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Introduction and background requirements: Basic knowledge of probability theory: discrete
random variables, finite and countable probability spaces, convergence theorems (law of large
number, central limit theorem).

Aim: Random graph theory sits at the intersection of probability, combinatorics, and graph the-
ory, offering elegant and rigorous methods to study complex networks. These methods provide
insights into both real-world phenomena and abstract mathematical structures.

The aim of this mini-course is to equip PhD students with a rigorous understanding of both
the theoretical and applied aspects of random graphs as models for complex networks. Upon
completion, students are expected:

* to achieve a solid understanding of fundamental concepts in random graph theory, includ-
ing classical random graph models and properties relevant to real-world networks;

* to be able to implement the main techniques involved in the study of random graphs,
including probabilistic methods, combinatorial tools, and analytical methods;

* to gain insights into advanced topics, such as problems in community detection or charac-
terizing the spectrum of random graphs, and to develop the skills necessary to understand
scientific papers on these subjects.

Examination and grading: Seminar on a paper.

Course contents: Complex networks have captured the attention of the scientific community
in recent years due to their prevalence in a wide variety of real-world scenarios, such as social
networks, biological systems, and technological infrastructures. These networks exhibit large-
scale behaviors that reveal common properties, notably the “small-world” effect and the “scale-
free” phenomenon. Random graphs serve as mathematical models that facilitate the analysis of
these large-scale features. Roughly, random graphs can be described as random variables taking
values on a set of graphs, hence well suited to capture both probabilistic and combinatorial
aspects of the real-world networks.

The course will focus on different classes of random graphs. We will start from the def-
inition of the Erdos-Rényi random graph, one of simplest model one could think of. Despite
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its simplicity, this model presents relevant and unforeseen large-scale features that will be dis-
cussed along the course, including an interesting phase transition related to presence of a giant
connected component. Keeping in mind the properties of real networks, we will then introduce
and discuss three different families of random graphs: The Inhomogeneous Random Graph, the
Configuration Model and the Preferential Attachment Model. Each model captures different
features of real-world networks, such as heavy-tailed degree distributions and small world be-
havior, while maintaining mathematical tractability. The course will conclude discussing more
applied topics such as generative models for community detection in networks. In particular,
the Stochastic Block Model (SBM) and its connection with belief propagation and the recon-
struction problem on trees will be presented as time permits.

Lectures (tentative schedule)

1. Basic setting: graphs, trees, random graph setting, and main properties of the real-world
networks.

2. Erdos-Rényi (ER) random graphs: Uniform and Binomial model; monotonicity and thresh-

olds.
3. ER random graphs structure: trees containment, Poisson paradigm, largest component,
connectivity.
4. Exploration process of a graph and a random walk perspective. Tool: Branching Processes.
5. Emergence of a giant component in ER- random graphs.
6. Inhomogeneous random graphs (IRG): degree sequence and scale-free property.
7. Configuration Model (CM): construction and simplicity probability. Uniform random

graphs.

8. Phase transition and small world phenomenon in the IRG and in the CM. Tool: Multi-type
branching process.

9. Preferential Attachment Model (PAM): construction, scale free and small world proper-
ties.

10. Perspectives I: Community structure and community detection.
11. Perspectives II: Stochastic Block Model (SBM) and reconstruction on trees.

12. Problem for solution: the spectrum of random graphs.
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