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Introduction and background requirements: In his 1986 Fields Medal paper [6], Drinfeld
introduced the notion of a ring with special features nowadays called the Drinfeld double, one
of the main goals being the production of solutions of the quantum Yang-Baxter equation from
statistical mechanics. The construction is inspired by a similar construction on Poisson-Lie
groups and requires an initial datum given by a general Hopf algebra. The case in which the
starting datum is a finite group G is already extremely rich: the double D(G) occurs in the work
of Dijkgraaf, E. Verlinde, H. Verlinde and Vafa [5] in conformal field theory, in Lusztig’s work
on representations of finite groups of Lie type [8], in the study of mapping class groups of sur-
faces and knot and link invariants, in Verlinde’s method to count morphisms from fundamental
groups of surfaces to a given group G, [9], in Andruskiewitsch and Schneider’s program for
the classification of Hopf algebras [1], in Cibils and Rosso’s classification of path algebras with
a Hopf algebra structure, [4]. It is usually studied through its representations, that is, through
the different ways in which we can see the elements of D((G) as endomorphisms of a given
vector space. Representations for D((G) can be interpreted in different ways: for example their
geometric interpretation in terms of vector bundles lead to the non-abelian Fourier transform in
[8]. Verlinde provided a striking formula of its fusion rules (decomposition of tensor products
of representations) in terms of group theoretical data making use of conformal field theory only
[9]: an algebraic proof of this formula can be given in terms of Fourier transforms on G x G,
[7]. Several further applications and interpretations of the representations of D(G) are listed in
the survey [3].

The course will review some of the key features of the Drinfeld double of a finite group, its
representations, and their applications in topology, developing the theory from scratch and rely-
ing for a big part on the basic treatment in [2]. Prerequisites are: basic notions of linear algebra
(including the tensor product of vector spaces) and algebra covered in a standard bachelor in
mathematics. No prior knowledge of Hopf algebras or representation theory are required. Hopf
algebraic tecnichalities will be kept to a minimum.

Aim: (Learning goals - Intended Learning Outcomes)

The goal of the course is to offer a glimpse of the Drinfeld double of a finite group and some
of its applications in representation theory and topology. It should serve as a tool to see how
changing point of view on the same mathematical object can lead to unexpected results.
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Expected knowledge, abilities and competences

We expect that through the rich example of D(G), the participants will acquire familiarity with
standard ideas from Hopf algebra theory, such as representations, tensor products, braidings,
their potential applications in topology.

Examination and grading: Solutions of some exercises during the course, followed by an oral
discussion.

Course contents:
e Basic notions on representations and characters;

e Hopf algebras and tensor products of representations. Quasitriangular Hopf algebras and
the quantum Yang-Baxter equation;

e The different realizations of the Drinfeld double D(G) of a group G;
e Different realizations of the representations of D(G);
e The braid group; knot and link invariants from representations of D(G);

e Mapping class groups: the case of the torus, and representations of SL,(Z) obtained from
D(G);

e Fourier transforms for G and D(G); Verlinde formula for the decomposition of the tensor
product of representations of D(G)

e Cibils and Rosso’s classification of path algebras with a Hopf algebra algebra structure.
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