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Abstract

We present an up-to-date overview of approximation methods based
on Radial Basis Function (RBF) techniques, which have recently at-
tracted attention across various computational tools and application
fields. This review study presents relevant results on RBF techniques,
highlighting the associated computational challenges and stability is-
sues that must be addressed when high-performance or parallel com-
putation is required.

1 Introduction

The origins of RBF (Radial Basis Function) techniques date back to the
second half of the last century and stem from a geodetic application by
Hardy [1], in which irregular surfaces in cartography were obtained from
sparse topographical data. In this seminal work, the representation of com-
plex surfaces was proposed as a sum of quadric forms (such as cones or
hyperboloids) centered at different data points. The simple idea of approxi-
mating data at scattered centers attracted the attention of several investiga-
tors, leading to the mathematical foundation of RBF or, more generally, to
kernel-based approximation. The first relevant results about convergence,
stability, and existence of solutions were provided in [2]. In [3], a critical
benchmark test of various scattered data interpolation methods was pre-
sented, showing that the multiquadric method yielded the most accurate
results. Another fundamental theoretical result is the proof for the solvabil-
ity of the RBF interpolation matrix [4]. Furthermore, the theory of RBF
interpolation can rely on a physical interpretation since the family of the
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so-called Thin Plate Spline can be obtained as the unique minimizer of a
specific semi-norm (representing “bending energy”) [6].

These fundamental results provide a suitable computational environment
for addressing various problems. RBF's are primarily valued for their mesh-
free nature, which allows them to handle complex geometries and scattered
data without a structured grid. For example, the Kansa method [7] allows
one to compute solutions to Partial Differential Equations (PDEs) without
a rigid geometric grid, unlike finite element approaches. RBFs are now the
gold standard for mesh morphing |75, 8], in which an existing computational
grid (e.g., around an aircraft wing) is smoothly deformed using a few control
points while preserving the quality of the cells in the internal grid. RBF's are
also used for elastic registration [9], in which two different images (e.g., an
MRI - Magnetic Resonance Imaging - and a CT - Computed Tomography
- scan of the same patient) are deformed to perfectly align the anatomical
landmarks. This meshless approach is now standard for complex engineering
and medical simulations.

RBFs also play a crucial role in scientific Machine Learning, both in Ar-
tificial Neural Networks (ANNs) and as kernels in Support Vector Machines
(SVMs). The close connection between training ANNs and data-fitting pro-
cesses is discussed in [I0] and addressed using an RBF approach. Several
contributions further strengthened this initial work on RBF networks. For
instance, in [I3] the authors demonstrated the efficiency of RBF's in learn-
ing complex mappings through locally tuned hidden units. The connection
between RBFs and ANNs was generalized in [14], where RBF networks are
shown to be universal approximators. The kernel trick was initially pro-
posed in [15] to integrate kernel functions into the SVM framework. It
demonstrated that SVMs could use RBF kernels to automatically select
“supporting patterns” (support vectors) as the centers of the radial func-
tions, allowing the model to adapt its complexity to the data.

Although RBFs are mathematically elegant approximation tools, they
face several critical technical challenges that can compromise their effective-
ness. The Shape Parameter dilemma affects most usual kernels, like Multi-
quadrics or Gaussians, and relies on the practical choice of the parameter
that controls the basis function’s width. Its choice is therefore crucial for
obtaining effective implementations of RBF tools [16]. The numerical insta-
bility is strictly related to the shape parameter and to the ill-conditioning
of the interpolation matrix as the number of data points increases [19]. The
computational complexity and scalability are other critical aspects of RBF
techniques. In fact, unlike the Finite Element Methods (FEM), classic RBF
matrices are dense when global RBFs are used, so the solution of an RBF
interpolation problem scales at O(N3) for the computational load and at
O(N?) for the storage load, where N is the characteristic dimension of the
problem. In addition, the selection of centers of the RBF's is a non-trivial
optimization problem [42] [44] [45] that affects the accuracy of the overall



approximation process. The problem is also connected to the choice of a
stable basis as discussed in [41), 43].

All these critical aspects must be properly addressed when the problem
to be solved is large and/or difficult due to the problem’s intrinsic insta-
bilities. Thus, they are the key to making RBF a relevant tool in High
Performance Scientific Computing (HPSC) [22]. In the next sections, we
provide an overview of research efforts addressing critical aspects of RBF
by selecting a few works. The selected material is also organized into two
directions: those that mainly address the computational issues of RBF and
those that address its stability issues. Of course, these aspects are never
separable in any computational procedure, but this organization allows us
to focus on the main contributions of the presented works.

The paper is organized as follows. In Section [2| we present the main
achievements in the stabilization of RBF techniques. In Section[3] we discuss
the results for efficient computer implementations of RBF techniques. In
Section 4}, we outline some conclusions and final remarks.

2 Conditioning and stabilization strategies

We start by recalling the RBF interpolation problem. Let D C R¢ some
subset of R?. Take the set of points (z;, f;), i = 1,2,...,N, being the
interpolation data, where X = {z; € D C R?, ¢ =1,2,... , N} is the set
of the centers (often corresponding to the interpolation points) and f; € R,
i=1,2,..., N, are the interpolation values.

The interpolation problem is: given functions ¢; : D - R, i =1,2,..., N,
compute the coefficients ¢;, j = 1,2,..., N, such that

N
> ebilz)=fi, i=1,2,...,N, (1)
j=1
of course, it is required that this solution is unique.
Name smoothness ¢ support | SPD
Gaussian Cc*> e global v
IM c> (1+72)"1/2 global v
Matérn C? (I+r)e" global v
Wendland C? max{1 —r,0}*(4r + 1) | compact | v
TPS = r2log(r) global X

Table 1: Most used kernel functions in RBF approximation; the acronyms
IM and TPS stand for Inverse Multiquadric and Thin Plate Spline, respec-
tively. We note that the last column reports whether they are shape param-
eter dependent (SPD).



In the case of RBF, the functions ¢;, j = 1,2,..., N, are generated
by a unique kernel function ¢, more precisely ¢;(z) = ¢(Hg—gj‘ ), J =
1,2,...,N, z € D, with ¢ : [0,00) — R. Among the various RBFs available
in the literature, we have reported in Table [1| the most frequently used in
applications: the Gaussian, the Inverse Multiquadric (IM), the Matérn, the
Wendland, and the Thin Plate Splines (TPS). We note that the Matérn and
Wendland functions reported in the table are twice-differentiable members
of their respective families. Also, TPS can be seen as a special case of
the polyharmonic function family (cf. e.g. [I6] for details). The shape
of these functions, except for the TPS, can be easily controlled by the so-
called shape parameter ¢ > 0 through the scaling of the kernel argument,
that is, by considering ¢(er). In Figure(l} we have reported the kernel graphs
(extended by parity) described in Table and the graphs of ¢(e||z]), z € R?
for different choices of the shape parameter e.

Assuming that ¢ is strictly positive definite (see e.g. [16]), the interpo-
lation problem has a unique solution since the interpolation matrix &,
where [®];; = ¢(||z; — QJH) € RVXN ig strictly positive definite. We note
that this does not affect the generality of the discussion, since, by the Pa-
ley—Wiener Theorem, for every conditionally positive definite function of or-
der k (see e.g. [16]), there exists an associated strictly positive definite func-
tion (see e.g. [44]). However, the linear system (|1)) is usually ill-conditioned
as N grows. Several authors have investigated the spectral properties of
the interpolation matrix ®; see, for example, [24, 25 26, 27, 28, 29]. In
particular, [30] proved that the minimum eigenvalue A of ® is bounded as
follows:

NP4 < X< NP/ (2)

where ¢, C' > 0 are constants depending on the interpolation points and the
kernel function ¢, 8 > 0 is a smoothness parameter for ¢. More precisely,
the Fourier transform ¢ satisfies the following relation:

0<ow) <A1+ |w)™?, weR, (3)

for a suitable constant A > 0. Besides, for smooth kernels such as Gaussian
and the multiquadrics, holds, with bounds that decay exponentially.
Obtained the ¢; as the solution of , we can consider the function

N
P(z) =) ¢j¢j(x), €D, (4)
=1

as an approximation for the function f(z), x € D that generated the inter-
polation data (z;, fi), ¢ = 1,2,...,N, ie., f(z;) = fi, i =1,2,...,N. The
accuracy of Py depends on the density of the point set X in D and on the
regularity of the function f. The fill distance is the classical measure of the
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Figure 1: Graphs of the kernels reported in Table For R? we used the
shape parameters € = 1, 10.

density of the interpolation points, it is given by

hxpzzsupmin{H@—ng,j:1,2,...,N}, (5)
zeD
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and represents the radius of the largest ball that can be placed among the
interpolation points.

Other quantities often used to analyze stability are the separation dis-
tance

1 . . S,
qX::§m1n{Hgi—gj ,1§z,j§N,z#]}, (6)
and the uniformity
ax
. 7
hx b (7)

In particular, if p is near 1/ V/d, the interpolation data are nearly equally dis-
tributed in the Euclidean norm on R%. Moreover, in contrast to polynomial
interpolation, radial basis interpolants perform better when the interpola-
tion nodes are nearly uniformly distributed [39].

Classical error estimates are usually given for functions in Ng(D), the
native space of ¢ which is obtained from the infinite dimensional space
Hy(D) = span{¢(||z — -||), = € D} equipped with the scalar product:

meﬁ(llgi—'ll)’qucb(sz—'H) ZZpiqjcb(Hgi—ng), (8)

where finite or infinite summations can be considered. In particular, Ny(D)
is defined as the completion of Hy(D) with respect to the norm |[[-[|, induced
by . We recall that the native space is the Reproducing Kernel Hilbert
Space (RKHS) associated to ¢.

Theorem 1 Let ¢ : D — R be a continuous function and a strictly positive
definite kernel. Let x; € D C R?, i =1,2,...,N, be pairwise distinct points,
and let f € Ng(D). Then for every x € D we have:

f(@) = Pr(a)| < Pox(@) | flln,, z€D, (9)

where Py x is the power function which depends on the interpolation points
X and on the kernel ¢, and ||f||N¢ is the native space norm of f.

See [16, Chap. 14] for a detailed proof of this theorem.

Theoremassumes the knowledge of the exact solution¢j, 7 = 1,2,..., N
of . However, only an approximated solution ¢;, j =1,2,..., N of is
usually known yielding the following error inequality

@) - P@)| < /@) - P + |Pr@) - P@)|. zeD.  (10)

where I5f is the function computed by using the approximated solution
¢, j=12,...,N, of . Due to the ill-conditioning of , the second



addendum in the right-hand side of may add a non-negligible quantity
to the interpolation error.

Among the most popular methods for stabilizing the interpolant, many
belong to the following categories.

1. RBF-QR method: it is rooted in a particular decomposition of the
kernel, and it has been developed so far to treat the Gaussian kernel
[20, 21, 17, 23].

2. Hilbert-Schmidt Singular Value Decomposition (HS-SVD): it
has been developed to stably compute the RBF interpolants [11, [18].
In principle, this technique can be applied to any kernel, provided
that the HS eigenvalues and eigenvectors are known. However, these
quantities are far from being easy to compute, and in practice, they
only work for the Gaussian function.

3. Weighted Singular Value Decomposition (WSVD) bases: it
is a more general approach that applies to any RBF, consisting of
computing a weighted SVD which produces stable bases [12].

We recall that when we have flat or nearly flat RBF's, a severe ill-conditioning
of the RBF interpolation matrix occurs, even if it generally guarantees the
best accuracy for smooth solutions. The RBF-QR method tries to reduce
the error due to the ill-conditioning when the shape parameter approaches
zero, so the RBF becomes flat. In this case, the error term @]} is usually
small, but the second addendum in the right-hand side of is usually
large as a consequence of the ill-conditioning of (). The core idea of RBF-
QR is to change the basis of the approximation space to eliminate numerical
instability; this is done by expanding the RBF kernel into a series of more
stable functions, such as spherical harmonics [31] or Chebyshev polynomials
[32]. A QR decomposition of the representation matrix arising from these
expansions can gather the ill-conditioning in simple matrices that can be
inverted almost analytically. A similar idea is proposed in [33] for the Gaus-
sian kernel, for which a Mercer expansion is considered together with the
QR decomposition of the sampled eigenfunctions used in the expansion.
Stabilization of RBF interpolation is also possible using greedy tech-
niques [40], which are iterative algorithms for selecting an optimal subset of
points (centers) from a large dataset X to construct an efficient and stable
interpolant. Several variants have been proposed. The p-greedy [41], 42] is a
data-independent method that iteratively selects the next point where the
power function Py x is maximized, ensuring in this way that the points are
“well-spread” and minimize the worst-case error for any function in Ng(D).
The f-greedy [43]/44] is a data-dependent method that selects the next point
where the current interpolation residual attains the maximum value, so this
is highly effective for functions with localized features like sharp gradients.



The f/p-greedy [43] is a hybrid selection strategy designed to maximize the
benefits of both data-independent (p-greedy) and data-dependent ( f-greedy)
methods. The -greedy [45] algorithm is a unified theoretical framework that
encompasses the entire family of greedy selection strategies for RBF inter-
polation; it is formally introduced to study how different selection criteria
affect the convergence rate and numerical stability of the interpolant.

We recall that the Lebesgue constant, Ay, is an indicator that measures
the propagation of the interpolation error, indeed, we have

If = Prlloo < ANEXN(f),

where || f — Pf|loc = max{|f(z) — P¢(z)|, z € D}, and as usual E}(f) is the
sup norm error of the best polynomial approximation of f of degree at most
N. It grows as the number of data points IV increases, but high-quality
point sets X, such as those generated by the p-greedy algorithm, exhibit
slow growth of the Lebesgue constant; see [44] for details. We also note
that p-greedy or their generalization known as (§-greedy strategies ensure a
good separation distance among points in X, preventing in this way a fast
growing of the condition number of the system , see [45)], [46] for details.

A similar result for greedy strategies is obtained in [47], where the statis-
tical concepts of Design of Experiments are used to improve the numerical
stability of the interpolation matrix and the interpolation error, thereby mit-
igating the Shape Parameter Dilemma. It is worth noting that this yields
a point distribution similar to Chebyshev or Leja points, which are denser
near the boundaries of the domain to avoid the Runge effect; moreover, a
similar approach is used in the solution of partial differential equations. To
open a brief discussion about the Shape Parameter Dilemma, which strongly
affects both the effectiveness and the accuracy of an RBF interpolant, Fig-
ure [2| shows a trade-off in the shape parameter choice for Gaussian RBF.
Both the flat limit region and the tiny variance region must be avoided due to
ill-conditioning or scarce accuracy, respectively. The “optimal” choice is the
central region where the condition number is limited and the interpolation
error is satisfactory.

We conclude this section with some words about Partition of Unity (PU)
techniques [34] 35], as a “trait d’'union” with the next section, since these
techniques are able to stabilize problem but also to provide a more
efficient solution of RBF interpolation by transforming a single, often ill-
conditioned global problem into a series of smaller, numerically manageable
local subproblems. The main components of these techniques are: i) the
reduction of ill-conditioning by dividing the domain into overlapping sub-
domains (patches), where small local matrices have to be inverted with a
consequent reduction of numerical instability; ii) local management of the
problem by adapting the solution procedure to each patch, for example,
by using local shape parameters; iii) smooth blending by compactly sup-
ported weight functions to ensure a smooth, continuous transition between
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Figure 2: Gaussian function. Conditioning Vs Accuracy. The trade-off
principle or the Shape Parameter Dilemma.

patches without introducing artificial oscillations. After its introduction,
PU has been used in several concrete applications, such as, for example, 3D
surface reconstruction from laser scans [36], Interpolation of Earth’s topog-
raphy data [37], and smooth transfer of aerodynamic loads from a dense
fluid mesh to a sparser structural wing mesh [3§].

3 Computational strategies: fast and compression

We premise that any strategy to reduce the computational cost of the RBF
interpolation should be implemented with special care, especially when these
strategies are based on an approximation of the RBF matrix; in fact, any
small modifications of the RBF matrix can produce large perturbations in
the solution of as a consequence of its ill conditioning.

3.1 Classical approaches

The Fast Multipole Method (FMM) is exactly of this type; it is used to
accelerate the evaluation of the RBF interpolant in the solution of the lin-
ear system . This is a dense linear system, so direct methods (like LU
decomposition) require O(N?3) operations, the Conjugate Gradient Method
(CGM) converges in at most N iterations, because the matrix is symmetric.
A single matrix-vector multiplication (in iterative methods such as CGM
or GMRES or BiCGSTAB) requires O(N?) operations. So, reducing the
computational cost of matrix-vector multiplication is fundamental for ob-
taining efficient iterative methods for solving . The FMM reduces the
cost of matrix-vector multiplication in iterative methods by approximating



the action of the RBF matrix. This approximation uses ideas from classi-
cal scattering theory [48] and can compute matrix-vector multiplication in
O(N log N) operations. In [52], a fast algorithm for the matrix-vector mul-
tiplication is obtained for the inverse multiquadric; the computational cost
of this algorithm has an upper bound of O(N log N). In [49], the Cheby-
shev interpolation is used to replace the analytical expansion of the kernel
¢. In [50], the analytical expansion of the kernel ¢ is calculated in terms of
equivalent densities on surfaces enclosing the domain D; this approach has
general validity and allows the use of different kernels ¢. In [51], the accel-
eration of the iterative solver for RBFs using FMM has been provided. In
[53], using a technique similar to FMM and a local low-rank representation
of the interpolation matrix, a preconditioning matrix is obtained to stabilize
the numerical solution of .

A similar method that allows both efficient matrix-vector multiplica-
tion and an explicit representation of the matrix, which can be profitably
used to construct a preconditioner, is the hierarchical representation [54];
in this paper, different approaches to obtain low-rank and block-wise ap-
proximations for different RBF functions are analyzed. Among the various
approaches considered, a Taylor-based representation undoubtedly benefits
from its generality, which guarantees its applicability to any conditionally
positive definite RBF.

High-performance computing software has been developed to implement
FFM, such as, for example, [55] demonstrates RBF interpolation for datasets
with several million points using parallel FMM and the PETSc library; [56]
provides a computer procedure in the Rust language [57], combining FMM
and domain decomposition for datasets with over one million points.

3.2 Samplets: a new compression strategy

A similar result can be obtained by samplets [58], which are a specific class of
multiscale basis functions designed to compress the dense matrices that arise
in large-scale problems. In particular, they have been introduced as a spe-
cialized alternative to standard wavelets, specifically tailored for scattered
data and integral operators. Samplets are a specialized multiresolution anal-
ysis (MRA) technique designed for data-adapted decomposition of localized
signed measures, frequently used to handle scattered (unstructured) data in
arbitrary dimensions. They represent a generalization of the Tausch-White
multi-wavelet framework to discrete settings, enabling data compression,
feature detection, and numerical approximation [58], and we may construct
them using the usual vanishing moment framework. A visual representation
on a multiresolution by samplets is given in Figure

This abstract setting allows us to construct them on very general do-
mains (hence data sets). By “thresholding” (setting these small values to
zero), the dense matrix becomes sparse; in this way, the matrix-vector mul-
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Figure 3: Left: multiresolution of the Earth from the space. Center: the
bunny overlayed by samplets. Right: the sum shows how the multiresolution
of samplets works. Image courtesely provided by Sara Avesani - Universita
della Svizzera Italiana.

tiplication requires O(N log N') operations that can be profitably used in
the iterative solution of . The samplets framework has been extended
to efficiently compute complex algebraic operations on the RBF matrix; see
[59] for details. In [60], a study of sample properties for functions in Ny (D)
and some applications of RBF in sparse data interpolation and surface re-
construction are reported.

3.3 The Nystrom method

The Nystrom method provides another approximation technique to reduce
the computational cost of . In this technique, the kernel matrix & is
approximated using only m columns, where m < N. The selection of these
landmarks from the dataset X is usually done by random sampling, clus-
tering of K-means, or more advanced techniques such as the Leverage Score
sampling [61]. The eigendecomposition of the selected m columns provides
a low-rank representation of the kernel matrix

d~d=UEU", (11)

where U € RN>*™ E ¢ R™ ™ From , the Woodbury formula can be
used to solve the linear system efficiently. A statistical analysis and error
bounds for the method are provided in [63]; moreover, a detailed analysis of
the strategy to select better landmark points is proposed in [64].

A similar result is obtained by the Structured Kernel Interpolation (SKI)
[70] that approximates the kernel matrix ® using an interpolation on a
regular grid, in this way

dr~d=WEKW?, (12)

where W is a sparse matrix containing the interpolation weights and K
has a Toeplitz structure; so the solution of can be obtained by iterative
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methods with a nearly linear computational cost. In [71], it is proposed to
improve the efficiency of SKI by a decomposition of the kernel into prod-
ucts of lower-dimensional structures. Moreover, [72] has provided a rigorous
theoretical error bound for SKI, confirming that the approximation error
decays cubically relative to the grid density when using cubic interpolation.

3.4 Other approaches

The conceptual basis of Random Fourier Feature (RFF) [65] is the integral
Bochner Theorem, which is used to approximate the kernel ¢ by a finite
number of randomized trigonometric features and the explicit mapping of
the data to a low-dimensional Euclidean space. In this way, the solution of
is obtained as a least squares problem in a reduced number of variables.
The theoretical analysis for the uniform convergence of random features is
provided in [66]. Several authors have studied this method in detail, ana-
lyzing uniform error bounds [67], the approximation quality and statistical
efficiency [68], and the risk of learning with RFF for different loss functions
[69].

Among the various approximation techniques for RBF matrix &, it is
worth mentioning also the so-called Adaptive Cross Approzimation (ACA),
initially proposed in the context of the solution of integral equations [73]
and then generalized for RBF interpolation matrices [74]. This algorithm
constructs low-rank approximations of a given matrix by selecting rows and
columns, calculating the residual, and updating the matrices until a toler-
ance threshold is met. ACA does not use analytical expansions of the kernel
function ¢, so, in principle, it can work with different kernels even if it is
developed for matrices generated by sampling smooth functions.

4 Conclusions

We conclude this review paper with some final remarks. We have tried to
provide a big-picture overview of the current state of RBF approximation
methods, particularly by outlining the main ideas that make this technique
stable, efficient, and implementable in HPSC architectures. Indeed, these
contributions have made RBF a powerful tool in high-performance comput-
ing [76] 75, [77], including machine learning applications and data analysis
[78, 79, [5]. The success of RBF in easily tackling high-dimensional problems
has led to the development of software libraries for high performance com-
puting, such as, for example, RBF interpolation and RBF solution of PDE
in Python [81], RBF interpolation in Julia programming language [82], [83],
and in PETSc library [55], as well as parallel hardware dedicated to RBF
computations [84] 85]. We hope that this short survey will serve as a use-
ful guide to the various directions in which scientific research on the RBF
approximation is developing.
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