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Course requirements: Real analysis, some notions of basic PDEs and some functional analysis
are welcome, for instance, chapters 1, 3, 4, 8, and 9 of Brezis’ book on functional analysis. The
main required tools will be recalled during the course.

Examination and grading: Oral exam, based either on a problem set or on a research paper

Aim: With the first part of the course students will learn the fundational aspects in the Calculus
of Variations. The second part will allow them to master more specialized tools from the branch
of optimal transport in their applications, also to some evolution PDEs.

Course contents: The calculus of variations is a cornerstone of mathematical analysis and opti-
mization, focusing on finding functions that minimize or maximize certain quantities, typically
expressed as integrals. This theory underpins much of modern physics and engineering, provid-
ing the mathematical framework for principles like the least action in mechanics and the opti-
mal shapes and configurations in structural design. It has broad applications, from determining
geodesics and surfaces of minimal area to optimizing control systems and studying the behavior
of complex systems described by partial differential equations. In addition to its classical uses,
calculus of variations has fueled advances in fields like materials science, image processing, and
machine learning, where problems often require identifying optimal configurations or shapes.

Optimal transport theory is a relatively new branch of the calculus of variations. The original
question involves finding the most efficient ways to move distributions of mass or probability
from one configuration to another, while minimizing a given cost function. Initially formulated
by Gaspard Monge in 1781 and later generalized by Leonid Kantorovich in 1940-42, it has
become a powerful tool both for pure mathematics and for applied problems of redistribution
and matching in economics, physics, data science, and beyond.

The first part of the course covers foundational aspects. As a warm-up, I will introduce
one-dimensional variational problems and optimality conditions like Euler-Lagrange equations
through classical examples, such as the geodesic problem. I will then discuss Monge’s formu-
lation of Optimal Transport Problems and its limitations, leading to Kantorovich’s relaxation
of the problem: here the existence of minimizers directly follows from the direct method of
the calculus of variations. I will introduce Kantorovich-Rubinstein duality, and necessary and
sufficient conditions for optimality. There will be a particular focus on c-cyclical monotonic-
ity, relating it to classical concepts in convex analysis that it generalizes. I will then discuss
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the problem of existence of optimal maps with a special focus on Brenier’s theorem for the
quadratic cost function. After this introductory part, I will select applications of optimal trans-
port, also depending on the interest of the audience. Possible choices include: connection with
the Monge-Ampère equation, Wasserstein distances and their properties, curves in Wasserstein
spaces and their relation to the continuity equation, geodesics, Benamou-Brenier formula, char-
acterization of AC curves inWasserstein spaces, introduction to gradient flows in metric spaces
and to the JKO minimization scheme for some evolution equations, price equilibria in economic
models.
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