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Abstract

From the standpoint of supporting human-centered discovery of knowledge, the present-day
model of mining association rules suffers from the following serious shortcomings: (i) lack of user
exploration and control, (ii) lack of focus, and (iii) rigid notion of relationships. In effect, this
model functions as a black-box, admitting little user interaction in between. We propose, in this
paper, an architecture that opens up the black-box, and supports constraint-based, human-centered
exploratory mining of associations. The foundation of this architecture is a rich set of constraint
constructs, including domain, class, and SQL-style aggregate constraints, which enable users to
clearly specify what associations are to be mined. We propose constrained association queries as
a means of specifying the constraints to be satisfied by the antecedent and consequent of a mined
association.

In this paper, we mainly focus on the technical challenges in guaranteeing a level of performance
that is commensurate with the selectivities of the constraints in an association query. To this end, we
introduce and analyze two properties of constraints that are critical to pruning: anti-monotonicity
and succinctness. We then develop characterizations of various constraints into four categories,
according to these properties. Finally, we describe a mining algorithm called CAP, which achieves
a maximized degree of pruning for all categories of constraints. Experimental results indicate that
CAP can run much faster; in some cases as much as 80 times, than several basic algorithms. This
demonstrates how important the succinctness and anti-monotonicity properties are, in delivering
the performance guarantee.

1 Introduction

Since its introduction [1], the problem of mining association rules from large databases has been
the subject of numerous studies. These studies cover a broad spectrum of topics including: (i) fast
algorithms based on the levelwise Apriori framework [3, 13], partitioning [20, 18], and sampling [25];
(ii) incremental updating and parallel algorithms [6, 19, 2, 8]; (iii) mining of generalized and multi-level
rules [22, 9]; (iv) mining of quantitative rules [23, 16]; (v) mining of multi-dimensional rules [7, 14, 12];
(vi) mining rules with item constraints [24]; and (vii) association-rule based query languages [15, 4].
However, from the standpoint of the user’s interaction with the system, the process of association
mining can be summarized as follows. First, the user specifies the part of the database to be mined.
Next, the user specifies minimum thresholds for measures such as support and confidence. The system
then executes one of several fast mining algorithms. At the end of a highly data intensive process, it

returns a very large number of associations, some of which are hopefully what the user was looking for.



We contend that there are a number of problems with this present-day model of interaction. Below,

we discuss these problems, and highlight our contributions to solving them.

Problem 1 — Lack of User Exploration and Control: Mining (of associations) should be an
activity that allows for exzploration on the user’s part [11, 21]. However, the present day model for
mining treats the mining process as an impenetrable black-box — only allowing the user to set the
thresholds at the beginning, showing the user all associations satisfying the thresholds at the end, but
nothing in between. What if the user sets the wrong thresholds, or simply wants to change them?
What if the user wants to focus the generation of rules to a specific, small subset of candidates, based

on properties of the data?

Such a black-box model would be tolerable if the turnaround time of the computation were small,
e.g., a few seconds. However, despite the development of many efficient algorithms [2, 3, 6, 8, 13, 18,
19, 20, 25], association mining remains a process typically taking hours to complete. Before a new
invocation of the black-box, the user is not allowed to preempt the process and needs to wait for hours.
Furthermore, typically only a small fraction of the computed rules might be what the user was looking
for. Thus the user often incurs a high computational cost that is disproportionate to what the user

wants and gets.

Suggested Principle: (1) Open up the black-box, and establish clear breakpoints so as to allow user
feedback. (2) Incorporate user feedback, not only for guidance and control of the mining process, but

also for acquiring user’s approval for any task involving a substantial cost. !

Our Contributions: In Section 2, we present an architecture for exploratory association mining. It
divides the black-box into two phases. In Phase I, the user guides the system into finding the intended
candidates for the antecedent and consequent of the associations. This can be an iterative process. In

Phase 11, the user instructs the system to find associations among the selected candidates.

Problem 2 — Lack of Focus: A user may have certain broad phenomena in mind, on which to
focus the mining. For example, the user may want to find associations between sets of items whose
types do not overlap, or associations from item sets whose total price is under $100 to items sets
whose average price is at least $1,000 (thereby verifying whether the purchases of cheap items occur
together with those of expensive ones). The interface for expressing focus offered by the present-day
model is extremely impoverished, because it only allows thresholds for support and confidence to be
specified. We note that some recent studies (e.g., [24, 26]) are moving towards the same direction of

constraint /query-based association mining and these works will be reviewed below.

Suggested Principle: (3) Provide the user with many opportunities to express the focus. (4) Use

'The spirit of this principle is very similar to the principle suggested by Hellerstein et al. for online aggregation [10], in
that the user is given the final say as to the amount of information wanted, and is not charged for the cost of computation
that is deemed unnecessary by the user.



the focus to ensure that the system does an amount of computation proportional to what the user

gets. This is the first step towards ad hoc mining of associations [11, 21].

Our Contributions: The architecture presented in Section 2 provides a rich interface for the user to
express focus. The critical component is the notion of constrained association queries (CAQ) to be in-
troduced in Section 3. CAQs offer the user a means for specifying constraints, including domain, class
and aggregation constraints, that must be satisfied by the antecedents and consequents of the rules to
be mined. Moreover, towards the goal of doing an amount of processing commensurate with the focus
specified by the user, we develop in Sections 4-7 various pruning optimizations effected by the con-
straints. In particular, two key properties, called anti-monotonicity and succinctness, are introduced
and studied. Section 4 analyzes and characterizes all constraints based on anti-monotonicity, and
Section 5 characterizes constraints based on succinctness. Section 6 develops algorithms for mining
associations with constraints. One of our algorithms, called CAP, incorporates the earlier analyses on
anti-monotonicity and succinctness to support a maximized degree of pruning. Experimental results
shown in Section 7 indicate that CAP can run as much as 80 times faster than several algorithms

based on the classical Apriori framework.

Srikant et al. consider association mining with item constraints [24]. They consider membership
constraints in the context of an item taxonomy, which correspond to a small subclass of the categories
of constraints studied in this paper (see Figure 2). While we focus on conjunctions and negations of
constraints, rather than arbitrary boolean combinations, constraints of the form S.Type = sodas do
permit implicit forms of disjunction. Furthermore, we consider domain and SQL-style aggregation
constraints, some of which are far from trivial to handle. More importantly, the focus of our study
is on the analysis of the pruning properties of the constraints. The classification of constraints based
on anti-monotonicity and succinctness is fundamentally new. Finally, Algorithm CAP provides highly
effective pruning for a significantly broader class of constraints than the algorithms given in [24] (see
Section 6.3.2). Meo et al. propose a language for association mining with conditions [15]. They focus
more on sophisticated ways of grouping tuples and do not consider pruning optimizations effected by
the conditions. Tsur et al. [26] propose an interesting notion, called “query flocks,” for describing
parameterized query and filter (a condition applied to the result of the query). However, the filter
is confined to lower bound constraints on the number of tuples returned by the query. The general

notion of constraints, their classification, and their role in optimization are not studied there.

Problem 3 — Rigid Notion of Relationship: The present-day model restricts the notion of
associations to rules with support and confidence that exceed given thresholds. While such associations
are useful, other notions of relationships may also be useful. First, there exist several significance
metrics other than confidence that are equally meaningful. For example, Brin et al. argue why

correlation can be more useful in many circumstances [5]. Second, there may be separate criteria for
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Figure 1: An Architecture for Exploratory Association Mining

selecting candidates for the antecedent and consequent of a rule. For example, the user may want
to find associations from sets of items to sets of types. The rule pepst = snacks is an instance of
such an association, meaning that customers often buy the item pepsi together with any item of type
snacks. Coming from different domains, the antecedent and consequent may call for different support

thresholds and conditions to be met.

Suggested Principle: (5) Allow the user the flexibility to choose the significance metrics and the

criteria to be satisfied by the relationships to be mined.

Our Contributions: The two-phase architecture presented in Section 2 provides this flexibility.
Prior to entering Phase 11, the user can specify the desired significance metric, and can give different

conditions for the antecedent and consequent.

There are already several proposals in the literature that make the notion of associations less rigid
[5,7,9, 12, 14, 22]. We are not proposing another here. Instead, we are proposing an architecture that
allows many of those alternative notions to co-exist, and that permits the user to choose whatever is

appropriate for the application.

2 Architecture

Figure 1 shows a two-phase architecture for exploratory association mining. In the form of a con-
strained association query, the user initially specifies a a set of constraints C, including the support
thresholds, for the antecedent and consequent. Each constraint in C may be applicable to the an-
tecedent, or the consequent, or both. The output of phase I consists of a list of pairs of candidates
(Sa,S:), for the antecedent and consequent satisfying C, such that both S, and S, have a support

2

exceeding the thresholds initially set by the user.” On seeing the candidates, the user can: (i) add,

?In general the candidate list can be quite large, running in the order of tens of thousands of pairs. An important
issue is how to organize such a large list in order to help the user browse through it conveniently. One possibility is to



delete, or modify the constraints, and/or (ii) adjust the support thresholds. The user may iterate

through Phase I in this manner as many times as desired.

Once satisfied with the current candidate list, the user can instruct the system to proceed to Phase
II, wherein the user has the opportunity to specify: (i) the significance metric, (ii) a threshold for
the metric specified above, and (iii) whatever further conditions to be imposed on the antecedent and
consequent. For instance, if the user wishes to operate in the classical association mining setting, the
user would choose confidence as the significance metric, give a confidence threshold, and require that
(S. U S.) be frequent. Essentially, the effort spent in Phase Il is geared towards the computation
of what the user really wants. Even if Phase Il involves costly computation (e.g., computation of
correlations), the user has the final say in authorizing such costly operations. Finally, the output of
Phase 11 consists of all associations/relationships that satisfy the conditions given at the beginning of
Phase II. Upon examining this output, the user has the opportunity to make further changes to any
parameters set before. Depending on which parameters are reset, this may yet trigger Phase 1 and

Phase 11, or just Phase II, computation.

A key feature of the proposed architecture is that it is downward compatible. This means that if
a user wants only classical associations and the classical mode of interaction, the user can simply
set all the appropriate parameters at the beginning, and need not be prompted at the breakpoints
for feedback. Of course, we stress that the real power of the architecture stems from its provision
for human-centered exploration for association mining, and its implementation of the five principles

suggested in the previous section.

The architecture per se does not address performance issues. Note that in the computation of classical
associations, finding frequent sets is much more expensive than computing rule confidence. Similarly,
in our framework, Phase I is computationally much more expensive than Phase II. Thus, in the rest
of the paper, we focus on Phase I computation, and designate all Phase II issues as the subject of
a forthcoming paper. Regarding Phase I computation, the task is to find all frequent sets satisfying
the constraints specified in a constrained association query, to be introduced in the next section. Our

technical challenge is to find ways to maximize the amount of pruning on Phase I computation.

3 Constrained Association Queries

As shown in Figure 1, Phase | begins with the user specifying a constrained association query, which
states the constraints imposed on the antecedent and consequent of the rules to be mined. To be more

precise, the user also needs to specify the part of the database to be mined, called the minable view,

order the list with respect to set inclusion and show only pairs of maximal sets. Another is to provide ranking of the
(maximal) sets based on their supports, thus providing feedback to the user as to whether the support thresholds need
to be adjusted. This issue is not pursued further in this paper.



C is a conjunction of constraints on S1, 52 drawn from the following classes of constraints.

1. Single Variable Constraints: A single variable (-var) constraint is of one of the following forms.

(a) Class Constraint: It is of the form S C A, where S is a set variable and A is an attribute. It says S is a set
of values from the domain of attribute A.

(b) Domain Constraint: It is of one of the following forms.

i. Sfv, where S is a set variable, v is a constant from the domain that S comes from, and 8 is one of
the boolean operators =, #, <, <, >,>. It says every element of S stands in relationship 6 with the
constant value v.

ii. v6S, where S, v are as above, and 6 is one of the boolean operators €, . This simply says the element
v belongs to (or not) the set S.

ii. VS, or S8V, where S is a set variable, V is a set of constants from the domain S ranges over, and ¢
is one of g7 g7 C7 ¢7 = #

(c) Aggregate Constraint: It is of the form agg(S)fv, where agg is one of the aggregate functions min, marz,
sum, count, avg, and € is one of the boolean operators =, #, <, <, >, >. It says the aggregate of the set of
numeric values in S stands in relationship 6 to v.

2. T'wo Variable Constraints: A two variable constraint (2-var) is of one of the following forms.

(a) 51652, where S; is a set variable and 6 is one of C,Z,C, ¢.

(b) (S1052) 8V, where S1, S are set variables, V is a set of constants or @, o is one of U,N, and § is one of
:7 #7 g7 Z7 C7 ¢'

(¢) aggi(S1)8aggz(S2), where agg:,agg: are aggregate functions, and 6 is one of the boolean operators =, #, <
<, >, 2.
1= Ry

Figure 2: Syntax of Constraint Constructs

and to define the notion of “transactions” for the purpose of calculating support and other metrics.
For space limitations, in this paper, we only focus on the specification and optimization of constrained
association queries, and do not pursue the issue of how to specify minable view and transactions. We
do include an appendix which gives a complete example of how a constrained association query can
be “wrapped” in a SQL environment. We refer the reader to [15, 4] for some proposals for how to
specify the minable view. For the purpose of this paper, we may simply regard the minable view as

one or a set of relations.

A constrained association query (CAQ for short) is defined to be a query of the form: {(S1,S2) | C},
where C is a set of constraints on Sy,.5;. Note that a CAQ does not make the notion of antecedent
and consequent of an association explicit. The reason we define a CAQ in this way is that this issue
is irrelevant to Phase I. The kinds of constraints studied in this paper are formalized in Figure 2. It
includes both single variable constraints — useful in conditioning the antecedent and/or consequent
separately, and two variable constraints — useful in constraining them jointly. The constraints cover
domain, class, and aggregation constraints. A set variable is either an identifier of the form S or is an
expression of the form S.A, where A is an attribute in the minable view. In addition to the constraints
shown in Figure 2, we also include in C the frequency constraints of the form freq(S;), saying that
the support of S; must exceed some given threshold. The reason for this is that such constraints are

pushed inside Phase I computation. Our later analyses on constraints cover frequency constraints as



well.

We next illustrate the various constraints of Figure 2 via examples, for which we assume the minable
view to be: trans(TID, Itemset), itemInfo(Item, Type, Price). The constraint S C Item says
that S is a set variable on the Item domain. This together with S.Price < 100 says all items in S are
of price less than or equal to $100. {snacks,sodas} C S.Type says S should include some items whose
type is snacks and some items whose type is sodas, while S.Type N {snacks, sodas} = () says S should
exclude such items. All the above examples are 1-var constraints. Some examples of 2-var constraints

are: S1.Type N S3.Type = 0, and maz(S;.Price) < avg(Sz2.Price). The CAQ
{(51,52) | S1 C Item & Sy C Item & count(S1) = 1 & count(Sz) =1 & freq(S1) & freq(S2)}

asks for all pairs of single items satisfying frequency constraints. In the examples that follow, for

brevity, we suppress the frequency constraints and the domain constraints S; C Item & Sy C Item.

The CAQ
{(S1,52) | agg1(S1.Price) < 100 & agg,(S2.Price) > 1000}

asks for pairs of item sets, where S; has an aggregate price less than $100 and S; has an aggregate

price more than $1,000. Here, aggi, aggs could be any aggregate function given in Figure 2. The CAQ
{(S1,52) | count(S,.Type) = 1 & count(S,.Type) =1 & S1.Type # S3.Type}
asks for pairs of item sets of two distinct types. Similarly, the CAQ
{(S1,52) | S1.Type N S2.Type = (I}
asks for pairs of item sets whose associated type sets are disjoint. 2 The CAQ
{(S1,52) | S1.Type C {Snacks} & S;3.Type C {Beers} & maz(S;.Price) < min(S;.Price)}
finds pairs of sets of cheaper snack items and sets of more expensive beer items. The CAQ
{(T1,T) | T1 C Type & T, C Type}

finds pairs of sets of types (corresponding to items bought together). Finally, the following CAQ

specifies set variables from two different domains.
{(S,T7)| S C Item & S.Type = snacks & 1" C Type & snacks ¢ T'}.

It asks for sets of snack items and non-snack types. All the above examples are based on the basket

domain; the appendix gives examples based on the WWW domain.

3In the classical setting, there is the implicit condition that S; and S» are disjoint for the association rule S1=-55.
We impose the same condition in our framework. However, even when S; N S3 = @, it is still meaningful to have such
constraints as S;.Type = S2.Type, Si.Type C S2.Type, etc.



Satisfaction of a constraint by a pair of sets (S, S32) is defined in the obvious manner. Satisfaction with
respect to a conjunction and negation of constraints is defined in the usual sense as well. Thus, given
a CAQ = {(51,952) | C}, where C includes the frequency constraints, we seek to find algorithms that
are sound and complete. An algorithm is sound provided it only finds frequent sets that satisfy the

given constraints; it is complete provided all frequent sets satisfying the given constraints are found.

A trivial sound and complete algorithm is to apply the classical Apriori algorithm for finding all
frequent sets, and then to test them for constraint satisfaction (called Apriorit in Section 6). But this
algorithm can be highly inefficient. The key technical challenge that we take on is how to guarantee
a level of performance (i.e., query processing time) that is commensurate with the selectivities of the
constraints in C. The goal is to “push” the constraints as deeply as possible inside the computation
of frequent sets. Note that a naive approach to pushing constraints into the Apriori framework of
computing frequent sets is to test all candidate sets for constraint satisfaction, before counting for
support is conducted. However, this approach is not even guaranteed to be sound. Consider the
constraint avg(S.price) < 100. If we apply the usual criterion used by the Apriori Algorithm for
pruning away candidate sets for iteration £+ 1, we may miss out certain sets which may potentially
be frequent. Specifically, a set S of size k + 1 may have a subset of size k£ which was not counted,
because the subset did not satisfy the constraint. On the other hand, S itself may well satisfy the
constraint. In the following sections, via a comprehensive analysis of the properties of constraints, we
develop techniques for “pushing” constraints as deeply in the frequent set computation as possible,
while preserving soundness and completeness. Our analysis focuses on pruning optimizations for 1-var
constraints only. We have developed pruning optimizations for 2-var constraints as well. But for space
limitations, we will only discuss them in a forthcoming paper. Also for space limitations, we suppress
several proofs and further discussions on details in this paper. The complete details can be found in

the full version [17].

4 Optimization Using Anti-Monotone Constraints

The first property of constraints that we identify and analyze is anti-monotonicity. What motivates
this property is the observation that the success of the Apriori algorithm for classical association
mining relies critically on the following property of the frequency constraint: whenever a set violates
the frequency constraint, so does any of its supersets. Because this property deals with violation of
the frequency constraint, it is anti-monotone in nature. * This property enables the Apriori algorithm
to prune away a significant number of candidate sets that require support counting. The question

we ask here is which classes of constraints proposed in the previous section satisfy a similar property.

*In [13] Mannila et al. refer to this property as monotonicity. But we prefer the term anti-monotone for the reason
mentioned above.



| 1-var Constraint || Anti-Monotone | Succinct

Sov, 0 € {=,<,>} yes yes
veES no yes
SOV no yes
SCV yes yes
S=V partly yes
min(S) <wv no yes
min(S) > v yes yes
min(S) =v partly yes
maz(S) <wv yes yes
maz(S) > v no yes
maz(S) = v partly yes
count(S) <wv yes weakly
count(S) > v no weakly
count(S) =v partly weakly
sum(S) <wv yes no
sum(S) > v no no
sum(S)=v partly no
avg(S)bv, 0 € {=,<,>} no no
(frequency constraint) (ves) (no)

Figure 3: Characterization of 1-var Constraints: Anti-Monotonicity and Succinctness

If we can identify such constraints, we can incorporate them in the mining algorithm with the same
efficiency with which the conventional frequency constraint is incorporated in the Apriori algorithm.

The definition of anti-monotonicity is as follows.

Definition 1 (Anti-monotonicity) A 1-var constraint C' is anti-monotone iff for any set S,

S does not satisfy C — VS’ DS, S’ does not satisfy C'.

We have conducted a detailed analysis and identified the class of all 1-var constraints that are anti-
monotone. For space limitations, we summarize in Figure 3 our results for a representative subset of
constraints. The figure includes only the positive operators (e.g., =, €) and omits the negative coun-
terparts (e.g., #, €). It also omits the strict operators (e.g., C, <) and only includes the counterparts

with equality (e.g., C, <). For reference, it also includes an entry for the frequency constraint.

The second column of the table in Figure 3 identifies which 1-var constraints are anti-monotone.
(The third column does the same for succinctness, which will be discussed in Section 5.) Among
the domain constraints involving set operators, some are anti-monotone, and some others are not.
Similarly, for constraints involving min(), min(S) > v is anti-monotone, but min(S) < v is not. The
proof of Theorem 1 below shows why min(S) > v is anti-monotone. But for min(S) < v, even if
min(S) £ v, it is possible that some superset S’ of S may satisfy min(S’) < v. This is because the

minimum of a set may decrease when more elements are added into the set. Since min(S) = v is



equivalent to min(S) > v & min(S) < v, it is partly anti-monotone in the following sense. On the
one hand, if S violates min(S) = v because it violates min(S) > v, then every superset S’ of S
violates min(S’) = v, in which case min(S) = v is anti-monotone. On the other hand, if S violates
min(S) = v because it violates min(S) < v, then there may be a superset S’ that satisfies min(S’) = v,
in which case min(S) = v is not anti-monotone. Constraints involving maz() are “mirror images” of

the corresponding min() constraints.

Note that almost all aggregate constraints of the form agg(S)fv should be more precisely written as
agg(S.A)fv, where A is a numeric attribute. The only exception are constraints involving count(),
because both count(S)fv and count(S.A)fv are meaningful. The former case is represented in the
table. The latter case, not duplicated in the table, behaves exactly the same as the corresponding
sum() constraints. And regarding sum/() constraints, the entries in the figure assume that elements
in S are non-negative (e.g., price, length of time). If this assumption is not true, then all forms
of constraints involving sum() are not anti-monotone. Finally, all forms avg() constraints are not

anti-monotone. We have the following result ascertaining the correctness of the table in Figure 3.

Theorem 1 For each constraint C listed in the table in Figure 3, C' is anti-monotone iff the table

5GYS S0.

Proof Sketch. We only show the proof of one case here: min(S) > v. Proofs of other cases are omitted
for brevity. Because min(S) # v, there must exist an element e € S such that e < v. But then the

same element e is contained in every superset S’ of S. Thus, it is necessary that min(S’) <e<v. ®

Having characterized all anti-monotone 1-var constraints, we next address the issue of how to take
full advantage of the anti-monotonicity property of constraints. The basic idea is that any pruning
optimization that is applicable to the frequency constraint is also applicable to all anti-monotone

constraints. In particular, the standard optimization is to use the following property (P1):
S, where |S| =k, is frequent — VS’ C S where |S'| =k —1, 5" is frequent.

In the general setting of processing a constrained association query {(S1,52) | C}, if Cup consists of
all the anti-monotone constraints in C, including the frequency constraint, then an optimization is to

use the following property (P2), which generalizes property (P1) above.
S, where |S| = k, satisfiesCopy, — VS’ C S where |S'| =k —1, S satisfies Cyop, .

More specifically, if Li_1 consists of all the sets of size & — 1 that satisfy C,,,, then the set C of
candidate sets of size k can be generated in exactly the same way as is being done in the Apriori

am

Algorithm. Furthermore, C' can be further pruned to become C}™ by checking whether each element

10



in C satisfies every constraint in C,,, other than the frequency constraint. Any element that violates
any constraint in Cgy, is not added to C™. Only elements in C;™ require support counting. As will

be seen in Section 6.3, this optimization is incorporated in Algorithm CAP.

5 Optimization Using Succinct Constraints

In the previous section, we have identified anti-monotonicity as a useful property of constraints, and
characterized the class of 1-var constraints that are anti-monotone. Here we ask the question: can we
do better? More specifically, the kind of optimization achievable using anti-monotonicity is restricted
to iterative pruning: at each iteration or level of the Apriori Algorithm, we can prune the candidate
sets which require support counting. However, at each iteration, we still need to generate and test
these candidates for satisfaction of the anti-monotone constraints under consideration. Thus, the
question we explore here is whether there are classes of constraints for which pruning can be done
once-and-for-all before any iteration takes place, thereby avoiding the generate-and-test paradigm.
This raises two key questions: (i) Can we succinctly characterize the set of all (item) sets that satisfy
a given constraint, and when? (ii) How can we generate all and only those item sets that satisfy the
given constraint, avoiding the generate-and-test paradigm completely? Toward (i), we formalize the

notion of succinctness below. Toward (ii), we propose the notion of a member generating function.

In the following, for concreteness, but without loss of generality, we assume that S is a set variable
ranging over the domain of attribute Item, i.e., S C Item. We also assume that the minable view
consists of the relations: trans(TID, Itemset), itemInfo(Item, Type, Price). Let C' be a l-var
constraint. Define SAT¢(Item) to be the set of item sets that satisfy C'. With respect to the lattice
space consisting of all item sets, SAT¢(Item) represents the pruned space consisting of those item sets
satisfying C. For example, if ¢4y = S.Price > 100, then the pruned space for C contains precisely
those item sets such that each item in the set has a price at least $100. The notion of a selection
predicate will play a useful role in much of the rest of the development. By a selection predicate, we
mean any predicate allowed to appear as a parameter of a selection operation in relational algebra.
In particular, the size of the description of the selection predicate must be independent of the size
of the database. In the following, for / C Item and a selection predicate p, we use o0,(/) to denote
{i € I'| 3t € trans M itemInfo : ¢ satisfies p}. We also use the notation 2! to mean the strict

powerset of I, i.e., the set of all subsets of I except the empty set.

Definition 2 (Succinctness)

1. I C Itemis a succinct set if it can be expressed as o,(Item) for some selection predicate p.

2. SP C 21**™is a succinct powerset if there is a fixed number of succinct sets Itemy, ..., Item, C

11



Item such that SP can be expressed in terms of the strict powersets of Items,..., Item; using

union and minus.

3. Finally, a 1-var constraint C' is succinct provided sAT¢(Item) is a succinct powerset.

For the above constraint ¢y = S.Price > 100, let ITtemy = G'price2100(:[tem). (1 is succinct because

21tem  Next consider a more complicated example. Given

its pruned space SAT¢, (Item) is simply
Cy = {snacks,sodas} C S.Type, the pruned space consists of all those sets that contain at least
one item of type snacks and at least one item of type sodas. Let Itemy,Items, Itemy be the sets
Orype=‘snacks' (IT€M), Orype=tsodas' (Item), and Orypesisnacks' ATypestsodas’ (ITem) respectively. Then, C; is

succinct because the pruned space sAT¢, (Item) can be expressed as:

QItem _ 21tem2 _ 21tem3 _ 21tem4 _ QItemQUItem4 _ 21tem3UItem4‘

We have the following result ascertaining the correctness of the table in Figure 3 characterizing succinct

1-var constraints.
Theorem 2 For each constraint C' listed in the table of Figure 3, C' is succinct iff the table says so.

Proof Sketch. The two examples above illustrate two positive cases. We show the formal proof of
one case here: maxz(S.A) > c¢. Formal Proofs of other cases are omitted for brevity. Let Item =

= 2Item _ 9ltem = The pegative cases are proved

04<c(Item). Then the pruned space sAT¢(Item)
by producing a pair of witness instances such that (i) no expression for saT¢(Item) can distinguish

between them, but (ii) the sets in sAT¢(Item) corresponding to the two instances are distinct. [

Consider a constraint of the form count(S) < v. This constraint is not succinct according to Defi-
nition 2, and does not have an MGF of the kind introduced in Definition 3. However, we can have
an MGF' based on cardinality constraint, i.e., {X | X C Item& |X| < v}. Similarly, for count()
constraints involving 6 € {=,>,#,<,>} we can easily set up MGFs with cardinality constraints.
Member generation in this manner takes on a flavor different from that introduced earlier. Thus, in
the table of Figure 3, we say that count() constraints are weakly succinct, to distinguish them from

the aforementioned succinct 1-var constraints.

Note that not being succinct has no bearing on the size of the pruned space. For the constraint
C = avg(S.A) = v, it might well be that sAT¢(Item) is an extremely small subset of 2™ But
without further concepts and tools, one would be forced to generate arbitrary subsets of Item and test
them for satisfaction of C'. However, in Section 6.3, we will offer a technique that can provide pruning

optimization for even such a constraint.
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Having characterized the succinct constraints, the immediate question to ask is how to take full
advantage of the succinctness property of constraints in pruning. The key concept here is the member

generating function of a set.

Definition 3 (Member Generating Functions)

1. We say that SP C 2I*™ has a member generating function (MGF) provided there is a function
that can enumerate all and only elements of SP, and that can be expressed in the form {X; U
- UX, | Xy Cop(Ttem),1 <i<mn, &Ik <n:X; #0,1<j<k}, for somen > 1 and some

selection predicates pq,..., Pn.

2. A 1-var constraint C' is pre-counting prunable provided saT¢(Item) has an MGF.

For the constraint Cy = S.Price > 100 discussed above, an MGF is simply {X | X C Item & X #
0}, where Item; is as defined earlier. As for the constraint Cy = {snacks,sodas} C S.Type, an
MGF is {Xl U XoU X3 | X1 C Itemy & X, # 0& X; C Items & Xo # 0& X3 C Item4}, where

Itemy, Items and Itemy are as defined earlier.

We have the following lemma showing that succinctness is a sufficient condition for pre-counting
prunability. We omit the proof, which is based on an induction on the number of minus operator in
the succinctness expression. By considering Theorem 2 and the lemma together, we have identified
a large class of constraints that admit pre-counting pruning. In other words, by using the associated
MGF, a succinct constraint can simply operate in a generate-only environment — but need not in a
generate-and-test environment. Furthermore, the satisfaction of the constraint alone is not affected in

any way by the result of the iterative support counting.

Lemma 1 If C is succinct, then C' is pre-counting prunable.

So far, we have conducted our analysis on a per-constraint basis. But clearly, an algorithm for
processing a constrained association query needs to deal with multiple constraints specified in the
query. This raises the question of how to produce one MGF for multiple succinct constraints. The

following lemma shows how to merge the MGF's of two succinct constraints into one combined MGF.

IN

Lemma 2 Let C1,Cy be two succinct constraints with respective MGFs: {S; U ---US,, | S;
op(Item), 1 <i<m, &3Im' <m:5;#0,1<i<m'}, and {T1U---UT, | T; C 04, (Item),1 <3
n, &In' <n:T; #0,1 <i<n'}. Then:
{R11U--URpp | Rij Copag;(Ttem), 1 <i<m,1<j<n, &R #0,1<k<m!, 1 <0<}
is an MGF for Cq1 & Cs.

IN
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While we do not include a proof of the lemma, we use an example to illustrate the construction given
above. Consider again the two constraints 'y = S.Price > 100 and Cy = {snacks, sodas} C S.Type.
Based on the individual MGFs shown above, the combined MGF for both constraints is:

{/YIU)(ZU)(S | /Yl C UType:‘snacks’/\Price2100(Item) & )(1 # @ & /YQ - UTyPGZ‘SOdaS'/\PriCGZIOO(Item) &

)(2 # @ & )(3 C UType;é‘sodas’/\Type;/:‘snacks’/\Price2100(Item)}'

Combining the MGF's of more than two succinct constraints can be done by straightforward extensions

of the construction shown in the above lemma.

6 Algorithms for Computing Constrained Frequent Sets

In this section, we develop algorithms for computing sets that are both frequent and that satisfy the

given constraints. In the next section, we will present experimental results comparing them.

6.1 Algorithm Apriori*

Let C denote the set of constraints that a set (of items) must satisfy, one of which is the frequency
constraint, denoted by C,.,. As illustrated in the computation of classical frequent sets, C ¢, provides
good pruning (cf: Property P1in Section 4). Algorithm Apriori™ shown in Figure 4 is a straightforward
extension of the classical Apriori Algorithm [3]. It first computes the frequent sets (i.e., Steps 1 and
2), each of which is then verified against the remaining constraints (i.e., Step 3). Ans consists of all

sets that satisfy all the constraints C.

6.2 Algorithm Hybrid(m)

Algorithm Apriori™ is not bad if the frequency constraint Cy,., is more selective than the remaining
ones (C — Cyreq). If, however, the converse is true, it is conceivable that checking (C — Cyg,q) first,
followed by verifying C ¢,¢,, could be better. Algorithm Hybrid(m), shown in Figure 4, with m set to
0 gives such a sequence of executions. With m = 0, Steps 2 and 3 are not executed. Then Step 4.2
basically generates and tests all possible sets against (C — C¢,). Those that satisfy the constraints
are then counted for support in Step 4.3. Note that Step 4 represents a tradeoff between CPU and
I/O costs. On the one hand, Step 4 may generate and test an exponential number of sets, incurring
a huge CPU cost. On the other hand, Step 4.2 has the desirable property that only sets that satisfy
(C —C freq) are counted for support. This has the benefit of reducing the amount of database scanning
required and the I/O cost. This tradeoff could be reasonable if the constraints in (C —C f,¢,) are highly

selective.
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Algorithm Apriorit Algorithm Hybrid(m)

1 (1 consists of sets of size 1; k = 1; Ans = 0; 1 (' consists of sets of size 1; k = 1; Ans = ;
2 while (Cy not empty) { 2 while (Cg not empty and k < m) {
2.1 conduct db scan to form L from Cp; 2.1 conduct db scan to form L from Cp;
2.2 form Cp44 from Ly based on Cyreq; k++; } 2.2 form Cj44 from Ly based on C freq; k++; }
3 for each set S in some Ly: 3 if m > 0 then for each set S in some Ly:
add S to Ans if S satisfies (C — Cfy.q)- add S to Ans if S satisfies (C — Cr.q);

4 if C not empty then {

4.1 O* = Cm+1;

4.2 for every possible S such that for all S’ C
S/\|S’|:m+1 = S’EOm+1:

add S’ to C* if S’ satisfies (C —C f,eq);

4.3 conduct db scan for sets in C'*; add sets that
are frequent to Ans. }

Figure 4: Pseudo Code for a Class of Basic Algorithms

To repeat, Apriori™ and Hybrid(0) represent two extremes. The former checks C f,., first, followed by
(C—Cyreq), whereas the latter checks (C —C f,¢q) first, followed by Cf,e,. But there are a whole class of
algorithms in between the two extremes. Algorithm Hybrid(m) first checks C .., for m iterations to
produce the standard C), 41 set — consisting of all candidate sets of size m+ 1. This takes advantage of
the pruning effected by the frequency constraint. Then to reduce the remaining 1/0 cost, it switches
to checking (C — Cyreq). In particular, the algorithm only needs to consider a set S whenever all its
subsets of size m + 1 are in C,41. This is Step 4.2 in Figure 4. Clearly, the number of candidate sets
considered in this step is much less in Algorithm Hybrid(m) than in Algorithm Hybrid(0), and indeed,
much less than in Hybrid(n), whenever n < m. Thus, compared with Hybrid(0), Hybrid(m) aims to
reduce the CPU cost of Step 4.2, at the expense of increasing the 1/O cost of Step 2. Conversely,
compared with Apriorit, Hybrid(m) aims to reduce the I/O cost of Step 2, at the expense of increasing
the CPU cost of Step 4.2. All these algorithms will be experimentally evaluated in the next section.

6.3 Algorithm CAP

While the above algorithms have their own merits, they all fail to exploit the properties of the con-
straints. In particular, in the preceding sections, we identified anti-monotonicity and succinctness as
two useful properties of constraints. In the remainder of this section, we show how Algorithm CAP, to
be introduced later, incorporates these ideas by pushing constraints as deep “inside” the computation

as possible. We begin by classifying all the constraints into four cases:’

5For brevity, we do not discuss pruning induced by weakly succinct constraints in detail here. Essentially, these
constraints contribute new starting and/or termination conditions for the basic levelwise algorithm.
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I. Constraints that are both anti-monotone and succinct (e.g., min(S) > v);
II. Constraints that are succinct but not anti-monotone (e.g., min(S) < v);
1. Constraints that are anti-monotone but not succinct (e.g., sum(S) < v); and

IV. Constraints that are neither (e.g., avg(S) < v).

For each category of constraints, we develop a strategy that exploits those constraints to the maximum

extent possible.

6.3.1 Succinct and Anti-monotone Constraints

Recall from Definition 3 the general form of an MGF for saT¢(Item), when C'is succinct. It can be
shown that when C'is anti-monotone as well, the MGF must be of the form {S | S C o, (Item) & S # 0}
[17]. Then the set 'y of candidate sets of size 1 in the Apriori Algorithm can simply be replaced by
Cy ={e|ee Cy&e € o,(Item)}. Furthermore, since C' is anti-monotone, sets containing any
element not in C{ need not be considered. Thus, we have the following strategy and lemma for

succinct anti-monotone constraints.

Strategy I:
e Replace ' in the Apriori Algorithm by Cf defined above.
We have the following formal result.

Lemma 3 Let C be a succinct anti-monotone constraint. Then strategy I above is sound and complete

w.r.t. determining the set of all frequent sets that satisfy C'.

6.3.2 Succinct but Non-anti-monotone Constraints

Since the constraint is not anti-monotone, the challenge in this case is that we cannot guarantee that
all sets satisfying the constraint must be subsets of C'{. Fortunately, we can make use of the structure
given by the MGF of the constraint. Here for brevity, we only describe the strategy for the case where
the MGF's are of the simple form {S; U Sy | Sy C o, (Item) & S1 # 0 & S; C 0y, (Item)}.

Strategy II:

e Define Cf = 0, (Item) and C7° = 0,,(Item). Define corresponding sets of frequent sets of size

1: L ={e|e e Cy & freq(e)}, and LT = {e| e € CT° & freq(e)}.
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o Define Cy ={{e, f}|e€ L{ & f € (LU LT%)}, and Ly, as usual, the set of frequent sets in Cy,
e, Ly ={S ]S €Cy & freq(S)}.

e In general, C;41 can be obtained from Lj in exactly the same way as in the Apriori Algorithm
— with only one modification. In the classical case, a set S is in Cyyq, if all its subsets of size k

are in L, i.e.,
vS': S'CcSand |S|=k= S € L.

In the case of succinct, non-anti-monotone constraints, we only need to check subsets S’ that
intersect with L§. In other words, subsets S” that are disjoint with L{ are excluded in the above
verification. These are sets that only contain elements from L{¢, and that are not counted for
support. Because we do not know whether they are frequent or not, we give them the benefit
of the doubt. Hence, we have the following modification in candidate generation. A set S is in

Chy1, if for all subsets:
VS’ S"Cc Sand |S|=kand S"NL{#0 = S € L.
As usual, Lgp1 = {5 | S € Cry1 & freq(S)}.

For example, suppose that Item is the set {1,...,50}, C7 is {1,...,20}, and C{° is {21,...,50}.
Further suppose that L{ turns out to be {1,...,10}, and that L turns out to be {41,...,50}. Then
C'y corresponds to the Cartesian product {1,...,10} x {1,...,10,41,...,50}. This gives all the sets
of size 2 that can be frequent and that contain at least one element from C§. Suppose that {1,41} and
{1,42} are frequent (i.e., € L) and that {1,43} is not. Then in considering whether {1,41, 42} should
be in C'5, we only check whether {1,41} and {1,42} are frequent, with the benefit of the doubt given
to {41,42}, whose support frequency is unknown. Thus, {1,41,42} is in C3. But neither {1,41,43}
nor {1,42,43} is in C3, because {1,43} is not frequent. In this example, it is not difficult to show
that any frequent set satisfying the constraint (i.e., containing at least one element from C7) will be
counted and verified to be frequent under Strategy II. In general, we have the following result, which

can be proved by induction on k, the size of the sets.

Lemma 4 Let C' be a constraint that is succinct but not anti-monotone. Then Strategy II proposed

above is sound and complete w.r.t. computing the frequent sets that satisfy C'.

So far, we have only considered the MGF of the simple form given above. Strategy Il and Lemma 4 can
be generalized to deal with the general form of MGF given in Definition 3. For space limitations, we

omit the details but give the following example. For the constraint Cy = {snacks, sodas} C S.Type
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discussed in Section 5, the MGF is {X; U Xo U X3 | X7 C Itemy & X7 # 0 & X5 C Items & X3 #
0 & X3 C Itemy}, where Itemy, Items and Itemy are as defined earlier. Corresponding to X;, the
strategy is to first form the sets L%, as LY = {e | e € Ttemiy; & freq({e})}, 1 < i < 3. Then
we form the candidate set Cy = Lfl X L{Q’, from which the set L is obtained. Next we form
C3=1Lyx (L{(1 U Lf(? U L{(S). From this point onwards, L and Cpyq are computed as usual, with the
only modification in candidate generation that S is in Cgyy, iff: for all subsets S’ C S and |S'| = k
and S'N LI £ Qand S'N L2 £ 0 = S’ € Ly. Complete details can be found in the full paper [17].

6.3.3 Anti-monotone but Non-succinct Constraints

Because constraint C'is not succinct, it does not admit an MGF that can be used to avoid the generate-
and-test paradigm completely. However, because of anti-monotonicity, whenever candidate sets for a
particular level are generated, satisfaction of C' is tested first — before counting is done for them. Those

sets not satisfying C' can be dropped right away.

Strategy III:

e Define C} as in the classical Apriori Algorithm. Drop a set S € C from counting whenever S

fails €', i.e., constraint satisfaction is tested before counting is undertaken.

Lemma 5 Let C be a constraint that is anti-monotone, but not succinct. Then Strategy I1l above is

sound and complete w.r.t. computing the frequent sets that satisfy C'.

6.3.4 Non-succinct and Non-anti-monotone Constraints

Our methodology for dealing with a constraint C' that is neither anti-monotone nor succinct, is to
try and induce weaker constraints that might be anti-monotone and/or succinct. If we can find such
constraints, then the latter can be exploited using one of the strategies outlined above. However, in
this case, once the frequent set determination algorithm terminates, one final round of testing the
frequent sets for satisfaction of C' is necessary. The reason is that the frequent sets, while guaranteed

to satisfy the induced weaker constraints, may not necessarily satisfy C.

Strategy IV:

e Induce any weaker constraint C’ from . Depending on whether €’ is anti-monotone and/or

succinct, use one of the strategies I-II1 above for the generation of frequent sets.

e Once all frequent sets are generated, test them for satisfaction of C'.

18



For example, let C' be the constraint avg(S.4) < v. Although C' is neither anti-monotone nor succinct,
it induces the weaker constraint C’ = min(S.A) < v. More precisely, every set S that satisfies C
necessarily satisfies C’. Since €’ is a succinct but non-anti-monotone constraint, Strategy II can be
applied. However, once all frequent sets are generated, each of them should be tested for satisfaction

of C'. It should be straightforward to see that Strategy IV is sound and complete.

6.3.5 Algorithm CAP: Handling Multiple Constraints

So far, our analysis has concentrated on individual constraints. An important question is, given a
set of constraints in a constrained association query, each corresponding to one of the four categories
analyzed above, how they can be incorporated in an algorithm. Let C be the set of constraints
in a CAQ, including the frequency constraints, and let Csqpm (resp., Csuc, Cam, and Cpone) denote
those constraints among C that are succinct and anti-monotone (resp., that are succinct but not anti-
monotone, that are anti-monotone but not succinct, and that are neither of the above). We assume
without loss of generality that weaker constraints induced from those in C,,,. are included in Cgye,

Cams O Crone, depending on the nature of the constraints induced.

Strategy for Handling Multiple Constraints:

e Combine the MGF's of all the constraints in Cs,y, as shown in Lemma 2. Apply Strategy I with
the combined MGF.

e Combine the MGF's of all the constraints in Cg.. Apply Strategy Il with the combined MGF.
e Lor all constraints in C,p,, follow Strategy III.

e Lor each constraint in C,,,y., induce weaker constraints and apply Strategy IV.

As depicted in Figure 5, Algorithm CAP (“Constrained APriori”) incorporates the strategy for han-
dling multiple constraints, and shows where the various strategies are applied within the framework

of the Apriori Algorithm, thus pushing the constraints in a CAQ deep inside the mining process.

7 Experimental Evaluation

To evaluate the relative efficiency of the various algorithms presented in Section 6, we implemented
all of them in C. We used the program developed at IBM Almaden Research Center [3] to generate
the transactional databases. While we experimented with various databases, the results cited below
are based on a database of 100,000 records and a domain of 1000 items. The page size was 4Kbytes.

All experiments were run in a time-sharing SPRAC-10 environment.
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Algorithm CAP
1 if Csam U Csye U Cpone 18 non-empty, prepare C; as indicated in Strategies I, IT and IV; k = 1;
2 if Cysye is non-empty {

2.1 conduct db scan to form L; as indicated in Strategy II;
2.2 form Cy as indicated in Strategy IT; k = 2;}

3 while (Ck not empty) {

3.1 conduct db scan to form Ly from Cj;

3.2 form Cgyq1 from Ly based on Strategy II if Csy. is non-empty, and Strategy III for constraints in
Cam; }

4 if Cpone 18 empty, Ans = |J L. Otherwise, for each set S in some Ly, add S to Ans iff S satisfies Cpone.

Figure 5: Pseudo Code for Algorithm CAP

(1) In the first set of experiments, we compare the algorithms using the succinct and anti-monotone
constraint maxz(S.Price) < v. Different values of v correspond to different selectivities of the con-
straint. In Figure 6(a), an z-% selectivity means that there are z-% of the items whose price is < v,
whatever that value may be. The y-axis shows the speedup of various algorithms relative to Algorithm

Apriorit, i.e., the execution time of AprioriT divided by that of the algorithm being considered.

Figure 6(a) plots the speedup as a function of constraint selectivity, with support threshold set at
0.5%. It clearly shows the dominance of Algorithm CAP compared with AprioriT. For instance, for a
10% selectivity, CAP runs 80 times faster than Apriorit ! Even for a 30% selectivity, the speedup is

about 10 times.

Hybrid(0), Hybrid(1) and Hybrid(2) all take much too long when compared with Apriori*. This clearly
demonstrates that the CPU cost of finding all sets that satisfy the constraints in a generate-and-test
mode is prohibitive. Using the MG to generate all such sets is much better. Hybrid(3), Hybrid(4),
etc. take more or less the same time as Apriorit, almost always within 5% of each other.® Recall
that the Hybrid(m) algorithms try to reduce database scanning time at the expense of increasing
CPU time. It is quite possible that when the transaction database is larger in size, the Hybrid(m)
algorithms will become more superior to Apriorit. However, it is highly unlikely that they will ever

catch up with Algorithm CAP. The Hybrid(m) algorithms will be omitted in subsequent discussions.

Figure 6(a) shows the comparisons of the algorithms when the support threshold is set to 0.5%.
Figure 6(b) shows the comparisons when the support threshold varies, but with the item selectivity
fixed at 30%. When the support threshold is low, Apriorit need to find and process a lot of frequent
sets, most of which may turn out not to satisfy the constraint. When the support threshold is high,

6Hybrid(m) for m > 4 incurs the same 1/O in the first several iterations as Apriori™. Savings on 1/O corresponding
to later iterations will be dominated by the heavy I/O incurred in the first few iterations. This point is reinforced by
our experiments.
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Figure 6: Performance Comparison for Succinct and Anti-monotone Constraints

the total number of frequent sets decreases, and Apriori™ behaves relatively better. Still, it processes

too many frequent sets potentially violating the constraint, and CAP is at least 8 times faster.

The effectiveness of the pruning achieved by CAP is best captured by the following table. Based on a
setting that is the same as that shown in Figure 6(b), the two rows correspond to support thresholds
of 0.2% and 0.6% respectively. The columns correspond to the sizes of the frequent sets. Each entry
is of the form a/b, where a is the number of frequent sets satisfying the constraint, and b is simply
the total number of frequent sets of that size. For example, for a support of 0.2% and sets of size 4,
Apriorit finds 1,250 frequent sets, only 8 of which need to be found by CAP. Furthermore, Apriori™
finds frequent sets of size 6 and up, whereas CAP correctly stops after size 5. We choose the support
thresholds such that Apriorit requires between 5 and 8 iterations. We can conclude: (i) if the support
thresholds are chosen to be lower corresponding to more iterations by Apriori*, the overall speedup of
CAP would be even more pronounced. (ii) Even if the support thresholds are chosen to be higher so the
AprioriT finishes in fewer than 5 iterations, the speedup achieved by CAP would still be substantial.

The reason is that CAP achieves considerable savings in the very first few iterations, compared to

Apriorit.
2 72 I # Y P P I R S P
support = 0.2% || 174/582 | 79/969 | 29/1140 | 8/1250 | 1/934 | 0/451 | 0/132 | 0/20
support = 0.6% || 98/313 | 1/12 0/1 0 0 0 0 0
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Figure 7: Performance Comparison for the Other Three Types of Constraints

(2) In the next series of experiments, we use the succinct but non-anti-monotone constraint {soda} C
S.Type. In Figure 7(a), an z-% selectivity means that there are z-% of the items whose type is soda.
Again, the y-axis shows the speedup. For example, for selectivities of 5%, 10% and 20%, CAP runs 9,
4 and 2.5 times faster than AprioriT respectively.

When compared with the previous case, i.e., succinct and anti-monotone constraints, the gain here
shown by CAP comes entirely from the succinctness of the constraint. This shows the importance
of taking advantage of the succinctness property for achieving pruning. Furthermore, for a given
selectivity, a constraint that is both succinct and anti-monotone effects much more pruning than a
constraint that is only succinct. This demonstrates that succinctness and anti-monotonicity produce

a powerful compound effect on pruning.

(3) Next, we consider the constraint Avg(S.Price) < v. This constraint by itself is tough to optimize
because it is neither succinct nor anti-monotone. But as shown before, the constraint induces the
weaker constraint min(S.Price) < v, which is succinct but non-anti-monotone. The extra cost is that
a final verification step is needed to check whether the frequent sets really satisfy Avg(S.Price) < v.
As it turns out, the comparison between CAP and Apriorit for Avg(S.Price) < v is almost identical
to the comparison for a typical succinct, non-anti-monotone constraint. Thus, Figure 7(a) applies.
This shows that the final verification step takes a relatively small amount of effort. This also shows

the effectiveness of inducing weaker constraints, and pushing them inside to achieve pruning.
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(4) Finally, we consider the last category of constraints — anti-monotone but not succinct. The con-
straint used is sum(S.Price) < MazSum. Unlike the previous cases, the notion of item selectivity
does not directly make sense in this case. Instead, we do the following. The 1,000 items in our domain
are numbered from 1 to 1,000. The Price value of each item is exactly its number, i.e., from 1 to 1,000.
Then MazSum is set to be 500, 1000, 2000 and so on. This gives the z-axis of Figure 7(b). Contrary
to the other cases, the dominance of CAP drops drastically as the value of MaxSum increases. In

fact, beyond MazSum = 2000, CAP shows no gain over Apriorit. The following table illustrates why.

| | L [ Lo | Ls | La | Ls | Le [ Lr ][ ILs|
MazSum = 500 || 184/362 | 16/66 | 4/91 | 0/105 | 0/77 | 0/35 | 0/9 | 0/1
MazSum = 1000 || 362/362 | 39/66 | 28/91 | 15/105 | 1/77 | 0/35 | 0/9 | 0/1
MazSum = 2000 || 362/362 | 66/66 | 86/91 | 77/105 | 40/77 | 13/35 | 1/9 | 0/1

When MazSum is 500, the constraint helps reduce the number of frequent sets at level 1 (i.e., size
1) by a half (i.e., 184 out of 362). This reduction is compounded at subsequent levels. As shown in
Figure 7(b), this gives rise to a speedup of over 7 times. When MazSum is increased to 1,000, there
is no pruning at level 1 (i.e., other than the pruning of the frequency constraint). It is only at level 2
that the constraint provides some pruning (i.e., 39 out of 66). This modest reduction is compounded
at later levels, giving an overall speedup of about 2 times. But when MazSum is increased to 2,000,
there is no pruning at the first two levels. Even though there is some pruning later on, the pruning
comes too little too late. The key observation is that for any pruning optimization to be significant,
it has to be effective as early as possible at the first two levels. Any reduction obtainable earlier is
compounded to give a significant speedup subsequently. This observation explains convincingly why

in previous cases, succinctness can help produce such an impressive speedup for CAP.

8 Conclusions and Future Work

Motivated by the problems — (i) lack of user exploration and control, (ii) lack of focus, and (iii) rigid
notion of relationships — with the present-day model of association mining from very large databases,
we first propose a model whereby the user specifies a constrained association query to the system.
This allows the user to tell the system to focus the mining task on associations that satisfy the
constraints specified, which include class, domain, and aggregation constraints. The mining process is
structured using a two-phase architecture which provides numerous opportunities for user feedback,
control, and approval. Second, and more importantly, to deliver on the goal that the performance
must be commensurate with the focus expressed by the user via constraints, we develop techniques for
pushing the constraints deep inside the mining process, to achieve a maximized degree of pruning in the

amount of processing required. Pivotal to this are the anti-monotonicity and succinctness properties,
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based on which we characterize constraints into various categories. From our characterizations, we
develop and discuss several algorithms for computing constrained queries, and evaluate their relative
efficiency with a series of experiments. Among those, Algorithm CAP, which exploits constraints as

early as possible in the mining process, achieves a remarkable speedup compared with the others.

Several questions remain open. (1) For 1-var constraints that are neither anti-monotone nor succinct,
we advocate the methodology of inducing weaker constraints, which may be anti-monotone and/or
succinct. What is the method for inferring these induced constraints? And how to find the constraints
that optimize pruning? (2) For space limitations, we only discuss 1-var constraints in this paper. We
have already carried out a detailed analysis of 2-var constraints. Our methodology for pushing 2-var
constraints as well as related algorithms will be discussed in a forthcoming paper. (3) The entire paper
has focused on computation related to Phase I of our architecture. Phase II is concerned with forming
associations, based on the user specified notion of significance metric and type of relationship, and is
orthogonal to the contributions of this paper. This will be explored in a future paper. (4) Finally, our
eventual goal is to develop a framework for ad hoc mining, whereby a user can interact with a mining
system in much the same way that the user does with an RDBMS today. Many believe that this is
crucial for the technology of database mining to reach its full potential (e.g., [11]). We believe this

paper takes an important step in this direction.
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Appendix: An Example of a Constrained Association Query Wrapped
in a SQL Environment

A CAQ assumes that the minable view, the part of the database to be mined, typically specified as a SQL
query, is available, and makes reference to it. Since the specification of the minable view is straightforward,
in this example, we will simply regard it as a set of relations. Since our goal is to enable the user to express
her mining requirements in the form of a query, we suggest using a SQL-like syntax for CAQ. The following
example illustrates these ideas. We stress that language issues not being our main focus, we use the following
syntax in a very informal way, just to explain the ideas. We envision that from the user’s point of view, she
would express one query, that incorporates both the minable view and the CAQ component.

Let us consider the application of WWW access. Suppose the minable view of interest is in the form of two
relations access(UserId, URLSet) and topicInfo(URL, Topics, Domain, Server, accessCharge). The
first relation contains, for each user, the set of URLs visited by her during one session. The second relation
contains details about the nature of the information in the various sites. Such information is typically maintained
by many information providers, where e.g., topics are known at publishing time. In the second relation, first
four attributes are categorical, while the last one is numeric. The following is an example of a “mining query”,
expressed in SQL-like syntax.
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associate S1, S2

using confidence

from access, topicInfo

where S1 subset URLSet AND S2 subset URLSet AND
{astrology, politics} subset S1.Topics AND
S1.Topics intersect S2.Topics = empty AND
‘com’ not in S1.Domain AND count(S1.Server) = 1
AND count(S2.Server) = 1 AND Si.Server = S2.Server
AND avg(S1.accessCharge) <= min(S2.accessCharge)
AND freq(S1) and freq(S2) and conf(S1 -> S2)

match on UserId

Remarks: (1) The user wants to find associations from S1 to S2, based on the data contained in the relations
access, topicInfo which form the minable view. (2) The using clause says the user wants to use confidence
as the significance metric. (3) Several constraints are specified in the where clause. The constraints S1 subset
URLSet, S2 subset URLSet say that both S1 and S2 are set of values from the domain of the attribute URLSet;
{astrology, politics} subset Si.Topics says that the URL values in S1 are drawn from a set of tuples
whose associated set of topics include astrology, politics. In simple words, this says the URLs in S1 have
associated topics which include astrology and politics. Conceptually, the user can think of the URLs in S1 being
linked to the column URL of the relation topicInfo. In reality, the system performs a join between the two
relations of the minable view, matching the columns URLSet and URL respectively. The remaining constraints
respectively say that the topics associated with S1, S2 are disjoint, the domain ‘com’ (standing for companies)
does not feature in the URLs in S1, and that they are all associated with a single server, and that the average
access charge for the accesses in S1 is no more than the minimum access charge for the accesses in S2. The
last three constraints respectively assert that S1, S2 must be “frequent” in that their support must be above
a certain threshold, and that the rule S1 — S2 has a confidence that is above a threshold. For simplicity, we
suppress the values of these thresholds in the query above. (4) Finally, the match clause specifies that for the
purpose calculating support and confidence, the UserId should be used as the unit of counting.

Compared with the black-box model, CAQs offer the user considerable flexibility in specifying the focus, via
various constraints, and the type of relationship and significance metric, via an explicit (using) clause and
constraints. In conjunction with the two-phase architecture proposed in this paper and the pruning optimizations
developed, our framework effectively addresses all three problems raised in the introduction.
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