 2 and
thus Nϕ(R2) = H4.5(R2). Moreover, we take c = 35 as a shape parameter (in an empirical way since it
gives more stable and accurate solutions). In addition, as a weight function, we choose [7, 10, 15]:

ψℓ = ψ(||.− xℓ||/ρℓ), (4.2)

with

ψ(r) =

{
(1− r)6(35r2 + 18r + 3), 0 ≤ r ≤ 1,
0, r > 1,

(4.3)

the Wendland C4 function which is positive definite on Rd for d ≤ 3. Moreover, xℓ and ρℓ represent the
center point of the patch Ωℓ and the radius of the patches, respectively.

As a first test, we consider the two-dimensional function with a steep gradient [6]:

f(x, y) = tan−1
(
125(

√
(x− 1.5)2 + (y − 0.25)2 − 0.92)

)
, (x, y) ∈ [0, 1]2. (4.4)

The exact and approximate solutions of f and ∂f
∂x

are plotted in Figure 1 using a uniform grid of N =
16641 = 1292 nodes, with to be Nc = 1024 and ρℓ = 1/

√
Nc, respectively.

In addition, to measure the accuracy of the proposed technique, here we have used the following ℓ2
relative error defined by:

||eβ||2 :=
||∂

βf

∂xβ
− ∂βSf,X

∂xβ
||2

||∂
βf

∂xβ
||2

, β = 0, 1, (4.5)

so that ||e0||2 and ||e1||2 will denote the ℓ2 relative errors on the evaluation of function and its first
derivative (in direction x), respectively. Note that the results for the first derivative in the y direction are
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the same. So, we have not reported them here for brevity. The relative errors are computed by evaluating
the numerator and the denominator on a uniform grid of 100× 100 points of [0, 1]2.

In Table 1, we report the relative errors ℓ2 of computing the approximate values of f , the values of the
partial derivatives along x, and the numerical convergence rates.

Figure 1: The approximate (left) and exact (right) solutions to function 4.4 (first row), and the approximate (left) and
exact derivatives (second row).

N ||e0||2 Orders N ||e1||2 Orders
1089 1.56e− 2 − 1089 2.74e− 1 −
4225 3.50e− 3 2.10 4225 8.66e− 2 1.66
16641 1.72e− 4 4.28 16641 2.17e− 2 2.00
65536 8.94e− 6 4.27 65536 1.61e− 3 3.75

Table 1: For different N , ℓ2 relative errors on f (left), ℓ2 relative errors on ∂f
∂x (right)

and the corresponding order of convergence.

For the second test, we have considered the function also analyzed in [4]:

f(x, y) =
tan

(
9(y − x) + 1)

)
tan(9) + 1

, (x, y) ∈ [0, 1]2. (4.6)
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This function has singularities across six lines y = x + (k−9/2)π−1
9

, k = 1, . . . , 6 (cf. [6]). In Figure 2,

the exact and approximate solutions to f and ∂f
∂x

are pictured using the same N , c, Nc, and ρℓ as in the
previous example. Table 2 collects the corresponding ℓ2 errors.

Figure 2: The approximate (left) and exact (right) solutions to function 4.6 (first row), and the approximate (left) and
exact derivatives (second row).

N ||e0||2 Orders N ||e1||2 Orders
1089 5.02e− 2 − 1089 9.95e− 2 −
4225 4.43e− 3 3.52 4225 9.08e− 3 3.45
16641 2.71e− 4 4.03 16641 5.12e− 4 4.15
65536 1.43e− 5 4.24 65536 7.24e− 5 2.82

Table 2: For different N , ℓ2 relative errors on f (left), ℓ2 relative errors on ∂f
∂x (right)

and the corresponding order of convergence.
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5. Application to the convection-diffusion equation

The proposed DRRBF-PU method is implemented, combined with an explicit fourth-order Runge-
Kutta (RK4) time integration to the following convection-diffusion equation (cf. [1])

∂u

∂t
+
∂f(u)

∂x
+
∂g(u)

∂y
= ν∆u, (5.1)

where u =: u(x, t), (x, t) ∈ Ω × (0, T ] with Ω ⊂ R2 is a nonempty and bounded set, ν is the diffusion
coefficient. The nonlinear fluxes f(u) and g(u) are differentiable. Moreover, the Dirichlet or periodic
boundary conditions are considered for the unknown variable u. This model has been utilized to describe
important phenomena in different sciences and engineering branches, for example, gas dynamics, fluid
flows in porous media, and transport procedures (see [1] for more details). As it is known, when the
convection is dominated, most standard numerical techniques, such as mesh-dependent and meshfree, do
not give a stable and accurate solution. Indeed, steep fronts, sharp discontinuities, boundary layers, and
shocks appear in the solution. Hence, some improvements such as the hyperviscosity formulation as a
stabilizer term could be added to the original problem to avoid any spurious growth in the numerical
solution (among many research works, see, e.g., [14]). However, other numerical methods such as the
RRBFs interpolant or RRBFs-PU approximation are successfully designed to solve these problems (cf.
[13]).

Now, to discretize (5.1) in space, we first consider a set of scattered trial points X = {x1, ...,xN} ⊂ Ω
in R2, which contains both the interior and the boundary points, i.e.,

X = {x1, ...,xNI
} ∪ {xNI+1, ...,xNI+NB

},

and N = NI +NB. Also, we consider Nc patches so that {Ωℓ}NC
ℓ=1 is a covering of Ω. The set Xℓ = X ∩Ωℓ

is the set of trial points in the ℓ-th patch, and Jℓ is previously defined.
Hence, for t ≥ 0, an approximation to u can be written as follows:

u(x, t) ≈ û(x, t) =
Nc∑
l=1

∑
j∈Jl

ωl(x)Ψj(x)uj(t), x ∈ Ω, (5.2)

in which {Ψj(x)}j∈Jℓ are the trial functions at point x (see relation (2.6)). Inserting the approximation
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(5.2) in (5.1) at points XI we get

Nc∑
l=1

∑
j∈Jl

ωl(xi)Ψj(xi)
duj(t)

dt
+ f ′(û(xi, t))

( Nc∑
l=1

∑
j∈Jl

ωl(xi)
∂Ψj(xi)

∂x
uj(t)

)
+

g′(û(xi, t))
( Nc∑

l=1

∑
j∈Jl

ωl(xi)
∂Ψj(xi)

∂y
uj(t)

)
= ν

Nc∑
l=1

∑
j∈Jl

ωl(xi)∆Ψj(xi)uj(t), 1 ≤ i ≤ NI . (5.3)

The boundary conditions give

Nc∑
l=1

∑
j∈Jl

ωl(xi)BΨj(xi)uj(t) = gB(xi, t), NI + 1 ≤ i ≤ NI +NB, (5.4)

where B is a boundary operator defined on Ω, and gB is a known function on the boundary.
Equations (5.3) and (5.4) can be written as a system of ODEs in time, that is

duI(t)

dt
= −f ′(uI(t)). ∗ (AI

xu(t))− g′(uI(t)). ∗ (AI
yu(t)) + ν(LIu(t))

ABu(t) = gB(t), (5.5)

where, thanks to the DRRBF-PU method, AI
x, A

I
y, L

I are sparse differentiation matrices related to the
first derivatives and Laplace operator computed at the interior points. AB is a sparse matrix related
to the boundary operator computed at the boundary points. The notation ”.∗” denotes the point-wise
product between each element of two vectors. Note that, due to the method of constructing differentiation
matrices via the DRRBF-PU method (see Section 2), we need the values of u at points X per time step.
Hence, these differentiation matrices should be constructed in time, which increases the computational
cost significantly (see, e.g., [13]). Here, we have built these matrices via the initial values of u at points
X, which are available. This type of implementation permits us to have time-independent matrices, which
could reduce the computational cost of solving such a time-dependent nonlinear PDE problem using the
proposed meshfree method.

In addition, in the discrete scheme (5.5), uI(t) and u(t) are the vectors containing the approximate
values of u at points XI and X, respectively.

To deal with the fully discrete scheme for the model (5.1), we have used an explicit RK4 time integration
for (5.5). We note that the right-hand side of (5.5) is F(u(t), AI

x, A
I
y, L

I).

The time interval [0, T ] is divided intoM sub-intervals such that [0, T ] =
⋃M

n=1[tn−1, tn], where tn = n∆t
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(∆t is the time step so that t0 = 0 and tM = T ). Hence, for n = 0, ...,M − 1,

Un+1
I = Un

I +
∆t

6

(
K1 + 2(K2 +K3) +K4

)
,

K1 = F(Un, AI
x, A

I
y, L

I),

K2 = F(Un +
∆tK1

2
, AI

x, A
I
y, L

I),

K3 = F(Un +
∆tK2

2
, AI

x, A
I
y, L

I),

K4 = F(Un +∆tK3, A
I
x, A

I
y, L

I),

(5.6)

and we must solve the following small linear system to find the approximate values of u at boundary points

AB
BU

n+1
B = gn+1

B − AI
BU

n+1
I , (5.7)

AB
B is a sparse matrix obtained by eliminating the columns related to the interior points from the matrix

AB. Also, A
I
B is the sparse matrix, where the columns related to the boundary points are eliminated from

the matrix AB. Note that if the Dirichlet boundary conditions are implemented, the linear system (5.7)
switches to

Un+1
B = gn+1

B . (5.8)

5.1. A rotating Gaussian pulse

The governing equation is given by

∂u

∂t
− 4y

∂u

∂x
+ 4x

∂u

∂y
= ν∆u, (5.9)

where (x, y) ∈ [0, 1]2. The initial and boundary conditions are taken so that they satisfy the exact solution,
which is

u(x, y, t) =
σ2

σ2 + 4νt
exp(−(x̃− x0)

2 + (ỹ − y0)
2

σ2 + 4νt
), (x, y) ∈ [0, 1]2, t ≥ 0, (5.10)

with x̃ = x cos(4t) + y sin(4t), ỹ = −x sin(4t) + y cos(4t), x0 = 0.5, y0 = 0.75 and σ2 = 0.002.
In this test, we have considered two different values of ν: ν1 = 0.001 and ν2 = 0.0005, respectively. The

relative errors (4.5) are computed in Table 3 after 1 revolution (i.e., T = π
2
) via ∆t = π

8000
and different

values of N , where the uniform points are utilized to construct the trial approximation (5.2). Note that,
to get a more stable and accurate solution, the radius of the patch, i.e., ρℓ, is chosen to be 6h, where h is
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the mesh size.
In Figure 3, the numerical solutions of u are displayed for ν1 and ν2 after 1 revolution. These results

are obtained by employing N = 65536 uniform nodes and ∆t = π
8000

.

ν1 ν2
N ||e0||2 Orders N ||e0||2 Orders
4225 1.71e− 3 − 4225 3.36e− 3 −
16641 1.26e− 4 3.76 16641 2.38e− 4 3.82
65536 4.18e− 6 4.91 65536 9.82e− 6 4.60

Table 3: For different N , ℓ2 relative errors of the approximate solution of
rotating Gaussian pulse problem after 1 revolution for ν1 (left)
and ν2 (right) and the corresponding order of convergence.

Figure 3: The numerical solution of advection-diffusion equation (5.9) for ν1 (left) and ν2 (right) after 1 revolution.

5.2. The inviscid Burgers equation

We want to solve numerically the inviscid Burgers equation (cf. [2]):

∂u

∂t
+ u

∂u

∂x
+ u

∂u

∂y
= ν∆u, (5.11)
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where (x, y) ∈ [0, 1]2 and ν = 0.001. Periodic boundary conditions are considered while the initial condition
is

u(x, y, 0) = sin2(πx) sin2(πy), (x, y) ∈ [0, 1]2. (5.12)

To compute the numerical solution, we have utilized N = 65536 uniform nodes and ∆t = 10−4. Also, the
radius of each patch is chosen to be ρℓ = 1/

√
Nc. The simulation results at t = 1, 2 and 3 are presented

in Figure 4, which shows a shock and its propagation along the main diagonal by increasing time.

6. Conclusion

In this paper, we have presented the DRRBF-PU technique for computing the derivatives of functions
with a steep gradient or some singularities. After outlining the numerical formulation of the method,
a brief discussion on the error bounds is provided. This showed that the ℓ2 relative errors are of the
same order as the worst local approximate constructed via the positive definite kernels. However, error
estimations for approximating the derivatives regarding the fill distance are left for future work. The two
examples presented show the potential of the numerical method. Besides, to show the potency of the
proposed meshfree approximation in solving the PDE problems, its implementation combined with an
explicit Runge-Kutta algorithm of order 4 has been designed for the convection-diffusion equation in two
dimensions. Accordingly, two famous examples, i.e., the rotating Gaussian pulse and the inviscid Burgers
problems, have been simulated. Finally, for reproducibility of numerical tests in MATLAB, the codes are
available at the link https://github.com/VM-2020-MATH/DRRBFs-PU-Method.

Acknowledgments. The second author thanks for collaborating with the Approximation Theory and
Applications topical group of the Italian Mathematical Union, RITA the Italian Network on Approxima-
tion, and the INdAM-GNCS group.
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