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Abstract

The study of interpolation nodes and their associated Lebesgue constants are
central to numerical analysis, impacting the stability and accuracy of polynomial
approximations. In this paper, we will explore the Morrow-Patterson points, a
set of interpolation nodes introduced to construct cubature formulas of a mini-
mum number of points in the square for a fixed degree n. We prove that their
Lebesgue constant growth is (’)(nz) as was conjectured based on numerical evi-
dence about twenty years ago in the paper by Caliari, M., De Marchi, S., Vianello,
M., Bivariate polynomial interpolation on the square at mew nodal sets, Appl.
Math. Comput. 165(2) (2005), 261-274.
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1 Introduction

We start referring to the original work by Morrow, Patterson [19], in which for the first
time the following set of interpolation points in the square @ := [—1, 1] was studied.

Consider the set of Morrow-Patterson points for a positive integer n

MP, = {(xm,yx) €Q : m=1,..,n+1, k=1,..,5+1}

where ok
cos i, if m odd,
mr n+3
Loy, = COS , Yp =
n+2 2k —1)r .
cos ——— if m even.
n+3

This set was introduced to construct cubature formulas of minimum number of points
in the square @ for a fixed degree n, see [19].



Denote by P2 the space of the bivariate real polynomials of total degree not greater
than n. The dimension of P? is equal to (":2) and this is also the number of points in
the set M P,,. Moreover, this set is unisolvent for polynomials in P2 i.e. there exists
a unique polynomial from P2 interpolating M P, see [6], [7], [2]. The interpolation
at M P, is given by the projection C(Q) — P? for the discrete inner product cor-
responding to the measure v1 — 224y/1 — y?dxzdy (see Theorem 2 below). Moreover,
the cubature formula of order n at M P, for the above measure holds for all bivari-
ate polynomials of degree 2n. This is not the case for the Padua points of degree n
denoted by Pad,,, because the cubature formula for Pad,, does not hold for T5,,, with
T5,, the univariate Chebyshev polynomial of the first kind of degree 2n. Consequently,
the projection with a discrete inner product is not an interpolation operator.

As for the growth of the Lebesgue constant, Bos [2] established that AMF < O(nf)
(for the definition of AM¥ see (4)). Later, interpreting interpolation at the Morrow-
Patterson points as hyperinterpolation, it was shown in [9] that AM¥ < O(n?), and it
was conjectured that the actual order of growth is AM¥ < O(n?). The main goal of
this paper is to provide the proof that AMF < O(n?).

The paper consists of seven sections. Section 2 is devoted to three independent
ways to construct the Morrow-Patterson points. The third discusses more properties of
these points, the interpolant at M P,, the Lebesgue function, the Lebesgue constant,
and recall the known growth estimates. In Subsection 3.2 we also present the cubature
formula at the M P,,. Section 4, explores the use of M P, points in creating optimal
polynomial meshes. Section 5 focuses on trigonometric identities and summation for-
mulas needed to prove the main theorem. The main section, Section 6, proves that
O(n?) is the growth rate of the Lebesgue constant for the M P,. In the last section,
we present some numerical tests and we shortly describe the Matlab script, Leb_MP.m
that readers can use to reproduce the numerical experiments.

2 Three constructions of M P,, points

In the present paper, n is usually a positive even integer and C), := m.

We now recall three independent ways to construct or to see the Morrow-Patterson
points.

2.1 Construction related to Lissajous curve
Following [14, 15], for ¢ = (q1,¢2) € R?, a = (aj,a0) € R? and u = (u1,u2) €
{—1,1}2, we define the Lissajous curves l,(,z)u by

l,(ﬁ)u ‘R — [-1, 1]2, l q)u(t) = (ug cos(qit — aq), (ug cos(gat — a3)).

a$

These curves can be of two types depending if they have corner points or not. Precisely,
they are

- degenerate, if there exists ¢’ € R and u’ € {—1,1}2, such that ZSDZL( —t) = l((]qi,,
- non-degenerate, otherwise.

By scaling the parameter ¢, we can see that the minimal period of the Lissajous curves
is 27r.
Here, we confine ourselves to the degenerate Lissajous curves of the type

l(()ill’ner) (t) = (cos(nt), cos((n + p)t)),

where n and p are positive integers, such that n and n + p are relatively prime. To

simply the notation, we write

o = 5.



® We notice that, in this case, we can restrict the parametrization of the curve to the
interval [0, 7]. The points v, ,(0) = (1,1) and v, p(7) = ((—=1)", (=1)"*?) denote
the starting and the end point of the curve respectively.

® We also remark that the curve 7, , is an algebraic curve given by T),4,(z) —T5(y) =
0, where T),(z) = cos(narccos(z)) denotes the classical Chebyshev polynomial of
degree n of the first kind.

® In the case p = 1 we get the well-known Lissajous curve associated to the Padua
points (cf. [6, 14]).

The Morrow-Patterson points are the self-intersection points in the interior of the
square [—1,1]? of the Lissajous curve

Yna(t) = (— cos((n + 3)t), — cos((n + 2)t)>. (1)

If we sample the curve =, 1 along the (n + 2)(n + 3) + 1 equidistant points of the
interval [0, 7]:

wk

"= )t 3)

E=0,....,(n+2)(n+3),

we get the set of node points
Padpi2 = {n1(tx) 1 k=0,...,(n+2)(n+3)}

which consists of the Padua points of degree n + 2. After subtracting the points along
the edges of the square [—1,1]? (including the two vertices touched by the Padua
points), we get the set of Morrow-Patterson points, i.e.

M P, = Pad, 12 — edges points.
It should be noted that the Morrow—Patterson points turn out to be sub-optimal in
the sense that the associated Lebesgue constants grow faster than the best possible.

In contrast, the Padua points have Lebesgue constants of optimal growth, see [6] for
a discussion of this observation.

Remark 1. We notice that if instead of (1) we sample the opposite curve

Tn,1(t) = <cos((n + 3)t), cos((n + 2)t)) ) (2)

we obtain the set —M P,, which corresponds to the upside down set M P,,.

Fig. 1 Morrow-Patterson and Padua points for n = 6 and the corresponding Lissajous curves



2.2 Zeros of certain orthogonal polynomials

The Morrow-Patterson points M P,, are the zeros of the polynomials
R} (x1,22) = Uj(21)Up—j(x2) + Upn—j-1(21)Uj(x2), 0<j<n

where Uj(x) = W, x = cosf is the jth Chebyshev polynomial of the
second kind, see [19]. By means of these polynomials, we can construct an orthog-
onal basis in the space C(Q) of continuous functions on the square Q. Indeed, the
polynomials P; ;(z,y) = U;(z) U;(y) are orthogonal in the sense of the measure
V1 —x2y/1 — y2 dzdy.

Additionally, the Morrow-Patterson points are equally spaced in the sense of the
Dubiner metric ug in the square @ (see [8]) where

po(x,y) = max {|arccos(xq) — arccos(y1 )|, | arccos(z2) — arccos(y2)|}
for @ = (z1,22), y = (y1,42) € Q.

2.3 Points on interlacing rectangular grids

Morrow-Patterson points are organized as two interlacing rectangular grids (cf. [17]).
This characterization can allow us to prove the insolvency of any interlacing pair of
rectangular grids of points for many associated polynomial spaces. The proof uses
tensor-product Newton polynomials and divided differences by reducing the problem to
the solution of a sequence of smaller linear systems, similarly as done for the Padua-like
points in [10].

The idea of representing the set M P,, as interlacing rectangular grids are as follows.
Consider for k,1 > 0, the set of indexes

Lo={(i,j): 0<i<k; 0<j<I}CN?

if a point set is the union of two sets U = {(u;,v;), (i,j) € I,,} and X =
{(xs,9y5), (i,7) € I s} it is interlaced if

U < Tp<Up <1 <--+ or Top<U < <U <--*

and
Vo< Y<v1 <yp <--- or Y<yvyy<yy <vy <---
giving |[r —pul <1, [s—v| < 1.

Then, we may associate a suitable polynomial space to interlacing rectangular grids
by recalling the idea of lower sets (cf. [12]). A set L C N? is saying to be a lower set
if for any (k,1) € L and (i,5) € N? such that i <k, j <[ we have (i, ) € L.

The polynomial space associated to L is then P(L) = {x'y/ : (i,5) € L}. It is
worth noticing that in the special case i + j < n, the polynomial space reduces to
T, := Pi.

Introducing the lower sets
® Ky C I, such that (0,s) € Ky if r=p+1,

* K= {(Z7J) : (7" — 1,5 _.7) € I’r,s\Kl}v

K, can be seen as the rotation of 7 of I, (\ K. The lower set L is then
L=1,,U{(i+p+1,7) : (4,j) e Ki}U{(5,j+v+1) : (i,4) € Ka},
which has the cardinality of U U X that is
(k+1D)w+1)+r+1)(s+1).

This is a constructive way to prove (cf. [17, Thm.1])



Theorem 1. Given a real function f known at UU X, there is a unique interpolating
polynomial p € P(L), that is
P= fivox -
Hence, the Morrow-Patterson points can be described using these notations. In

particular, referring to introduced in [19, Sec. 2.2], the relevant indices are (p,v) =
(n,n), (r,s) = (n,n—1), n > 1. Hence, taking K7 = T;,_1 gives Ko = T,,_1 and

P(L) =P,

In Figure 2 we see the case for n = 2.

Fig. 2 The MP points as two interlacing rectangular grids with n = 2: K7 is the black rectangle,
K is the blue rectangle

3 Interpolation and cubature at Morrow-Patterson
points

Let U; be the Chebyshev polynomials of the second kind of degree j = 0,1, ..., i.e.

sin(j + 1)6

p—r for 0 € R.

Uj(cosf) :=

We will make use of the following properties of these polynomials:
° f_11 Uj(z) Up(2)V1 — 22 dx = T 9,
* max;_y 1) |Uj| = j + 1= U;(1) = |U;(=1)],

® the polynomials (/]; = \/%Uj, 7 =0,1,2,... are orthonormal in the sense of the
Gegenbauer weight /1 — 22 dz in [—1,1],

Now consider the following inner product in the space C(Q)

(u,v):/Qu(a:,y)v(a:,y)\/l—mgx/l—dexdy for u,v € C(Q).

Then the polynomials



forms an orthonormal basis in P2 with respect to the above inner product in C(Q). By
the Morrow-Patterson result [19], for any polynomial p € P3, the following cubature
formula holds

2 n+1 2+1

/ / (2.9) V1= 22T 2 dady = = 57 3 ol ),
m=1 k=1
where
D WAL
1=0 j=0

and (@, yy) are the Morrow-Patterson points from M P, given in (1). By classical
methods, see, e.g. [22], the interpolant at M P, is given by

7T2 n+1 %JFl
Lnf(xay) = Z Z W,k f xmvyk Z sz xmvyk:) P’L,J(x7y)
m=1 k=1 0<i+j5<n

n+1 ngl n n—i

= > W F@moyn) D> Ui(wm) Ui (yr) Ui(x) Us (y)
m=1 k=1 =0 j=0
n+1 %+ n n—i

=y ) [wmeZU @) Uj(yi) Us(2) Us(y) | f(@msyx)
m=1 k=1 i=0 j=0

for f € C(Q). Hence, the Lebesgue function A, at the Morrow-Patterson points M P,
is given by

n+1 %Jrl n n—t
An(,y) = Z:l ; Wi,k ;;Ui<xm) Uj(yx) Uiz) Uj(y) (3)

and the Lebesgue constant is its sup-norm over the square @

AYP = max{Aa(a,y) ¢ (2,y) € Q) (4)

that is equal to the norm of the operator L, : C(Q) > f + L,f € P2, i.e.

AR =suwp{|[Lafl « [Ifllo =1} ()

where in the whole paper ||g||¢ = max{|g(z,y)| : (z,y) € Q}.

3.1 Lebesgue constant growth

Concerning the growth of the Lebesgue constant for Morrow-Patterson points, Bos [2]
proved that AMP = O(nf%), by means of the bivariate Christoffel-Darboux formula.
Now, interpreting interpolation at the Morrow-Patterson points as hyperinterpolation,
in [9] was stated the improved upper bound of order n3.

Proposition 1. The Lebesgue constant of the Morrow-Patterson points has the upper
bound

MP 1 p) n _ n3
AX §m\/(n+1)(n+2)(n+3)(n+4)(2n +10n +15) = O(n®) .  (6)

it is worth noting that bound (6) is valid for any hyperinterpolation operator for the
product Chebyshev measure of the second kind, as stated in [9].



On the other hand, the numerical evidence tells us that (6) is an overestimate of the
order of growth, see Figure 3. Indeed, the values of AM” in the range n = 2,4,6,...,60
are well-fitted below by the quadratic polynomial (0.7n + 1)? and from above by
(0.75n + 1)2.

10° q

P
—8— 0.7n+1)2
—=— 0.75'n+1)?

Lebesgue constant

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
degree

Fig. 3 The numerically evaluated Lebesgue constant of interpolation at the Morrow-Patterson points
(log scale) compared with (0.7n + 1) and (0.75n + 1)2.

3.2 Cubature formula for Morrow-Patterson points

To give an easy way to calculate a cubature rule at the Morrow-Patterson points, we
need a simple formula for the weights wy, , m =1,...,n+1, k =1,..., 5 + 1 related to
the points (2, yx) from the set M P,. We introduce the following notation to state
and prove these formulae and the next results. Let

2km

for odd m,
mm (m) n+3
W = > UV = V(M) 1=
n+2 2k — )7
—— for even m,
n+3

SO Wy, vx € (0,7) for all m, k and

={(@m,yx) :m=1,...n+1, k=1,.,5+1}
= {(coswp,cosvy) : m=1,..,n+1, k=1,..,5 +1}.

Moreover, we will write

- e
Proposition 2. Let
n+1 %'H
=30 Y (=2 = yd) Ui(wm) Uj () (7)
m=1 k=1

1\3\3

sinw,, sinvg sin((i + 1)w,,) sin((j + 1)vg)

gk



for Morrow-Patterson points (xm,yr) € M P, and non-negative integer numbers i, j.
If i is such that n+ 2 divides neither i nori+2 or j is such that n+ 3 divides neither
J nor j 4+ 2, then

I(i,5) =0.
Additionally, for all other cases, we have
2C) " (1) + (=1)"] ; i=v(n+2), j=p(n+3),
—2C) D+ (=DM 5 i=v(n+2), j=pn+3) -2,
I(lmj) =
—@2C)TH (DY (-DH] s i=v(n+2) =2, j=p(n+3),
(2C,) 7 (=1 + (=1)"] ;oi=v(n+2)—2 j=pn+3)-2

where p, v are integer numbers. Any upper bound for i,j is not required in the above
formulae.

Proof. We will use the following two classical facts

sin(2(M + 1)z)
2sinx

M
Z cos((2¢+ 1)x) = , (8)
=0

M sin Mz
Zcos(éx) = —2 cos (Mgl)m (9)
sin £
=1 2

that hold for any positive integer M and real x such that sinz # 0 or sin 5 # 0,
respectively.

Since n is even, for any non-negative integers i, j we can write

n+1 %Jrl
I(i,5) = Z sinwy, sin((i + 1)wy,) Z sinwy, sin((j + 1)vy,)
odd m=1 k=1
n 51
+ Y sinwg, sin((i+ Dw,) Y sinvf sin((j + 1)vf) =2 Jo(i) I'(j) + Je(i) I(5).-
even m=2 k=1

For j such that n + 3 divides neither j nor j + 2, by identity (8), we get

n n
Pl 2
I"(j) =3 [cos(jvy) — cos((J + 2)v)] = %Z [cos (2£:Jr1§]7r — cos (QH;)_%“)”}

k=1 =0

. (n+2)jm o (n+2)(+2)7
_ Sin ~— = B S —— 73 _ l(_l)j+1 _ l(—l)j+3 -0

4 sin 47 4gin U™ 4 : .

n+3 n+3

Moreover, if j = u(n + 3) or j = u(n + 3) — 2 for some integer p, then we can easily
check the identities

"(p(n+3) = ()" 232 and I"(p(n+3) — 2) = —(—1)» 243,

The sum with v}, can be evaluated in a similar way, using formula (9), for j such
that n + 3 divides neither j nor j + 2, we have

n n
2+1 2+1

I'(j) = Z sinvy, sin((j + 1)vy) = % [cos ijfg — cos Q(J:f;kﬂ}
k=1




o [5G+ D) cos(§ +2)505)  sin((3 +1)ZET) cos((% +2) LTy
2 sin 75:3 sin %
R F
-2 s 2)mw -
2sin J+3 2 sin %
and
I'(uln + 3)) = 242, I(u(n +3) - 2) = — 52
for integer number pu.
As above, we can calculate
Jo(1) =0 and Jo(1) =0

for ¢ such that n+ 2 does not divide either i or i+2. If i = v(n+2) ori = v(n+2)—2
for some integer v, then

Jn+2) = (-1)H2, S +2) = 22,
Tovn+2)=2) = ~(-152, Jv(n+2) ~2) = =2,
The above cases may be summarized by saying that
(i, §) = Jo(i) I'(§) + Je(i) I"(j) = O

if 7 is such that n + 2 divides neither ¢ nor i + 2 or j is such that n + 3 divides neither
j nor j + 2. Additionally, we can calculate values of I(,7) in all other cases:

Iw(n+2),p(n+3)) = I(v(n+2) — 2, u(n +3) — 2) = CFDOED gy 4 (1ym),

I(w(n+2),u(n+3) —2) = I(v(n+2) — 2, u(n + 3)) = — B0 1y 4 (qym).
O

Theorem 2. The cubature formula for the Morrow-Patterson points M P, on the
square @ is given by

F+1
4 n+1l 2
ﬁ/ p(z,y) V1—22/1—y?dedy = C, ZZl—az (1 —y3) p(xm,yx) (10)
O m=1 k=1
n+1 %"'1
=C, sin? w,, sin® vy p(cos wyy,, cosvy,)
m=1 k=1
for any polynomial p € P3,. Consequently,
win g = Cn (1= 27,)(1 = ). (11)

The projection C(Q) — P2 with respect to the discrete inner product

|3

n+1 g +1

2
(u,v), := T Wi ke W( o, Yi) V(T s Yi)

1 1

+

=~
Il

3
I

is an interpolation operator with nodes at Morrow-Patterson points M P, i.e. for

n+1 %""1 n n—1i
Lof(,y) =Cn Y Y (1=a2)(1 = 2) f@moun) DY Us(zm) Uj(ye) Us() U (y)
m=1 k=1 i=0 j=0



the interpolation conditions Ly f(Zm,yr) = f(@m,yx), m=1,..,n+1, k=1,.., 5 +1,
are satisfied. The Lebesque function corresponding to the Morrow-Patterson points is
given by

n+1 2+1 n n—i
M(@,y) = Co Y > (=22 ) A=) DD Uslwm) Us(y) Ui(2) Us(y)| - (12)
m=1 k=1 =0 j=0

Proof. First, observe that it is sufficient to prove the quadrature rule (10) only for
polynomials p(z,y) = U;(x) U;(y) and 0 < i+j < 2n. Notice that the left-hand side of
(10) equals 0 when 4 # j or 1 if (¢, ) = (0,0). Therefore, to prove (10), it is sufficient
to show that

n+1 g+1
Z Z sin wy, sin? vy, U;(coswy,) Uj(cosvy) =0, i # j, (13)
m=1 k=1
n+1 ngl 1
1(0,0) sin® w,, sin®vy, = o (14)

=
Il

m=1 k=1
where I(i,7) is defined by formula (7). So, taking 4 = v = 0 in Proposition 2, we can
see that formula (14) holds.

For fixed i € {0,...,2n} the number n + 2 divides i or i + 2 only if i = 0, i = n
or i = n+ 2. Considering j € {0,...,2n} such that n 4+ 3 divide j or j + 2, we get
j=0,7=n+1and j =n+ 3. We are interested only in 0 < i+ j < 2n, so (i,j) €
{(0,n+1),(0,n + 3),(n,0),(n+2,0)}. By Proposition 2, I(0,n+ 1) = I(0,n+ 3) =
I(n,0) = I(n+2,0) = 0 = I(i,5) for all other (4,j) such that 0 < i+ j < 2n and
identity (13) is proved.

The statements concerning the projection and the interpolation operators can be
derived from [22, Lemma 3]. Formula (12) is a simple consequence of (3) and (11). O

~—

Remark 2. Cubature formula (10) for Morrow-Patterson points M P, holds for all
polynomials p € P3,, while an analogous rule for Padua points Pad,, requires an
additional assumption on polynomials (and is not satisfied, e.g. for p(x,y) = Tan(y)),
see [6, Th. 1] which is saying that

If g € P3, satisfies the condition

[ ate) Tonl) =22 — —0 (15)
Q —x 1-y
then
[ aew) 22— = 3 @)
Q e a€Pad,
where w, = %, 1 or 2 for vertex points, edge points or interior points

of (), respectively.

Because of assumption (15), the projection with respect to the corresponding discrete
inner product is not an interpolation operator for Padua points.

Despite the above comment, it is worth noting that the quadrature (10) can be
derived from [6, Th. 1]. Indeed, consider polynomial p € P3, and take

Q(Iay) = p(z,y) (1 - xz)(l - yZ) € IP%(n+2)

Since p(z,y) (1 —y?) = Z?Zgz a;(x)Tj(y) for some a; € P%nHﬂ, we have

/Qq(x,y) Ton+aly )\/%% (a:,y) (1= 9?) Tonyaly) V1 — a2 \jxid—yz

1-y

10



2n+2

Z/ a;(x \/1—1:2/ Y) Tonta(y) V1 —y2dydz =0

because of the orthogonality of Chebyshev polynomials of the first kind. Consequently,

/ p(r,y) vV1—a2y/1—y dxdy—/ xy)\/lijd\/“i—ﬁ Z “’”’TC"Q(CL)

a€Pady 2

w x C7l
=ty e pay) (1-28)(1-y%)

(z,y)€Padn 2

C
= Y Sy -1 ?)
(z,y)EM P,
and

%/ (z,9) VI—a2/1—yPdedy=C, Y plz,y) (1-27)(1—y?)
Q

(z,y)EM Py,

that is equivalent to (10).

In the last section we will use the following fact.
Lemma 1. Let A\, be the Lebesgue function at the Morrow-Patterson points. Then

An(,y) = An(=2,y) for all (z,y) € Q.

Proof. Since n is even, if m is even then n + 2 — m is even, and if m is odd then
n + 2 — m is odd. Notice that,

{<_$m7yk) :m=1,..n+1, k=1,.., % + 1}

= {(cos (77_ nﬁg),yk) :m=1,..,n+1, k= 1,...,g+1}
2 —
- {<COS <W”)yk) cm=1,..,n+1, k1,...,’2’+1}

mm n
= {(Cosm,yk> :m=1,...,n+1, k:17...,2+1} =MP,

Then, by Theorem 2,

n+1 %Jrl n n—i
M(—9) = Ca 30 35— 2201 42) |30 Uislim) Us () Us(—2) U ()
m=1 k=1 i=0 j=0
—0 Y -0 )| S Uiem) Ul Ui(—2) Uy (9)
(Tm,yr) EM P, i=0 j=0

( 17777.7yk)6MPn =0 j=0
n+1 %Jrl n n—i
=0, 1 —22) 1= 32) D Ui(—am) Ui (i) Ui(—2) U;(y)
m=1 k=1 =0 j=0
Since U;(—m)U;(—2) = U;(2m)Ui(z) we get the claim. O

11



4 Optimal admissible meshes at Morrow-Patterson
points

For a fixed integer v > 0, consider the following polynomial meshes in the square Q:

MP,U{(1,1),(-1,1)} ; wviseven,
A, =
MP,U{(1,1),(1,-1)} ; wvisodd,
MP, U{(cos ;75, cos ;73), (cos (”1:32)”,005 S3)t ; viseven,
B, =
MP, U{(cos ;75, cos ;73), (cos ;75, cos (V;fg”)} ; v is odd.

We see that the mesh B, is a subset of the rectangle [cos T, cos (VH)”] X

v+2? v+2
[cos 43, Cos (Vl;'fgﬂ] which is a smaller rectangular that the one where A, is contained.

As usual, we denote by [z] the ceiling of the real number x. We prove that the
Morrow-Patterson points are optimal admissible meshes in @) as stated in the following
theorem.

Theorem 3. Let n be a positive integer and p > 2. Then, for any polynomial p € P2

we have

lple < —= min{lIpllag,.. P81 1PIa P, - (16)

cos —
m

In other words, Arun1, Brunls, M Praun are optimal admissible meshes for P2 in the
square Q. Moreover,

Ag < Cosll min{ ”/\2”44“”11’ H)‘gHBr#nw H/\SHMP(QM”]} (17)
"

where A and A are the Lebesque constant and function, respectively, corresponding

to any set S C Q of M;"H) nodes which is unisolvent for P2.

Proof. We start with an evaluation of the covering radius with respect to the Dubiner
metric

A) = su inf do((z,y), (a,b
Q)= s int (@), (o)

where dq is the Dubiner distance between two points from the square @, i.e.

dq((2,9), (a,0)) := sup{ gz | cos™ ! (p(x,y)) — cos™" (p(a,b))| :
peP? degp>1, |pllg <1}

= max{|cos™!(z) — cos™*(a)|, |cos(y) — cos™ (D)},
see [4, 8]. First consider

MP,) = max inf  max{|cos ! (z) — cos™(a , cos™! —cos L(b
0o(MP,) = max it max{]cos (z) — cos”!(a)]. | cos™(y) — cos (b))}

= max inf  max{|¢ —wpnl, |6 — vk|}

¢,0€[0,m] m=1,....v+1
k=1,...,v/2+1

where v is a fixed positive integer. For odd v the points {(w,, vg)}m , form a grid

+1
(55 25), Gz ., (G5, T,

20 v+3
2 +2
(25, 755), (B 2m) o o (5, ),
((V+1)7r L) ((U+1)7r 371—) ((u+1)7r (V+2)7r)
v+2 7 v4377 v4+2 w43/ 0 v+2 7 v43

12



in the square [0,7]%. Observe that if there exists at least one point (wm,vx) in a
rectangle R = R({1,02) = [l175, (0 + 1)75] % (2575, (b2 + 1) for some ¢; €
{0,...,v+1}, 5 € {0,...,v + 2}, then

pE=i

™

(%thg}gmaX{lsb*wm\? 10— wkl} = -

In the case of odd v, we can find only two rectangles of this type without
pOInts (m,vi), ie. [0, 755] % [0, ;75] and [0, ;75] x [“E2T 7], After adding points
{(0,0),(0,m)} or {(;%5,5%5), (355, “E2T)} to {(wm,ve) b, We obtain meshes for

v+3/ \v+2° " 143
which the covering radius in @Q is equal to VL-',-Q In this way we get the meshes
s iy T v+42)m
MP,U{(1,1),(1,-1)} and M P, U {(cos ;735,cos ;75), (cos ;35, cos ( ;:_3) )}
The case of even v is similar.
Consequently,
7r
00(Av) = 0g(By) = vro
Take v = [pn]. Then
T 7r
— 0o(B - - <
QQ(ADML]) QQ( [un]) f,lﬂﬂ +2 = un

and thanks to [21, Proposition 1], for any polynomial p € P2 the inequalities

Iple < = llpllag, lple < = lplls,.,

COs — COSs —
I I

hold. If we do not add supplementary points to M P,, then

2m
0Q(MP,) = v +3
and for v = [2un] we get
2m m
0MPrown) = 5073 =

Consequently, inequality (16) is proved. Optimality of these meshes is evident, because
card MP, = %2@4-2) = 0(?) = O(n?).

To show an estimate of the Lebesgue constant A3 (c.f. [1]), fix f € C(Q). Then the
interpolation polynomial L2 f € P2 and we can apply inequality (16)

IL57le < —tw minfILS fllag . 12871500 1ZS Flatpia b

For any set 7 C @ we have

1Ll < I f @l 7

Since the Lebesgue constant A7 is the norm of the linear operator L7 : C(Q) — P?
with respect to the sup-norms, i.e.

Ay =sw{| Ly fllg = Iflq =13,

the proof is complete. O

5 Auxiliary results

This section is devoted to some lemmas that will be used to prove the main result.
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Lemma 2. For everyl € N and each «, € R such that sin aTiB # 0, we have

(2l+3)(a+ﬂ)

+5

Lo o <in w sin
Z sin(i + 1)asin(i +1)8 = o p -
— 4sin 252 4 sin

(18)

Proof. Since sina -sinb = (cos(a — b) — cos(a + b)), we conclude that

l

Zsmz—l—l)asmz—I—l Zcosz—i—l a— ) —chosz—I— (a+ D).

=0

The well-known formula (9) leads to

! sinw I+ 2)(a—P)

Zsin(i + Dasin(i+1)8 = —a—pg 08
— 2sin =5~
mw (1+2)(a+ B)
_ cos
2 sin a+’6 2

Then the trigonometric identity sina-cosb = £ (sin(a+b)+sin(a—b)) gives the desired
formula. O

Similarly, starting with cosacosb = 3(cos(a — b) 4 cos(a + b)), one obtains
Lemma 3. For every l € N and each a,ﬁ € R such that sin D‘Tiﬁ # 0, we have

(2143)(a=B) ; (2l+3)(0¢+,3)
sin ~=D e gip A2 A el
E cos(i + 1acos(i+1)5 = 27ﬁ + +,6’ - (19)

4sino‘T 4sin &

To prove further formulae we will also need the following one.
Lemma 4. For everyl € N and each «, 8 € R such that sin O‘Tiﬂ # 0, we have

a—8 (21+3)(a=B) atp (2143)(a+B)
cos 557 — cos TS cos S0 — cos LT
sin(? 4+ 1)acos(i + 1)8 = 2 2 Z 2
Z ( ) ( )8 4 sin % 4 sin ‘”‘B
(20)
Proof. Since sina - cosb = (sin(a — b) + sin(a + b)), we conclude that
1
Zsin(i+ Jaccos(i+ 1)8 Zsmz+1 a—0 Zsm D(a+ B).
i=0
Then we use the following well-known identity
M - Mz
sin 222
Z sin(fr) = —2 sin (M;Dz, (21)
p sin §

which leads to

! iy UFD@=8)
Sin ~——5—— l+2)(a—
Zsin(i + Dasin(i+1)8 o - (f_a sin (L+2)(a—f)
i=0 2sin =5 2
n (l+1)(a+5) C(+2)(a+58)

+5 S

Jr
2sin 25~

Then the trigonometric identity sina-sinb = 3(cos(a—b) —cos(a+b)) gives the desired
formula. 0
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Lemma 5. Letl,a,f be as above. Assume further that sin 8 # 0. Then

: 1
sin o . o
S0 ;sm(z + Dasin(i + 1)8
a B _
_cos 2.COS 2 (sin (20+3)(a—=8) sin (2l + 3)(a + B)
2sin 8 2 2
cos %5 C(')s % sin 20+ 3)(a—pB) C(.)s %‘Z sin (20 +3)(a+ B) .
dcos 5 \ sin 252 2 sin &= 2

Proof. By using (18) and sin(a + b) = sina cos b + sin b cos a, we have

. l o 1
sin « 2sin 5 cos 5
- sin(z + 1)asin(z + 1 —72 sin(i + 1)asin 1
smﬂz ( ) (i+1)8 sin 3 Lz; +1) (E+1)8
_cos§ cos sin M cos § sin B cos & B sin W
a—p
251“/3 QSmBsmT
_ cos §cosy D sin w cos § sin & cos 21 sin w
2sin 3 2 sin 3 sin a+ﬁ
Now the double-angle identity sin(2z) = 2 cosz sinx gives the desired formula. O

Lemma 6. For every natural number n and each z,y,z € R so that sin HyTﬂz #0
and sin %i% # 0, the following formula holds

n

T, (x,y,2) = Zsin(j + Dasin(j + 1ysin(2n — 25 + 3)z
§=0

cos TTUEEHIN: (o0 QuiREoHl o CraBamy)mlz (o amy=(Btin):
T ReinIL2 g2y §sin TUFZ | g T4
cos Grtlatites o atybErin: o oty=(ramz o0 Qa3 aty)—dz
8 sin £HL=22 8sin LHL=22 8 sin LUE22 8 sin LHLE2

Proof. We write T instead of the more cumbersome Y, (z,y,z). Since sinasinb =

1(cos(a — b) — cos(a + b)), we have

1< , . ,
=3 Z cos(j+ 1)(z —y) —cos(j + 1)(z + y)) sin(2n — 25 + 3)z.
§=0
Now, using sin(a — b) = sina cosb — sinbcos a, we get
2Y =sin(2n + 5)z Z cos(j + 1)(z —y) cos(j + 1)2%

Jj=0

—cos(2n+5)z Y cos(j+ 1)(x —y)sin(j + 1)2z

- 114-

—sin(2n+5)z » cos(j+ 1)(x + y) cos(j + 1)2z

<
Il
o

Poﬂ:

+ cos(2n + 5)z os(j + 1)(x + y) sin(j + 1)2z.

<.
I
=)
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Let  —y = 0 and = +y = 7. Then, using (19) and (20) twice,

T —sin(2n + 5)2 sin (2"+3)2(072z) — sin 2522 N sin 7(2"+3)(U+2Z) — sin 222
=sin(2n
8sin 2522 8 sin 222

(2n+3)(<7 22) _ cos 222z cos ZE22 _ cos (2n+3)(0+2%)
—cos(2n +5)z 2 2 2
—2z a+2z
8 sin 7 8 sin
2 2n+3) T—22) _ sin 7522 sin (2n+3)2(7'+2z) _ sin 7—222
~sin(n +5)z 8 sin 7522 T 8sin T+22
T cos(2n + 5)2 cos 2"“ (1=22) _ ¢os =22 cos TEZ — cos (2”+3)2(T+2z)
cos(2n
T—22 7'+2,z
8 sin 5= 8 sin
By applying cos(a £ b) = cosacosb F sinasin b, we obtain the required result. O

6 Estimates of the Lebesgue function

Before we formulate the main theorem of the paper, we show an estimate of the
Lebesgue function on a sub-square of Q). By Theorem 2, for any 6,¢ € [0, 7], the
Lebesgue function A, (cos @, cos @) can be written as follows

n+1 Z+1 n n—j
C, g g sin? w,, sin? vy, E U;(cos v )U;(cos 8) U, (cos(wy, )U;(cos ¢)‘

m=1 k=1 j=0 i=0

n+1 %‘H n n—j . /. . ( 1)9 . ( 1) . ( 1)¢
. sin(% vk sim(z + sin(y + 1)wy, sy +
=C, E E Sin wy, sin v E E sin 0 sin ¢ ‘

m=1 k=1 7=0 i=

n+1 %*1 n n—j

sin wy, sin(j + 1wy, sin(j + 1)é sin vy, sin(i + 1)vg, sin(i + 1)0
= C, E E .
£ sin sin 6
m=1 k=1 [j=0 =0

For ¢ € [£, °F], it is clear that

>

Jj=0

< Z 2 sin wy, ‘Sin(j =+ 1)wm‘ |Sin(j + 1)¢|
j=0

<2(n+1)

sin wy, sin(j + 1)w,, sin(j + 1)¢
sin ¢

and if we take also 6 € [%, 2] then

1\3\3

+
An(cos 8, cos ¢) < C Z An+1)2 =4C, (n+1)3(2 +1).

HM

Consequently,

An(,y) <AC,(n+1)°(5 +1) = O(n?)
for any (z,y) € [fé @]z In the same manner, for any fixed ¢ € (0,1) (independent
of n), that is (x,y) € [~4,d]?, we can prove that

)

It is worth emphasizing that the obtained estimate can be improved. This, however,
requires more tedious reasoning, as will be seen in the proof of the following theorem.

Theorem 4. The Lebesgue constant of the Morrow-Patterson points has the upper
bound
AMP < O(n?). (22)
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Proof. By Theorem 2, for any 6, ¢ € [0, 7], we can write

n+1 %Jrl
An(cos B, cos @) = Z K, ((6,9); (wm,vr)),
—1

m=1 k

where K,,((0,¢); (wm,vk)) is given by

 8sinwy, sinvg [ y sin(é 4+ 1)w., sin(é + 1)@ sin(j + 1)vg sin(j + 1)¢
" (n+2)(n+3) P sin ¢sin 4
_ 8sinwy, sinvg sin(i 4+ 1)w,y, sin(i + 1)@sin(j + 1)vg sin(j + 1)¢
(n+2)(n+3) o< Ten sin ¢ sin 0
 8sinwy, sinvg [ o sin(i + 1)w,y, sin(i + 1)@ sin(j + 1)vg sin(j + 1)¢
 (n+2)(n+3) == sin ¢ sin @ '

In order to prove that \,(cosf,cosp) < O(n?) for any 0,¢ € [0,7], according to
(17), it is enough to verify that A,(cosf,cos¢) < O(n?) for any 0,¢ € [£,7m — £],
where ¢ > 0 is a fixed constant independent of n. By Lemma 1, A, (cos®,cos¢) =
An(cos(m — ), cos ¢). Therefore, we can assume, without loss of generality, that 6 €

[£, Z]. Moreover, for any fixed § € (0, §) (independent of n), we have already observed

n’ 2
that
A (cos 8, cos ¢) < O(n?)
for (6, ¢) € [6, ™ —8]%. To show the result for the remaining 6 and ¢, let us first consider

the case when 6 = w,,, for some m. Then

8 sin vy sin(j + 1)vg sin(j + 1) QS
K, ((0,0); (0, vx)) = Z Zsm (i+1)6
(n+2)(n+ 3) = sin ¢
s l .
Since W‘ <j+land Y sin*(i+1)§=21(3+20— W), we have

i=0
4 = .
Kn((0,9);(0,vr)) Sm JZZ:O(J +1)(2(n —j) +3)

4
Gy Dm0 =Om).

Therefore, for such m, we have

241

> Ko ((0,9); (6, 01)) < O(n?). (23)

k=1
Suppose now that w,, # 6, then by Lemma 5,

Kn((ga ¢)a (wma Uk))

_ 8sinwg "\ sin(j + 1)vgsin(j + 1)¢ | cos %= cos §
(n+2)(n+3) jz:(:) sin ¢ 2sin 6 = (51— 52)

coS w2m coS wm2—0 s oS wm?+0 S
* 0 T e ST
4 cos sin =2 sin =

2
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. Hence,

where S; = sin —(2("7]‘)?)(1”’"76), S5 = sin —(2("7j)+23)(w’"+0)

_ 8 J+1 =G+ 1)(2(n—j5)+3)

Since 6 € [£, Z] and using the fact that sinz > 2z for z € [0, 3] we have

> 2

Kn((0,0); (wm, o)) <

Mt Do) (T 2 o, e

(n+2)(n+3) Tc+ 6v2

If we assume, in addition, that ¢ € [0, 7 — d], then

' 8(n+1) ™m  n+3
K ((6,0); (wm, b)) < oy G 3 s o (20 * ) '

For fixed 6, ¢ and m, let

—P—wm+0 m—0
Vm — {1 S k S % + 1: |Uk¢++‘ n+3 if ¢+w2 € [*%7%]7
D {1k <p1 | ufoumtl gy < ’ﬂ+3}’ if $Wm=b ¢ (3m .,
v m — W +0 m
Vo= {lsk<g+l: |% 7T|<n+3}71fz_wz ;E -5 =%l
{(1<k<p41:|nttomt) o n if $=mtl ¢ (—z 3x]
m+6 e — m—0
v e S R T R
: v wm i — Wy —
{I<k< G +1:|% | < =) if 5 €(-3,%]
pm o SRS 41 [ttt g < g} if —ejet e [ —g],
4 {1Sk§%+1zlvk+¢+wm 9|<n+3 if —¢ wm+6€(_%’§].
m—0 : m+0
— {(1<k<B41:|n=tunl o1} if 2temtl ¢ o, 3r],
¥ {1§k§g+1:|%+w|<n+3}, if $tWmtl ¢ (3m 5m)
—_ m 0 m (4
N B s i w|<nig}7 it ket ¢ [, g,
¢ {1<k<p41:|nttontd) o r if &=tn=l ¢ (-2 2
s+ S— W — im0
Vo= {1§k§%+1|% 7T|<n+3}’ f ¢+120 + 6[_%’_%]7
7 {lgk§%+1lw‘<n+3 if ¢+12Um+9€(_§’%]
n .| Vet ot w40 ip —p—wy,—0 _bm _w
Vo= {1<k< : +1: I7Uk+¢+wm+e T < i ?f e € i 7],
{1§k§§+1:|7\<n+3, if =—=—m—¢€ (-7%,0
Since Ak = nL—HS’ each V;™ is a set of at most two elements (these sets may be

empty). Let Q := V" U...U V" If Q is nonempty and w,, # 0 form=1,...,n+1,
then by (24)

n+1

S ST Eu((6,6): (wan ) < O?). (25)

m=11eQ

Now, for fixed 0, let © := {1 <m <n+1: |wy — 0| < 35} If © # 0, then by (23),

(24) and the fact that © is a set of at most two elements we have

241

> Ka((0,0); (wm, vk)) < O(n?). (26)

me® k=1

For the remaining indexes m and k, m ¢ ©, k ¢ Q, by using Lemma 6

Kn((ga ¢)a (wm7vk))
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550 0 cos 5 cos g Wy, — 0 wm +0
(n+2)(n+3)| 2sin¢sinf Uk, ¢ 5 O, ¢, o 7
g = 9 w +9
Vg @, + Uk, O,
4sinpcos 3 Lin mmf T < 006 = ) sin wm+9 Ky @
Therefore,
K’ﬂ((ev ¢)7 (wm, ’l)k))
8 sin vy, cos 2 cos 2 wm Ny
“(n+2)(n+3) QSln(bslnH Uk’(ZSa Vg, b,
8si cos Wm  cos Wu=? 0
+ SIN Vg, : 2 — 2_0 (Uk, é, )
(n+2)(n+3) |4sin¢cos § sin L=="°

8 sin vy,

T 213

4sin ¢ cos % sin

cos me—s-O wm + 60
W+ 0 Tn Uk, ¢7 .
2

To show A, (cosf,cosp) < O(n?), we must consider each of the three terms of the
above sum separately. Let’s start with the last one. According to Lemma 6, the value
of T, (v, &, w,,12+9) could be expressed as the sum of eight terms. Let us consider the
first (in accordance with the order given in Lemma 6) of them, namely

. — (442
8 sin vy, cos %z cos wm2+9 cos L=t +2")(w’”+6)

(n+2)(n+3)

13,1 =

Wi +0 Vg —P— Wy, —0
2 2

. 0 . .
4sin ¢ cos 5 sin 8 sin

As we noted earlier, without loss of generality, we can assume that 6 € [, 7]. Hence,

2v/2 1

Is1 < . . .
M= (n+2)(n+3)sing |sin Latl sin e=b—wn 0| (27)
It is clear that
1 . + L (28)
| sin w"”;”e sin ”k_¢_2“’w1—9| ~ sin? L;ﬂm—f’ sin? meJrf? ’

It is known that a necessary (and sufficient) condition for a continuous function f to
be convex on an open interval I is that (see, exercise 1, on page 63 in [23])

x+h
<5 [ (29)

for all z and h with [x — h,z + h] C I. Let 0 = W and consider the case when
o€ [O,%].Then, for 1 <k <% +1, —%” < % — 0 < 3. Define

| A

+1 ?—a<0k§éV5m}
+1

I/\
I/\

={1
{1

w\zl\?\§

?—0'>0 k¢Vr }

Let us assume that L and R are nonempty sets (if one of them is empty, the part
related to it should be omitted in the following reasoning). Let l,,4, be the greatest
element of L and r,,;, least element of R. Then, by (29), we have

Imaw  pUeq_ T
Z . <0t Z / Hhe L dt
in2(% _ o) e x in2(t — '
o sin (g — o) T gpEy SiD (t—o)
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41 Vg T
1 n-+3 2 ERPICE=) 1
E —5 < E ————dt.
sin® (% — o) T v,

keRr k=rmin’ 2 "oy O (t=o)

Since “5 — % = A it follows that

a

v T Ylmax T
liw /2’“+z<n+a> 1 o / 35+ 30y 1 ”
w__x_ sin®(t — o) o _a sin(t —o)

k=1 2 2(n+3) 2 2(n+.3)
ERAE S ] 1 o 1
> / ————dt = / _ ————dt.
k="min ka_z(nﬂJrs) Sl (t o U) Trgm _2(nﬂ+3) Si (t o U)
Thus, by the definitions of L and R, we have
1 n+3 (TR 1
Z sin?(% — o) = ™ x sin?t @,
kel 2 2(n+3)
1 n+3 [T 1
Z sin?(% — o) = T = sin? ¢ .
keR 2 2(n+3)
Using Jordan’s inequality, we have
T amrm T
dt =2cot | ————— ) <2(n+ 3).
= sin? ¢ (2(”+3)) ( )
2(n+3)
Therefore,
ey A(n+1)(n + 3)?
DD DL . e
Vp— ¢ Wy, —0 T
m=1keLUR > 2

It is noteworthy that LU RU V™ = {1,2,..., 2 +1}. If 0 € (3}, 2], then 0 — 7 €
(-Z,2]and -2 < % — o+ 7 < 3. Since 81112(7’“ —0) =sin?(% — g + 7), a similar
reasoning as in the case o €0, SI ] yields

n+1
4(n+1)(n+3)2
m=1keL'UR' S 3
where
n
L':={1< §§+ ?—a+7r<0k¢V5m}
R ={1<k gg—i— %—U—FWEO,k%Vgn}.

As before, we have L' U R"U V™ = {1,2,..., 5 + 1}. Next we will show that

n+1 2+1
3
> 2 wm+e <o), (32)
m=1 k=1
Since T < wit 31 5 Wnpihb g we | Weor for s =2,...,n+1
2t = "2 > 4 = 2 2 5 = 3y = )

proceeding as before, one can show that

"i:l 1L _2An+2) /“Mm Lo 8+2)?
sin2 Wmt0 = s _m sin?t  ~ m 7
m=1 2 4(n+2)
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and therefore (32). Combining inequalities (27), (28), (30) or (31) (depending on the
case), (32) and the fact that ¢ € [£, 7 — £] leads to

n+1

— ¢+ (442n) (wm+0
Z Z 8 sin vy, cos 4 cos Lmtl cog Uk b+ ( +2")(w +0) < o)
n
v wm+0 s Ve —G— W, —0 - ’

= lkeK’" (n+2)(n+3) 4sm¢>cos sin “ 8 sin 5

where K7 := {1,2,..., 5+1}\V5". Proceeding similarly for the remaining components
. Wimn wm +6
8sin v . _cos cos —% W0

of (n+2)(n+3)  4sin¢cos § sin 2m*t? Tn (Uk’ ¢, 2 )’ we get

n+1 w Wor, +6

8 Ccos = cos m + 0
Sy S T e (e | EOTO )
= 1keK (n+2)(n+3) [4singcos § sm“““‘

Here K := {k e N:1 <k < 5+ 1,k ¢ Q}. Now consider the associative term

Wy, . 0
cos “M  cos L= W —6 . . . )
Tomdoos T sin Tm T T, (vk, ¢, “%==) (which we shall emphasize with the number 2

one of the two subscripts of the letter I). Let

Wy,

2
4sin ¢ cos Z sin “”#‘9 8 sin

. _ 2 2 (W —
8 sin vy, cos cos 9 cos { "+3)(U’°+§)+ (W —0)

(n+2)(n+3)

1275 =

Vet o—wm+0
2

Wy, — 6
2

Here the subscript 5 denotes the fifth term of expression Y, (v, @, ) according

to Lemma 6. Since § € [£, 7], we have

’ 2
2¢/2 1

n+ 2)(n + 3) sin ¢ ‘ sin wm2 0 sin Uk+¢;wm+9 | :

Ir5 <
(

Let K3 :={1,2,..., 5 +1}\V3" and let M := {1,2,...,n+1}\©. A similar reasoning

as for W gives
oy S T
102 7n_9 - :
mem S B T
Hence,
! _ 4n+1)(n+3)°
> 2 : 2%Wuww— ———
m= 1k€Km
O]
2 _ 163+ D(n +2)°
> 23 zmn . :
meM k=1

Thus if ¢ € [, 7 — £], then

(2n+3)(vk+¢>)+2(wm o)

Wy W —

Z Z 8 sin vy, cos % cos “m=? cos
» 8 iy Wm—0
meMkeKm (n+2)(n+3) |4sin ¢ cos § sin L= 8sin

2
Uk+¢ Wy +6 = O(n )
2

A similar proof can be carried out for the remaining components of the sum

8 sin vy, cos Wm  cog Wm—0 w. — 0
’ : . 6 . w 279 T”(”k; ¢7 ui ),
(n+2)(n+3) 4sin¢cos 5 sin @

21



ie., Io1,122,123,12.4 and I, I 7, I g, following our notation. Therefore,

’wm—a _ 0

8sinwv cos ¥m  cos w,
Z Z (n+ 2 nk_‘_ 3) |4si 2 7 wm2—9 T, (vk, @, T) < O(nz)' (34)
meM ke K sin ¢ cos 5 sin “=—=

It remains to consider

8 Sin Yk cos w27” cos g W — 0 W, + 9
I = Yoo b Um0 v g, Ym0
YT (n+2)(n+3)| 2singsing n(Vk, ¢, —5—) (0K, &, —5—)

We first consider the following expressions

cos Ym cog 0 cos v — P+ (2n+4) (W, — cos v+ o+ (2n+4) (W, —0)
Ay = 2 P 2 _ 2
2 sin (b sin 9 8 Sin Vi _¢_2wm+9 8 Sin 'Uk+¢_2wm+9 ’
cos ¥ cos & [ cog = Cnt)(wm=0) o ve—¢= (ntd)(wm—0)
Ay = 3 2 2 _ 2 ’
2sin ¢ sin 6 8sinw SSiDW
Wm 0 'Uk_¢+(277/+4)(w7n +0) Uk +¢+(2"+4)(wrn+9)
Ay cos ‘3™ cos 5 [ cos 5 _cos 5
T . . . _ _ _ . _ _ b
2sin ¢ sin 6 8smvk~¢27wm9 8sm%wm0
cos 4z cos & [ cos F=CntdWmtt) g ve=¢=(ntd) (W +0)
Ay = 2 "3 2 _ 2
2 sin ¢) sin @ 8sin Vi +¢'zwm +6 8sin 1)k_¢‘gwm,+9

Here the first two are from T, (vg, ¢, “’”””2_9), and the next two from Y, (vg, @, wm2+9).
Let z = (2n 4 4)(w,, — 0), then by sin(a £ b) = sina cosb + sin b cos a, we have

L Wm L0 iy V=W, 40 [ L Ve—0t+z L Vpto+z
COS 2 COS 2 Sin 2 COS ) COS B} COS B}

Ay
16 sin ¢ sin € sin T’k_¢_2“”"+9 sin ”’“+¢_2“’m+9
Wy, 9 V=W +0 s @ VE— Ptz vetotz
CcOs “™ cOS 5 COS 5 sin § ( cos === 4 cos
16 sin ¢ sin 6 sin 2& 7¢72w"”+9 sin ”k+¢;w"'L+9
Now by cosa + cosb = 2 cos %rb cos 45~ b and cosa — cosb = —2sin a"‘b sin (‘T—b,
cos Ym cos £ sin e=Wmt0 onq & i Vetz gy &
A, < 2 2 2 2 2 2
~ | 8sin¢sinfsin % 7‘/)72”"1% sin ”k+¢;wm+0
cos “3* cos g cos ”’“_“’27’“” sin (5 cos ”k;z cos%
8 sin ¢ sin 6 sin ”k_¢_2wm+9 sin ”’“+¢_2w’"+9
Hence
1 1
A < + . (35)
8 sin 6 sin? %wwﬁ@ 8 sin O sin? W
We already know that
n+1
A+ 1)(n+3)% 36
Z Z n2 w - T ’ (36)
m=1keKy S 2

Similarly, we have

n+1 2
i Z _ A4 D+ 3)? -

2 UV — q5 W +0 — T
m= 1keKm 2
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“ {n : {172,.“7% + 1}\ 1m' If 0 e [rcw g]v then by (35)a (36) and (3;)7
Z Z 5 5in vy A; < (nz)
— A0 .
meM ke K"NKM (n + 2) (n + 3)

An analogous property can be shown for As, A3 and A4. Due to the similarity of the
proofs, we omit the details. Thus we have

8
3 }: __BSIUR A 4 A Ay) < O(n). (38)
(n+2)(n+3)
meM ke K

To consider all the components of I, it is necessary to examine the following terms

| cos cos & (cos (2"4‘3)(%_3)_2(“%—9) oS (2n+3)(vk—§)—2(wm+0)
Bi= 2sin ¢sin 6 SSiHW - 8Sinw ’
| cos %= cos & [ cos (2”+3)(U’“+§)+2(w’”70) cos (2”+3)(”’“+¢)+2(“’m+0
Bz = 2sin ¢sinf SSinM { gip Y= <z5 wm76 )
| cos g~ cos ¢ [ cos (2"+3)(“’“_§)+2(wm‘*‘9) g (2n+3)(ve— ¢)+2(wm—9)
Ba = 2sin ¢ sin 0 8 sin L=d—wm=0 N 8 sin % ¢ i 0 ’
By m cos.“’T’" c.osg (cos (2n+3)(vk+c2b)f2(wm+0) cos (2n+3)(vk+¢)+2(wm70) >
2 sin (;5 sin 0 8 sin W 8 sin vk+¢+wm —0

As for Ay one can show that

sin 6

o) Vi —P+Wm
2

2 — ) 2w,
cos ¥z cos 3 sin ( "H)(”‘E ¢)—2w

COS g Sin
Vi — P+ Wy, —0
2

1= sin 1Jk—¢+111m+0

8 sin ¢ sin 6 sin
(2n+3)(vk ¢)—2wm

0 Ve —PF+Wm
2

Wy v
[¢0)] 2 (¢0)] 2 (¢0)] sm 2 cosf

vk*¢+wm79
2

sin

8 sin ¢ sin 6 sin Ye— ¢J;“”"+9

Hence

1 1
2 vg—p+wy, —0 + 2 vp—¢dtwm,+0 °
2 2

By < (39)

8 sin ¢ sin 8sin ¢ sin

Let K" :={1,2,...,2 +1}\ Vy" and K§" := {1,2,..., % 4+ 1} \ Vg". Then

n+1 2
Z Z 2 Vi ¢+wm70 < Ant Dint3) ; (40)

™
m= lkEK"‘
Az _ A+ 1)(n+3)? i
> 2 wm ¢+wm+9 < . (41)
m= lkEKm

in the same manner as before. If ¢ € [£,7 — £], then by (39), (40) and (41),

8 sin vy, 9
D D T ITE= Tt

meM keEKJNKZ

Similar inequalities can be proven for By, Bs and By. Thus

8
> Z ;mv;c 3 (B1+ By + Bs + By) = O(n?). (42)
meM keK 71 T Tl + )
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Since I} < —S8muk N (A; + By), (38) and (42) yields

2 (n3) -
> > n<om?). (43)

=1
meM ke K

Putting (33), (34) and (43) together, we have

ST ST Ka((8,6); (wmsvi)) < O(?). (44)

meM keK

Since M = {1,2,...,n+1}\© and K = {k ¢ N: 1 <k < 5+ 1,k ¢ Q},
An(cos,cos ) < O(n?), by (25), (26) and (44). It is worth emphasizing that if 6, ¢ €
(0,m — 6) for certain constant ¢ € (0, 5) independent of n, then

Y>> n<om) (45)

meM ke K

The remaining expressions under consideration have an analogous property. This
means that

An(cos b, cos ) < O(n)
for 0,¢ € (5, ™ — 9). O

Remark 3. It is worth mentioning that Xu in [25, 26] studied a generalization of
Morrow-Patterson points for the weight functions

Nl

o=y a4y (1 -2 - ) (46)
for a,b > —1/2. In particular, for a = b = —%, they become Chebyshev weights
of the first and the second kind. In the case of Chebyshev weight of the first kind,
the author has discussed the corresponding cubature rules and interpolation formulas,
including the Lebesgue constants growth for n even in [25] and n odd in [26]. In
particular, it has been shown that the Lebesgue constants growth is in general of this
type: O(n?maxtab} 1) for . b > —1/2 and O((logn)?) fora=b< —1/2.

Concerning the second kind’s Chebyshev weight, the Lebesgue constants growth has
been recently studied in [24] not for Morrow-Patterson points but for the so-called Xu
points. The results show again a n® growth (see [24, Th.1]).

7 Numerical tests

We developed a Matlab script, Leb_MP.m, to help readers to produce some numerical
experiments. The script and two auxiliary functions (available on GitHub https://
github.com/demarchi-github/MP-points) allow the construction and the plot of the
Morrow-Patterson points for different values of the degree n, the Lissajous curve (1),
the Lebesgue function (3), and the corresponding Lebesgue constant. The Lebesgue
function can be evaluated on a grid of equally spaced points or Chebsyhev-Lobatto
points. The latter is a weakly admissible mesh of the square and, as detailed in [1], it
is an optimal mesh for evaluating Lebesgue constants.

In Figure 4 we see the Lebesgue function for n = 30 evaluated on a Chebsyshev-
Lobatto grid of 10000 points, and the growth of the Lebesgue constant 2 < n < 30,
compared with the bound (n + 1)(n + 2)/2 and both curves are almost overlapping.
Numerically the Lebesgue constant is attained at each corner of the square ) and the
computed values are (n+ 1)(n + 2)/2.

In Figure 5 we show the plots of the Lebegsue function and the correspond-
ing Lebesgue constant for the Ezxtended Morrow-Patterson points, which are scaled
Morrow-Patterson points [8]. Indeed, using our notations

MP MP
EMP _ Tm EMP _ Yk
Loy - » Jk -
(079 5n

24


https://github.com/demarchi-github/MP-points
https://github.com/demarchi-github/MP-points

where a,, = cos(w/(n + 2)), B, = cos(m/(n + 3)). As expected the values are lower
but still show a n? growth.

7.1 Final remarks

The numerical evidence shows that the Lebesgue function, with the notation of the
paper A\(z,y), is symmetric not only for y, but also to the origin. By Lemma 18 above
we proved that A(z,y) = A(—=z,y). However, it is an open problem of proving that
Az, y) = A(—z, —y). Another open problem is to prove that the Lebesgue constant is
attained at each corner of the square as suggested by the numerical results.

Lebesgue function for n=

30 0°

Lebesgue constant

o 5 10 15 20 25 30
degree

Fig. 4 Top: the Lebesgue function for n = 30. Bottom: the behavior of the Lebesgue constant and
the bound (n + 1)(n + 2)/2.

Lebesgue function for n=30

—O—EMP o
—8— (n+2)(n+1)2

Lebesgue constant

o 5 10 15 20 25 30
degree

Fig. 5 Extended Morrow-Patterson points. Top: the Lebesgue function for n = 30. Bottom: the
behavior of the Lebesgue constant compared with the bound (n + 1)(n + 2)/2.
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