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Abstract. This work extends least-squares support vector regression (LS-SVR) based on the generalized
moving least squares (GMLS) approximation to the numerical solution of partial differential equations on
spheres. We show that the proposed approach constructs a kernel-based approximant in its dual form
and establishes its connection with the associated reproducing kernel Hilbert space (RKHS). Furthermore,
solving the PDE through the proposed LS-SVR framework is shown to be equivalent to solving a smoothing
problem or a kernel ridge regression problem in the corresponding RKHS.

As applications, the method is employed to solve the Allen–Cahn equation and its conservative counter-
part on spheres. An implicit first-order operator-splitting scheme is used to separate each model into linear
and nonlinear subproblems. The linear subproblem is discretized by the backward differentiation formula
and approximated at each time step using LS-SVR derived from a GMLS-based collocation formulation,
while the nonlinear part is treated analytically. The resulting scheme is shown to admit a unique numerical
solution at every time step. For the conservative Allen–Cahn model, a correction procedure is incorpo-
rated to preserve mass. Numerical experiments demonstrate the accuracy and effectiveness of the proposed
framework.
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1 Introduction
In this paper, we conduct a numerical investigation of two partial differential equations (PDEs) defined on
the sphere, i.e., the Allen-Cahn (AC) equation and the conservative Allen-Cahn (CAC) equation, using the
new approach.
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hghan.aut@gmail.com (M. Dehghan), stefano.demarchi@unipd.it (S. De Marchi).
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The AC equation on sphere S2 reads as follows [7, 10]:

∂u(x, t)

∂t
= ∆S2u(x, t)−

F ′(u(x, t))

ϵ2
, (1.1)

in which x ∈ S2, t ∈ (0, T ] and ∆S2 shows the Laplace-Beltrami operator, and u(x, t) is the phase-field
variable (order parameter). Also, F (u(x, t)) = 0.25(u(x, t)2 − 1)2 shows the free-energy function. ϵ shows
the gradient energy coefficient corresponding to the interfacial energy.

Besides, the CAC equation on sphere S2 is formulated by [32]:

∂u(x, t)

∂t
= ∆S2u(x, t)−

F ′(u(x, t))

ϵ2
+ β(t)

√
F (u(x, t)), (1.2)

in which
√
F (u(x, t)) = 0.5|u(x, t)2 − 1|, and

β(t) =

∫
S2
F ′(u(x, t)) dx

ϵ2
∫
S2

√
F (u(x, t)) dx

. (1.3)

The Lagrange multiplier β(t) is used to satisfy the mass conservation property for variable u(x, t) = u in
time [31, 32]. As a note, the denominator of β(t) is positive. Indeed,

√
F (u) = 0.5|u2 − 1| is nonnegative

for u ∈ [−1, 1], and it vanishes only at phases u = −1 or u = 1. In the proposed diffuse-interface model,
the transition layer between phases has finite thickness ϵ. Hence, the region where −1 < u < 1 has positive
measure, making the integral strictly positive. The only case where this term could be zero occurs at the
trivial homogeneous state, i.e., u = −1 or u = 1 everywhere, where the diffusion term is absent. Using
an asymptotic analysis by considering the diffusion term gives a tanh profile as the solution showing a
diffuse-interface of positive width always exists (cf. [42]).

In Appendix A, we show that the phase-field variable u of model (1.2) preserves mass in time.
Until now, numerous numerical methods have been developed for solving PDEs on surfaces (to predict

natural phenomena, such as image inpainting [15, 35], pattern formations [20], and tumor growth [60]) such
as (1.1) and (1.2), as the availability of exact solutions is impossible in most cases. In previous research
works related to solving Eqs. (1.1) and (1.2) several numerical approaches were developed, including the
classical finite difference (FD) method on the narrow band domain boundary, combined with an explicit
time-splitting scheme of order one for solving the AC equation on surfaces [10]. Moreover, a CAC equation
on surfaces was numerically investigated by utilizing the standard FD scheme in space and a first-order time-
splitting idea in time [31]. Authors of [41] used an explicit time-splitting method of order one, combined
with the restricted RBFs interpolant to solve the AC equation on 2-dimensional surfaces. Recently, a new
numerical solution to the CAC equation on the cubic surface has been found in [29].

Overall, the numerical techniques applied to the surface PDE problems fall into two groups, i.e., the
intrinsic and embedded narrow band methods (cf. [10, 17, 18, 20, 22, 31, 33, 34, 39, 41, 44, 53, 61]). The
first group of these methods attempts to find an approximation to the differential operator in the original
dimension. Of course, this approach faces difficulty with the inherent coordinate distortions or singularities
arising in the metric terms of the differential operators (cf. [20]). In the second group, the differential
operators are extended to the extrinsic coordinates, which avoids all coordinate singularities. Accordingly,
any standard numerical methods such as the finite difference (FD) schemes on 3D regular nodes and the
finite element method (FEM) on unstructured meshes can be implemented. Of course, these methods
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increase the computational costs because they solve the problem in a dimension at least one greater than
the original dimension of the main equation. Additionally, it needs to impose artificial boundary conditions,
which may lead to the low accuracy of the applied numerical method. Hence, to avoid all the disadvantages
of the mentioned approaches, a high-order numerical method applied to PDE problems on surfaces has
been introduced in [20] that is based on the radial basis functions (RBFs) interpolation, and it integrates
the benefits of both intrinsic and embedded narrow-band techniques (see also [41]). Besides, its recent
developments, i.e., the RBF partition of unity (RBF-PU) method [40] and the RBF finite difference (RBF-
FD) scheme [8, 53] have successfully been applied to the surface PDEs. In addition, the spherical basis
functions (SBFs) have been applied to find the numerical solution of the PDEs on spheres (cf. [25, 26, 27,
39, 46, 62].

Another possible numerical method on the spheres is to use zonal basis functions, which were investigated
in [28, 45]. A zonal kernel is constructed by the restricted original positive definite radial kernel, say
Φ = ϕ(||.||2) : Rd+1 → R to Sd = {x ∈ Rd+1 : ||x||2 = 1} (d-dimensional sphere) such that for any x,y ∈ Sd,
we have ||x−y||2 =

√
2− 2xTy, and thus Φ(x,y) = ϕ(

√
2− 2xTy) := ψ(xTy). Also, these basis functions

have been used in the Petrov-Galerkin form of the diffusion equations on the unit sphere as the space of
trial functions (cf. [39, 6]). In addition, in [30], by applying the local coordinates of the tangent plane,
the differential operators on the two-dimensional surfaces have been approximated by the RBF-FD and the
GMLS procedures.

On the other hand, one of the famous meshfree approaches is the generalized moving least squares
(GMLS) approximation on spheres introduced in [38], known as a direct approximation. Comparing this
method with the original moving least squares (MLS) technique presented in [56], the GMLS technique
does not need to compute the derivatives (in many PDE problems on spheres, the surface gradient, and the
Laplace-Beltrami operators should be computed) of the complicated shape functions. As will be observed,
the approximate solution is found in the space spanned by the spherical harmonics of degree less than or
equal to m (the maximum degree of spherical harmonics used here), and the Laplace-Beltrami operator
is approximated easily due to the main property of the spherical harmonics (see Section 2). Besides, the
proposed method does not depend on any mesh or background cell for the approximation, similar to the
meshfree methods.

In this paper, we propose a new numerical procedure based on a supervised learning algorithm, i.e., the
least-squares support vector regression (LS-SVR) , considering the GMLS approximation [38] to solve both
AC and CAC equations on S2. Moreover, we show that the constructed kernel function on the sphere induces
a reproducing kernel Hilbert space (RKHS) in the dual representation of the approximate solution proposed
in LS-SVR Furthermore, we prove that the original minimization problem in the LS-SVR is equivalent to a
smoothing problem or kernel ridge regression (KRR) in its corresponding RKHS. As far as we are aware, in
the literature, this point of view related to the proposed supervised learning method is not considered at all.
Hence, this is one of the main reasons for writing this research work. In what follows, we only mention some
recent research works on this topic, where the proposed supervised learning algorithm has been applied to
solve partial (ordinary) differential equations or integral equations.

The LS-SVR is a type of the least-squares support vector machine (LS-SVM), which is applied for
function estimation [36, 50]. This approach is known as one of the main categories of supervised learning
[55]. In [37, 50], this idea is successfully applied to solve both ordinary and partial differential equations.
Also, the authors of [47] have extended the LS-SVR to solve the Volterra integral equations. In [48], this
procedure has been developed to find the numerical solutions to Fredholm integral equations. The same
approach, combined with spectral methods, is employed for solving numerically differential equations on
unbounded domains [49]. In [1], a new algorithm based on a combination of the reduced-order LS-SVR with
the isogeometric collocation method has been applied to solve the Cahn-Hilliard-Navier-Stokes (CHNS)
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equations. See also [2], where the LS-SVR combined with a meshfree approximation has been developed to
find the numerical solution of the fractional PDEs on diverse complex geometries.

Main contributions of this paper are itemized as follows:

• We show that the proposed supervised learning algorithm on spheres can be interpreted as a smoothing
problem or a KRR in its corresponding RKHS.

• For the first time, a supervised learning algorithm, i.e., the LS-SVR based on the GMLS approximation
is developed to solve numerically two nonlinear phase-field problems on spheres. The applied GMLS
technique allows us to approximate the Laplace-Beltrami operator more easily than a mesh-dependent
method, for example, methods developed in [10, 31].

• An implicit time-splitting approach combined with the proposed learning algorithm makes a simple
fully discrete scheme for each phase-field model. Indeed, instead of solving a nonlinear system per
time step, an implicit linear and a nonlinear problems are solved, where the nonlinear part is treated
analytically. As a result, no nonlinear iterative solvers, such as the Newton-Raphson algorithm, are
required to obtain the approximate solution for the fully implicit schemes of the studied mathematical
models.

• By using the proposed supervised learning algorithm, the fully discrete problem related to the linear
part of each equation is a minimization problem with constraints obtained from the collocation tech-
nique of the GMLS method at each time step. Accordingly, a dual form of this regression problem is
equivalent to solving a linear system of algebraic equations with a positive definite coefficient matrix,
resulting in a unique approximate intermediate solution.

Additionally, unlike the methods presented in [10, 31], the developed numerical technique does not require
defining any quasi-Neumann boundary conditions on the narrow band domain boundary. On the other hand,
the presented LS-SVR is meshfree because no triangulation or background cell is required for constructing
the trial approximation via the GMLS procedure. Instead, it only depends on the number of nodes and
their locations scattered on spheres. This makes it easy to execute on the PDE problems.

The other parts of the paper are organized as follows. In Section 2, the GMLS technique on spheres
is explained briefly. Section 3 proposes the implementation of the LS-SVR to solve the PDE problem
on spheres. In the next section, we first prove that the space of real-valued functions belonging to an
approximation space is an RKHS. Then, we show how the proposed LS-SVR can be interpreted in the
sense of a smoothing problem or a KRR in its associated RKHS. In Section 5, we first apply an implicit
time-splitting scheme of order one to Eqs. (1.1) and (1.2) for time discretization. Then, we develop the
proposed LS-SVR based on the GMLS approximation to derive the fully discrete schemes for both phase-
field models. In the next section, the ability of the presented numerical procedure is demonstrated through
the investigation of some simulation results. Finally, we give a conclusion in Section 7.

2 The GMLS procedure on spheres
In this section, a brief description of the GMLS technique on a 2D sphere, proposed in [38], is presented.
As is already mentioned, the method is meshfree. This means that any background cell or triangulation
on spheres is not necessary for the approximation. Instead, the scattered points, like X = {x1, ...,xN}, on
spheres are used to construct the trial approximation. However, a sequence of such sets should be quasi-
uniform, meaning there exists a constant cqu > 1 independent of X for all sets of this sequence, such that
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the mesh-ratio ρX := hX,S2/qX ≤ cqu, where hX,S2 and qX are the fill distance and separation distance of
points X, respectively (cf. [38]).

We are interested in finding an approximation to the Laplace-Beltrami operator ∆S2 := L, applied to
the function u ∈ Cm+1(S2) for some m ≥ 0. To this end, the GMLS approximation to Lu(x) based on the
points X represented by sL

X(x), where x ∈ S2, is given by [38]

sL
X(x) =

∑
j∈I(x)

aL
j (x)uj = aL(x)TuX , (2.1)

in which the coefficients {aL
j (x) : j ∈ I(x)} are computed through solving the weighted minimization

problem over the spherical harmonics space with degree m or less, say πm(S2) with dimension N(3,m) (cf.
[38, Theorem 4.1]). Note that

N(3, 0) = 1, N(3,m) =
(2m+ 2)Γ(m+ 2)

Γ(m+ 1)Γ(3)
, m ≥ 1.

Besides, uX = [u(xi)]1≤i≤N denotes the value of u(x) at points X. Besides, a set of indices, i.e., I(x) is
defined by

{1 ≤ j ≤ N : dist(x,xj) ≤ δ},

where dist(x,y) = arccos(xTy) denotes the geodesic distance between two points x,y on S2, and 0 < δ < π
is the radius of the spherical cap [38, 56]. By assuming the unisolvency of X on each spherical cap, we have

aL(x) =W (x)P
(
P TW (x)P

)−1
LY (x), x ∈ S2, (2.2)

where P is a |I(x)| ×N(3,m) matrix with elements Yℓk(xj). W (x) is a diagonal matrix of size |I(x)| carrying
the weights w(x,y) := ϕ

(dist(x,y)
δ

)
on its diagonal, where w : S2×S2 → [0,∞) is a continuous function. This

function is typically compactly supported radial, i.e., ϕ : [0, π) → [0,∞) such that for 0 ≤ r ≤ 1, ϕ(r) > 0
and for r > 1, ϕ(r) = 0 (of course, it is possible to utilize the weight function such that when r → 0, ϕ→∞)
[38, 56]. Note that, in (2.2), the matrix A(x) := P TW (x)P is invertible because it is positive definite (cf.
[38]).

Besides, in relation (2.2), [LYℓ′k′ (x)]0≤ℓ′≤m, 1≤k′≤N(2,ℓ′ ) = LY (x) ∈ RN(3,m) is the vector of the spherical
harmonic functions with degree less than or equal m, where L acts on the vector Y (x) that can be computed
throughout the following relation (cf. [5, 11, 12]).

LY (x) = −ℓ(ℓ+ 1)Y (x). (2.3)

Finally, an approximation to Lu(x) at points X via the GMLS approximation is

Lu(x)|X ≈ aLT (x)|XuX = LXuX , (2.4)

in which LX = [aL
j (xi)]1≤i,j≤N is a sparse differentiation matrix, and its elements are computed according

to relation (2.2).
On the other hand, if we consider the point-evaluation functional, δx instead of L, then the GMLS
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approximation to the function u represented by sX(x), where x ∈ S2, is given by

sX(x) =
∑

j∈I(x)

aj(x)uj = aT (x)uX , (2.5)

which the coefficients aj(x) satisfy the delta-kronecker property, i.e., if i = j, aj(xi) = 1, else-if i ̸= j,
aj(xi) = 0, where i, j = 1, ..., N . This means that the approximation (2.5) is an interpolant form. Also,

a(x) =W (x)P
(
P TW (x)P

)−1
Y (x), x ∈ S2. (2.6)

Also, u(x) can be approximated at points X using the proposed GMLS idea as follows:

u(x)|X ≈ aT (x)|XuX = AXuX , (2.7)

where AX = [aj(xi)]1≤i,j≤N is a sparse matrix.
As a note, this idea is referred to as the direct approximation due to acting the linear functional L (or

any other linear functionals) only on spherical harmonics, as claimed in [38] and seen here. The interested
reader can also refer to [38] for finding most materials corresponding to the theoretical aspects of this
approximation.

3 The LS-SVR on spheres
In this section, we extend the LS-SVR [36] to spheres for solving the PDE problems (or in the special case,
the approximation problem) in the sense of the collocation form.

To start, assume that the linear differential equation is given by

Lu(x) = f(x), x ∈ S2, (3.1)

in which L denotes a differential operator defined on S2, and u and f are sufficiently smooth functions.
Now, consider the training (trial) data {x1, ...,xN} on S2. Also, the solution to the regression problem is
considered as follows:

û(x) = aT (x)w =
N∑
j=1

aj(x)wj , (3.2)

in which w = [w1, ..., wN ]T and aT (x) = [a1(x), ..., aN (x)] contain the weights and the basis functions,
respectively. To find the weights, we should solve the following minimization problem (cf. [36, 50]).

min
w,e∈RN

1

2
wTw +

γ

2
eTe, (3.3)

Lû(xi)− f(xi) = ei, i = 1, ..., N, (3.4)

where e = [e1, ..., eN ]T is the vector containing error value at each point xi due to the proposed constraints
in (3.4). Additionally, γ represents the positive constant, which is usually chosen arbitrarily by the user.
However, in the next section, we show how this parameter can be chosen based on the theory of this approach.
According to [50, Theorem 7.1] (see also [36]), where the Karush-Kuhn-Tucker (KKT) optimality conditions
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are applied, we find the solution of minimization problem (3.3)-(3.3) as follows:

w = ATα, e = −1

γ
α, (3.5)

where A =: AL = [Laj(xi)]1≤i,j≤N thanks to the GMLS approximation given in the previous section. Also,
α =: α(γ) (i.e., the vector α depends on parameter γ) is the vector of Lagrangian coefficients in the dual
form of the minimization problem (3.3)-(3.4), which is computed by solving the following linear algebraic
equations [50].

(AAT +
1

γ
IN )α = b, (3.6)

in which b = [f(xi)]1≤i≤N , and it is known as a dual form of problem (3.3)-(3.4). Note also that, the matrix
B =: AAT + 1

γ IN is clearly symmetric, i.e., BT = B.

Theorem 3.1. The problem (3.3)-(3.4) has a unique solution (3.5).

Proof. It is sufficient to show that the coefficient matrix B in (3.6) is invertible. To do so, we show the
matrix B is positive definite. Indeed, for any nonzero x ∈ RN ,

xTBx = xT (AAT +
1

γ
IN )x = ||ATx||22 +

1

γ
||x||22 > 0.

Hence, the matrix B is invertible, which gives a unique solution α for any γ > 0 and also problem (3.3)-(3.4)
according to (3.5).

The following lemma shows the formulation of approximate solution (3.2) in the dual form.

Lemma 3.2. For any γ > 0, the dual representation of the approximate solution (3.2) is given by:

û(x) =
N∑
j=1

K(x,xj)αj = kT (x)α := ûγ(x), x ∈ S2, (3.7)

where K(., .) is the kernel function defined by K(x,xj) =: ⟨a(x),La(xj)⟩ for j = 1, ..., N , and ⟨., .⟩ denotes
the usual inner-product between two vectors. Besides, kT (x) = [K(x,x1) . . .K(x,xN )] and α = [α1 . . . αN ].

Proof. According to the first relation in (3.5), the approximate solution (3.2) can be written as follows:

û(x) = aT (x)w

= aT (x)ATα

= aT (x)[La(x1) . . .La(xN )]α

= [aT (x)La(x1) . . .a
T (x)La(xN )]α

= [⟨a(x),La(x1)⟩ . . . ⟨a(x),La(xN )⟩]α. (3.8)

Now, by defining ⟨a(x),La(xj)⟩ := K(x,xj), j = 1, ..., N , the result is concluded.
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4 An RKHS
Suppose in (3.1) L = id, that is the identity operator. So, the constructed kernel in the previous section
allows us to define a new Hilbert space with reproducing kernel. Accordingly, the new function, i.e.,

K(x,y) :=

N∑
i=1

ai(x)ai(y) = ⟨a(x),a(y)⟩RN , ∀x,y ∈ S2, (4.1)

can be constructed.
Now, we assume that for any distinct points x1, . . .xN on S2, the matrix A has full rank. Accordingly,

the matrix K := AAT is positive definite. Hence, based on [3], there exists a reproducing kernel Hilbert
space (RKHS), where K is reproducing kernel.

To show this fact, let a : S2 → RN be a feature map into a Hilbert space (RN , ⟨., .⟩RN ). We consider the
following Hilbert space.

H =: H(S2) :=
{
fw : S2 → R : ∃w ∈ RN with fw(x) = ⟨w,a(x)⟩RN , ∀x ∈ S2

}
, (4.2)

with the inner product defined by:

∀fw, fv ∈ H, ⟨fw, fv⟩H := ⟨w,v⟩RN . (4.3)

Besides, its associated norm is

||fw||H = ||w||RN . (4.4)

Based on the above assumption and definition, the map T : RN → H with T (w) = fw for all w ∈ RN ,
where fw(x) = ⟨w,a(x)⟩RN , ∀x ∈ S2, is an isometric isomorphism. This confirms the well-definedness of
RKHS inner product.

We are now interested to show H is a reproducing kernel Hilbert space (RKHS), where its kernel is given
by (4.1).

Theorem 4.1. The function (4.1) is reproducing kernel for H.

Proof. Based on [13, Definition 13.1], we show K(.,x) : S2 → R belongs to H for all x ∈ S2, and
fw(x) = ⟨fw,K(.,x)⟩H for all fw ∈ H and all x ∈ S2.

For the first claim, assume that x ∈ S2 is arbitrary and fixed. For any x
′ ∈ S2, K(x′,x) = ⟨a(x),a(x′

)⟩RN .
On the other hand, if we consider w = a(x), then for all x′ ∈ S2

fw(x
′
) = ⟨w,a(x′

)⟩RN

= ⟨a(x),a(x′
)⟩RN

= K(x′,x), (4.5)

which shows k(.,x) ∈ H.
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For the second claim, from the above, we know that fa(x)(.) = K(.,x). Hence, for any fw ∈ H

⟨fw,K(.,x)⟩H = ⟨fw, fa(x)⟩H
= ⟨w,a(x)⟩RN

= fw(x), (4.6)

which completes the proof.

There are other properties related to reproducing kernel which are given in the following proposition.

Proposition 4.2. For a Hilbert space of functions with reproducing kernel K such as H, we have

• ∀x,y ∈ S2, K(x,y) = ⟨K(.,x),K(.,y)⟩H .

• ∀x,y ∈ S2, K(x,y) = K(y,x).

• if lim
n→∞

∥f − fn∥H = 0, then lim
n→∞

|f(x)− fn(x)| = 0, for all x ∈ S2.

Proof. The first property can be obtained directly from Theorem 4.1. The second property is concluded
from (4.1). To prove the last property, assume that x ∈ S2 is arbitrary. Using the famous Cauchy-Schwarz
inequality, we can write

|f(x)− fn(x)| = |⟨f − fn,K(.,x)⟩H |
≤ ∥f − fn∥H∥K(.,x)∥H
= ∥f − fn∥H∥a(x)∥RN . (4.7)

Accordingly, if n→∞, then the desired result can be obtained, and it completes the proof.

We now consider the following pre-Hilbert space, namely Hpre.

Hpre := {
N∑
i=1

αiK(.,xi) : N ∈ N, α1, ..., αN ∈ R, x1, ...,xN ∈ S2}. (4.8)

Proposition 4.3. Let a : S2 → RN be a feature map into a Hilbert space (RN , ⟨., .⟩RN ). Then, we have

• The pre-Hilbert space Hpre is dense in H.

• ∀f, g ∈ Hpre, ⟨f, g⟩H =

N∑
j=1

N∑
m=1

αjβmk(xj ,xm) = αTKβ.

• ∀f ∈ Hpre, ||f ||2H =
N∑
j=1

N∑
m=1

αjαmk(xj ,xm) = αTKα.

Proof. The first part can be proved in the same manner presented in [54, Theorem 4.21]. For the second
part, for any f, g ∈ Hpre, we can write

f(.) =
N∑
j=1

αjK(.,xj), g(.) =
N∑

m=1

βmK(.,xm).
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From the reproducing property of H, we can write

⟨f, g⟩H = ⟨
N∑
j=1

αjK(.,xj),
N∑

m=1

βmK(.,xm)⟩H

=

N∑
j=1

N∑
m=1

αjβmK(xj ,xm)

= αTKβ. (4.9)

Finally, the last part is obtained from the second part, where g is replaced by f .

Remark 4.4. It should be noted that if we want to have an infinite-dimensional space, the Hilbert space ℓ2
is used instead of RN , and so N =∞.

We now show the proposed kernel-based approximant, i.e.,

f̂(x) =

N∑
j=1

K(x,xj)αj , x ∈ S2, (4.10)

is an interpolant to a function f , where X = {x1, ...,xN} on S2 and the values f(x1), ..., f(xN ) are given.

Proposition 4.5. Assume that for any distinct points x1, . . .xN on S2, the matrix A has no loss rank. The
approximation (4.10) is interpolant for given data {(xi, f(xi))}Ni=1.

Proof. According to (4.1), for any x ∈ S2, we can write

f̂(x) = kT (x)α

= kT (x)K−1f

= ℓT (x)f , (4.11)

where in the second line of this equality, we have used Kα = f , and the fact that A has no loss rank. Due
to the definition of kT (x) and kT (x)K−1 := ℓT (x) = [ℓ1(x) . . . ℓN (x)], it is clear that ℓj(xi) = 1 if i = j,
and ℓj(xi) = 0 if i ̸= j, which gives the desired results.

Theorem 4.6. The proposed kernel based interpolant f̂ to a function f in H is a minimum norm interpolant.
Indeed

||f̂ ||H = min{||s||H : s ∈ H, with s(xi) = f(xi), i = 1, ..., N}. (4.12)

Proof. The proof follows from the proof of [13, Theorem 18.1].

4.1 Smoothing in RKHS
We start with the following definition similar to [58].

10



Definition 4.7. Suppose that the RKHS (4.2) is given. For given data X = {x1, ...,xN} on S2 and function
values f = {f(x1), ..., f(xN )}, where f(xi) ∈ R, i = 1, ..., N , we define

F (f̂) :=

N∑
j=1

(f(xj)− f̂(xj))
2 +

1

γ
||f̂ ||2H , (4.13)

where 1
γ is smoothing parameter. Then, we find the solutions f̂γ ∈ H to

min
f̂∈H

F (f̂). (4.14)

The following lemma shows that the unique solution of (4.14) is the same with problem (3.3)-(3.4).

Lemma 4.8. The unique solution of problem (4.14) with target function f ∈ H is f̂γ given by

f̂γ =

N∑
j=1

K(.,xj)αj , (4.15)

where α can be computed by solving the following linear system.

(K +
1

γ
IN )α = f . (4.16)

Proof. First, it should be noted that K is assumed to be positive definite. So, the proposed functional
(4.13), which can be written with respect to the vector α, i.e., F (α) =:

1

γ
αTKα + (Kα − f)T (Kα − f),

is convex. Hence, it has a unique minimum. By differentiating the functional with respect to α, we have

∇αF (α) =
2

γ
Kα+ 2KT (Kα− f). (4.17)

Considering ∇αF (α) = 0 (the necessary and sufficient condition for finding a unique minimum), we get

(
2

γ
K + 2KTK)α = 2KTf . (4.18)

Since K is a symmetric positive definite matrix, multiplying both sides of (4.18) by the left inverse K and
dividing them to factor 2, we achieve

(K +
1

γ
IN )α = f , (4.19)

which completes the proof.

We now give the following proposition showing an upper bound for the approximation f̂γ at points X.

Proposition 4.9. Suppose f̂γ ∈ H is a solution of (4.14). Also, assume that f(xi) for i = 1, ..., N are

given, where f ∈ H. Besides, suppose that there exists a function f̂∞ ∈ H with
N∑
j=1

(f(xj) − f̂∞(xj))
2 = 0

11



and ||f̂∞||2H ≤ ||f ||2H . Then, we have

||f̂γ ||2H ≤ ||f ||2H
|f(xi)− f̂γ(xi)| ≤ γ−1/2||f ||H , i = 1, ..., N. (4.20)

Proof. For the proof, see [58, Proposition 3.1].

In kernel-based methods, it is most common to represent the above upper bounds in terms of the fill
distance of X. Hence, if we set γ ≥ h−β

X,S2 , where β can be chosen to deal with a desired convergence rate,
then the above error bounds at points X obey

|f(xi)− f̂γ(xi)| ≤ hβ/2X,S2 ||f ||H , i = 1, ..., N. (4.21)

Note that, to deal with a proper rate of convergence, it is recommended to set β ≥ 2 that is an appropriate
way to choose parameter γ. Of course, there are other algorithms to select this parameter such as generalized
cross validation (cf. [14]).

4.2 Connection to the KRR
We can utilize the kernel-based approximant (3.7) to solve the main problem (3.1) via the collocation
technique directly. Hence, we have

N∑
j=1

Lk(xi,xj)αj = f(xi), i = 1, . . . N, (4.22)

in which Lk(xi,xj) = ⟨La(xi),La(xj)⟩, i, j = 1, . . . N . So, Eq. (4.22) can be written as:

AATα = b. (4.23)

Now, assume that A has full rank. Let w∗ be the exact solution to the linear system Az = b. So, the linear
system (4.23) is known as the normal equations of the following least squares problem (cf. [51, Chapter 8]):

min ||w∗ −ATα||2. (4.24)

By defining ATα = z, problem (4.24) finds the solution vector z that is closest to w∗ in two-norm sense.

Lemma 4.10. Assume that A has full rank. The solution of problem (4.24) is given by:

w = ATα∗, (4.25)

where

α∗ =
N∑
i=1

vT
i b

σ2i
vi. (4.26)

in which vi is the i-th column of the orthogonal matrix V from the singular value decomposition (SVD) of
matrix AT . Besides, for i = 1, ..., N , σi are the singular values of AT .

12



Proof. As mentioned earlier, assume that w∗ is the exact solution to the linear system Az = b. Using the
SVD of matrix AT , we can write∥∥w∗ −ATα

∥∥2
2
=

∥∥∥w∗ −
(
U
∑

V T
)
α
∥∥∥2
2

=
∥∥∥UT

(
w∗ −

(
U
∑

V T
)
α
)∥∥∥2

2

=

∥∥∥∥∥∥∥UTw∗ −
∑(

V Tα
)︸ ︷︷ ︸

:=y

∥∥∥∥∥∥∥
2

2

=
N∑
i=1

(
σiyi −

(
uT
i w

∗))2. (4.27)

Accordingly, to deal with the minimum of problem (4.24), we should have

yi =
uT
i w

∗

σi
, i = 1, ..., N. (4.28)

Since y = V Tα, we get α∗ = V y. And, considering relation (4.27) gives

α∗ =
N∑
i=1

uT
i w

∗

σi
vi. (4.29)

On the other hand, applying the SVD to A, we have V ΣTUTw∗ = b, which yields ΣTUTw∗ = V Tb. Finally,
we get UTw∗ = (ΣT )−1V Tb, and replacing it into (4.29), the desired result is concluded.

On the other hand, it is possible to find an upper bound for ∥w∗ −w∥2 in terms of fill distance of points
X based on Schaback’s theory [52] and some details in [38]. To do so, assume that w∗ is the vector of
exact values so that Aw∗ = b. If w∗ is replaced by the vector of approximate values, w̃, then according to
problem (4.24), we have

||w∗ −w||2 = min ||w∗ − z||2 ≤ ||w∗ − w̃||2. (4.30)

Now, we can find the upper bound for ||w∗ −w||2 based on [38], yielding

||w∗ − w̃||2 ≤ CCs(A)(1 +K(A))hm+1
X,S2 ||w

∗||Cm+1(S2), (4.31)

in which C is a positive constant, Cs(A) is the stability constant, K(A) is equal to 1 if w̃ is calculated via
the minimization of the residual ||Aw∗ − b||2, or to 0 if b is in the range of A.

Hence, we can finally find the following upper bound.

||w∗ −w||2 ≤ CCs(A)(1 +K(A))hm+1
X,S2 ||w

∗||Cm+1(S2). (4.32)

Theorem 4.11. Under the above assumptions for matrix K, the regularized least squares approximation
problem, i.e.,

min
α

1

2
αTKα+

γ

2
(Kα− b)T (Kα− b). (4.33)
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has the same solution with the problem (3.3)-(3.4).

Proof. The proof can be done in the same manner presented in Lemma 4.8.

Corollary 1. Assume that α is the solution of linear system (4.19). If γ → +∞, then α→ α∗, where α∗

is obtained as (4.26).

Proof. If AT = UΣV T is the SVD of AT , then (4.19) changes to

(
V
∑TUTU

∑
V T + 1

γ IN

)
α = b

UTU=IN︷︸︸︷⇒ (
V
∑T ∑

V T + 1
γ IN

)
α = b

⇒
(
V TV

∑T ∑
V T + 1

γV
T IN

)
α = V Tb

V TV=IN︷︸︸︷⇒ (∑T ∑
+ 1

γ IN

) (
V Tα

)
= V Tb.

(4.34)

Hence, we have

α =

N∑
i=1

vT
i b

σ2i +
1
γ

vi. (4.35)

Now, if γ → +∞, the desired result is obtained.

Remark 4.12. The problem (4.33) is known as ridge regression, and it can be observed as the diagonal
stabilization/regularization of the usual approximation linear system (4.23).

Proposition 4.13. Assume that L = Id in problem (3.1). Suppose also that all assumptions proposed in
Theorem 4.11 are satisfied. If γ = +∞, then the approximate solution (3.8) is interpolant for given data
{(xi, f(xi))}Ni=1 (see, e.g., [13, 14]).

Proof. According to (3.7) and (4.19), for any x ∈ S2, we can write

f̂γ(x) = kT (x)(K +
1

γ
IN )−1b

= kT (x)K−1(K +
1

γ
IN )−1Kb

= ℓT (x)(K +
1

γ
IN )−1Kb, (4.36)

where in the second line of this equality, we have used the push-through identity (cf. [14]), and kT (x)K−1 :=
ℓT (x) = [ℓ1(x) . . . ℓN (x)]. Due to the definiton of kT (x), it is clear that ℓj(xi) = 1 if i = j, and ℓj(xi) = 0
if i ̸= j. Considering γ = +∞ and using the fact that b = [f(xi)]1≤i≤N , we thus have

f̂∞(x) = ℓT (x)b, (4.37)

which gives the desired results.

Remark 4.14. If we assume that f(xi) is contaminated by error ei, i.e., f(xi) + ei for i = 1, ..., N , then
the new righ hand side is given by b = [f(xi) + ei]1≤i≤N . These can be viewed as the noisy data. According
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to the approximation (4.11), the term b̃ =: (K +
1

γ
IN )−1Kb refers to the smoothed data or filtered data.

Hence, relation (4.11) can be known as the kernel interpolation for these filtered data. In this case, we have

f̂(x) = ℓT (x)b̃, (4.38)

5 Application to two phase field models on S2

In this section, we derive the new fully discrete schemes for both phase-field models, i.e., Eqs. (1.1) and
(1.2). We begin by applying an implicit time-splitting approach of accuracy order one to discretize each
equation in time. Then, we develop the presented LS-SVR for the spatial discretization of the obtained
semi-discrete equations.

5.1 An implicit time-splitting technique
The sequential time-splitting idea [61] on Eq. (1.1) and a type of first-order operator splitting approach [31]
on (1.2) have been applied (see also [41]).

To start, suppose that the time interval is [0, T ], where T is the final time. To partition this interval,
consider a uniform time step ∆t = T

K with the number of sub-intervals to be K. So, [0, T ] =
⋃K

n=1[tn−1, tn],
t0 = 0, tn = n∆t for n = 1, ...,K − 1 and tK = K∆t = T . Hence, the proposed sequential-implicit splitting
method could be executed for Eq. (1.1) as follows:

(id−∆tL)un
∗
= un, (5.1)

un+1 =
un

∗√
exp

(
−2∆t

ϵ2

)
+ (un∗)2

(
1− exp

(
−2∆t

ϵ2

)) , n = 0, . . . ,K − 1. (5.2)

In the above semi-discrete equations, un shows the approximate value of the exact solution u(·, tn), and un∗

is the approximate intermediate solution.
Also, by applying a type of time-splitting technique utilized in [31] to Eq. (1.2), we get the following

semi-discrete equations:

(id−∆tL)un
∗
= un, (5.3)

un+1∗∗ =
un

∗√
exp

(
−2∆t

ϵ2

)
+ (un∗)2

(
1− exp

(
−2∆t

ϵ2

)) , (5.4)

un+1 = un+1∗∗ +∆tβn+1∗∗
√
F (un+1∗∗), n = 0, . . . ,K − 1, (5.5)

in which un+1∗∗ is known as the second approximate intermediate solution, and

βn+1∗∗ =

∫
S2
(u0 − un+1∗∗) dx

∆t

∫
S2

√
F (un+1∗∗) dx

. (5.6)

In Appendix A, we have proved that the proposed time discretization (5.3)-(5.5) preserves the total mass
in time.
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5.2 The LS-SVR for AC and CAC models
Here, we show how the presented LS-SVR can be applied to the semi-discrete problems (5.1)-(5.2) and
(5.3)-(5.5). For doing so, the set of N scattered trial points such as X = {x1, ...,xN} on S2 is considered.
Hence, the approximate solution at each time step n can be written as:

û(x, tn) = aT (x)wn, x ∈ S2, (5.7)

where wn = [wn
1 , ..., w

n
N ]T , and aT (x) = [a1(x), ..., aN (x)] denotes the vector with trial functions.

5.2.1 AC model

We first note that the linear differential operator in both studied mathematical models is L = Id − ∆tL.
Replacing the approximate solution (5.7) and executing the collocation technique based on the GMLS
approximation, we get the following problem per time step n = 0, ...,K − 1;

Solve the following minimization problem.

min
w∗

n,e
∗
n∈RN

1

2
w∗T

n w∗
n +

γ

2
e∗

T

n e∗n, (5.8)

s.t. AXw∗
n −∆tLXw∗

n = AXU
n
X + e∗n, (5.9)

where en is the residual term, AX = [aj(xi)]1≤i,j≤N and LX = [aL
j (xi)]1≤i,j≤N are sparse matrices thanks

to the presented GMLS approximation, which are the same with those differentiation matrices computed
for approximating the point-evaluation functional and Laplace-Beltrami operators in Section 2, respectively.
and w∗

n is the vector of intermediate weights, which can be computed by applying KKT conditions as follows:

(ALA
T
L +

1

γ
IN )α∗

n = AXU
n
X , (5.10)

which is a dual form of the problem (5.8)-(5.9). Besides, Un
X is the approximate solution at points X in

t = tn with AL = AX −∆tLX , and

w∗
n = AT

Lα
∗
n, e∗n = −1

γ
α∗

n. (5.11)

We can now compute the approximate solution to the intermediate variable as

Un∗
X = AXw∗

n. (5.12)

Finally, due to Eq. (5.2), the approximate solution at time level t = tn+1 can be calculated with the following
relation.

Un+1
X =

Un∗
X√

exp
(
−2∆t

ϵ2

)
+ (Un∗

X )2
(
1− exp

(
−2∆t

ϵ2

)) . (5.13)

Now, we can give the following theorem that shows the proposed numerical scheme applied to the AC
equation (1.1) has a unique solution.

Theorem 5.1. For n ≥ 0, the discrete scheme given in (5.10)-(5.13) has a unique solution Un+1
X .
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Proof. For n ≥ 0, the linear system (5.10) has a unique solution α∗
n because the coefficient matrix BL =:

ALA
T
L + 1

γ IN is positive definite (see the proof of Theorem 3.1). Accordingly, it is invertible, and hence the
vectors (5.11) and the approximate solution of the intermediate variable un∗ , i.e., Un∗

X are uniquely obtained.
Finally, since Un+1

X is directly computed by relation (5.13), the proof is completed.

5.2.2 CAC model

Additionally, to apply the proposed LS-SVR to the semi-discrete problem (5.3)-(5.4), we employ the same
procedure executed to the AC model. Accordingly, using the collocation technique based on the GMLS
approximation with N scattered trial points on S2, we have the following.

For n = 0, ...,K − 1, the following minimization problem should be solved.

min
w∗

n,e
∗
n∈RN

1

2
w∗T

n w∗
n +

γ

2
e∗

T

n e∗n, (5.14)

s.t. AXw∗
n −∆tLXw∗

n = AXU
n
X + e∗n, (5.15)

In addition, the vector of intermediate weights, i.e., w∗
n is computed by using the KKT conditions as follows:

(ALA
T
L +

1

γ
IN )α∗

n = AXU
n
X , (5.16)

that is a dual form of the problem (5.14)-(5.15). Also, Un
X shows the approximate solution at points X in

t = tn and AL = AX −∆tLX , and

w∗
n = AT

Lα
∗
n, e∗n = −1

γ
α∗

n. (5.17)

The approximate solution to the intermediate variable can now be computed as

Un∗
X = AXw∗

n. (5.18)

Besides, the approximate solution to the second intermediate variable can be calculated with the following
relation due to Eq. (5.4).

Un+1∗∗

X =
Un∗
X√

exp
(
−2∆t

ϵ2

)
+ (Un∗

X )2
(
1− exp

(
−2∆t

ϵ2

)) . (5.19)

Finally, according to (5.6), the approximate solution at time level t = tn+1 is obtained by

Un+1
X = Un+1∗∗

X +∆tβn+1∗∗
√
F (Un+1∗∗

X ), (5.20)

where βn+1∗∗ is computed based on the integration of scattered data technique applied to (5.6), where
16382 spherical t-design points is used [5, 59]. For instance, to compute the integration of u over S2, we
have utilized the following approximation.

∫
S2
u(x)dx ≈ 4π

Ng

Ng∑
j=1

u(yj), (5.21)
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in which {y1, ...,yNg} denotes Ng spherical t-design points (cf. [5, 59]). In Figure 1, two sets of spherical
t-design points with cardinalities 969 and 2666 are plotted.

Figure 1: The plots of 966 (left) and 2666 (right) spherical t-design points on S2.

Theorem 5.2. For n ≥ 0, the discrete scheme given in (5.16)-(5.20) has a unique solution Un+1
X .

Proof. The proof can be done in the same manner presented in Theorem 5.1.

In Appendix B, for the reader’s convenience, we present the computational algorithms associated with
the numerical methods used to solve the AC and CAC equations.

6 Numerical results
To demonstrate the potency of the developed numerical method based on a type of SVM, i.e., the LS-
SVR combined with a meshfree approximation on spheres, some numerical simulations are presented in this
section.

To use the GMLS approximation, we consider the spherical harmonic functions with degree m = 2 or
less and the weight function as follows (cf. [57, Chapter 9]):

ϕ(r) =

{
(1− r)10(429r4 + 450r3 + 210r2 + 50r + 5), 0 ≤ r ≤ 1,
0, r > 1,

(6.1)

in which r = dist(x,y)/δ and x,y ∈ S2.
Additionally, the trial approximation (3.2) is constructed by choosing two sets of quasi-uniform nodes,

i.e., the minimum energy (ME) and the phyllotaxis spiral (PTS) on S2, where their fill distance is of order
O(N−1/2) (cf. [20, 41]). In Figure 2, 2601 ME and PTS nodes are plotted, where a spherical cap related to
a test point and its trial points are denoted.

In the computations presented below, to avoid any instability in solving the local normal linear systems
arising in Eqs. (2.2) and (2.6), the QR factorization of the matrix

√
WP to compute C =WP

(
P TW (x)P

)−1

via the backward substitution from RCT = QT
√
W is applied. Note that, the computational complexity of

the approximation (2.2) ( or (2.6)) for each test point x ∈ S2 is of order O(N(3,m)3) (cf. [38])).
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Figure 2: The plots of 2601 ME (left) and PTS (right) points with a spherical cap containing red points
neighboring 2000-th point.

On the other hand, instead of solving the obtained linear systems (5.10) and (5.16), we first use the
reverse Cuthill–McKee (RCM) reordering algorithm [24, 53]. Then, the preconditioned conjugate gradient
(PCG) algorithm with a zero-fill incomplete lower-upper (ILU(0)) factorization of the coefficient matrix,
obtained by executing the RCM algorithm on BL, is employed, where, for stopping the algorithm, tolerance
and maximum number of iterations are chosen 10−6 and 100, respectively (cf. [51]). The observed numerical
results (not reported here for brevity) show that the ILU(0) factorization is a proper preconditioner. Note
that the implementation of the RCM approach leads to faster convergence when an iterative solver is used,
as it permutes a sparse matrix with a symmetric sparsity pattern into a band matrix form with a small
bandwidth (cf. [53]). In Figure 3, the sparsity pattern of BL of size 6561 × 6561 (assumed L = Id) before
and after re-ordering with the RCM algorithm is drawn using both PTS and ME points.

6.1 Convergence test
Here, we numerically investigate the error bounds (4.21). To do so, the following smooth test function is
considered [21, 40]:

u(x, y, z) = cos(10z + 3)e−x2 − sin(4x+ 5y), (x, y, z) ∈ S2, (6.2)

in which S2 is the unit sphere, i.e.,

S2 =
{
(x, y, z) ∈ R3 : x2 + y2 + z2 = 1

}
. (6.3)

In all numerical results presented here, PTS points on S2 are used. Besides, the size of each spherical cap
is considered to be δ = 4mh, where m = 2 and h = 1/

√
N . Besides, γ = h−2 to deal with the errors, which

obey O(h). The accuracy of LS-SVR based on the GMLS approximation is measured by computing the
discrete maximum errors, i.e., ℓ∞ with the numerical order, as displayed in Figure 4. However, the observed
numerical convergence demonstrates the results being approximately twice order more accurate than the
theoretical rate. From our observations, we also have seen that the numerical orders for different values of
γ, i.e., h−3, h−4 and h−5 are 3, 4 and 5 respectively.
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Figure 3: The sparsity pattern of BL before and after re-ordering with the RCM algorithm, where 6561
PTS points (left) and ME points (right) are used.

6.2 Test 1 (Accuracy test): Motion by mean curvature on the unit sphere
As the first example, we denote the accuracy of numerical scheme in both time and space domains. So, the
AC equation (1.1) with the following initial condition is considered [10].

u(x, y, z, 0) = tanh
(√x2 + y2 − z√

2ϵ

)
, (x, y, z) ∈ S2, (6.4)

in which ϵ = 0.1.
This problem is known as the motion by mean curvature on the unit sphere (cf. [10, 41]). Indeed, the

interface of a circle on the unit sphere is evolving in time due to the motion of surface curvature. Accordingly,
let the radii of the sphere and the circle be R and r, respectively. By considering some assumptions and
simple calculations proposed in [10], the governing equation related to the motion of a circular interface on
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Figure 4: ℓ∞ errors with the numerical order, PTS points (left) and ME points (right).

the sphere is derived as:

dr

dt
=
r2 −R2

rR2
, (6.5)

where its exact solution is [10]

r(t) =

√
R2 − (R2 − r20) exp(

2t

R2
)), (6.6)

where R = 1 and r0 =
1√
2

[10].
To measure the accuracy of the developed numerical approach in both time and spatial discretizations,

the radius of the spherical cap for each test point is chosen to be δ = 6mh, where m = 2 and h = 1/
√
N .

Also, the coefficient constant γ is empirically chosen to be 1012.
In Tables 1 and 2, the discrete maximum errors, i.e., ℓ∞ corresponding to the time and space discretiza-

tions for approximating the radii (6.6) are reported at T = 0.2. Note that, in obtaining the errors related
to the time discretization, we have used 10201 PTS points. And, the errors computed based on the spa-
tial discretization are reported by choosing ∆t = 10−4. Note also that the average of last three errors is
approximately 1.35 in time, and its value is about 2.93 in space.

In addition, Figure 5 demonstrates the exact and approximate values of the radii r in time, where 6561
PTS points and ∆t = 10−4 are used.

Besides, to show the temporal evolution of u, we have chosen N and ∆t to be 6561 and 10−2, respectively,
where both PTS and ME points are utilized. The desired results are drawn in Figures 6 and 7, which follow
from those reported in [10, 41].

6.3 Test 2
In the second test, we present the numerical results related to the CAC equation (1.2) on S2 with ϵ = 0.0192
and the initial condition as follows [32]:
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∆t ℓ∞ Orders
10−2 6.99× 10−2 −

5× 10−3 4.27× 10−2 0.71
2.5× 10−3 2.23× 10−2 0.94
1.25× 10−3 9.91× 10−3 1.17
6.25× 10−4 2.86× 10−3 1.79
3.125× 10−4 1.33× 10−3 1.10

Table 1: Maximum errors with the convergence rate
related to the time discretization.

N ℓ∞ Orders
1681 3.78× 10−2 −
2601 1.96× 10−2 3.02
3721 1.34× 10−2 2.10
5041 7.69× 10−3 3.68

Table 2: Maximum errors with the convergence rate
related to the spatial discretization.

Figure 5: Exact and approximate values of r(t) at different time levels up to 0.2.

u(x, y, z, 0) =

 tanh
(
0.8−
√

x2+y2√
2ϵ

)
, z ≥ 0,

tanh
(
0.5−
√

x2+y2√
2ϵ

)
, z < 0,

(6.7)

which shows two spherical caps with radii 0.8 and 0.5 located at the north and south poles, respectively.
The interested reader is also referred to [32] for more information on this test problem.

Here, the PTS points on the unit sphere are used for presenting simulation results. Besides, the radius
of each spherical cap is chosen to be δ = 6mh, where m = 2 and h = 1/

√
N with N = 25600. The time step

∆t is also fixed, and its value is 4.5× 10−5. In Figure 8, the initial value with the approximate solution to u
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Figure 6: The initial condition with the approximate solution of u at t = 0.2 and t = 0.4 via 6561 PTS
points.

Figure 7: The initial condition with the approximate solution of u at t = 0.2 and t = 0.4 via 6561 ME
points.

is plotted at t = 0.112, 0.224, and 0.272. As can be observed here, the larger spherical cap grows, while its
smaller counterpart shrinks until it disappears. However, the same results are obtained in [32], but using
more points, i.e., 2803221, where the quasi-Neumann boundary condition on the narrow band domain using
the closest point approach has also been considered. Besides, the approximate values of mass in time are
displayed in a Figure 9. In Figure 10, we also report the approximate values of radii R1 and R2 in time.
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Figure 8: The initial condition with the approximate solution of u at t = 0.112, t = 0.224 and t = 0.272 via
25600 PTS points.

Figure 9: Approximate mass values over time.
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Figure 10: Temporal evolution of the radii R1 (left) and R2 (right).

7 Concluding remarks
We have defined a new RKHS whose kernel is constructed from the dual representation of the approximate
solution obtained by applying the proposed LS-SVR based on the GMLS technique to the approximation
problem on spheres. The connection of the presented learning algorithm to the smoothing problem and KRR
has also been investigated in its associated RKHS. As an application, two phase-field equations on spheres,
i.e., AC and CAC models have been solved via the operator-splitting approach in time and the proposed LS-
SVR in space. For doing so, we first discretize both mathematical models using a first-order time-splitting
approach, resulting in linear and nonlinear problems. Then, the LS-SVR with the GMLS procedure is applied
to the linear problem per time step to deal with the approximate solution. Hence, using the KKT conditions,
the unique approximate intermediate solution is computed by solving a linear system of algebraic equations
in time, where the coefficient matrix is large, sparse, and symmetric positive definite, and yields the unique
numerical solution per time step. Accordingly, the preconditioned conjugate gradient (PCG) algorithm,
where an appropriate preconditioner, i.e., ILU(0) factorization of the coefficient matrix is proposed, is
executed. After that, the approximate intermediate solution obtained at this stage is directly substituted into
the semi-discrete scheme of the nonlinear problem to get the numerical solution. Finally, we have presented
the results to illustrate the claimed error bounds at points X. Moreover, some presented simulation results
confirm the suitability of this development in finding stable and accurate numerical solutions for the studied
phase-field models on spheres.
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Appendix A
Lemma 7.1. If u(x, t) is the solution of Eq. (1.2). Then, it satisfies the following mass conservation
property.

d

dt

∫
S2
u(x, t)dx = 0, t > 0. (7.1)

Proof. By multiplying both sides of Eq. (1.2) to the test function 1 in L2(S2), we have

(
∂u(x, t)

∂t
, 1)L2(S2) = (∆S2u(x, t), 1)L2(S2) − (

F ′(u(x, t))

ϵ2
, 1)L2(S2) + β(t)(

√
F (u(x, t)), 1)L2(S2). (7.2)

Since S2 is a smooth, 2-dimensional compact manifold, applying the Green-Beltrami (cf. [5]) identity yields

(∆S2u(x, t), 1)L2(S2) = (∇S2u(x, t),∇S21)L2(S2) = 0. (7.3)

On the other hand, according to the definition β(t), the second and third terms on the right hand side of
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(7.2) can be written as follows:

− (
F ′(u(x, t))

ϵ2
, 1)L2(S2) + β(t)(

√
F (u(x, t)), 1)L2(S2) = (7.4)

−
∫
S2

F ′(u(x, t))

ϵ2
dx+

( ∫
S2
F ′(u(x, t)) dx

ϵ2
∫
S2

√
F (u(x, t)) dx

)∫
S2

√
F (u(x, t)) dx = 0,

which completes the proof.

Lemma 7.2. The time discretization (5.3)-(5.5) is mass conservative, i.e.,

(un+1, 1)L2(S2) = (u0, 1)L2(S2), ∀n ≥ 0. (7.5)

Proof. According to relation (5.5), for n ≥ 0, we can write

(un+1, 1)L2(S2) = (un+1∗∗ +∆tβn+1∗∗
√
F (un+1∗∗), 1)L2(S2) (7.6)

= (un+1∗∗ , 1)L2(S2) +∆tβn+1∗∗(
√
F (un+1∗∗), 1)L2(S2)

= (un+1∗∗ , 1)L2(S2) +∆t(
(u0 − un+1∗∗ , 1)L2(S2)

∆t(
√
F (un+1∗∗), 1)L2(S2)

)(
√
F (un+1∗∗), 1)L2(S2)

= (u0, 1)L2(S2),

where in the third equality, we have used relation (5.6).

Appendix B
Here are the developed numerical schemes applied to Eqs. (1.1) and (1.2) for the reader’s convenience, where
Algorithm 1 refers to the GMLS approximation. Algorithms 2 and 3 propose the detailed procedures.
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Algorithm 1 The computational algorithm of the GMLM approach on S2 for approximating the Laplace-
Beltrami operator.

Input: X = [x1, ...,xN ]T ∈ RN×3 as trial points on S2, Y = [y1, ...,yM ]T ∈ RM×3 as trial points on S2,
δ as a radius of the spherical cap;
Output: a(x) and La(x) at test points Y to construct sparse matrices AX and LX ;
Set the matrices AX and LX to be zeros of size M ×N ;
for i = 1, ...,M do

Construct I(yi) with respect to X;
Compute the matrix W by choosing the weight function (6.1);
Compute the local matrix P TW (yi)P with respect to trial points in I(yi);
Compute the vectors Y T (yi) and LY T (yi) (see relation (2.3));
Compute the vectors a(yi) and La(yi) due to Eqs. (2.6) and (2.2) and using the QR factorization of

√
WP to find C =:WP

(
P TW (yi)P

)−1
;

AX(i, I(yi))← a(yi);
LX(i, I(yi))← La(yi);

end for

Algorithm 2 The computational algorithm of the numerical scheme applied to the AC equation (1.1) on
S2.

1: Input:X = [x1, ...,xN ]T ∈ RN×3 as data points on S2, δ > 0 as the spherical cap, ϵ, γ, T as final time,
and the time step ∆t;

2: Output: Approximate solution UX at the final time T ;
3: Construct the sparse matrices AX and AL of size N ×N due to Algorithm 1;
4: Form the matrix B = ALA

T
L + 1

γ IN ;
5: Apply the RCM algorithm to the coefficient matrix B, called BR;
6: Use ILU(0) factorization to the matrix BR to construct the proper preconditioner;
7: t← 0;
8: n← 0;
9: Set the vector of initial condition at points X, i.e., U0

X ∈ RN×1;
10: while t ≤ T do
11: Find α∗

n by applying the RCM algorithm to the linear system (5.10), and solve it via the PCG
algorithm;

12: Compute w∗
n from the first relation in (5.11);

13: Compute the intermediate solution Un∗
X via (5.12);

14: Find the approximate solution Un+1
X using (5.13);

15: n← n+ 1;
16: t← n∆t;
17: end while
18: UX ← UK

X ;
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Algorithm 3 The computational algorithm of the numerical scheme applied to the CAC equation (1.2) on
S2.

1: Input:X = [x1, ...,xN ]T ∈ RN×3 as data points on S2, δ > 0 as the spherical cap, ϵ, γ, T as final time,
and the time step ∆t;

2: Output: Approximate solution UX at the final time T ;
3: Construct the sparse matrices AX and AL of size N ×N due to Algorithm 1;
4: Form the matrix B = ALA

T
L + 1

γ IN ;
5: Apply the RCM algorithm to the coefficient matrix B, called BR;
6: Use ILU(0) factorization to the matrix BR to construct the proper preconditioner;
7: t← 0;
8: n← 0;
9: Set the vector of initial condition at points X, i.e., U0

X ∈ RN×1;
10: while t ≤ T do
11: Find α∗

n by applying the RCM algorithm to the linear system (5.16), and solve it via the PCG
algorithm;

12: Compute w∗
n from the first relation in (5.17);

13: Compute the intermediate solution Un∗
X via (5.18);

14: Find the approximate solution Un+1∗∗

X using (5.19);
15: Compute the coefficient βn+1∗∗ via the numerical integration (5.21);
16: Find the approximate solution Un+1

X via (5.20);
17: n← n+ 1;
18: t← n∆t;
19: end while
20: UX ← UK

X ;
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