Fekete points for bivariate polynomials restricted to y = x^m Len Bos

Department of Mathematics and Statistics University of Calgary Calgary, Alberta T2N 1N4 CANADA

Stefano De Marchi

Dipartimento di Matematica e Informatica University of Udine Via delle Scienze 206, 33100 Udine, ITALY

Abstract

We study the so-called Fekete points which maximize Vandermonde determinants of the form V_α(x_1, ..., x_N ) = | | |x^{αj}_i | | | , i, j = 1, ..., N , where the x_i are distinct points belonging to an interval [a, b] of the real line and the α_j ’s are ordered integers α_1 > α_2 > · · · > α_N ≥ 0 obtained as the exponents for the monomial basis of bivariate polynomials of degree n, restricted to the curve y = x^m. We prove that every Vandermonde determinant, so generalized, can be factored as a product of the corresponding classical Vandermonde determinant and a homogeneous symmetric function of the points, a Schur function, and that the resulting generalized Fekete points have the same asymptotic distribution as the classical ones.

keywords: Vandermonde determinants, Schur functions, Fekete interpolating points.

Fekete points for restriction to y = x^m

Len Bos Department of Mathematics and Statistics University of Calgary Calgary, Alberta T2N 1N4 CANADA

Phone: (403)220-5202 Fax: (403)282-5150 email: lpbos@math.ucalgary.ca

1 Introduction

In the classical study of the convergence properties of the Lagrange interpolation the Lebesgue function

λ_n(X; x) = n∑ i=0 |ℓ_i(x)| , (1) and the corresponding Lebesgue constant

Λ_n(X) = max_{x∈[−1,1]} λ_n(X; x) (2) play a fundamental role. As usual, ℓ_i(x) denotes the i-th fundamental Lagrange polynomial of degree n on the set X = {x_0, ..., x_n} of distinct nodes in the canonical interval [−1, 1]. The Lebesgue constant is also the norm of the Lagrange operator, which takes f ∈ C[−1, 1] to its interpolant (as an operator on C[−1, 1]).

One may also consider the several variable analogues of such problems. Given a compact set K ⊂ IR^d, the polynomials of degree n restricted to K form a certain vector space of dimension N = d_n(K), say. Suppose that {p_i, : 1 ≤ i ≤ N} is a basis for this space. Then given N points X = {x_i} ⊂ K and a function f ∈ C(K), one may ask for the polynomial p = ∑ k a_kp_k, such that p(x_i) = f(x_i), 1 ≤ i ≤ N. This interpolating polynomial exists and is unique provided the Vandermonde determinant

det[p_i(x_j )]_{1≤i,j≤N} ≠ 0

If this is indeed the case then we may also form the corresponding fundamental Lagrange polynomials ℓ_i, defined by the condition that ℓ_i(x_j ) = δ_{ij} (the Kronecker delta). Then we may write the interpolant in the form p(x) = ∑ k f(x_k)ℓ_k(x). Just as in the univariate case, the Lebesgue function is defined to be

λ_n(X; x) = N∑ i=1 |ℓ_i(x)| and its maximum over K is the norm of the projector that takes f ∈ C(K) to its interpolant.

In one variable, there is a very beautiful and useable characterization of the points that minimize the Lebesgue constant (see e.g. the monograph [10] Chapter 3) but in several variables this is far from the case. In fact, the multivariate theory is still in its relative infancy and not nearly complete. Moreover, it appears that multivariate analysis of the Lebesgue function is a rather imposing problem, and this has a lead to the consideration of a set of extremal points which are known to be near optimal in the univariate case, but that generalize much more readily to higher dimensions, i.e. to the so-called Fekete points. These may succintly be defined as those points in K which maximize the Vandermonde determinant, det[p_i(x_j )].

For the interval [−1, 1], Fejér [5] showed that the set of Fekete points, F_n say, consists of the zeros of the polynomial (x^2 − 1) P^′_n(x), where P_n(x) is the Legendre polynomial of degree n. Moreover, he showed that ∑ k ℓ^2_k(x) ≤ 1 on [−1, 1] from which it follows that the associated Lebesgue constant

Λ_n(F_n) ≤ √ n + 1 .

This bound was improved by Sündermann ([9]) who showed that

Λ_n(F_n) = O(log n), (3) the order of the optimal points (cf. [10]). We would point out that from this explicit characterization of F_n, but also from the more abstract considerations of complex Potential Theory, it follows that the Fekete points have asymptotically the so-called arcsin or Chebyshev distribution (which is also the equilibrium distribution from Potential Theory).

In general, we have only that max_{x∈K} |ℓ_k(x)| = 1, 1 ≤ k ≤ N from which follows the estimate Λ_n(X) ≤ N. This implies already that the Fekete points are always quite good interpolation points, but the upper bound N is almost certainly rather pessimistic. From numerical experiments, one may expect that in fact the Fekete points are very close to optimal (see e.g. [7]).

We hope that the reader is convinced by our preamble, or by other means, that the Fekete points for a given set K ⊂ IR^d, are interesting and important for the study of multivariate polynomial interpolation. An especially intriguing problem is to determine their asymptotic distribution. Likely, this several variable problem is intimately related to complex Pluripotential Theory (see e.g. [6]) but to date very little is known.

In this paper we begin by considering the case when K ⊂ IR^2 is a piece of an algebraic curve of the form K = {(x, y) : y = x^m, a ≤ x ≤ b}. We show that a basis for the polynomials restricted to such K are a certain collection of monomials (Proposition 1 below) and then consider a more general class of Vandermonde type determinants, involving the so-called Schur functions, and show by means of direct, elementary calculations that the associated Fekete points always have the same asymptotic distribution as the classical ones.

2 The polynomials restricted to the curve y = x^m

Proposition 1 Bivariate polynomials of degree n ≥ m restricted to y = x^m are the

span x^k k ≡ 0 mod m 0 ≤ k ≤ mn x^k k ≡ 1 mod m 0 ≤ k ≤ m(n − 1) + 1 x^k k ≡ 2 mod m 0 ≤ k ≤ m(n − 2) + 2 . . . . . . x^k k ≡ (m − 1) mod m 0 ≤ k ≤ m(n − (m − 1)) + m − 1 .

Proof. Any integer k ≥ 0 is congruent to one of 0, 1, ..., m − 1 mod m. Indeed suppose k ≡ i mod m, 0 ≤ i ≤ m − 1, then k = jm + i for some j and x^k is the restriction of y^jx^i. In fact, this is the monomial of lowest degree which restricts to x^k.

For y^{j′} x^{i′}_{|y=xm} = x^k if and only if mj^′ + i^′ = k = mj + i.

If j^′ > j then mj^′ + i^′ ≥ m(j + 1) + i^′ = mj + m + i^′ > mj + i + i^′ > k which is a contradiction. Therefore, j^′ ≤ j.

If j^′ = j then i^′ = i and there is nothing more to prove. Suppose then that j^′ < j. For the sake of simplicity let j^′ = j − t, t ≥ 1. Then m(j − t) + i^′ = mj + i, that is i^′ = i + mt and then i^′ + j^′ = i + mt + j − t = i + j + (m − 1)t > i + j. Hence x^k, k ≡ i mod m , (4) is the restriction of x^iy^j, i + j ≤ n if and only if k = mj + i ≤ m(n − 1) + i . (5) This concludes the proof.

Remark. The space of bivariate polynomials restricted to y = x^m consists of univariate polynomials of degree at most mn. However, the dimension of this space is N = ( n + 2 2 ) − ( n + 2 − m 2 ) = mn − m(m − 3) 2 ≤ mn + 1 (6) with strict inequality for m > 2. Hence, for m > 2, the basis consists of a strict subset of the monomials of degree at most mn, i.e. there are “missing” powers or gaps.

It does however include all univariate polynomials of degree

m(n − (m − 1)) + 2(m − 1) = mn − (m − 1)(m − 2) .

In fact, we may describe the basis more precisely as ∪^{n−(m−1)} k=0 ∪^{m−1}_{j=0} {x^{km+j} } ⋃ ∪^{m−2}_{k=0} ∪^k_{j=0} {x^{(n−k)m+j} } (7) so that the missing powers are precisely ∪^{m−2}_{k=0} ∪^{m−1}_{j=k+1} {x^{(n−k)m+j} }. Let then {x^{α1} , x^{α2} , · · · , x^{αN} } with α_1 > α_2 > · · · > α_N ≥ 0 be the basis described in Proposition 1, and consider, for given N distinct points x_1 < x_2 < · · · < x_N , the associated Vandermonde determinant V_α(x_1, · · · , x_N ) := det[x^{αj}_i ]_{1≤i,j≤N} . (8) Such determinants are intimately connected to the so-called Schur functions (cf. [8]), defined as follows.

Definition 1 Given a partition λ = (λ_1, ..., λ_N ) ∈ IN^N , and N distinct points x_1, ..., x_N , the associated Schur function, s_λ, defined on IR^N , is the ratio s_λ(x_1, ..., x_N ) = det(x^{λj +N−j} i ) det(x^{N−j}_i ) , 1 ≤ i, j ≤ N. (9) Note that in this definition the denominator is the classical Vandermonde determinant V DM(x_1, · · · , x_N ) = det(x^{N−j}_i ).

Since the α_j are positive integers we must have α_j ≥ N − j and thus by taking λ_j = α_j − (N − j) we have

V_α(x_1, · · · , x_N ) = det(x^{λj +N−j}_i ) = V DM(x_1, ..., x_N ) s_λ(x_1, · · · , x_N ) .

(10) Of importance in what follows is the fact that λ depends only on m, i.e., is constant with respect to N. More precisely we have: Lemma 1 If λ is defined as above, then

λ = ( m−2∑ k=1 k 1 , m−3∑ k=1 k, m−3∑ k=1 k 2 , m−4∑ k=1 k, m−4∑ k=1 k, m−4∑ k=1 k 3 , · · · , 1∑ k=1 k, · · · , 1∑ k=1 k m−2 , 0, · · · , 0).

Proof. This is just a technical fact that follows easily (albeit with some tedium) from the representataion of the basis (7).

Some simple consequences are that |λ| = m−2∑ j=1 j m−1−j ∑ k=1 k = ( m + 1 4 ) . (11)

We may also compute ℓ(λ), the length of λ, i.e., the index of the last non-zero term, to be ℓ(λ) = m−2∑ j=1 j = ( m − 1 2 ) . (12)

3 The Main Theorem

Consider now the Vandermonde type determinant V_α(x_1, · · · , x_N ) defined by (8) for points a ≤ x_1 < x_2 < · · · < x_N ≤ b. The points x_j which maximize |V_α| we will refer to as Fekete points for the piece of the curve K = {(x, x^m) : a ≤ x ≤ b}. The points f_j in [a, b] which maximize the classical Vandermonde determinant |V DM(f_1, · · · , f_N )| are the classical Fekete points. Our main Theorem is as follows.

Theorem 1 The Fekete points for the piece of the curve K have the same asymptotic distribution as do the classical Fekete points for [a, b]. Proof. By Theorem 1.5 of [1] it suffices to show that

lim_{N→∞} |V DM(x_1, · · · , x_N )|^{1/}(^{N2} ) = lim_{N→∞} |V DM(f_1, · · · , f_N )|^{1/}(^{N2} ).

(13)

We will show that this is indeed the case, by means of a sequence of lemmas. To begin, we will need some of the standard symmetric polynomials. Let p_r = p_r(t_1, · · · , t_N ) denote the rth power sum of N variables, i.e.,

p_r(t_1, · · · , t_N ) := N∑ k=1 t^r_k. Then, since the classical Fekete points have asymptotically the arcsin distribution, we have lim_{N→∞} p_r(f_1, · · · , f_N ) N = 1 π ∫_b a x^r √ (x − a)(b − x) dx

= 1 π ∫_π 0 ( a + b 2 + b − a 2 cos(θ) )_r dθ. (14)

Also, let h_r = h_r(t_1, · · · , t_N ) denote the rth so-called complete symmetric function of N variables. It is defined as the sum of all the monomials of exact degree r, in the variables t_1, · · · , t_N , but may also be computed from the Newton like formula (see [8, formula (2.11)]) kh_k = k∑ r=1 p_rh_{k−r}. (15)

Lemma 2 lim_{N→∞} h_k(f_1, · · · , f_N ) N^k = 1 k! ( a + b 2 )_k

Proof. We proceed by induction. If k = 1, then h_1 = p_1 and the result follows easily from (14) with r = 1. Hence, suppose that the Lemma is true up to k − 1 and consider h_k N^k = 1 k k∑ r=1 p_r N h_{k−r} N^{k−r} 1 N^{r−1} = 1 k ( p_1 N h_{k−1} N^{k−1} + k∑ r=2 p_r N h_{k−r} N^{k−r} 1 N^{r−1} ) . Because of the N^{−(r−1)} factor, the terms in the summation tend to zero, and hence, lim_{N→∞} h_k N^k = 1 k lim_{N→∞} p_1 N lim_{N→∞} h_{k−1} N^{k−1} = 1 k ( a + b 2 ) 1 (k − 1)! ( a + b 2 )_{k−1}

= 1 k! ( a + b 2 )_k . This concludes the proof.

Lemma 3 For any fixed λ, lim_{N→∞} s_λ(f_1, · · · , f_N ) N^{|λ|} = ( a + b 2 )_{|λ|} ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) 1 (λ + δ − ω(δ))! (16)

where δ = (ℓ − 1, ℓ − 2, ..., 1, 0) and ℓ = ℓ(λ) and S_ℓ denotes the group of permutations of ℓ objects.

Proof. By formula [8, (3.4)^′, p. 42] with

s_λ = ∑ ω∈S_ℓ ϵ(ω)h_{λ+δ−ω(δ)} = ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω)h_{λ+δ−ω(δ)}

since h_r = 0 for r < 0.

Hence, s_λ N^{|λ|} = ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) h_{λ+δ−ω(δ)} N^{|λ|}

= ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) h_{λ1+δ1−ω(δ)1} N^{λ1+δ1−ω(δ)1} · · · h_{λℓ+δℓ−ω(δ)ℓ} N^{λℓ+δℓ−ω(δ)ℓ}

Now, letting N → ∞, by Lemma 2, the right side tends to ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) (_{a+b} 2 )_{λ1+δ1−ω(δ)1} (λ_1 + δ_1 − ω(δ)_1)! · · · (_{a+b} 2 )_{λℓ+δℓ−ω(δ)ℓ} (λ_ℓ + δ_ℓ − ω(δ)_ℓ)!

= ( a + b 2 )_{|λ|} ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) 1 (λ + δ − ω(δ))! .

This concludes the proof.

Lemma 4 Letting k! = 0 for k < 0, then ∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) 1 (λ + δ − ω(δ))! = 1 (λ + δ)! V DM(λ + δ) , (17)

where V DM(λ+δ) is the classical Vandermonde determinant of the points λ_1 +δ_1, ..., λ_ℓ + δ_ℓ.

Proof.

∑ ω ∈ S_ℓ λ + δ − ω(δ) ≥ 0 ϵ(ω) 1 (λ + δ − ω(δ))! = det ( 1 (λ_i − i + j)! ) 1≤i,j≤ℓ , (18)

since s_λ = det (h_{λi−i+j}), formula [8, (3.4),p. 41] (this is just an expression of the same determinant in two different manners). Now,

det( 1 (λ_i − i + j)!

) = det

1 (λ_1)! 1 (λ_1+1)! . . . 1 (λ_1 +ℓ−1)! 1 (λ_2−1)! 1 (λ_2)! . . . 1 (λ_2 +ℓ−2)! . . ... . . 1 (λ_ℓ−ℓ+1)! 1 (λ_ℓ−ℓ+2)! . . . 1 (λ_ℓ)!

= Λ_ℓ det

(λ_1+ℓ−1)!

(λ_1)!

(λ_1+ℓ−1)!

(λ_1+1)! . . .

(λ_1+ℓ−1)!

(λ_1+ℓ−2)! 1

(λ_2+ℓ−2)! (λ_2−1)!

(λ_2+ℓ−2)!

(λ_2)! . . .

(λ_2+ℓ−2)!

(λ_2+ℓ−3)! 1 . . . . ... . . (λ_ℓ)!

(λ_ℓ−ℓ+1)!

(λ_ℓ)! (λ_ℓ−ℓ+2)! . . . (λ_ℓ)!

(λ_ℓ−1)! 1

= Λ_ℓ det

[λ_1+ℓ−1]_{ℓ−1} [λ_1+ℓ−1]_{ℓ−2} . . . [λ_1+ℓ−1]_1 1

[λ_2+ℓ−2]_{m−1} [λ_2+ℓ−2]_{m−2} . . . [λ_2+ℓ−2]_1 1 . . . . ... . . [λ_ℓ]_{ℓ−1} [λ_ℓ]_{ℓ−2} . . . [λ_ℓ]_1 1

where Λ_ℓ = 1 (λ_1 + ℓ − 1)! 1 (λ_2 + ℓ − 2)! · · · 1 (λ_ℓ)!

and [x]_k = x(x − 1)(x − 2) · · · (x − k + 1) is the Pochammer symbol. Hence we have

det( 1 (λ_i − i + j)! ) = 1 (λ + δ)! det ( [λ_i + ℓ − i]_{ℓ−j} ) 1≤i,j≤ℓ

But, since the basis x(x − 1) · · · (x − ℓ + 2), x(x − 1) · · · (x − ℓ + 3), . . . , x, 1 is equivalent to the basis x^{ℓ−1}, x^{ℓ−2}, . . . , x, 1 then we can conclude that

det( 1 (λ_i − i + j)! ) = 1 (λ + δ)! det ( (λ_i + ℓ − i)^{ℓ−j} )

= 1 (λ + δ)! ∏ j>i ((λ_i + ℓ − i) − (λ_j + ℓ − j)) = 1 (λ + δ)! ∏ j>i ((λ_i − λ_j) + (j − i)))

This latter is > 0 since λ_i ≥ λ_j and j − i > 0.

We now return to the proof of the main theorem. Our goal is to establish (13) and we will first assume that a + b ≠ 0.

Now, since the classical Fekete points maximize |V DM|, we have |V DM(x_1, · · · , x_N )| ≤ |V DM(f_1, · · · , f_N )|. But also, the generalized Fekete points maximize |V_α| and so |V_α(f_1, · · · , f_N )| ≤ |V_α(x_1, · · · , x_N )|, i.e., |s_λ(f_1, · · · , f_N )| |V DM(f_1, · · · , f_N )| ≤ |s_λ(x_1, · · · , x_N )| |V DM(x_1, · · · , x_N )|. (19) Thus | | | s_λ(f_1, · · · , f_N ) s_λ(x_1, · · · , x_N ) | | | | |V DM(f_1, · · · , f_N )| ≤ |V DM(x_1, · · · , x_N )|. Hence our result follows once we have established that lim_{N→∞} | | | | s_λ(f_1, · · · , f_N ) s_λ(x_1, · · · , x_N ) | | | | 1/(^N_2 ) = 1.

But from Lemma 4, (provided a + b ≠ 0) we have

lim_{N→∞} |s_λ(f_1, · · · , f_N )|^{1/}(^{N2} ) = 1

and so are left with the problem of showing that

lim_{N→∞} |s_λ(x_1, · · · , x_N )|^{1/}(^{N2} ) = 1.

(20)

Now, from (19), since |V DM(x_1, · · · , x_N )| ≤ |V DM(f_1, · · · , f_N )| we must have |s_λ(x_1, · · · , x_N )| ≥ |s_λ(f_1, · · · , f_N )| and so (20) follows from

Lemma 5 There are constants C = C(λ) and k = k(λ) such that for all a ≤ x_1 ≤ · · · ≤ x_N ≤ b, |s_λ(x_1, · · · , x_N )| ≤ CN^k. Proof. By Hadamard’s determinant inequality applied to the identity s_λ = det (h_{λi−i+j} ) [8, (3.4),p. 41], we need only provide a polynomial bound for h_{λi−i+j} . But, r = λ_i −i+j ≤ λ_1 + ℓ(λ) − 1 and recall that h_r is defined to the sum of all the monomials of exact degree r. Hence |h_r(x_1, · · · , x_N )| ≤ ( N + r − 1 r ) max{|a|, |b|}^r.

The case a + b = 0 can be handled by replacing,e.g., b by −a + ϵ and then letting ϵ → 0 + . The details are not instructive and so we do not include them here.

The proof of Theorem 1 is now complete.

Remark. Although we have stated our main theorem in terms of polynomial bases obtained by restricting bivariate polynomials to the curves y = x^m, the proof is valid as long as the associated λ is constant, i.e., independent of N. In particular the conclusion remains valid for a basis of monomials with any fixed number of gaps in the sequence of powers (beginning with the highest power).

Acknowledgements The first author was supported by NSERC operating grant number 8389. The second author was partially supported by the CNR of Italy “short-term mobility” program 1999.

References

[1] T. Bloom, L. Bos, C. Christensen and N. Levenberg, Polynomial Interpolation of Holomorphic Function in IC and IC^n, Rocky Mountain J. Math., 22(2), 441–470, 1992.

[2] L. Brutman, Lebesgue functions for polynomial interpolation: a survey Annals of Numer. Math., 4, 111–127, 1997.

[3] P. J. Davis, Interpolation and Approximation, Dover Publ., New York, 1975.

[4] S. De Marchi, Generalized Vandermonde determinants, Toeplitz matrices and the Polynomial Division Algorithm, Universität Dortmund, Ergebnisberichte Angewandte Mathematik, nr. 176, June 1999.

[5] L. Fejér, Bestimmung derjenigen Abszissen eines Intervalles für welche die Quadratsumme der Grundfunktionen der Lagrangeschen Interpolation im Intervalle [−1, 1] eing möglichst kleines Maximum besitzt, Ann. Scuola Norm. Sup. Pisa Sci. Fis. Mt. Ser. II, 1, 263–276, 1932.

[6] M. Klimek, Pluripotential Theory, Oxford Science Publications, Oxford, 1991.

[7] U. Linde, M. Reimer and B. Sündermann, Numerische Berechnung extremaler Fundamentalsysteme für Polynomraüme über der Vollkugel, Computing, 43, 37–45, 1989.

[8] I. G. Macdonald, Symmetric Functions and Hall Polynomials, Second Edition, Oxford Science Publications, Oxford, 1998.

[9] B. Sündermann, Lebesgue constants in Lagrange interpolation at the Fekete points, Mitt. Math. Ges. Hamburg, 11, 204–211, 1983.

[10] J. Szabados and P. Vértesi, Interpolation of Functions, World Scientific, Singapore, 1990.

[11] G. Szegö, Orthogonal Polynomials, New York, 1959.