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Introduction and background requirements:

The finite element method (FEM) is a widely used numerical tool for solving partial dif-
ferential equations over a domain 2 C R, with d > 2. Its popularity is largely due to its
flexibility in handling complex geometries. In FEM, the domain (2 is subdivided into smaller
subdomains, over which local approximations are constructed. The global approximation is a
piecewise-defined function formed by these local approximations. A finite element is locally

defined as a triplet
S - (E, Wk, E),

where:
* F is a polytope;
* W is a k-dimensional vector space of functions mapping £ to R;

e X ={L; :i=1,...,k} is the set of degrees of freedom, with W} being >-unisolvent,
meaning that if f € W}, and

then f = 0.
The standard triangular linear finite element is commonly used in the applications for its
simplicity. It is locally defined as
Py = (EIL(E), ™),

where
e [/ is a triangle with vertices v, v4 and v3;
* II;(E) is the space of all bivariate polynomials of degree one;
o X ={Li(f) = f(v;) : i =1,2,3}.

However, linear approximations often fail to adequately capture certain complex features of
the solution, such as oscillations, exponential decay, or boundary-layer phenomena, particularly
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in regions with sharp gradients or near boundaries. To address these limitations and improve
FEM accuracy, a common approach involves enriching the finite element space with additional
functions specifically designed to capture these complex behaviors. For example, if the solution
exhibits sinusoidal characteristics, it is beneficial to enrich the finite element space with sinu-
soidal functions to better capture these oscillations. Enrichment is achieved by augmenting the
finite element S with suitable enrichment functions ey, . . ., ey and corresponding functionals

{Fe™j=1,...,N},
forming an enriched triplet
S = (B, We, xemr) |
where
s W =Wy @ {ey,...,en}
o M = {Ei,}"]‘?“r : jzl,...,N,izl,...,k}.

In order to enrich the finite element S the following question must be answered:

* How to properly choose the enrichment functions e, ..., ey, so that the triple S is a
finite element?

* What characteristics should the enrichment functions ey, ..., ey possess for optimal per-
formance?

* How do we select the enrichment functions based on the differential problem at hand?

* What improvements in error bounds can be achieved with this enrichment?

This course is designed for students who possess a basic understanding of numerical anal-
ysis and it focuses specifically on enrichment strategies for the Poisson problem with Dirich-
let boundary conditions, although these strategies are applicable to a broader class of elliptic
boundary value problems. Familiarity with linear algebra is essential, and basic MATLAB pro-
gramming skills are recommended for the practical implementation of the discussed methods.

Aim:
By the end of the course, students are expected to:
* Understand the fundamental principles of FEM and EFEM.
* Learn to apply FEM and EFEM to solve practical engineering problems.

* Develop the skills necessary to implement enrichment strategies in numerical simulations.

Examination and grading: Solving exercises and giving a seminar on a course-related topic.

Course contents: The course will cover the following topics:

Introduction to finite element methods.

Limitations of standard triangular and simplicial linear finite elements.

Overview of enrichment strategies for finite element methods
* Conforming and nonconforming enrichment approach.

« Enrichment strategies for specific finite elements and error bounds in L' and L° norm.
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* Implementation of enriched finite element methods to solve the Poisson problem with
Dirichlet boundary conditions.
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