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Introduction: In this course we will introduce a class of stochastic optimization problems in
continuous time that finds relevant applications in Economics and Finance, but has nonethless
independent importance for its mathematical beauty. These are optimal stopping problems, and
singular and impulsive stochastic control problems. We will provide their formulation, and
(some of) the methods of solutions through the study of important examples. In particular, we
will concentrate on the so-called analytic approach, which brings back the stochastic problem to
a suitable second-order partial differential problem, which in these particular stochastic control
problems takes the form of so-called variational inequality (VI) or quasi-variational inequality
(QVI), characterized by the fact that part of the problem is to find a so-called free boundary,
which divides the domain into regions where different regimes are expected for the stochastic
state process. These differential problems have the well-known peculiarity that their solution is
typically non-smooth, in particular the second derivative is expected not to be continuous in all
the domain, but has a discontinuity at the free boundary. We will also discuss the important link
between optimal stopping, and singular and impulsive control problems. Finally, if time allows,
we will present some examples where Volterra integral equations can be used to characterize
the free boundary.

Course contents:

Optimal Stopping (ca. 8 hours):

• Formulation of optimal stopping problems.

• The Dynamic Programming Principle, the related Hamilton-Jacobi-Bellman equation (a
VI), and a Verification Theorem.

• An example: optimal harvesting problem; the solution of the VI (and thus the value func-
tion) is not C2.

• Pricing problem of perpetual American options in the Black-Scholes model;
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• Discussion on the pricing of finite time-horizon put options in the Black-Scholes model:
early exercise premium representation; (if time allows, an integral Volterra equation for
the free boundary).

Singular Stochastic Optimal Control (ca. 8 hours):

• Formulation of the problem through a classical example;

• The related Hamilton-Jacobi-Bellman equation (a QVI), and a Verification Theorem.

• Connection to optimal stopping and discussion on methods of solutions.

Impulsive Stochastic Optimal Control (ca. 8 hours):

• Formulation of the problem through a classical example.

• The related Hamilton-Jacobi-Bellman equation (a QVI), and a Verification Theorem.

• An example: optimal repeated harvesting problem; the solution of the QVI (and thus the
value function) is not C2;

• Connection to iterated optimal stopping.
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