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Abstract

We extend hyperinterpolation from the polynomial setting to arbitrary repro-
ducing kernel Hilbert spaces, replacing exact interpolation with an L2 projection
onto the space NK(X) spanned by the kernel translates, discretized by a
positive-weight cubature formula. For a strictly positive definite kernel of smooth-
ness τ > d/2 and data sites X with fill distance hX , the resulting operator
satisfies an L∞ → L2 stability bound with a constant independent of n, and

the L2 error estimate O(h
τ−d/2
X ) for functions in the native space, that is

O(n−τ/d+1/2) for quasi-uniform points. We further derive an upper bound on
the Lebesgue constant and show that this bound cannot fall below O(n1/2), the
growth rate of standard kernel interpolation, regardless of the cubature nodes and
weights. The required cubature formulas are constructed by the Backus–Gilbert
least-squares approach, for which we give an existence result on equidistributed
sequences. Numerical experiments on four benchmark functions in one and two
dimensions, with Basic, Linear and Quadratic Matérn kernels, are consistent with
the predicted rates.
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1 Introduction

The approximation of scattered data using kernel-based methods has become funda-
mental in numerical analysis, machine learning, and scientific computing [1–4]. Given
data sites X = {x1, . . . ,xn} ⊂ Ω ⊂ Rd and function values fX = [f(x1), . . . , f(xn)]

T ,
kernel interpolation constructs an approximant

SX,Kf(x) =
n∑︂

j=1

αjK(x,xj), ∀x ∈ Rd, (1)

in the native space NK(Ω) of a strictly positive definite kernel K that exactly
reproduces the data. The coefficient vector α = [α1, . . . , αn]

T solves the linear system

Kα = fX , (2)

where K ∈ Rn×n is the kernel matrix with entries Kij = K(xi,xj).
While kernel interpolation is theoretically optimal in the native space norm, it faces

critical practical obstacles, especially when the interpolation points are not sufficiently
nicely distributed. Letting the fill- and separation-distances be defined as

hX,Ω := sup
x∈Ω

min
xi∈X

∥x− xi∥, qX :=
1

2
min

xi ̸=xj ,xi,xj∈X
∥xi − xj∥.

There are well-known instability phenomena which can be described as follows:

• Conditioning: The kernel matrix K becomes severely ill-conditioned as n
increases, especially for smooth kernels. For the widely used Sobolev kernels,
which will be formally introduced later, the smallest eigenvalue typically grows

as λn(K) = O(q
−2τ/d
X ), where τ is a parameter measuring the kernel smooth-

ness (see [4], a precise definition will be given later). This renders direct solution
methods numerically unstable even in double precision arithmetic.

• Stability-accuracy trade-off: The Lebesgue constant

Λ(X) = sup
x∈Ω

n∑︂
j=1

|ℓj(x)|, (3)

where ℓj are cardinal basis functions, quantifies the stability of interpolation
when using the direct formulation (1). For kernel interpolation with Sobolev ker-

nels and quasi-uniform points, Λ(X) ≤ O(h
−d/2
X ) = O(n1/2). Even when using

more sophisticated, stabilized formulation of the interpolant, this instability is
not merely a computational artifact but it reflects genuine sensitivity of the
interpolant to perturbations in the data, see [5].

1.1 Existing Approaches

Several strategies have been proposed to address interpolation instability:
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• Regularization methods such as ridge regression add λI to K, yielding the mod-
ified system (K+ λI)α = fX . This improves conditioning while sacrificing exact
interpolation, but optimal choice of λ may still lead to optimal asymptotical rates
of convergence for Sobolev kernels [6].

• Domain decomposition methods partition Ω into subdomains and apply local
interpolation in each region, such as for Partition of Unity methods [7].

• Stable bases have been introduced to avoid directly solving (1) and instead resort
to more stable alternative formulations [8, 9].

1.2 Polynomial Hyperinterpolation: A Paradigm Shift

Polynomial hyperinterpolation, pioneered by Sloan [10], offers an alternative approach:
instead of imposing exact interpolation at data sites, one projects the target function
onto the polynomial space using an L2 inner product discretized by a positive-weight
cubature formula. This yields a number of advantages:

1. Unconditional stability: Lebesgue constants remain bounded independently of the
polynomial degree.

2. Near-optimal approximation: The L2 error is at most a constant factor worse
than the best polynomial approximation.

3. Practical computability: Implementation via weighted least squares avoids
explicit basis orthogonalization.

However, polynomial hyperinterpolation is inherently restricted to specific geometric
configurations (spheres, balls, simplices) where orthogonal polynomial bases and exact
cubature rules are explicitly known. On general domains, and for scattered data distri-
butions, such bases and rules are in general not available in closed form, which limits
the practical applicability of the polynomial construction.

1.3 Our Contributions

This paper extends hyperinterpolation from the polynomial setting to arbitrary
reproducing kernel Hilbert spaces. Specifically:

1. Theoretical framework: For a strictly positive definite kernel K and data sites X,
we show that an L2-orthonormal basis of NK(X) = span{K(·,x) : x ∈ X} can
be used, together with a suitable cubature formula, to define a hyperinterpolation
operator with an L∞ → L2 stability bound independent of n, an upper bound on
the Lebesgue constant, and an L2 error estimate; we also show that this upper
bound cannot be improved below O(n1/2).

2. Cubature construction: We adapt the Backus–Gilbert least-squares approach to
build positive-weight cubature formulas exact on NK(X) × NK(X), with an
existence result for equidistributed sequences.

3. Computation: The hyperinterpolant can be computed via a QR/SVD factoriza-
tion of the weighted kernel matrix, avoiding the normal equations, at a cost of
O(Mn2) for M cubature points (O(n3) when M = O(n)).
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4. Error analysis: For kernels of smoothness τ > d/2 and f ∈ NK(Ω), we derive the
convergence rate

∥f − LK,nf∥L2 = O(n−τ/d+1/2) as n→∞,

one factor of n−1/2 short of the optimal interpolation rate O(n−τ/d).
5. Numerical tests: On four benchmark functions in one and two dimensions, the

observed convergence and Lebesgue-constant growth are consistent with the the-
ory, full- and reduced-exactness cubatures perform comparably, and a comparison
with polynomial hyperinterpolation shows lower condition numbers for the latter
but similar Lebesgue-constant growth.

1.4 Paper Organization and Notation

Section 2 reviews kernel interpolation and native space characterization. Section 3
develops hyperinterpolation theory for general Hilbert spaces. Section 4 specializes to
strictly positive definite kernels with explicit error rates. Section 5 presents numerical
experiments and comparisons. Section 6 discusses extensions and open problems.

2 Preliminaries

Here and in the following, C(Ω) denotes continuous functions defined on Ω and L2(Ω)
square-integrable functions with respect to a measure ω. We use κ(K) for the 2-
condition number of the matrix K. Constants C may differ from line to line, but
depend only on fixed problem parameters.

We also assume Ω is a bounded domain with a Lipschitz boundary, although many
results extend to unbounded domains with appropriate decay conditions.

Finally, consider K : Ω×Ω→ R be a radial strictly positive definite kernel, which
means that K(x,y) = ϕ(∥x − y∥2) for some function ϕ : [0,∞) → R, and that the
kernel matrix K ∈ Rn×n is positive definite for any set of distinct points {x1, . . . ,xn},
meaning that αTKα > 0 for all nonzero α ∈ Rn.

Remark 1 While we restrict our attention to radial kernels for concreteness, the hyperinter-
polation framework extends to non-radial kernels (e.g., tensor-product kernels, anisotropic
kernels) with minor modifications. The key requirement is that K generates a reproducing
kernel Hilbert space with a well-defined native space norm, as detailed in the following section.

2.1 Native Spaces and Reproducing Properties

For our purposes, NK(Ω) denotes the native space of K, which is a Hilbert space of
functions on Ω equipped with the inner product ⟨f, g⟩NK

=
∑︁

i,j αiβjK(xi,yj) where
f =

∑︁
i αiK(·,xi) and g =

∑︁
j βjK(·,yj). The native space is a reproducing kernel

Hilbert space with the reproducing property

⟨f,K(·,y)⟩NK
= f(y) for all f ∈ NK(Ω), y ∈ Ω.
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The subspace NK(X) = span{K(·,xi), 1 ≤ i ≤ n} ⊂ NK(Ω) consists of all linear
combinations of kernel translates centered on X.

Now, we recall a specific class of radial kernels that is of interest for the rest of
this work. The Matérn family is defined by

ϕ(r) =
21−ν

Γ(ν)
(εr)νKν(εr),

where the smoothness degree (τ) of the kernel is given by τ = ν+d/2 and Kν denotes
the modified Bessel function of the second kind. When Ω is a bounded domain with a
Lipschitz boundary, these kernels generate a native space that is norm equivalent to the
Sobolev space W τ

2 (Ω), meaning that the two are equal as sets and the corresponding
norms are equivalent. We refer the reader to [4, Chap. 10] for further details, and we
simply refer to these kernels as Sobolev kernels of smoothness τ in the following.

2.2 Standard Kernel Interpolation and its Stability

The kernel interpolant of f given data fX is represented as (1), where the coefficients
α = [α1, . . . , αn]

T are obtained by solving the linear system (2). Since K is strictly
positive definite, the kernel matrixK is invertible and the solution exists uniquely. The
interpolant can equivalently be written using cardinal basis functions ℓj of NK(X)
defined by ℓj(xi) = δij , i.e.,

SX,Kf(x) =
n∑︂

j=1

f(xj)ℓj(x), ℓj(x) =
n∑︂

k=1

(K−1)jkK(x,xk).

Moreover, the stability of the interpolation as a map from fX to SX,Kf is quantified
by the Lebesgue constant defined in (3) which gives the bound:

∥SX,Kf∥L∞(Ω)≤ Λ(X)∥fX∥ℓ∞ .

Consequently, small perturbations δf in the data fX can be amplified by a factor Λ(X)
in the interpolant, leading to numerical instability when Λ(X)≫ 1.

For Sobolev kernels with any smoothness τ > d/2 and for quasi-uniform points
with fill distance hX , it is known [5] that

Λ(X) ≤ Ch
−d/2
X ≤ C ′n1/2 as hX → 0 or n→∞.

This growth with n is a fundamental limitation of exact interpolation. Although this
growth is rather limited, it is known that the computation of the interpolant is pos-
sibly ill-conditioned, as the smallest eigenvalue of the kernel matrix instead grows as
q2τ−d
X [11].
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2.3 Native Space Characterization via Mercer’s Theorem

Under quite general assumptions (see [12]), the native space admits an elegant
characterization via the spectral decomposition of the integral operator [4, 13]

TK(v)(x) =

∫︂
Ω

K(x,y)v(y) dω(y), v ∈ L2(Ω), x ∈ Ω,

where ω is a positive Borel measure on Ω (e.g., the Lebesgue measure).
Mercer’s theorem [4, Thm 10.29] states that if K is continuous and∫︂

Ω

∫︂
Ω

K(x,y)v(x)v(y) dω(x)dω(y) ≥ 0 ∀v ∈ L2(Ω),

then TK is a compact, self-adjoint and positive operator with spectral decomposition
TKφk = λkφk, where {λk} are non-negative eigenvalues (listed with multiplicity)
satisfying λ1 ≥ λ2 ≥ · · · → 0, and {φk} are L2-orthonormal eigenfunctions. Moreover,

K(x,y) =
∞∑︂
k=1

λkφk(x)φk(y),

where the series converges absolutely and uniformly on Ω × Ω. The native space is
then characterized as

NK(Ω) =

{︄
f ∈ L2(Ω) :

∞∑︂
k=1

1

λk
|⟨f, φk⟩L2(Ω)|2<∞

}︄
, (4)

equipped with the norm

∥f∥2NK
=

∞∑︂
k=1

1

λk
|⟨f, φk⟩L2 |2.

Any f ∈ L2(Ω) admits the generalized Fourier series

f(x) =
∞∑︂
k=1

⟨f, φk⟩L2(Ω)φk(x), (5)

converging absolutely and uniformly if f ∈ C(Ω). This representation shows NK(Ω) ⊂
L2(Ω) with continuous embedding.

Remark 2 For most kernels (except for a few cases, see, e.g. [2] for a discussion), the eigen-
functions {φk} are not known analytically, however their numerical computation has been
studied in [14]. In addition, the approximation of f as in (5) with the characterization of the
native space (4), shows that recovery of f through (5) should be possible for the basis that
spans the native space and is only L2 orthonormal. In [15] and [16], the construction of this
basis has been investigated for any positive definite or conditionally positive definite kernel.
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3 Generalized Hyperinterpolation

In this section we develop hyperinterpolation theory for abstract Hilbert spaces embed-
ded in C(Ω), which will be specialized to kernel native spaces in Section (4). The key
innovation is replacing exact pointwise interpolation with L2 projection discretized
via positive-weight cubature formulas.

3.1 Abstract Setting and Projection

Let Ω ⊂ Rd be bounded, ω be a given positive measure on Ω, and let Vn ⊂ C(Ω) ⊂
L2(Ω, ω) be a Hilbert space of dimension n with L2-orthonormal basis V = {vi}ni=1.
We will sometimes omit the dependence on ω if it is clear from the context. The L2

projection of f ∈ C(Ω) onto Vn is

LV,nf =

n∑︂
i=1

⟨f, vi⟩L2(Ω)vi, (6)

where ⟨·, ·⟩L2(Ω) =
∫︁
Ω
(·)(·) dω. We call LV,n : L2(Ω, ω) → Vn the hyperinterpolation

operator. It is the unique minimizer of the L2 distance, i.e.,

LV,nf = argmin
g∈Vn

∥f − g∥L2(Ω).

Direct evaluation of (6) requires computing integrals ⟨f, vi⟩L2 , which is generally
infeasible. We discretize it using a cubature rule

∫︂
Ω

g(x) dω(x) ≈
M∑︂
k=1

wkg(zk), g ∈ C(Ω), (7)

with cubature points Z = {z1, . . . , zM} ⊂ Ω and positive weights wk > 0. We require
the cubature to be exact on V 2

n = Vn × Vn = span{vivj : 1 ≤ i, j ≤ n}, i.e.,

∫︂
Ω

g(x) dω(x) =
M∑︂
k=1

wkg(zk) ∀g ∈ V 2
n . (8)

According to [17], there exists such a formula with M ≤ dim(V 2
n ); however, the paper

does not discuss how to construct such a cubature formula. Section (3.4) addresses
constructive algorithms, while for now we simply assume that such a cubature formula
exists. With exactness (8), we define the discrete hyperinterpolation operator

LV,nf =

n∑︂
j=1

⟨f, vj⟩ℓ2,wvj , (9)
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where the discrete inner product is

⟨f, vj⟩ℓ2,w =

M∑︂
k=1

wkf(zk)vj(zk).

Throughout, we distinguish three different inner products, defined as follows:

• ⟨·, ·⟩L2(Ω): the continuous L2 inner product with measure ω.
• ⟨·, ·⟩ℓ2,w : the discrete inner product using cubature weights {wk}.
• ⟨·, ·⟩ℓ2,r : the discrete inner product with alternative weights {rk} (used in

Section 3.4).

3.2 Fundamental Properties of Hyperinterpolation

The following lemmas establish that discrete and continuous projections coincide when
exactness holds.

Lemma 1 If the cubature rule (7) is exact on V 2
n , then the basis V = {v1, . . . , vn} is

ℓ2,w-orthonormal if and only if it is L2-orthonormal.

Proof Assume V is L2-orthonormal, i.e., ⟨vi, vj⟩L2
= δij . Then

⟨vi, vj⟩ℓ2,w =

M∑︂
k=1

wkvi(zk)vj(zk)

=

∫︂
Ω
vi(x)vj(x) dω(x) (by exactness on vivj ∈ V 2

n )

= ⟨vi, vj⟩L2(Ω) = δi,j .

The reverse direction follows by reversing the steps, using that exactness allows us to compute
L2 inner products via the discrete formula. □

Lemma 2 Any cubature formula satisfying (8) (i.e., being exact on V 2
n ) must have M ≥ n.

Proof Construct the matrix Q ∈ Rn×M with the entries Qi,k = vi(zk)
√
wk. Since Lemma 1

implies that the L2 orthonormal basis is also ℓ2,w orthonormal, it follows that

(QQT )i,j =

M∑︂
k=1

vi(zk)wkvj(zk) = ⟨vi, vj⟩ℓ2,w = δi,j ,

thus QQT = In. This implies rank(Q) = n, which is possible only if M ≥ n. □

The next theorem characterizes the case in which hyperinterpolation reduces to
standard interpolation.
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Theorem 3 Assuming M ≥ n, the hyperinterpolant (9) satisfies the interpolation conditions

(LV,nf)(zk) = f(zk) ∀k = 1, . . . ,M

for all f ∈ C(Ω) if and only if M = n.

Proof Proceeding as in the proof of Lemma 2, for M = n the matrix Q ∈ Rn×M with
Qi,k = vi(zk)

√
wk satisfies QQT = In and, since Q is square, this implies QTQ = In as well

(since Q is orthogonal). Writing out (QTQ)k,i we get

n∑︂
j=1

w
1/2
k vj(zk)w

1/2
i vj(zi) = δk,i.

Dividing by
√
wkwi:

n∑︂
j=1

vj(zk)vj(zi) =
1

wk
δk,i. (10)

Now evaluate the hyperinterpolant at zk:

(LV,nf)(zk) =

n∑︂
j=1

⟨f, vj⟩ℓ2,wvj(zk)

=

n∑︂
j=1

(︄
M∑︂
i=1

wif(zi)vj(zi)

)︄
vj(zk)

=

M∑︂
i=1

wif(zi)

n∑︂
j=1

vj(zi)vj(zk)

=

M∑︂
i=1

wif(zi) ·
1

wi
δi,k (by (10) with M = n)

= f(zk),

demonstrating that the interpolation conditions are fulfilled.
Assume instead that (LV,nf)(zk) = f(zk) for all k and all f ∈ C(Ω). For each i ∈

{1, . . . ,M}, we take fi ∈ C(Ω) to be a function with value 1 in zi and 0 in zj for j ̸= i. Then
by (9) we have

δℓ,i = LV,nfi(zℓ) =

n∑︂
j=1

(︄
M∑︂
k=1

wkfi(zk)vj(zk)

)︄
vj(zℓ) =

n∑︂
j=1

wivj(zi)vj(zℓ),

forcing property (10) to hold. Combined with QQT = In from Lemma 1, we need QTQ = In.
Both conditions can only be met simultaneously if Q is square and, hence n = M . □

We observe in particular that equation (10) provides an explicit formula for
cubature weights when n = M , since

wk =

⎛⎝ n∑︂
j=1

v2j (zk)

⎞⎠−1

, 1 ≤ k ≤ n.
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Lemma 4 Assume the cubature formula (7) satisfies (8). Then LV,nf = f if f ∈ Vn.

Proof Since f ∈ Vn, write f =

n∑︂
i=1

aivi. From (9) we have

LV,nf =

n∑︂
j=1

⟨︄
n∑︂

i=1

aivi, vj

⟩︄
ℓ2,w

vj =

n∑︂
j=1

n∑︂
i=1

ai⟨vi, vj⟩ℓ2,wvj

=

n∑︂
j=1

ajvj = f,

using in the last step the orthonormality ⟨vi, vj⟩ℓ2,w = δi,j . □

Lemma 4 shows that hyperinterpolation is a projection operator with the property
that when M = n, the hyperinterpolation is equivalent to standard interpolation. We
conclude this section with the following remark.

Remark 3 For certain domains (e.g., sphere Sd with d ≥ 2 and polynomial exactness degree
2n with n ≥ 3), minimal cubature formulas with M = n do not exist [18, 19]. In such cases,
hyperinterpolation with M > n is fundamentally different from interpolation.

3.3 Computation of the Hyperinterpolant

Equation (9) shows that LV,nf is the ℓ2,w-orthogonal projection of f onto Vn.
Equivalently, LV,nf solves the weighted least squares problem

LV,nf = argmin
v∈Vn

∥f − v∥2ℓ2,w .

Let {v1, . . . , vn} be any basis of Vn (not necessarily L2-orthonormal). Any v ∈ Vn can
be written as

v =

n∑︂
j=1

ajvj ,

so that
(v(z1), . . . , v(zM ))T = VZa,

where a = (a1, . . . , an)
T , and VZ ∈ RM×n is the matrix with entries (VZ)m,j = vj(zm).

Setting y = (f(z1), . . . , f(zM ))T and W = diag(w1, . . . , wM ), we obtain

∥f − v∥2ℓ2,w =

M∑︂
m=1

wm (f(zm)− v(zm))
2

= (y − VZa)
TW (y − VZa)

= yTWy − 2aTV T
Z Wy + aTV T

Z WVZa,
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which is minimized with respect to a by setting the gradient to zero, i.e.,

V T
Z WVZa = V T

Z Wy. (11)

This is the normal equation for weighted least squares. While (11) can be solved
directly, the condition number may grow quadratically, i.e., κ(V T

Z WVZ) ∼ κ(VZ)
2. A

more stable, standard approach that uses QR decomposition is given in Algorithm 1.

Algorithm 1 Stable Computation of Hyperinterpolant Coefficients

1: Input: Basis evaluations VZ ∈ RM×n, weights W = diag(w1, . . . , wM ), data y ∈
RM

2: Output: Coefficients a ∈ Rn such that LV,nf =
∑︁n

j=1 ajvj

3: Compute ṼZ ←W 1/2VZ ▷ Weighted basis matrix
4: Compute ỹ ←W 1/2y ▷ Weighted data
5: Compute QR decomposition: ṼZ = QR where Q ∈ RM×n, R ∈ Rn×n

6: Solve Ra = QT ỹ by back-substitution ▷ Avoids forming V T
Z WVZ explicitly

7: return a

The QR decomposition costs O(Mn2), and back-substitution costs O(n2), implying
a total cost O(Mn2) compared to O(n3) for standard interpolation. When M = O(n),
costs are comparable at O(n3). Moreover, letting κ(A) be the 2-norm condition number
of A, we have the following.

κ(V T
Z WVZ) = κ(ṼZ)

2. (12)

Consequently, Algorithm 1 avoids squaring the condition number by working with ṼZ

via QR decomposition rather than forming V T
Z WVZ explicitly. However, note that

when Vn = NK(X) with the kernel-translate basis, κ(ṼZ) is of magnitude comparable
to κ(K)1/2, so the overall condition number remains comparable to that of standard
interpolation.

Remark 4 Note that when Vn = Pdq (polynomials of degree ≤ q in dimension d), there exists
a simple closed form

LV,nf(x) =

M∑︂
j=1

wjGn(x, zj)f(zj),

where Gn is the reproducing kernel of Pd
q [19]. This avoids computing the basis coefficients

entirely.

3.4 Construction of the Cubature Formula

Let n′ = dim(Vn⊕1), where 1 is the constant function with value 1, so that n′ = n+1 if
1 /∈ Vn and n′ = n otherwise. Denote V 2

n′ = span{g1, . . . , gn′(n′+1)/2}, where gi = vkvm
for 1 ≤ k ≤ m ≤ n′. However, note that dim(V 2

n′) ≤ n′(n′ + 1)/2, with equality only
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when the products are linearly independent. The exactness condition (8) yields the
linear system

AW = b, (13)

where Ai,j = gi(zj), bi =
∫︁
Ω
gi(x) dω(x) and W is the vector of coefficients.

Recalling the set of cubature points Z = {z1, . . . , zM}, we generally have rank(A) ≤
M i.e. the system (13) is underdetermined and admits either no solution or infinitely
many solutions. In the latter case, following [20, 21], the optimal solution is achievable
based on the Backus-Gilbert method [22]. We minimize the weighted ℓ2-norm

1

2

M∑︂
j=1

w2
j

rj

subject to the constraint (13), where rj > 0 are prescribed prior weights. This
constrained minimization problem admits the explicit solution

W = RA⊤(ARA⊤)−1b. (14)

In practice, we first solve the linear system (ARA⊤)λ = b, then recover W = RA⊤λ.
This is the minimum weighted-norm solution of the underdetermined system:

W = arg min
AW=b

∥R−1/2W∥2. (15)

The following theorem which rephrases [20, Cor 3.6], guaranties the existence of
positive-weight cubature formulas under mild conditions.

Theorem 5 Assume Ω ⊂ Rd, ω : Ω → R+ be a Riemann integrable weight function posi-
tive almost everywhere, and FK(Ω) ⊂ C(Ω) a K-dimensional space of continuous bounded
functions with 1 ∈ FK(Ω). Let Y = {z1, z2, . . .} be an equidistributed sequence in Ω with
ω(Y ) > 0. Then there exists N0 ∈ N such that for all M ≥ N0, the Backus-Gilbert cubature
formula with prior weights

ri =
|Ω|ω(zi)

M
, i = 1, . . . ,M,

and solution given by (15), has strictly positive weights wi > 0 and is FK(Ω)-exact.

In the following algorithm adapted from [20, Algorithm 1] we construct the cuba-
ture formula. There are two major differences in the algorithm stated here and in [20].
First, the loop is initialized with M0 < (n′ +1)n′/2: The reason is that the dimension
of V 2

n′ is not known precisely, so starting from a smaller M0 the true rank of A is also
discovered with the lines 5–8. Second, the number of nodes increases by one at each
iteration, rather than doubling. Doubling reaches a feasible M in fewer iterations, but
it overshoots: the returned rule may carry considerably more nodes than are needed
for exactness and positivity.
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Algorithm 2 Construction of the cubature formula

1: M ←M0, r ← 0, rmax ← 0, wmin ← 0, and K ← n′(n′ + 1)/2
2: while r < K or wmin ≤ 0 do
3: Generate equidistributed points Z = {zm}Mm=1

4: Form the linear system AW = b
5: Compute the rank of A: r ← rank(A)
6: if r = rmax then
7: K ← r ▷ the generators {gi} are dependent and K = dim(Vn′ × Vn′)
8: end if
9: rmax ← r

10: if r = K then
11: Compute the LS weights as W = RA⊤(ARA⊤)−1b
12: Determine the smallest weight: wmin = min(W )
13: end if
14: M ←M + 1
15: end while

3.5 Error and Stability Analysis

We now establish rigorous error bounds for hyperinterpolation. The following lemma
characterizes the projection property.

Lemma 6 Let f ∈ C(Ω). Then:

(i) ⟨f − LV,nf, χ⟩ℓ2,w = 0 for all χ ∈ Vn (orthogonality),

(ii)
⃦⃦
LV,nf

⃦⃦2
ℓ2,w

+
⃦⃦
f − LV,nf

⃦⃦2
ℓ2,w

= ∥f∥2ℓ2,w (Pythagorean theorem),

(iii)
⃦⃦
LV,nf

⃦⃦2
ℓ2,w

≤ ∥f∥2ℓ2,w (contraction),

(iv)
⃦⃦
f − LV,nf

⃦⃦2
ℓ2,w

= min
χ∈Vn

∥f − χ∥2ℓ2,w (best approximation).

Proof Property (i) follows from the definition: LV,n is the ℓ2,w-orthogonal projection onto
Vn. Property (ii) follows by taking χ = LV,nf in (i). Properties (iii) and (iv) are immediate
from (i) and (ii). □

The next theorem is central to hyperinterpolation theory, providing stability and
approximation guaranties.

Theorem 7 Let SM =

M∑︂
j=1

wj > 0, and µ(Ω) =
∫︁
Ω dω be the measure of Ω. For f ∈ C(Ω)

we have the stability bound ⃦⃦
LV,nf

⃦⃦
L2(Ω)

≤
√︁

SM ∥f∥L∞(Ω) , (16)
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and the error bound;⃦⃦
f − LV,nf

⃦⃦
L2(Ω)

≤
(︂√︁

µ(Ω) +
√︁

SM

)︂
inf

g∈Vn

∥g − f∥L∞(Ω) . (17)

Furthermore, if the cubature is exact for constants (i.e.
∑︂
j

wj = µ(Ω)), then

⃦⃦
f − LV,nf

⃦⃦
L2(Ω)

≤ 2
√︁

µ(Ω) inf
g∈Vn

∥g − f∥L∞(Ω) .

Proof Since LV,nf ∈ Vn, we have (LV,nf)
2 ∈ Vn×Vn. By exactness of the cubature, it holds⃦⃦

LV,nf
⃦⃦2
L2(Ω)

=
⃦⃦
LV,nf

⃦⃦2
ℓ2,w

≤ ∥f∥2ℓ2,w =

M∑︂
j=1

wjf(zj)
2 ≤ ∥f∥2L∞(Ω) SM .

This implies (16).
Now choose an arbitrary g ∈ Vn. By Lemma 4, LV,n(g) = g. Using the triangle inequality:⃦⃦

f − LV,nf
⃦⃦
L2(Ω)

≤ ∥f − g∥L2(Ω) +
⃦⃦
g − LV,nf

⃦⃦
L2(Ω)

= ∥f − g∥L2(Ω) +
⃦⃦
LV,n(g − f)

⃦⃦
L2(Ω)

≤
√︁

µ(Ω) ∥f − g∥L∞(Ω) +
√︁

SM ∥g − f∥L∞(Ω) ,

where we used ∥h∥L2
≤
√︁

µ(Ω)∥h∥L∞ for any h ∈ C(Ω), and applied (16) to g − f . Since g
is arbitrary, taking the infimum gives (17). □

Theorem 7 shows that the hyperinterpolant is stable with the L∞ → L2 operator
norm bounded by

√
SM ≈

√︁
µ(Ω), and the L2 error is at most 2

√︁
µ(Ω) times the best

L∞ approximation from Vn. Notice that the bound (16) controls the L∞ → L2 oper-
ator norm, with constant

√
SM independent of n. This is a different statement from

the boundedness of the classical Lebesgue constant. We now analyze this Lebesgue
constant directly.

Recalling the definition of hyperinterpolation (9), we write the hyperinterpolant
as a linear functional of the sampled data as:

LV,nf(x) =
n∑︂

j=1

(︄
M∑︂
k=1

wkf(zk)vj(zk)

)︄
vj(x) =

M∑︂
k=1

wk Kn(x, zk)⏞ ⏟⏟ ⏞
=:hk(x)

f(zk),

where

Kn(x,y) :=
n∑︂

j=1

vj(x) vj(y)

is the reproducing kernel of Vn in L2(Ω, ω), which means∫︂
Ω

Kn(x,y)u(y) dω(y) = u(x),

in particular, ∫︂
Ω

Kn(x,y)Kn(z,y) dω(y) = Kn(x, z).

14



We also note that hk(x) = wkKn(x, zk) are the Lagrange functions, which means that
when M = n, the hyperinterpolation is equivalent to interpolation, hk(x) becomes the
cardinal function. Using the Lagrange representation of LV,nf , we have:

∥LV,nf∥L∞(Ω) ≤ Λ(Z,W )∥f∥ℓ∞(Z),

where the Lebesgue constant is defined as:

Λ(Z,W ) := sup
x∈Ω

M∑︂
k=1

|hk(x)| = sup
x∈Ω

M∑︂
k=1

wk |Kn(x, zk)|. (18)

Proposition 8 (Lebesgue constant of hyperinterpolation) Under the assumptions of
Theorem 7 (positive weights and exactness on V 2

n ), we have

Λ(Z,W ) ≤
√︁

SM sup
x∈Ω

√︁
Kn(x,x) =

√︁
SM sup

x∈Ω

(︄
n∑︂

j=1

vj(x)
2

)︄1/2

. (19)

Proof For a fixed x ∈ Ω, equation (18) can be written as: Λ(W,Z) =
√
wk ·

(︁√
wk |Kn(x, zk)|

)︁
.

Applying the Cauchy–Schwarz inequality, we have

M∑︂
k=1

wk |Kn(x, zk)| ≤
(︂ M∑︂

k=1

wk⏞ ⏟⏟ ⏞
=SM

)︂1/2(︂ M∑︂
k=1

wk Kn(x, zk)
2
)︂1/2

. (20)

For the second factor, observe that with x fixed the function Kn(x,y) =
∑︁

j vj(x)vj(y) is a

(fixed) element of Vn, hence its square Kn(x, ·)2 ∈ V 2
n . The exactness (8) therefore applies,

and using the reproducing property of the kernel Kn,

M∑︂
k=1

wk Kn(x, zk)
2 =

∫︂
Ω
Kn(x,y)

2 dω(y) = Kn(x,x) =

n∑︂
j=1

vj(x)
2. (21)

Substituting (21) into (20) gives, for each x,
∑︁

k wk|Kn(x, zk)| ≤
√
SM

√︁
Kn(x,x); taking

sup over x concludes the proof. □

Taking into account the L2−orthonormality of the basis {vj}n1 , the term

supx∈Ω

√︁
Kn(x,x) in (19), can be bound from below by

√︁
n/µ(Ω), because∫︂

Ω

Kn(x,x) dω(x) =
n∑︂

j=1

∫︂
Ω

vj(x)
2 dω(x) = n.

It means that √︁
µ(Ω) ·

√︃
n

µ(Ω)
=
√
n ≤

√︁
SM sup

x

√︁
Kn(x,x) (22)

Inequality (22) gives a minimal value of the upper bound, not a lower bound on Λ
itself. It expresses that the upper bound (19) on the Lebesgue constant of a hyper-
interpolation operator cannot grow slower than O(n1/2). However, we highlight that
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this is independent of the cubature points and weights, instead it depends only on the
dimension of the Hilbert space Vn.

3.6 Hyperinterpolation under Relaxed Exactness Conditions

The requirement that the cubature formula be exact on V 2
n is restrictive, as it typically

requires M = O(n2) cubature points. In this section, we consider a relaxation of this
condition, following [23], which allows significantly reduced computational complexity.

Let Vm ⊂ Vn be a subspace of dimension m ≤ n with a basis {v1, . . . , vm}. Instead
of requiring exactness on V 2

n , we assume that the cubature rule (Z,W ) is exact on

Vn × Vm = span{vivj : 1 ≤ i ≤ n, 1 ≤ j ≤ m}.

That is, ∫︂
Ω

g(x) dω(x) =
M∑︂
k=1

wkg(zk) ∀g ∈ Vn × Vm.

The definition of the hyperinterpolant remains unchanged:

LV,nf =

n∑︂
j=1

⟨f, vj⟩ℓ2wvj , ⟨f, vj⟩ℓ2w =

M∑︂
k=1

wkf(zk)vj(zk).

We remark that we adopt the same notation for LV,n and ℓ2w, even if we use a dif-
ferent quadrature rule. Under this relaxed exactness condition, the hyperinterpolant
reproduces all functions in Vm.

Lemma 9 If f ∈ Vm, then LV,nf = f .

Proof Since f ∈ Vm ⊂ Vn, write f =
∑︁m

i=1 aivi. Then

LV,nf =

n∑︂
j=1

⟨f, vj⟩ℓ2wvj =

n∑︂
j=1

m∑︂
i=1

ai⟨vi, vj⟩ℓ2wvj .

For 1 ≤ i ≤ m and 1 ≤ j ≤ n we have vivj ∈ Vn × Vm, hence ⟨vi, vj⟩ℓ2w = ⟨vi, vj⟩L2
= δij ,

which gives LV,nf = f . □

In contrast to the fully exact case, LV,n is no longer an orthogonal projection
onto Vn: for g ∈ Vn \ Vm we generally have LV,ng ̸= g. However, stability and
approximation can be retained provided that the discrete and continuous L2 norms
are comparable throughout Vn. Following [23], we assume that (Z,W ) satisfies a
Marcinkiewicz–Zygmund (MZ) inequality [24, 25]: there exists η ∈ [0, 1) such that⃓⃓⃓⃓

⃓
M∑︂
k=1

wk χ(zk)
2 −

∫︂
Ω

χ2 dω

⃓⃓⃓⃓
⃓ ≤ η

∫︂
Ω

χ2 dω ∀χ ∈ Vn. (23)
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The value η = 0 is admissible and corresponds to exactness on V 2
n , so that η measures

the departure from full exactness. The following is the abstract counterpart of [23,
Thm. 2.2].

Theorem 10 Let the cubature rule (Z,W ) have positive weights, be exact on Vn × Vm and

on constants, so that SM =
∑︁M

k=1 wk = µ(Ω), and satisfy (23) with η ∈ [0, 1). Then, for all
f ∈ C(Ω),

∥LV,nf∥L2(Ω) ≤
√︁

µ(Ω)√
1− η

∥f∥L∞(Ω),

and

∥f − LV,nf∥L2(Ω) ≤
(︃

1√
1− η

+ 1

)︃√︁
µ(Ω) inf

g∈Vm

∥f − g∥L∞(Ω).

Proof The proof of [23, Thm. 2.2] applies upon replacing Pn, Pk, Ek(f) and V by Vn, Vm,
infg∈Vm

∥f − g∥L∞(Ω) and µ(Ω), respectively. The only properties used there are the L2-
orthonormality of {vj}nj=1, the fact that {vj}mj=1 spans Vm, the exactness on Vn × Vm, and
(23) applied to χ = LV,nf − LV,mf ∈ Vn. □

The relaxed exactness framework introduces a trade-off between computational
efficiency and approximation error. On the one hand, the cubature requirement is
significantly reduced, since the exactness is only imposed on Vn × Vm, with m ≪ n.
On the other hand, the approximation error is now governed by the smaller space Vm

rather than Vn.

Remark 5 In the extreme case where Vm = span{1}, the cubature rule needs to be exact
only in (Vn ⊕ 1)× 1, which drastically reduces the number of constraints. In this setting, the
approximation error is controlled only by constants, i.e.,

inf
c∈R

∥f − c∥L∞(Ω),

which may be a weak bound from a theoretical perspective. Nevertheless, this choice
often provides a favorable balance between stability and computational cost in practical
applications.

4 The Case of Strictly Positive Definite Kernels

In this section, we specialize the hyperinterpolation framework to kernel-based spaces
by choosing Vn = NK(X), the native space generated by a positive definite kernel
K : Ω × Ω → R and data sites X. This allows us to derive explicit error bounds in
terms of kernel smoothness and data geometry.

Recalling that requiring exactness on V 2
n leads to a system with (n+1)n

2 constraints,
i.e., quadratic growth in n, solving (11) may be computationally prohibitive for large
n as the dimension of Vn is determined by the number of data sites. The relaxed
condition significantly reduces this burden, making kernel-based hyperinterpolation a
feasible and practical approach.
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4.1 Kernel Hyperinterpolation under Full Exactness

Let {v1, . . . , vn} be an L2(Ω)-orthonormal basis of NK(X), which is available for any
strictly positive definite kernel [15, 16]. However, for the construction of the cuba-
ture formula, the basis need not be orthonormal, as discussed in Section 3.3, and we
may work directly with the kernel translations K(·,xj). The products entering the
exactness conditions are then, for radial kernels,

K(x,xk)K(x,xm) = ϕ(∥x− xk∥)ϕ(∥x− xm∥), k,m ∈ {1, . . . , n}

which can be evaluated efficiently, while the right-hand side of (13) requires the
moments

bi =

∫︂
Ω

K(x,xk)K(x,xm) dω(x).

Single-kernel moments are known analytically for several kernels, but the products
above are in general not, and must be computed numerically.

We now derive explicit error bounds that depend on kernel smoothness and data
geometry. Let K be of smoothness order τ > d/2 (ensuring NK ⊂ C(Ω) by Sobolev
embedding), and the given data sites X are quasi-uniform with fill distance hX . The
following corollary is an immediate consequence of Theorem 7, where we simply replace
the generic Vn with NK(X).

Corollary 1 Let SM =

M∑︂
j=1

wj and µ(Ω) =
∫︁
Ω dω. For f ∈ C(Ω) we have

⃦⃦
LK,nf

⃦⃦
L2(Ω)

≤
√︁

SM ∥f∥L∞(Ω) ,

and ⃦⃦
f − LK,nf

⃦⃦
L2(Ω)

≤
(︂√︁

µ(Ω) +
√︁

SM

)︂
inf

g∈NK(X)
∥g − f∥L∞(Ω) .

If the cubature is exact for constants, then SM = µ(Ω) and⃦⃦
f − LK,nf

⃦⃦
L2(Ω)

≤ 2
√︁

µ(Ω) inf
g∈NK(X)

∥g − f∥L∞(Ω) . (24)

Now, the key question is: how large is inf
g∈NK(X)

∥g−f∥L∞? We answer using classical

kernel approximation theory for f ∈ NK(Ω). We remark that here we are bounding an
L∞ optimal error with a corresponding interpolation error, which is clearly an upper
bound but may be suboptimal. We come back to this fact in Remark 6.

The following error bound for the kernel approximation can be found in textbooks
such as [2, 4]

Theorem 11 There exist h0 > 0 and C = C(K,Ω, d) such that, if hX ≤ h0, then for
f ∈ NK(Ω) it holds

inf
g∈NK(X)

∥f − g∥L∞(Ω) ≤ ∥f − SX,Kf∥L∞(Ω) ≤ Ch
τ−d/2
X ∥f∥NK(Ω), (25)

where SX,K : NK(Ω) → NK(X) is the standard kernel interpolant.
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We remark that similar interpolation bounds, with appropriately changed expo-
nents, are also available for certain classes of functions outside of the native space;
see [26, 27]. With this bound, we can derive a concrete corollary of our main
convergence theorem.

Corollary 2 According to the assumptions of Theorem 11, for f ∈ NK(Ω) the kernel-based
hyperinterpolation operator satisfies

∥f − LK,nf∥L2(Ω) ≤ 2
√︁

µ(Ω) · Ch
τ−d/2
X ∥f∥NK(Ω). (26)

If the points X are quasi-uniform with hX = O(n−1/d), then

∥f − LK,nf∥L2(Ω) = O(n−τ/d+1/2) as n → ∞. (27)

Proof Substituting (25) into (24) gives (26). For quasi-uniform points, volume arguments

give n ≍ h−d
X , hence hX ≍ n−1/d and

∥f − LK,nf∥L2
= O

(︂
(n−1/d)τ−d/2

)︂
= O(n−(τ−d/2)/d) = O(n(−τ/d+1/2)).

□

Remark 6 (Comparison with Standard Interpolation, optimality and possible improvements)
The convergence rate (27) is inferior to the best known L2 rate for plain interpolation with
uniform points (see e.g. [26]), which scales asymptotically as

∥f − SX,Kf∥L2
= O(n−τ/d),

namely, a factor n−1/2 better than our estimate in Corollary 2. As anticipated, this dis-
crepancy may be due to the fact that we estimate a best approximation error with an
interpolation error, and this process may sacrifice exactly up to a factor n−1/2 (see [28]).
However, this is provable only for optimally chosen subspaces Vn ⊂ NK(Ω), and not neces-
sarily for Vn = NK(X) as discussed here. In summary, this issue and possible refinements
of (27) deserve further investigation.

We also highlight that since the hyperinterpolation operator and its reproduc-
ing kernel depend only on the subspace Vn = NK(X), Proposition 8 applies
once Kn is expressed in the (non-orthonormal) translate basis. Writing k(x) =
(K(x,x1), · · · ,K(x,xn))

T and letting G be the L2(Ω) Gram matrix of the translates,

Gij =
⟨︁
K(·,xi),K(·,xj)

⟩︁
L2(Ω)

=

∫︂
Ω

K(x,xi)K(x,xj) dω(x)

the L2-reproducing kernel of NK(X) is Kn(x,y) = k(x)TG−1k(y).
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4.2 Kernel Hyperinterpolation under Relaxed Exactness

The results of the previous section are based on cubature formulas that are exact on
NK(X)×NK(X), leading to quadratic growth in the number of constraints. We now
extend the kernel-based hyperinterpolation framework to the relaxed exactness setting
introduced in Section 3.6.

Let Vn = NK(X) and let Vm ⊂ Vn be a subspace of dimension m ≤ n. Under
the assumptions of Theorem 10, the hyperinterpolation operator LK,n satisfies the
stability estimate

∥LK,nf∥L2(Ω) ≤
√︁
µ(Ω)√
1− η

∥f∥L∞(Ω),

and the error bound;

∥f − LK,nf∥L2(Ω) ≤
(︃

1√
1− η

+ 1

)︃√︁
µ(Ω) inf

g∈Vm

∥f − g∥L∞(Ω).

In contrast to the fully exact case, where the approximation error is governed by
space NK(X), the relaxed formulation yields an error bound controlled by the smaller
subspace Vm. Moreover, the flexibility in selecting Vm allows one to tune the method:

• If Vm = NK(X), we recover the full exactness framework and the error bounds
of Corollary 2.

• If Vm is chosen as a lower-dimensional subspace (e.g., generated by a subset of
kernel translates), the cubature construction becomes significantly cheaper, while
the approximation error depends on the richness of Vm.

• In the extreme case Vm = span{1}, the method reduces to a stabilized least-
squares-type approximation with minimal cubature constraints.

Using the kernel approximation estimate from Theorem 11, we obtain the following.

inf
g∈Vm

∥f − g∥L∞(Ω) ≤ inf
g∈NK(X)

∥f − g∥L∞(Ω),

but in general the approximation rate depends on how well Vm approximates functions
in NK(Ω). If Vm is chosen such that

inf
g∈Vm

∥f − g∥L∞(Ω) = O(h
τ−d/2
X ),

then the same convergence rate as in Corollary 2 is retained.

5 Numerical Results

In this section, we present numerical experiments designed to validate the theoretical
properties of kernel-based hyperinterpolation developed in sections 3-(4). We consider
various target functions:
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1. f1 = sin(2πx) + 0.5 sin(4πx) defined on Ω = [0, 1]
2. f2 = |(x− 0.3)|2.5 defined on Ω = [0, 1]
3. The Runge function f3(x) =

1
1+25x2 defined on Ω = [0, 1]

4. The Franke function, see [29].

Throughout the experiments, we adopt the following setting.

1. Regularization of the cubature system: In solving (14), we perturb the
matrix ARAT by adding a small multiple of the identity:

ARAT ← ARAT + 10−10 · trace(ARAT )

M
I.

2. SVD-based least squares: To deal with (12), we slightly deviate from the algo-

rithm 1 and solve the problem through the singular value decomposition of ˜︁VZ .
Writing ˜︁VZ = UΣV ⊤ with singular values σ1 ≥ σ2 ≥ · · · , we form the truncated
pseudoinverse ˜︁V +

Z by discarding all singular values smaller than 10−12 σmax, and

set a = ˜︁V +
Z

√
W y.

3. Computation of the Lebesgue constant. For a fine evaluation gridXleb there
exists the matrix H with (LV,nf)(Xleb) = H y, and the Lebesgue constant is the
discrete operator norm

Λ = max
i

∑︂
k

|Hik| = max
x∈Xleb

∑︂
k

|hk(x)|.

We emphasize that H must be assembled by the same numerical operator used
to compute the approximant. In all experiments Xleb is a uniform grid of 1000
points in d = 1 and a 50× 50 tensor grid in d = 2.

Matérn kernels

All the numerical tests represented later are carried out using the Matérn kernels. In
particular, we consider basic(B), linear(L), and quadratic(Q) Matérn as follows:

BMatérn(ν = 1
2 ) : ϕ(r) = exp(−εr),

LMatérn(ν = 3
2 ) : ϕ(r) = (1 + εr) exp(−εr),

QMatérn(ν = 5
2 ) : ϕ(r) =

(︂
1 + εr + (εr)2

3

)︂
exp(−εr),

where r = ∥x − xj∥2 and ε > 0 is the shape parameter that controls the flatness or
localization of the kernel.

Shape parameter selection

A common strategy, adopted throughout our numerical experiments, is to tie ε
adaptively to the fill distance hX through

ε = C · hX , (28)
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where C > 0 is a problem-dependent constant. This ensures that as the data
becomes denser, the kernel does not become artificially localized relative to the point
distribution, maintaining a stable approximation regime.

Numerical Tests

The numerical experiments are organized as follows:

• In Test 1 we consider 4 various methods to recover the target function, including
Kernel interpolation on the given data fX , Kernel least squares, i.e., translating
kernels at the given data sitesX, and sampling the target function at the cubature
points Z, Kernel hyperinterpolation with CF (full) exactness on (NX⊕1)×(NX⊕
1), and reduced exactness (NX ⊕ 1).

• In Tests 2–3 instead, we compare Polynomial hyperinterpolation of degrees {q =
3Q + 1;Q = 0, . . . , 16} with kernel hyperinterpolation with reduced and full
exactness of the cubature formula.

• In Test 4, we use the same methods as in Test 1. To investigate the behavior of
the kernel hyperinterpolation when the number of data points is large, the kernel
hyperinterpolation with full exactness is omitted since at large n = 1000 the
exactness conditions amount to roughly 5 × 105 constraints which imposes high
computational costs.

Polynomial hyperinterpolation is done by employing Legendre polynomials together
with Gauss–Legendre quadrature rules generated by the MATLAB function lgwt,
available on MathWorks.

5.1 Test 1

We consider Halton-distributed data sites X with cardinalities n =
[20, 30, 45, 60, 80, 105, 140, 180, 200] and C = 500 in (28). Figures 1-2 report, the root
mean square error (RMSE), and the Lebesgue constant corresponding to the test
function f1.

The RMSE curves (Figure 1) show that all four methods achieve comparable accu-
racy and the same empirical convergence order, with the full and reduced-exactness
variants practically coinciding: for these smooth, nearly flat kernels the additional
full-exactness constraints are largely redundant, as anticipated by the numerical rank
deficiency of the kernel product space. In line with Corollary 2, the smoother Quadratic
Matérn kernel yields a steeper error decay than the Linear and Basic ones. The
Lebesgue constants, Figure 2, grow for all methods at a rate compatible with the
reference O(n1/2).

5.2 Test 2

The target function f2 is recovered with quasi-uniformly distributed data sites (Halton
points) of the same cardinality as in Test 1. We select Linear and Quadratic Matérn
kernels with the shape parameters constant 800, and 900 respectively. The results are
reported in Figures 3-4.
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Fig. 1 RMSE comparison of various methods to recover f1.

5.3 Test 3

To approximate f3, we consider the data site X with a uniform distribution of the
same size as Test 1. The shape parameter constant C is set to 500 and 700 for the
Linear, and Quadratic Matérn kernels. The results are reported in Figures 5-6.

Figures 3 and 5 confirm that both polynomial and kernel hyperinterpolation
achieve high accuracy and convergence order, the polynomial degree being capped at
50. Figures 4 and 6 show that the Lebesgue constant of polynomial hyperinterpola-
tion grows in line with O(n1/2), while the kernel variants grow at a comparable rate
but with a larger and less regular constant; since Tests 2 and 3 differ in the node dis-
tribution, part of this irregularity is attributable to the node geometry rather than to
the scheme itself.

5.4 Test 4

To recover f4 we fix the data sites X to have cardinalities n =
[80, 105, 140, 180, 240, 300, 380, 460, 560, 680, 800, 1000] with Halton distribution. Simi-
larly, linear and quadratic kernels Matérn are used with the shape parameter constant
C = 100. The results are reported in Figures 7-8.

The RMSE curves (Figure 7) are comparable in the three methods and decay at
an order consistent with the convergence rate of Corollary 2, again steeper for the
smoother kernel. The Lebesgue constants, Figure 8, grow at a rate compatible with
the reference O(n1/2), confirming that the one-dimensional behavior persists at large
n also in d = 2.
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Fig. 2 Lebesgue constant comparison of various methods to recover f1.

Fig. 3 RMSE comparison of various methods to recover f2.

Fig. 4 Lebesgue constant comparison of various methods to recover f2.
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Fig. 5 RMSE comparison of various methods to recover f3.

Fig. 6 Lebesgue constant comparison of various methods to recover f3.

Fig. 7 RMSE comparison of various methods to recover f4.

Fig. 8 Lebesgue constant comparison of various methods to recover f4.
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Remark 7 We conclude this section by emphasizing that the minimality of M sought by
Algorithm 2 is not required by the theory. The constant SM appearing in Theorem 7 equals
µ(Ω) for any exact positive-weight rule, so none of the bounds of Sections 3.5–3.6 degrades
as M grows. The dominant cost is therefore not the hyperinterpolation operator itself but
the rank-detection loop that locates the smallest admissible M : when evaluations of f are
inexpensive, one may prescribe a large M and solve (14) once, bypassing the loop entirely.
Although M and n grow together in all the tests above, preliminary experiments in the
oversampled regime M ≫ n indicate a markedly slower growth of the Lebesgue constant and,
for noisy samples, an error floor that decreases as M increases. A systematic study of this
regime is left to future work.

6 Extension and Future Directions

The present framework applies directly to strictly PD kernels. A natural extension
concerns conditionally positive definite (CPD) kernels, such as thin-plate splines, mul-
tiquadrics, and polyharmonic splines, for which the native space must be augmented
with a polynomial space Pd

m−1 and the interpolant includes a corresponding polyno-
mial term subject to orthogonality constraints. Extending hyperinterpolation to this
setting raises open questions, in particular on which product space cubature exactness
should be imposed and how the polynomial constraints interact with the least-
squares formulation; if exactness is required on ( ˜︁NK(X)+Pd

m−1)× ( ˜︁NK(X)+Pd
m−1),

Theorem (7) extends directly, but the number of required cubature points grows to
M = O((n+ dimPd

m−1)
2).

Other directions include adaptive cubature schemes with computable error estima-
tors, the use of sparse grids for high-dimensional problems, and Remark 7 discussed
in Section 5.

7 Conclusion

This paper extends polynomial hyperinterpolation to arbitrary reproducing kernel
Hilbert spaces. For any Hilbert subspace Vn ⊂ C(Ω) with an L2-orthonormal basis
and a positive-weight cubature exact on Vn × Vn, the hyperinterpolation operator
satisfies an L∞ → L2 stability bound with a constant independent of n, and an L2

error bound proportional to the best L∞ approximation from Vn (Theorem 7); we
construct such cubatures by adapting the Backus–Gilbert least-squares approach, with
an existence result for equidistributed sequences. The hyperinterpolant is computed
via a QR/SVD factorization of the weighted Gram matrix ˜︁VZ =

√
W VZ in O(Mn2)

operations (O(n3) when M = O(n)), avoiding normal equations.
In summary, the contribution of kernel-based hyperinterpolation is as follows. Poly-

nomial hyperinterpolation requires orthogonal bases and exact cubature rules that are
available only on specific geometries; the kernel construction removes this restriction
and applies to arbitrary reproducing kernel Hilbert spaces and to scattered data on
general domains, while retaining the projection structure and the L∞ → L2 stability of
the classical theory. On the other hand, with the kernel-translate basis, the Lebesgue
growth match those of standard kernel interpolation, and the L2 rate of Corollary 2
falls a factor n−1/2 short of the interpolation rate. Whether this gap is intrinsic or an
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artifact of bounding a best-approximation error by an interpolation error, as discussed
in Remark 6, remains open.
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