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Introduction and background requirements: A directed graph, or quiver, is a set of vertices
and a set of arrows between those vertices. An example of a quiver is

A3 := 1 −→α 2 −→β 3

A path in the graph is a sequence of composable arrows starting in a vertex and ending in
a vertex. In the quiver above, the set of paths is e1, e2, e3, α, β, βα, where e1 denotes the path
starting and ending in vertex i (said to be a lazy path) with no arrow in between, and the path βα
denotes the composition of β with α, starting in vertex i and ending in vertex 3. If we fixa field
K, we may consider the vector space KQ, whose basis is the set of paths in Q. In this vector
space, we may define a binary operation by extending linearly the composition of paths and
setting it to be zero whenever to paths cannot be composed. If Q is finite, this endows KQ with
the structure of a K-algebra, where the multiplicative unit is the sum of all lazy paths. This is
said to be the path algebra of Q. Examples of path algebras abound. The ring of polynomials in
one variable is the path algebra of the quiver with one vertex and one loop. The free algebra in
two (noncommuting) variables is the path algebra of the quiver with one vertex and two loops.
The path algebra of the quiver A3 above is the algebra of upper triangular matrices over K. A
representation of Q is a sequence of vector spaces, one per vertex of Q, and subsequent linear
maps for each arrow. The study of representations of Q is intimately related to the structure of
KQ and it depends fundamentally on the shape/combinatorics of Q. Crucially, path algebras
provide a framework for the study of representations for all finite-dimensional algebras, by
considering quotients of path algebras by suitable ideals. Path algebras, their quotients and
representations constitute a central topic in algebra that uses techniques from combinatorics,
linear algebra, algebraic geometry and category theory. Furthermore, it bridges various research
topics from operator algebras in functional analysis to cluster algebras in commutative algebra
and Lie theory or coherent sheaves over algebraic varieties. Students following this course
should have followed courses in linear algebra and undergraduate abstract algebra (namely an
introduction to rings). A basic knowledge of categories and functors is useful but not required.

Aim: At the end of the course, students will be able to:

• Identify basic structural properties of algebras coming from graphs and their representa-
tions;
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• Understand some links between the combinatorics of a quiver and the representation the-
ory of the corresponding path algebra (and its quotients);

• Learn standard (combinatorial, homological, categorical or geometric) in the representa-
tion theory of some classes of algebras;

Examination and grading: The exam will consist on a seminar covering a part of a research
paper related to the course.

Course contents:

• Quivers, path algebras, quotients of path algebras and their representations.

• Modules vs. Representations.

• Basic properties of algebras coming from graphs and their representations.

• Some classes of algebras: finite-dimensional algebras; Leavitt path algebras; Jacobian
algebras of quivers with potentials; incidence algebras of posets.

• Elements of the representation theory of one of the preceding classes:

– projective, injective and simple representations;
– combinatorial and homological properties;
– categorical equivalences;
– classification results.
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