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Introduction and background requirements: Symmetry is a crucial concept in mathematics
and the first natural examples of symmetries one may think of are reflections. Groups generated
by reflections (reflection groups) include well-known families, such as the symmetric groups
and the dihedral groups. Reflection groups have very special properties, that can be seen for
instance in their group structure, and in the nature of their orbit spaces. Classical corner stones
in the theory are the classification of finite reflection groups in a Euclidean space by means
of Coxeter graphs -including the classification of Platonic solids- and the Chevalley-Shephard-
Todd’s theorem. The latter characterizes finite groups generated by complex reflections acting
on a linear space as those for which the ring of invariant polynomial functions is a ring of
polynomials (i.e., the orbit space is again linear). After getting a grip on these basic facts, the
course is intended to move on to the role that reflection groups play in singularity theory.

Aim: (Learning goals - Intended Learning Outcomes) The aim of the course is to stress the spe-
cial nature of groups generated by reflections and the role of symmetry in different situations in
mathematics.

Expected knowledge, abilities and competences: Basic notions on groups, rings and vector
spaces that are usually covered in a bachelor degree in mathematics. If needed, definitions and
basic theorems would be recalled along the course.

Examination and grading: Solving exercises and/or giving a seminar on a paper related to the
content of the course.

Course contents:
• Reflections in a Euclidean space and complex reflections. Reflection groups. Examples.

• Coxeter groups and Coxeter graphs. The classification of finite reflection groups. Platonic
solids.

• Crystallographic groups (Weyl groups).

• How do we parametrize orbits? Basics on commutative algebra and invariant theory. Orbit
spaces and fundamental regions.
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• Invariant polynomials. The case of the symmetric group.

• Chevalley-Shephard-Todd theorem with examples.

• Degrees of a finite reflection group.

(if time permits)

• Basics on affine algebraic varieties.

• Platonic solids, finite subgroups of SL2(C) and Kleininan singularities.
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